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Abstract: In the framework of preference rankings, when the interest lies in
explaining which predictors and which interactions among predictors are able
to explain the observed preference structures, the possibility to derive consensus
measures using a classification tree represents a novelty and an important tool
given its easy interpretability. In this work we propose the use of a multivariate
decision tree where a weighted Kemeny distance is used both to evaluate the
distances between rankings and to define an impurity measure to be used in the
recursive partitioning. The proposed approach allows also to weight differently
high distances in rankings in the top and in the bottom alternatives.
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1 Introduction

In every day life ranking and classification are basic cognitive skills that
people use in order to graduate everything that they experience. Moreover,
many data collection methods in the social sciences often rely on ranking
and classification. Grouping and ordering a set of elements is considered
easy and communicative, so often it happens to observe rankings of sport-
teams, universities, countries and so on. A particular case of ranking data is
represented by preference data, in which individuals show their preferences
over a set of alternatives, items from now on.
Preference rankings, for example consumers’ preferences, are indicator of
individual behaviours and, if subject-specific characteristics are available,
besides a principal preference structure, interactions among predictors (of
preference rankings) can be discerned. This allows to identify profiles of
respondents giving same/similar rankings.
From a methodological point of view, preference analyses often model the
probability for certain preference structures, finally providing the proba-
bilities for choosing one single object. Such a problem has been widely
explored in literature and many models have been proposed over the years,
such as order statistics models (Dwass, 1957), distance-based models (Lee



2 Preference data trees

and Yu, 2010) and some log-linear version of standard Bradley-Terry mod-
els (Dittrich, R. et al.,2002). Compared to parametric ranking models, the
approach by Lee and Yu (2010), being based on the definition of a decision
tree, is characterized by a simpler interpretability. Aim of this work is to
extend the idea of Lee and Yu and to build a decision tree model where the
response variable is represented by the subject specific preference rankings.
The resulting decision tree will not be a classical Multivariate Regression
Tree (MRT), because now each ranking vector should be considered as
a unique multidimensional entity. Therefore, in this context, techniques
known in literature to define splits for multivariate response variables are
not feasible, because they should not take into account the ordinal structure
of a ranking. Building a tree-based structure with rankings as response vari-
able requires the definition of an impurity measure, for example a suitable
distance which is sufficiently discriminatory. Starting from the well-known
Kemeny distance, in this work we try to derive a decision tree through
a recursive partitioning that uses, as impurity measure, the sum of these
distances within node. In particular, we propose the use of a weighted ver-
sion of the Kemeny distance (Garćıa-Lapresta, J.L., and Pérez-Román, D.,
2010) to deal also with decision problems where it is important to empha-
size differences between rankings that occur in particular items.
The paper is organized as follows. In the next section a brief introduction
to MRT is presented together with the proposed approach based on the
use of the weighted Kemeny distance for building a classification tree for
preference data. Finally, an example on a real data set is presented.

2 Multivariate Regression Trees

Most of the literature on classification and regression tree deals with uni-
variate response variables. Some recent attempts to develop regression tree
methods handling multivariate responses are due to De’ath (2002), Larsen
and Speckman (2004) and Lee and Lee (2005). In this section we assume the
ordinary regression tree methodology as known, and give a brief overview of
the class of the multivariate regression trees (MRT). A MRT can be seen as
the natural extension of univariate classification and regression tree, where
the multivariate response is predicted by some explanatory variables, both
numeric and/or categorical. The main difference between the proposed ex-
tensions lies in the way in which they extend the definition of the partition-
ing metric . During the definition of a measure of distance between rankings
many problems can arise. First of all, the measure should at least ensure
that equal preference structures have zero distance; moreover, the distance
shoud increase as the difference in these structures increases. Several mea-
sures have been proposed in literature in order to assess consensus: Bosch
(2005) introduced the notion of consensus measures in the context of linear
orders, while Garćıa-Lapresta, and Pérez-Román, (2008) extended Bosch’s
concept to the context of weak orders.
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2.1 The proposed extension: a distance-based impurity
measure

Weighted Kemeny distance has been proposed in order to face decision
problem where it is not the same to have differences in the top alternatives
than in the bottom ones. The use of the weighted Kemeny distance gives
the possibility of introducing weights in order to distinguish where these
differences occur. So, let V = {v1, . . . , vm} be a set of rankers with m ≥ 3
and X = {x1, . . . , xn} a set of alternatives with n ≥ 3. Let L(X) be the set
of linear orders on X and R ∈ L(X). A profile vector is a vector of linear
order such as

R = (R1, . . . , Rm).

Given R ∈ L(X) it is possible to define oR as the position of each alternative
in R, oR = (oR(x1), oR(x2), . . . , oR(xn)). In this way we can identify L(X)
with Sn (the set of permutations on the first n integers). Given A ⊆ Rn
such that Sn ⊆ A and a distance (metric) d : A×A −→ R, the distance of
linear orders is is the mapping d : L(X)× L(X) −→ R defined by

d(R1, R2) = d((oR1
(x1), . . . , oR1

(xn)), (oR2
(x1), . . . , oR2

(xn))) ∀R1, R2 ∈ L(X)

The Kemeny metric on L(X) is the mapping dK : L(X) × L(X) −→ R
defined as the cardinality of the symmetric difference between the linear
orders. So let R1 ≡ (a1, . . . , an) ∈ L(X) and R2 ≡ (b1, . . . , bn) ∈ L(X)

dK(R1, R2) = dK(R1, R2) = dK((a1, . . . , an), (b1, . . . , bn)) =

n∑
i,j=1,i<j

|sgn(ai − aj)− sgn(bi − bj)|

Let w = (w1, . . . , wn−1) ∈ [0, 1]n−1 be a weighting vector such that w1 ≥
· · · ≥ wn−1 and

∑n−1
i=1 wi = 1. The weighted Kemeny distance on L(X)

associated with w is the mapping

dK,w(R1, R2) =
1

2

 n∑
i,j=1,i<j

wi|sgn(aσ1
i − a

σ1
j )− sgn(bσ1

i − b
σ1
j )|

+

n∑
i,j=1,i<j

wi|sgn(bσ2
i − b

σ2
j )− sgn(aσ2

i − a
σ2
j )|


where (a1, . . . , an) ≡ R1 ∈ L(X), (b1, . . . , bn) ≡ R2 ∈ L(X) and σ1, σ2 ∈ Sn
are such that Rσ1

1 = Rσ2
2 ≡ (1, 2, . . . , n).

The recursive partitioning process creates a nested sequence of subtrees
Tm = {root− node} ⊂ · · · ⊂ T0 = {full − tree} maximazing, at each step,
the decrease in the node impurity

i(t) =
∑
p > q

dK,w(Rp, Rq),
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according to all covariates and respective split points. Accordingly, the
impurity measure for a generic subtree T having {Nt} terminal nodes is
defined as

I(T ) =
∑

all terminal nodesN .
t

dK,w(Rp, Rq), with p > q.

As example, a dataset concerning the ranks assigned by n = 91 students to
six different platforms for computer games has been considered. For each
respondent the age, the number of hours spent on gaming per week and a
dummy own indicating if the platform is currently owned have been used as
explanatory variables. Using the proposed MRT the profiles of respondents
giving the same rankings have been identified, even if results cannot be
reported due to lack of space.

Acknowledgments: Special thanks to Giovanni Boscaino and Enza Ca-
pursi for the intersting discussions on the topic.
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