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INTRODUCTION

The general framework of this thesis is the theory of integration for mult:-
functions and multimeasures.

The theory of the integration for multifunctions has its origins in the
pioneering works of Gérard Debreu and Robert Aumann, Nobel Prizes in
Economics in 1983 and 2005, respectively, and it has found many applica-
tions in various fields of mathematics applied to economics, optimal control
and optimization.

There is a great deal of literature on Bochner and Pettis integration of Banach
space-valued multifunctions (see K. El Amri and C. Hess [24], B. Cascales, V.
Kadets and J. Rodriguez |9, 10],...) of several types. In particular, quite re-
cently nice characterizations of Pettis integrable multifunctions having their
values convex weakly compact or compact subsets of a Banach space are pre-
sented (|24, Theorem 5.4] and [24, Theorem 5.5]).

The definitions of such integrals involve the Lebesgue integrability of the
support functions. The theory of integration introduced by Lebesgue at the
beginning of the twentieth century is a powerful tool which, perhaps because
of its abstract character, does not have the intuitive appeal of the Riemann
integral.

As Lebesgue himself observed in his thesis, his integral does not integrate all

unbounded derivatives and so it does not provide a solution for the problem



Introduction

of primitives, i.e. for the problem of recovering a function from its derivative.
Moreover, the Lebesgue theory does not cover nonabsolutely convergent in-
tegrals.

In 1957 J. Kurzweil and, independently, in 1963 R. Henstock, by a simple
modification of the Riemann’s method, introduced a new integral, which is
more general than the Lebesgue’s one.

It retains the intuitive appeal of the Riemann definition and, at the same
time, coincides with the Lebesgue integral on the class of the positive meas-
urable functions. Moreover, it integrates all derivatives, so it solves the
problem of the primitives.

For these reasons many mathematicians have been interested in integrals
constructed by Riemann sums and in particular in the Henstock-Kurzweil
integral. In the last fourty years the theory of nonabsolutely convergent inte-
grals has gone on significantly, and the researches in this field are still active
and far to be complete.

This is the motivation to consider, also in the case of multifunctions, the
Henstock-Kurzweil integral in places where the Lebesgue integral used to be
applied.

So, an obvious generalization of the Pettis integral of a multifunction is ob-
tained by replacing the Lebesgue integrability of the support functions by
their Henstock-Kurzweil integrability (such an integral is called Henstock-
Kurzweil-Pettis). L. Di Piazza and K. Musial proved in [21], in case of sep-
arable Banach spaces, a surprising and unexpected characterization of the
Henstock-Kurzweil-Pettis integral in terms of the Pettis one: the Henstock-
Kurzweil-Pettis integral is a translation of the Pettis integral. A similar result
in case of Henstock integrable multifunction was proved in [22].

Moreover, the result proved in |21] has been generalized in [23] for an arbi-
trary Banach space.

The theory of multimeasures is a natural extension of the theory of vector
measures. It can be viewed as a development of the theory of integration for
multifunctions. As well as the multifunctions, the multimeasures are a useful
analytical tool in mathematics applied to the economics; in particular in the

equilibrium theory of production-exchange.
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There are many pubblications concerning the Radon-Nikodym theorem for
countably additive multimeasures. Pioneering results were established among
others by Z. Artstein [2], A. Costé and R. Pallu de la Barriére [15].

Little or nothing exists in the literature concerning the Radon-Nikodym the-
orem in the finitely additive case. Moreover, the majority of results known
so far requires the separability of the Banach space.

Nevertheless it is very recent the paper [8] of B. Cascales, V. Kadets and J.
Rodriguez in which they proved two Radon-Nikodym theorems, using set-
valued Pettis integrable derivatives, and with the absence of any separability
assumptions.

The aim of this thesis is to add significant contributions to the theory
of integrals of Henstock and Henstock-Kurzweil-Pettis. In particular, we try
to extend in that area some of the results known in the literature for the
integrals of Bochner and Pettis, or at least try to fill the gap.

This gap derives essentially from the fact that the primitives of Bochner and
Pettis integrals are countably additive, while the Henstock and Henstock-
Kurzweil-Pettis primitives are only finitely additive.

Moreover, we try to obtain some Radon-Nikodym theorems in the finitely
additive case, using set-valued Henstock-Kurzweil-Pettis integrable deriva-
tives and without the assumption of separability.

The thesis is organized as follows. The first chapter is devoted, on the
one hand, to fix the notations and terminology used throughout all the thesis
and, on the other hand, to give some preliminary notions and results that
are a useful tool for the next chapters.

In particular, the notions of support function, Hausdorff distance, measura-
bility of multifunctions, Pettis, Henstock and Henstock-Kurzweil-Pettis inte-
grals and multimeasures are introduced.
Moreover, some representation theorems for Pettis, Henstock and Henstock-
Kurzweil-Pettis integrable multifunctions are recalled. Such results are well
known and are presented without proof.

The second chapter is devoted to study the decomposability for vector-

valued functions integrable in the Henstock sense.

The notion of decomposability that is considered here presents a slight but
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essential modification with respect to the classical notion of decomposability.
Indeed, in the framework of Bochner and Pettis integrability the decomposa-
bility is defined on the o-algebra of all measurable sets, while in this context
it is defined on the ring generated by the intervals [a,b) C [0, 1].

First we introduce some preliminary lemmas. Then we study some properties
of decomposable subsets of the space of Henstock integrable functions and
more in general of Henstock-Kurzweil-Pettis integrable functions. We give
also a characterization of the separable Banach spaces with the Schur prop-
erty (see Proposition 2.3.5). This result is a useful tool to prove a represen-
tation theorem for decomposable sets of Henstock-Kurzweil-Pettis integrable
functions (see Theorem 2.3.2).

We prove also a relationship between decomposability and convexity in the
space of Henstock integrable functions (see Theorem 2.3.1). Finally, we show
a representation theorem for decomposable sets of Henstock integrable func-
tions (see Theorem 2.3.3).

In the third chapter we study finitely additive interval multimeasures. In
the first part of the chapter we find some properties and in particular we fo-
cus the attention to the existence of finitely additive vector valued selections.
Then we extend to the multivalued case the notion of variational measure
already known for vector valued interval measure. This measure is a very
useful tool for our investigation.

In the final part of the chapter we show some Radon-Nikodym theorems for
finitely additive interval multimeasures.

More precisely in the convex compact case we present a result for domi-
nated interval multimeasures (Theorem 3.4.1) that improves [6, Theorem
3.1]. The main tool we use is an extension of a finitely additive multimeas-
ure to a countably additive multimeasure defined in the o-algebra of the
Borel subsets of [0, 1] (see Proposition 3.4.1). Then we show a generalization
of Theorem 3.4.1 (see Theorem 3.4.2) valid for pointwise dominated inter-
val multimeasures and a result (see Theorem 3.4.3) similar to that we have
in case of X-valued functions (see |3, Theorem 3.6]) and where the interval
multimeasure takes its values on convex compact subsets of the real line.

In the more general context of convex weakly compact valued multimeasures
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we find a result that works for interval multimeasures with absolutely con-
tinuous variational measure (see Theorem 3.4.4). In such a case the Radon-
Nikodym property is required to the Banach space, but not the separability.
The fourth chapter is devoted to study the differentiability of multifunc-
tions. We consider the Hukuhara difference between two sets and the notion
of Hukuhara differentiability for multifunctions.
We generalize to the multivalued case some results valid for vector-valued
functions. In particular we prove the almost everywhere Hukuhara differ-
entiability for a variational Henstock primitive (see Theorem 4.2.1) and the
variational Henstock integrability of a Hukuhara derivative (see Theorem
4.2.2).
A characterization of variational Henstock primitives is also given (see Theo-
rem 4.2.4). Moreover, as an application of the Hukuhara differentiability, we
show that all the scalarly measurable selections of a variationally Henstock
integrable multifunction are variationally Henstock integrable (see Theorem
4.3.1).
This result is similar to a known property of the selections of Pettis and
Henstock-Kurzweil-Pettis integrable multifunctions (see [24] and [23], respec-

tively).




CHAPTER 1

NOTATIONS AND PRELIMINARIES

The terminology used throughout this thesis is standard.

Let [0, 1] be the unit interval of the real line, endowed with the usual topology
and the Lebesgue measure A. By A we denote the ring generated by the
subintervals [a,b) C [0,1] (it is known that A is dense in L, the class of
measurable subsets of [0,1], that is for every A € £ and for every ¢ > 0,
there exists B € A such that A(A A B) < € [16, Teorema 11, p. 42]). By Z
we denote the family of all non trivial closed subintervals of [0, 1].

X is a Banach space, whose norm is denoted by ||-||, with topologic dual X*.
We denote by B(X™) the closed unit ball of X*. B(X) is the Borel o-algebra
of X. By 2% we denote the family of all non-empty subsets of X. We define

the following subfamilies of 2%:

- CL(X): closed subsets of X

CC(X): closed convex subsets of X,

CB(X): closed bounded subsets of X,

CBC(X): closed bounded convex subsets of X,

CK(X): convex compact subsets of X,

CWK(X): convex weakly compact subsets of X.

7



Chapter 1. Notations and Preliminaries

If A€ 2¥, then A is its closure.

The set co(A) = {d 1", ax; : x; € Aya; € [0,1],3°7  a; = 1} is the convex
hull of A, while the set co(A) = co(A) is the closed convex hull of A.

On 2% we consider the Minkowski addition and the scalar multiplication,

respectively defined by

C+C'={z+a2:2€C aeC} aC:={ax:zecC},

where C,C" € 2¥ and a € R.

1.1 The support function

Definition 1.1.1. Let C' € 2%. The support function of C is denoted by
s(+,C') and defined on X* by

s(z*,C) :=sup{(z*,z) : x € C}, for every z* € X*,
where (-, ) stands for the duality pairing.

The support function is an important tool in multivalued analysis and allows
us to derive properties of closed convex sets.

In particular, for every C' € CC(X), we have

C= ﬂ {r e X:(z"x) <s(z",C)}.

rreX*

The support function satisfies the following properties

s(z*,C) = s(z*,co(C)),V 2* € X*,V C € 2%,
s(z*,C + C') = s(z*,C) + s(z*,C"),V z* € X*V C,C" € 2%,

It is homogeneous and subadditive

s(az*,C) = as(z*,0),YVa >0,V z* € X*VC € 2%,
s(zf+ b, ) < s(xt,0) + s(x3,C), ¥ o}, 05 € X*,VC €2,

In particular,

s(z*,C) + s(—z*,C) > 0, for every C' € 2.

8



Chapter 1. Notations and Preliminaries

We denote by w* and 7 respectively the weak-star topology and the Mackey
topology on X*. We recall that the Mackey topology on X* is the topology
of the uniform convergence on convex weakly compact subsets of X.

It is useful to recall some dual characterizations of the above classes of subsets

in terms of support functions (see 24, Proposition 1.5]).

Proposition 1.1.1. Let C € CC(X). Then the following equivalences hold:
(a) C € CBC(X) if and only if s(-,C) is strongly continuous on X*,

(b) C € CWK(X) if and only if s(-,C) is T-continuous on X*,

(c) C € CK(X) if and only if the restriction of s(-,C) to B(X™*) is w*-

continuous on X*.

1.2 Hausdorff distance

Definition 1.2.1. Let z € X and A € 2X. The distance of z from A is
defined by d(z, A) := inf{||z —a|| : a € A}.

Definition 1.2.2. Let A, B € 2%,
(a) e(A, B) :=sup{d(z, B) : © € A} is the excess of A over B.

(b) dy(A, B) := max{e(A, B),e(B, A)} is the Hausdorff distance between A
and B.

It is easy to check that the following properties hold for any A, B,C € 2%
(i) dg(A, A) =0, for every A € 2X.

(i) du(A, B) = dg(B, A), for every A, B € 2%.

(ii1) dy(A,C) < dy(A, B) +dy(B,C), for every A, B,C € 2%,

Hence dy is an extended pseudometric on 2¥. We have dg(A, B) = 0 if and
only if A = B. Moreover, if both A and B are bounded, then dy(A, B) is
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guaranteed to be finite. Hence C'B(X) endowed with the Hausdorff distance
is a metric space.

Moreover, (CB(X),dy) is a complete metric space (see [32, Theorem 1.1.5]
or [12, Theorem II.3]). Of particular interest are the following subspaces
CBC(X), CK(X), CWK(X) of CB(X). Indeed they are closed, complete
subsets of (CB(X),dy) (see [32, Proposition 1.1.8]).

If Ac 2%, then we define

||A[] := sup{||z|| : z € A}.
From the definition of Hausdorff distance it follows that
|A]| = du (A, {0}). (1.1)

It is useful for the applications the following Hérmander formula (see |32,
Theorem 1.13|): for every A, B € CBC(X), one has

dy (A, B) = sup{|s(z*, A) — s(z*, B)| : 2" € B(X™)}. (1.2)
It is easy to check that
dy(A, B) = sup{s(z*, A) — s(z*, B) : 2" € B(X™)}.
By (1.1) and (1.2), for every A € CBC(X), one has
1Al = sup{|s(z*, A)| : 2" € B(X")}.

Other properties of the Hausdorff distance are listed in the following propo-
sition. The proof can be found in |17, pp.69-70].

Proposition 1.2.1. Let A, Ay, B, By € CB(X). Then
(1) dg(tA,tB) =tdg(A, B) for allt > 0,

(it) dy(A+ B, A1 + By) < du(A, Ay) +duy(B, By).

If A,Be€ CBC(X) and C € CB(X), then

(iii) dg(A+C,B+C)=dy(A, B).

10



Chapter 1. Notations and Preliminaries

We recall also a fundamental result, known as Rdadstrom Embedding Theorem.

Theorem 1.2.1 (Radstrom Embedding Theorem). Let consider the map
R:CWK(X) = l(B(X™)) given by R(C)(2*) = s(z*,C). Then R satisfies
the following properties:

1. R(C+ D)= R(C)+ R(D) for every C,D € CWK(X);

2. R(aC) = aR(C) for every a >0 and C € CWK(X);

3. dy(C, D) =||R(C) — R(D)|| for every C,D € CWK(X);

4. R(CWK(X)) is closed in o (B(X*)).

1.3 Measurable multifunctions

A multifunction is a map F : [0,1] — 2%, We consider multifunctions which
take their values on the above subcollections of 2X.
Given a multifunction F : [0,1] — 2%, we call a selection of F' a function
f:10,1] — X such that f(t) € F(t) for almost every t € [0, 1].
The set

GF) ={(t,x) € [0,1] x X :z € F(t)}

is called the graph of F.

For every B € 2%, we set
F~(B):={te[0,1]: F(t)N B # 0}.

We start with the classical notion of measurability, known as the “Effros

measurability”.

Definition 1.3.1. A multifunction F : [0,1] — 2% is said to be Effros
measurable or simply measurable if for each open O € 2%, the set F~(0) € L.

Theorem 2.1.35 in [32] gives a detailed description about measurability of

closed-valued multifunctions into a separable Banach space.

11



Chapter 1. Notations and Preliminaries

Theorem 1.3.1. Let X be a separable Banach space and let consider a mul-

tifunction F : [0,1] - CL(X). The following statements are equivalent:
1. F is measurable;
2. for each B € B(X), F~(B) € L;
3. for each C € CL(X), F~(C) € L;
4. G(F) is L ® B(X)-measurable.

Properties 2, 3, 4, of Theorem 1.3.1 are known, respectively, as the “Borel
measurability”, “strong measurability” and “graph measurability”.

An important question concerning a measurable multifunction is the exis-
tence of measurable selections. One of most important results in this direc-
tion is the Kuratowski-Ryll Nardzewski Theorem (see [35]), which involves

closed-valued multifunctions into a separable Banach space.

Theorem 1.3.2 (Kuratowski-Ryll Nardzewski). Let X be a separable Ba-
nach space and let F : [0,1] — CL(X) be a measurable multifunction. Then

F admits a measurable selection.

An application of the Kuratowski-Ryll Nardzewski Theorem allows to prove

the following density result (cf. [32, Proposition 2.2.3]).

Theorem 1.3.3. Let X be a separable Banach space and let consider a mul-

tifunction F : [0,1] — CL(X). The following two statements are equivalent:
1. F'is measurable;

2. There exists a sequence (fn)o>, of measurable X-valued functions on
[0,1] such that F(t) = {fu(t) : n > 1} for every t € [0, 1].

Definition 1.3.2. A multifunction F : [0,1] — 2% is said to be scalarly

measurable if for every z* € X*, the map s(z*, F'(-)) is measurable.

The notion of scalar measurability is more appropriate than the classic one

for the study of convex-valued multifunctions, because of the presence of

12



Chapter 1. Notations and Preliminaries

support function.

If X is separable, the scalar measurability of CW K (X)-valued multifunctions
yields their measurability [32, Proposition 2.2.39|. The reverse implication is
always true.

We conclude this section recalling the definition of Bochner measurability.

Definition 1.3.3. A multifunction ' : [0,1] — 2% is said to be a simple
multifunction if there exists a finite collection {E},..., E,} of measurable
subsets of [0, 1], pairwise disjoint, such that I' is constant on each E;.

A multifunction T : [0,1] — 2% is said to be Bochner measurable if there
exists a sequence (I',,)2%, of simple multifunctions such that I',, — I almost

everywhere, where the convergence is with respect to the Hausdorff metric.

1.4 Pettis type integration

Definition 1.4.1. A function f : [0,1] — X is said to be scalarly integrable
if for every x* € X*, the real function (z*, f(-)) is integrable.

A scalarly integrable function f : [0,1] — X is said to be Pettis integrable if
for every F € L, there exists g € X such that

(" xp) = /(x*,f) d\, for every z* € X™.
E

We call the xg Pettis integral of f on E and we write z := (P) [, f d\.

We denote by P([0, 1], X) the space of X-valued Pettis integrable functions
on [0, 1].

A Pettis integrable function f : [0,1] — X is scalarly measurable (i.e. for
every x* € X* the real function (z*, f(-)) is measurable).

If X is separable, then by the Pettis Measurability Theorem, scalar meas-
urability and strong measurability are equivalent. We recall that a function
f:[0,1] — X is strongly measurable if it is the limit of an almost everywhere
convergent sequence of measurable simple functions.

It is useful to recall a result due to K. Musial (see |41, Theorem 5.2|) which
provides a characterization of the Pettis integrability for a scalarly integrable,

strongly measurable function f:[0,1] — X.

13



Chapter 1. Notations and Preliminaries

Theorem 1.4.1. A strongly measurable and scalarly integrable function
f:10,1] — X is Pettis integrable if and only if the set {{z*, ) : x* € B(X™)}

is uniformly integrable (i.e. imyay—oSUPep(x+) [4 (2%, )| dA =0).

One can define a norm on P([0, 1], X) by

= s [l o

z*€B(X

An easy calculation shows that

sup
Eel

o

defines an equivalent norm on P([0, 1], X) (see [41, p. 198]).
We also consider in P([0,1],X) the 7p-topology, defined by the following

convergence of nets:
fo = f e |[(@", fa) = (@, )lle1oy), for every z* € B(X™).

We finally consider the topology induced by the tensor product of L>(]0, 1])
and B(X™). It is known as the weak Pettis topology and defined as:

fa—>f<:>/01 * fa) dké/

for every z* € B(X*) and every g € L>(][0, 1]).

Definition 1.4.2. A multifunction F': [0,1] — CC(X) is said to be scalarly
integrable if for every a* € X* the real function s(z*, f(-)) is integrable.

A scalarly integrable multifunction F' : [0,1] — CC(X) is said to be Pet-
tis integrable in CC(X) (CBC(X), CK(X), CWK(X), respectively) if for
every £ € L, there exists Cp € CC(X) (CBC(X), CK(X), CWK(X),
respectively) such that

s(z*,Cg) = / s(z*, F) d, for every z* € X*.
E

We call C; the Pettis integral of F on E and we write Cy := (P) [, F d.

14



Chapter 1. Notations and Preliminaries

By the definition, it follows that Pettis integrable multifunctions are scalarly
measurable.

Some authors (see for instance [24, 42]) use a more general definition of Pettis
integrable multifunction. In particular, they use the condition of scalar quasi-
integrability to define the Pettis integrability. In such a case we say that a
multifunction F' is quasi-Pettis integrable.

Part (iv) of [24, Example 3.3| shows that a multifunction £ : [0, 1] — CC(X)
can be quasi-Pettis integrable in C'C(X) without being scalarly integrable.
However, if F' is a scalarly integrable multifunction with values in CBC(X)
and if F' is quasi-Pettis integrable, then it is Pettis integrable in CBC(X).
This follows from the fact that a subset is bounded if and only if its support
function is finite at each point of X™*.

Conversely, if F' is quasi-Pettis integrable in CBC(X), then F' is scalarly
integrable.

Given a multifunction F, by SL we denote the family of all Pettis integrable

selections of F.

Definition 1.4.3. A measurable multifunction F : [0,1] — C'L(X) is said

to be Aumann-Pettis integrable if SE # 0. In such case we define

(AP)/OleA::{(P)/OlfdA:feS}i}.

Proposition 2.2 in [24] indicates an important relationship between the scalar
integrability of a multifunction and the scalar integrability of its measurable

selections.

Proposition 1.4.1. Let F': [0,1] — CB(X) be a measurable multifunction.

The following statements are equivalent:
1. F s scalarly integrable;

2. for every x* € B(X™), the real function s(z*, F(-))* is Lebesgue inte-
grable;

3. every measurable selection of F' is scalarly integrable.

15



Chapter 1. Notations and Preliminaries

The following result shows the relationship between Aumann-Pettis and Pet-
tis integrability (see |24, Theorem 3.7]).

Theorem 1.4.2. Let X be a separable Banach space. Let F : [0,1] — CC(X)
be a measurable multifunction such that f[o 1 s(x*, F(t))” dt < 4o00. Con-

sider the following statements:
1. I 1s Aumann-Pettis integrable;
2. the set {s(a*, F(-))” : a* € B(X*)} is uniformly integrable;
3. F is quasi-Pettis integrable in CC(X).

Then, one has 1. = 2. = 4.

Moreover, the following characterization of CW K (X)-valued Pettis inte-
grable multifunctions holds (see [24, Theorem 5.4]).

Theorem 1.4.3. Assume that X is a separable Banach space.
Let F : [0,1] - CWK(X) be a measurable and scalarly integrable multifunc-

tion. The following statements are equivalent:
1. F is Pettis integrable in CW K(X);
2. the set {s(ax*, F) : x* € B(X™)} is uniformly integrable;
3. each measurable selection of F' is Pettis integrable;

4. for every E € L, (AP) [, Fd\ € CWK(X) and

s (:E*, (AP) /Fd)\) = (P) /s(:)s*,F) dA, for every x* € X™.
I

1

The above theorem remains true if CW K (X) is replaced by C K (X) (see |24,
Theorem 5.5]).

16



Chapter 1. Notations and Preliminaries

1.5 Henstock type integration

A tagged interval is a pair (I,t), where I is a compact interval of [0, 1] and
t€10,1].

Two compact intervals I, J C [0, 1] are called non-overlapping if InJ=40,
where I denotes the interior of the interval I.

A finite collection {(I;,;)}j_, of pairwise non-overlapping intervals is called
a partition in [0, 1].

Given a subset E of [0, 1], we say that the partition {(I;,t;)}7_, is anchored
on Fift; € Eforeach j=1,...,q.

A partition {(/;,t;)}_, in [0,1] such that t; € I; for every j = 1,...,q is
called a Perron partition in [0, 1].

A partition {(/;,t;)}j_; in [0, 1] such that Jj_, I; = [0, 1] is called a partition
of 10,1].

Similarly, a Perron partition {(/;,¢;)}_; in [0,1] such that Ji_, [; = [0, 1] is
called a Perron partition of [0,1].

A gauge on [0,1] is a positive function 0 : [0, 1] — (0, +00).

Given a gauge d on [0,1], we say that a tagged interval (I,t) is 0-fine if
I C(t—0o(t),t+0(t)).

A partition (or a Perron partition) {(I;,;)}j_, is called 0-fine if all the tagged
intervals (I;,t;), 7 =1,...,q are d-fine.

The following is well-known.

Lemma 1.5.1 (Cousin). Let § be a gauge on [0,1]. Then there exists a 0-fine
Perron partition of [0, 1].

Now let us introduce the definition of the Henstock integral.

Definition 1.5.1. A function f : [0,1] — X is said to be Henstock integrable
on [0, 1] if there exists x € X with the following property: for every ¢ > 0
there exists § gauge on [0, 1] such that

<e,

Zf(tj)|fj| -z

for every d-fine Perron-partition {(/;,%;)}_; of [0, 1].
We call x the Henstock integral of f and we set x := (H) fol fdA.

17
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If X =R, then f is said to be Henstock-Kurzweil integrable or simply HK-
integrable on [0,1] and the Henstock-Kurzweil integral (or HK-integral) is
denoted by = := (HK) [, f d\.

It is well known that if f : [0,1] — X is Henstock integrable on [0, 1] and
I € Z, then also the function fx; is Henstock integrable on [0, 1] [49, Theorem
3.3.4]. We say in such a case that f is Henstock integrable on I.

We denote by H([0,1], X) the space of all X-valued Henstock integrable
functions on [0, 1]. The space of HK-integrable functions on [0, 1] is denoted
by HK(]0, 1]).

It is clear that every Riemann integrable function is also HK-integrable.
In that case the gauge 0 on [0,1] is a constant function. In general the
class of Riemann integrable function is strictly contained in the class of HK-

integrable function, as the following example shows.

Example 1.5.1. The function f : [0,1] — R defined by f(t) := Xxp1no is
HK -integrable but not Riemann integrable.

The next theorems show some properties of the primitives of HK-integrable
functions and some relationship between the HK -integral and the Lebesgue

integral.

Theorem 1.5.1 (Theorem 9.12,[29]). Let f : [0,1] — R be HK-integrable on
[0,1] and let F(t) := (HK) fot fdX\ for every t € [0,1]. Then

(a) F is continuous on [0, 1],

(b) F' is differentiable almost everywhere on [0,1] and F' = f almost every-

where on [0, 1],

(c) f is measurable.

Theorem 1.5.2 (Theorem 9.1,[29]). Let f : [0,1] — R be HK-integrable on
0,1].

(a) If f is non-negative on [0,1], then f is Lebesgue integrable on [0, 1].

(b) If f is HK-integrable on every measurable subset of [0,1], then f is
Lebesgue integrable on [0, 1].
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Pettis integrability can be generalized by replacing Lebesgue integral with
H K-integral for the dual product (-, ).

Definition 1.5.2. A function f : [0,1] — X is said to be scalarly HK-
integrable if for every x* € X*, the real function (z*, f(-)) is HK-integrable.
A scalarly HK-integrable function f : [0,1] — X is said to be Henstock-
Kurzweil-Pettis integrable or simply HKP-integrable on [0, 1] if for every in-
terval I € Z, there exists x; € X such that

(x*,z1) = (HK) /(x*,f> d\, for every x* € X™,

I
We call z; the HKP-integral of f on I and we write x; := (HKP) [, f d\.

The space of X-valued HKP-integrable functions on [0,1] is denoted by
HKP([0,1], X). It is clear that P([0,1],X) C HKP([0,1], X). Moreover,
H([0,1], X) € HKP([0,1], X) and in general the inclusion is proper, as the
following example shows (see |21, Example 1, p. 171]).

Example 1.5.2. Let [,, = [a,, b,] be a sequence of subintervals of [0, 1] such
that a; = 0, b, < a,41 for every n and lim,, , b, = 1. Let us define the
function f:[0,1] — ¢ by
f(t) = (#XI (1) = LXI (t))oo
2| Igp 4|2 2| I, | "

n=1

This function is HKP-integrable but not Henstock integrable.
In HKP(]0,1], X) we define the Aleziewicz norm by

b
flla:= sup <HKP>/ fd/\H.
[a,b]C[0,1] a

We also consider in HICP([0, 1], X) the 74k p-topology, defined by the follow-

ing convergence of nets:

fo = fe|(a", fo) = (&%, f)|]a, forevery x* € B(X™).

Moreover, we consider in HXP([0, 1], X) the topology induced by the tensor
product of the space of real-valued functions of bounded variation and B(X™).

It is known as w-HKP topology, and defined as:

fo— | & (HK) / g (" fu) AN — (HK) / g (", ) dA,
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for every z* € B(X*) and every g : [0, 1] — R of bounded variation.
We can generalize the multivalued Pettis integration in a similar way to

vectorial case.

Definition 1.5.3. A multifunction F : [0, 1] — C'L(X) is said to be scalarly
HK-integrable if for every z* € X* the real function s(z*, F()) is HK-
integrable.

A scalarly HK-integrable multifunction F : [0,1] — CC(X) is said to
be Henstock-Kurzweil-Pettis integrable or simply HKP-integrable in CC(X)
(CBC(X), CK(X), CWK(X), respectively) if for every interval I € Z, there
exists C; € CC(X) (CBC(X), CK(X), CWK(X), respectively) such that

s(z*,Cr) = (HK) /s(x*,F) d\, for every x* € X™.
I

C is called the HKP-integral of F over I and we set Cj := (HKP) fIF dA.

Definition 1.5.4. A multifunction F' : [0, 1] — CBC(X) is said to be Hen-
stock integrable (resp. McShane integrable) if there exists W € CBC(X) with
the following property: for every ¢ > 0 there exists § gauge on [0, 1] such
that, for every o-fine Perron-partition (risp. partition) {(I1,¢1),..., (I, t,)}
of [0, 1], we have

dy (W AR |>
W is called the Henstock-integral (vesp. McShane-integral) of F and we
denote it W := (H) [, F dX (resp. W := (Ms) [, F dX).
By the Hérmander equality, one has

dy (K ZF N |> sup

z*eB(X*)

s( Zs DI

J=1

for every partition {(/;,%;)}i_; of [0,1] and for every K € CW K (X).
Consequently each Henstock integrable multifunction is also HKP-integrable
and each McShane integrable multifunction is also Pettis integrable.

Given a multifunction F, we denote by SH and SHEP the families of all

measurable selections of F' that are respectively Henstock integrable and
HKP-integrable.
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Definition 1.5.5. A multifunction F': [0,1] — CBC(X) is said to be vari-
ationally Henstock integrable, or simply wvariationally H-integrable, if there
exists a finitely additive multifunction ® : T — CBC(X), satisfying the

following condition: given & > 0 there exists a gauge ¢ on [0, 1] such that
q
> du(F(t)|L), 0(1)) <e, (1.3)
j=1

for every d-fine Perron-partition {(/;,t;)}_; of [0, 1].
We set ®(I) = (vH) [, F dX and call ® the variational Henstock primitive of
F.

Obviously, each variationally Henstock integrable multifunction is also Hen-

stock integrable.

Definition 1.5.6. A measurable multifunction F': [0,1] — C'L(X) is said to
be Aumann-Henstock- Kurzweil-Pettis integrable or simply AHKP-integrable

if SHEP £ (). In this case we define

(AHKP) /le/\ = {(HKP) /lfd/\:fe SZ{?KP}.

F is said to be Aumann-Henstock integrable if SH 5 (). Tn this case we define

(AH)/Ole)\::{(H)/Olfd)\:feSﬁ}.

Next theorem due to L. Di Piazza and K. Musiat states the following charac-
terization of CW K (X)-valued HKP-integrable multifunctions. It was estab-
lished in [21, Theorem 1] for separable Banach spaces and in |23, Theorem

1| for an arbitrary Banach space.

Theorem 1.5.3. Let F': [0,1] — CW K (X) be scalarly HK-integrable. Then

the following statements are equivalent:

1. F is HKP-integrable in CWK(X).

2. SHEP is non-empty and for every f € SHEP there esists a multifunc-
tion G : [0,1] - CWK(X) such that F = G + f and G is Pettis
integrable in CWK(X).
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3. Each scalarly measurable selection of F'is HKP-integrable.

4. For every I € Z, (AHKP) [, F d\ € CWK(X) and

1

s (x*,(AHKP) / F d)\) _ (HK) / s(z*, F) d,
I
for every x* € X*.

By |21, Remark 1] and [23, Theorem 2|, the above theorem remains true
if CWK(X) is replaced by CK(X). Moreover, AHKP-integral and HKP-
integral coincide.

The following equivalence between Pettis and McShane integrability in C' K (X)
holds when X is separable.

Proposition 1.5.1 (Proposition 2, [22]). Let F' : [0,1] — CK(X) be a
multifunction. Then F is Petlis integrable in CK(X) if and only if it is
MecShane integrable.

Moreover, we recall the following characterization in separable case.

Theorem 1.5.4 (Theorem 2, [22]). Let F : [0,1] — CK(X) be scalarly

HK-integrable. Then the following statements are equivalent:
1. F is Henstock integrable.

2. SH is non-empty and for every f € SH there esists a multifunction

G :[0,1] - CK(X) such that F = G+ f and G is McShane integrable.
3. Each measurable selection of F' is Henstock integrable.

If X does not contain any copy of cq, then the above conditions are equivalent

also to:
4. SH is non-empty.

By previous result it follows that, if X does not contain any copy of ¢y, then
a measurable C'K (X )-valued multifunction is Henstock integrable if and only

if it is Aumann-Henstock integrable.
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1.6 Multimeasures and their selections

The theory of multimeasures is a natural extension of the classical theory of
vector measures. It can be viewed as an outgrowth of integration theory of
multifunctions. Multimeasures are a useful analytical tool in mathematical
economics, in statistics and in control theory.

In this section we present the different notions of multimeasure existing in
literature and compare them.

We recall that a series Y~ | x, is said to be unconditionally convergent if for

every one-to-one map f from N onto itself the series 7| x(,) is convergent.

Definition 1.6.1. Given a sequence (C,,)>2; C 2%, the infinite sum > >~ | C,
is defined by

ZC" = {x eX:xz= an (uncond. convergent), z, € Cn} (1.4)
n=1

n=1
A first definition of multimeasure refers to the summability notion induced
by (1.4).

Definition 1.6.2. A multifunction M : £ — 2% is said to be a strong
multimeasure if for every sequence (A4,)5°, C L of pairwise disjoint sets, we

have M (U,—, An) =D o0 M(A,).

Example 1.6.1. Let C' be a nonempty bounded subset of X and let S be a
collection of X-valued measures such that m(A) € A\(A)C for every m € S
and every A € L. Let define M : £ — 2% by

M(A) = {Z my(Ag) : {Ag}r_, L-partition of A, {my}r_, C S,n > 1} :

k=1

Then M is a strong multimeasure.

A second definition of multimeasure uses the Hausdorff distance on the space

of closed sets.

Definition 1.6.3. M : £ — CL(X) is said to be a dy-multimeasure if for
every sequence (A4,)%°, C ¥ of pairwise disjoint sets with A = [J>7, A,, we
have dy(M(A), >, M(Ay)) — 0 as n — +o00.
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Example 1.6.2. Let X be a separable Banach space. Let consider a multi-
function F: [0, 1] — C'B(X) graph measurable and integrably bounded (i.e.,
the real function t — ||F'(t)|| is Lebesgue integrable).

Define M : L — CL(X) by M(A) := W. It is easy to check that

M is a dp-multimeasure.

A third definition involves support functions. It is the most popular and
flexible definition.

Definition 1.6.4. A multifunction M : £ — CL(X) is said to be a weak mul-
timeasure or simply a multimeasure if for every z* € X*, A — s(z*, M(A))

is a real valued measure.

Example 1.6.3. Let X be a separable Banach space and let F : [0, 1] — 2
be a graph measurable and Aumann-Pettis integrable function.
Define M : L — CL(X) by M(A) := (AP) [, F'd\. Then M is a multimeas-

ure.

The main connections between the above three definitions are provided in

the next proposition [32, Proposition 8.4.7]|.

Proposition 1.6.1. (a) If M : L — 2% is a strong multimeasure, then the

map A M(A) is a dg-multimeasure.
(b) If M : L — CL(X) is a dg-multimeasure, then M is a multimeasure.

Example 1.6.4. An integrably bounded multifunction is Aumann-Pettis
integrable, but the converse is false. Indeed, let us consider the measurable
multifunction F' defined by

F(t) = B(0,r(t)) = the closed ball of radius r(t) centered at the origin,

where r : [0,1] — (0,400) is a given nonintegrable measurable function.
F'is Aumann integrable (hence Aumann-Pettis integrable) and its Aumann
integral over [0, 1] is equal to X. But F'is not integrably bounded.

Consequently the map M(A) := (AP) [, F'dX is a multimeasure but not a

dg-multimeasure.
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The three notions coincide whenever the multimeasure takes its values in
CWK(X) (see [32, Theorem 8.4.10]).

Theorem 1.6.1. If M : L — CWK(X), then M is a dg-multimeasure if

and only if M is a multimeasure.

Definition 1.6.5. Let M : £ — 2% be a multimeasure. A vector measure
m : L — X such that m(A) € M(A) for every A € L is called a selection of
M.

Definition 1.6.6. Let M : £ — 2% be a multimeasure. We say that M is
A-continuous and denote it by M << X if A\(A) = 0 yields M(A) = {0}.

Definition 1.6.7. Let M : £ — 2% be a multimeasure. For every A € £ we
define

[M](4) 1= sup 3|3 (A7)

where the supremum is taken over all finite partitions (A;); of A in L.

We say that M is of finite variation if |M|(]0, 1]) < +oo.

We say that M is of o-finite variation if there exists a sequence (A4,)5, C L
of pairwise disjoint sets covering [0, 1] and such that |M|(A,,) < +oo for every

positive integer n.

We end this section recalling that a Banach space X is said to have the Radon-
Nikodgm property (shorty RNP) if for every X-valued measure m : L — X
which is of finite variation and with m << A there exists a Bochner integrable
function f : [0,1] — X such that m coincides with the Bochner integral of f.
It is known that reflexive Banach spaces and separable dual spaces have the
RNP. Other equivalent formulations of the RNP can be found in [18, pp.
217-219].
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CHAPTER 2

DECOMPOSABILITY IN THE
SPACE OF HKP-INTEGRABLE
FUNCTIONS

2.1 Introduction

In this chapter we study the notion of decomposability for vector-valued func-
tions integrable in Henstock sense.

This notion was introduced by R. T. Rockafellar (see [44]) for vector valued
measurable functions. Later, it was extended to Bochner integrable and to
Pettis integrable functions. Formally, the definition of a decomposable set
resembles that of a convex set. The difference is that instead of constants
a € [0,1], in the definition of decomposability we have a characteristic func-
tion x g, with £ C [0, 1] measurable.

Decomposability and convexity are in relationship. In particular, for the Ba-
nach valued Pettis integrable functions defined on [0,1] and endowed with
the Alexiewicz topology, any decomposable closed set is convex [48, Theorem
11].
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The decomposability is a fundamental concept in multivalued analysis. In
fact, there are several results of representation of decomposable sets in terms
of selections of a suitable multifunction.

F. Hiai and H. Umegaki [31] proved that any decomposable norm-closed sub-
set of L'([0,1], X), the space of Bochner integrable functions taking values on
a separable Banach space X, is exactly the family of all Bochner integrable
selections of a closed-valued Aumann integrable multifunction.

Assuming norm separability in P([0, 1], X), the space of X-valued Pettis inte-
grable functions, C. Godet-Thobie and B. Satco proved that every nonempty
norm-closed decomposable subset of P([0,1], X) coincides with the norm-
closure of the Pettis integrable selections of an Aumann-Pettis integrable
multifunction F' [28, Theorem 25].

Imposing more conditions on the target Banach space X, as well as on
a given decomposable norm-closed convex subset K of P([0,1], X), N. D.
Chakraborty and T. Choudhury [13, Theorem 3.3.1] improved the result of
C. Godet-Thobie and B. Satco. In fact, they showed that K coincides with
the family of all the selections of a Pettis integrable multifunction.

We want to gain insight on the concept of decomposability in the space of
Henstock integrable functions and more in general in the space of HKP-
integrable functions. This involves a slight but essential modification to the
definition of decomposability. Indeed, the primitives of Bochner and Pettis
integrable functions are countably additive, while the Henstock type primi-
tives are finitely additive interval functions. So, in the framework of Bochner
or Pettis integrability the decomposability is defined with respect to the
o-algebra of all measurable sets, while in our case we consider the decompos-
ability with respect to the ring A generated by the subintervals [a,b) C [0, 1].
In this chapter, first we introduce some preliminary lemmas. Then we study
some properties of decomposable subsets of the space of Henstock integrable
functions and more in general of Henstock-Kurzweil-Pettis integrable func-
tions. We give also a characterization of the separable Banach spaces with
the Schur property (see Proposition 2.3.5). This result is a useful tool to
prove a representation theorem for decomposable sets of Henstock-Kurzweil-

Pettis integrable functions (see Theorem 2.3.2).
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We prove also a relationship between decomposability and convexity in the
space of Henstock integrable functions (see Theorem 2.3.1). Finally, we show
a representation theorem for decomposable sets of Henstock integrable func-
tions (see Theorem 2.3.3).

2.2 Basic Facts

It is useful to recall two fundamental theorems of the Banach spaces theory
(see [18, p. 51]).

Theorem 2.2.1 (Krein-Smulian). Let W be a weakly compact subset of a
Banach space X. Then also co(W) is weakly compact.

Theorem 2.2.2 (Mazur). Let K be a compact subset of a Banach space X.

Then also co(K) is compact.

The proofs of Lemma 2.2.1 and 2.2.2 below are essentially in [28], Lemma
3 and Theorem 24 (first part). We prefer to reproduce them for seek of

completeness.

Lemma 2.2.1. Let G : [0,1] — CL(X) be an Aumann-Pettis integrable
multifunction. Then there exists a sequence of functions (g,)°%, C SE such
that G(t) = {gn(t) : n > 1} for every t € [0, 1].

Proof. By Aumann-Pettis integrability assumption, G' admits a Pettis inte-
grable selection g. By Theorem 1.3.3, there exists a sequence (f,,)>2, of mea-
surable selections of G such that G(t) = {f,.(t) : n > 1} for every t € [0, 1].
For each m,n > 1, we set E,, ,, := {t € [0,1] : m — 1 < ||f.(¢)|| < m} and
Gnm = faXEBum T 9XES .- Each E, ,, € L. Moreover, for every n > 1 the
E, m are pairwise disjoint and (J°_, E, ., = [0, 1].

For every m,n > 1, gnm is Pettis integrable because gxgg , is Pettis inte-
grable and f,xg, ,, is bounded, hence Pettis integrable. Moreover, by defini-
tion, each g, is a selection of G. Thus g, ,, € Sg for every m,n > 1.

Let ¢t € [0, 1]. We prove that {g,m(t) : n,m > 1} is dense in G(?).

For every x € G(t) and every ¢ > 0, ||z — fn(t)|| < e for some n > 1.
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fn(t) € 10,1] = Uo_; Enms 50 fo(t) € E, ., for some m > 1. Consequently
Fult) = gun(®) and |2 — g (B)] < 2. a
Lemma 2.2.2. Let G : [0,1] — CL(X) be an Aumann-Pettis integrable
multifunction and let (g,)°>, C SE be such that G(t) = {gn(t) : n > 1} for

every t € [0,1]. Then for every g € SE, for every e > 0, there exists a finite
collection {Ai, ..., A,} C L of pairwise disjoint sets, with \J;_, A; = [0, 1],

such that
- Z XAjgj
j=1 P

Proof. Let g € SE and let € > 0.
For every n > 1 we set E, := {t € [0,1] : ||g(t) —gn(t)|| < 5}. Clearly E, € L

for every n > 1 and |J,—, E,, = [0,1]. We may assume without restrictions

< E.

that the F),, are pairwise disjoint sets. Since g and g, are Pettis integrable,
by Theorem 1.4.1, the set {(z*,g—g1) : * € B(X™)} is uniformly integrable.
So there exists m > 1 such that |[(¢ — g1)xy,.,.., B.llP < 5

Put A, = F; Ul E, and A; = E; for j = 2,...,m. The sets A, are
measurable, pairwise disjoint and U;”Zl A; =10,1].

We have

n>m+1

- Z XAjgj
j=1

Zg 95)x SZH@—%)XAij
j=1 j=1

> (g —gj>><Eij <e.
j=1

= H(g - gl)xujzm+1 E;

O

It is possible to obtain a result similar to Lemma 2.2.1 for A HKP-integrable

multifunctions.

Lemma 2.2.3. Let F' : [0,1] — CL(X) be an AHKP-integrable multifunc-

tion. Then there exists a sequence of functions ()22, C SHEP such that
F(t) ={fu(t) :n > 1} for every t € [0, 1].

Proof. Since F is AHKP-integrable, SEKP £ ().
Let h € SEEP and consider the multifunction G : [0,1] — C'L(X) defined by
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G(t) :== F(t) — h(t), t € 0, 1].

G is Aumann-Pettis integrable (indeed g = 0 is a Pettis integrable selection
of G). Consequently by Lemma 2.2.1, there exists a sequence (g,)5°, C SE
such that G(t) = {gn(t) : n > 1} for every t € [0,1].

Put now f, = g, + h, n > 1. Each f, is an HKP-integrable selection of F.
Moreover, F(t) = {f.(t) : n > 1}, as required. O

Corollary 2.2.1. Let F\, Fy : [0,1] — CL(X) be AHKP-integrable multi-

unctions. If SHEP — QUEP 4pop [\ = F,.
Fy P

Proof. By Lemma 2.2.3, there exist (f1,)o2, SERT and (fo,)o2 SEXY such

that Fy(t) = {fin(t) : n > 1} and Fy(t) = {fon(t) : n > 1} for all t € [0, 1].

Since SEEP = SEEPf, € SEEP and f,,, € SEEP for every n > 1.

Consequently, for every n > 1 and for every ¢ € [0, 1] we have f1,(t) € Fa(?),

and so Fi(t) C Fy(t). Similarly Fy(t) C Fi(t).

Then Fy(t) = Fy(t) for every t € [0, 1] and the two multifunctions coincide.
0

Moreover, it is possible to improve Lemma 2.2.2 in the sense that each Pettis
integrable selection of an Aumann-Pettis integrable multifunction can be
approximated by a combination of the type Z?:l XB,;9; where the sets B;

are pairwise disjoint and belong to A.

Lemma 2.2.4. Let G : [0,1] — CL(X) be an Aumann-Peltis integrable
multifunction and let (g,)22, C SE be such that G(t) = {gn(t) : n > 1} for
every t € [0,1]. Then for every g € SE and for every e > 0, there exists a
finite A-partition {My, ..., Mgi1} of [0,1] such that

s+1

9 - Z XM, 9j
j=1

Proof. Let g € SE, e > 0. By |13, Lemma 3.3.1], there exists a finite collec-
tion {Ay,..., A} C L of pairwise disjoint sets, with szl A; = [0,1], such

that Hg — D o1 XA,

<E.

P

<e/2.
Pg/
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By the separability of X and the uniform integrability of the family of func-
tions {(z*,¢;) : 2* € B(X"),j = 1,...,s} (see |42, Theorem 5.2|), there
exists 6 > 0 such that, if A\(A) <, then

£ :
Ixagjllp = sup / [(z*, g;)| dX < " for every j =1,...,s.
z*eB(X*) J A S

For each j = 1,...,s there exists B; € A such that A(A; A B;) < ;% (see
[29, Theorem 1.13]).

Now let consider M, ..., M,, where My = By and M1 = Bjiq \ ngl B;
for j = 1,...,s — 1. Clearly M,..., M, € A, are pairwise disjoint and
Uiy M; = U;_, B;. We claim that A(A; A M;) < 2 for every j =1,...,s.
In fact, since A(A4; A Bj) < 2, [A(4;) — A(B;)| < ;2. Hence for every i # j,

A(B;NB;) = A(B;) + A(B;) — A(B;UB;) < A(A;) + AMA;) + 2% —A(B;UB;).

Moreover, for every i # 7,

M(A; UA)A(B;UB;)) < MA;iAB) + MA; AB;)) <

252"

Thus A(B; U B;) > A(4;) + A(4;) — 55.

It follows that for i # j, A(B; N B;) < &. Moreover, for each j, B; A M; =
Bi\ Mj = U,.;(BiN B;). Thus A\(B; A M;) <Y, AM(BiNB;) < (s —1)%.
Finally for every j we have A(A; A M;) < MA; A B;) + M(B; A M;) < 2.
Now set M1 = [0, 1]\ Uj_, M;. By definition, M, € A and is disjoint to
each M;. So {My,..., My, My} is a finite A-partition of [0,1]. Moreover,
A Msy1) < 0. In fact,

S S S 5
AMMgiq) = A A;jn| M) < AMA; AM;) < s—=4.
( +1) <jL:J1 J jL:J1 J) Z ( J J) s

J=1

Consequently, ||, gos1llp < £ < %.
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Finally we have

s+1

9 — Z XM; 95
j=1

P

< |9~ ZXAjgj + Z(XAj —xum)9|| + HXMS+195+1HP
j=1 P j=1 P
€ z €
< 5t Z(XAj\Mj — Xmj\4,)95|| + 1
j=1 P
€ z €
j=1 P

IN

£ = e e .
§+;HXAJAMJ'QJHP+Z§§+Z+Z:€,

as required. O

2.3 Decomposability in HXP([0,1], X) - Main
Theorems

We are going to introduce the notion of decomposability with respect to A.

Definition 2.3.1. A set K C HKP([0, 1], X) is said to be decomposable with
respect to the ring A or simply decomposable if for all fi, fo € K and for all
E e A, fixe + foxee € K.

Proposition 2.3.1. Let F : [0,1] - CWK(X) be AHKP-integrable (resp.
Aumann-Henstock integrable). Then SEXT (resp. SH) is decomposable and

conver.

Proof. Since F is CW K (X)-valued, it is clear that SEXP (resp. SH) is
convex.

Let fi, fo € SFXP (vesp. SY) and let E € A. Rewrite E = JI_, I;, where
the I; are pairwise disjoint intervals. E¢ € A and in particular, E¢ = | J!_, J;,

where the J; are pairwise disjoint intervals. Clearly Ji_, ;Ui Ji = [0, 1].
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So f = fixe + foxge = fixn, + -+ fixg, + foxo + - + fixy,- Therefore
f is HKP-integrable (resp. Henstock integrable).

Since f; and fo are selections of F', also f is a selection of F. O

Proposition 2.3.2. Let K C HKP([0,1],X) be decomposable. Then also

?H la 15 decomposable.

Proof. Let f,g € KM and let B e A We may assume that £ = [J]_, I;

and E° = (J/_, J;, where {I;}9_, and {J;}]_, are finite collections of pairwise

disjoint intervals. For each ¢ > 0, |[f — f|[a < 5 and ||g — gl|la < 5

for some f.,g. € K, where k = max{p,q}. Thus ||(f — f-)xella < § and

(9 = 9e)xEe||a < §. Since K is decomposable, f.xg+ g-xpe € K. Moreover,
(fxE + 9xpe) = (foxp + gexpe)l|a < |[(f = fxella+1[(g — g-)xpe||la <e.
We conclude that fxg + gxee € Kl O

In general, the family of all HK P-integrable selections of a given multifunc-
tion F' is not || ||a-closed in HIP([0,1], X). In the next proposition, we
show that if F' is CW K (X)-valued and HKP-integrable in CW K (X), then
SHEP ig || || a-closed in HKXP([0, 1], X).

Proposition 2.3.3. If the multifunction F : [0,1] - CWK(X) is HKP-
integrable in CWK(X), then SEEY s || ||a-closed in HKP([0,1], X).

Proof. By Theorem 1.5.3, SHEXF is non-empty and for a fixed v € SHEP
there exists G : [0,1] — CW K (X) Pettis integrable in CW K (X) such that
F(t) =~(t) + G(t) for every t € [0,1].

Let (f,)52, be a sequence of HK P-integrable selections of F' || || 4-converging
to f € HKP(]0,1], X).

For every n > 1, let g, be the Pettis integrable selection of G defined by
In = fn— -

By |11, Proposition 3.4], there exists a subsequence (gn, )52, of (g,)52, that
converges in the weak Pettis topology to a Pettis integrable selection g of G.

In particular, for every z* € B(X*) and every I € Z

/I<ﬂf*,gnk> d\ — /I(:E*,g> .
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By hypothesis, ||f, — flla = 0. So ||gn — (f — ¥)||la — 0. Consequently,
(gn)22, converges to f — v in the w-HKP topology. In particular, for every
x* € B(X*) and every [ € T

(HK) / (2" gn) X — (HE) / (2, (f — 7)) dA.

I

It follows that [ (2%, g) d\ = (HK) [, (z*, (f —)) d\, for every 2* € B(X*)
and every I € Z. By |29, Theorem 9.12|, (z*, g) = (z*, (f —~)) a.e. for every
x* € B(X™), with the null-set depending on z*. By [18, Corollary 7, p. 48],
one obtains that g = f — v a.e.

Since g is a Pettis integrable selection of G, f is an HKP-integrable selection
of F, thus SHEF is || || 4-closed in HKXP([0,1], X). O

Using the previous proposition we also obtain

Proposition 2.3.4. If the multifunction F : [0,1] — CK(X) is Henstock
integrable, then SH is || || 4-closed in H([0, 1], X).

Proof. Let (f,)5; be a sequence of Henstock integrable selections of F' || || a-
converging to f € H([0, 1], X).

Since CK(X) ¢ CWK(X), F is HKP-integrable in CW K (X). Moreover,
S c SHKP  So by Proposition 2.3.3, f is an HKP-integrable selection of
F. But f is Henstock integrable. Hence f € SH and SH is || ||4-closed in
H([0,1], X). O

2.3.1 A relationship between decomposability and con-
vexity in ([0, 1], X)

In this subsection we are going to prove the convexity of a decomposable set
in ([0, 1], X).

Let K C HKP([0,1],X). The decomposable hull of K is the smallest de-
composable set containing K, it is denoted by dec(K). The || ||a-closed
decomposable hull of K is the smallest || ||4-closed decomposable set con-
taining K and it is denoted by dec HA(K) = F(K)H HA.

We begin with an easy lemma.
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Lemma 2.3.1. Let K C HK([0,1],X) be conver. Then also dec(K) is

convex.

Proof. Let us consider A € [0,1] and f, g € dec(K).
Then there exist {M;}7, C A with J_, M; = [0,1], {fi}, {g:}}-y C K

such that f=>""  xafi and g = > 0" | X, 9i-
Then by convexity of K,

af +(1-XNg =« <ZXMifi> (1-a) (ZXM%)
= Z afi+ (1 —a)g)xum, € dec(K).

Hence dec(K) is convex. O

A key lemma is the following that is similar to [48, Lemma 6| in case of the

Pettis integral.

Lemma 2.3.2. Let {f;}/1] be a finite collection of functions in H([0,1], X)
and let {\;}?_, be a finite set of real positive numbers with > . A\ = 1.
Then, for every ¢ > 0, there exists a finite A-partition {M;}!] of [0,1] such
that

n+1
Z XM; fz <E.
Proof. Fix ¢ > 0.
At first we consider the case when the X-valued functions fi, ..., f., fni1 are

Pettis integrable.

Then by [48, Lemma 6|, we can find a L-partition {A4;}" , C £ of [0,1] such
that [| D200 Aifi — 2 2im Xa, filla < 5

By using the same techniques of the proof of Lemma 2.2.4, we can find
an A-partition {M;}77]" of [0,1] such that || 37, (xa, — xar,) filla < £ and
X0 frtalla < §-

Finally we obtain || Y27, Aofi= Y200 xar filla < |17 Aifim 200y xa fillat

122 s = xan) filla + (Xt faralla <5+ 5+ 5 =€
In the general case, let consider the C' K (X)-valued multifunction defined by
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F(t) = co{ fu(t) ..., fult), a1 (D) }.

By the definition of F, the family {s(z*, F'()) : * € B(X™*)} is Henstock
equiintegrable.

By [22, Proposition 1|, F' is Henstock integrable, hence HKP-integrable in
CWK(X).

The X-valued functions fi,..., fu, foe1, f = Z?:l i f; are Henstock inte-
grable selections of F', hence HKP-integrable. By Theorem 1.5.3, the func-
tions f — f1,...,f — funi1 are Pettis integrable.

Hence there exists an A-partition {M;}7*! of [0, 1] such that

n+1 n
ZXMi(f —fi) — Z)\i(f = /i)
i=1 i=1

< e.
A

But 30, \i(f = £i) = 0 and X o (f = £i) = £ = X xan i
Therefore ||f — 327 xas filla < € and the proof is over. O

Theorem 2.3.1. Let ) # K C H([0,1], X) be || ||a-closed and decomposable.

Then K is conver.

Proof. Since X is separable, by |3, Proposition 1|, also H([0, 1], X) is separa-
ble. By hypothesis, K is closed and decomposable. So there exists a sequence
(fn)5e, of functions in H([0, 1], X') such that

K={f,:n> 1}:decHHA({fn:n2 1}).

We prove that co{f, :n > 1} C dec HA({fn :n > 1}).

For this purpose, let f € co{f, : n > 1} and fix ¢ > 0. By Lemma 2.2.4,
there exists a finite A-partition { My} | of [0,1] such that ||f — f.||a < &,
where f.:= SN g, fi € dec({fn :n > 1}).

Consequently, f € dec’ HA({fn in > 1}).

By passing to the closed decomposable hull, we easily obtain the inclusion
dec’ HA(co{fn :n>1}) C dec’ HA({fn :m > 1}). Since the opposite inclusion
is obvious, we have dec’ ||A(co {fn:n>1}) = dec’ HA({fn n>1}) =K.
By Lemma 2.3.1, the set dec(co{f, : n > 1}) is convex. We conclude that
K =dec HA({fn :n > 1}) is convex. O
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2.3.2 Characterization of the decomposable subsets of

HKP([0,1], X) and H([0,1], X)

Our aim is to characterize || ||a-closed, decomposable and convex subsets
of HKP([0,1], X) in terms of HKP-integrable selections of a suitable HKP-
integrable multifunction.

It was proved in [31, Theorem 3.1] that the decomposable norm-closed sub-
sets of L'([0,1], X) are the families of all Bochner integrable selections of a
suitable multifunction.

Assuming norm separability of P([0,1],X), C. Godet-Thobie and B. Satco
|28, Theorem 25| proved that every nonempty norm-closed decomposable
subset K of P([0,1],X) coincides with the closure (in P([0, 1], X)) of SE,
where F'is an Aumann-Pettis integrable multifunction F'.

Imposing more conditions on the Banach space X as well as on the subset
K of P([0,1], X), N. D. Chakraborty and T. Choudhury [13, Theorem 3.3.1]
improved the result of C. Godet-Thobie and B. Satco. They showed the
existence of a CW K (X)-valued Pettis integral multifunction F' such that
K = SP.

Our main result of decomposability (Theorem 2.3.2) is shown below, assum-
ing that the Banach space is separable and has the Schur property.

We recall that a Banach space X has the Schur property if weak and norm
sequential convergence coincide in X, i.e., a sequence (x,)>° ; in X converges
to 0 weakly if and only if (z,)22, converges to 0 in norm.

The property above was named “Schur” in honour of Issai Schur who showed
in 1921 that ¢! has that property (see [49] and [1, Theorem 2.3.6]).

In general, weak and norm topologies are always distinct in infinite dimen-
sional Banach spaces. Nevertheless, if X is a Banach with the Schur property,
then every weakly compact subset of X is norm compact [1, Theorem 2.3.7].
Moreover, any Banach space with the Schur property does not contain copies
of ¢o [1, Proposition 2.3.12].

We start with the following characterization.

Proposition 2.3.5. Let X be a Banach space. The following assertions are

equivalent:
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1. X is separable and has the Schur property.
2. HKP(]0,1], X) is separable.

Proof. Assume that X is separable and has the Schur property.

Let f € HKP([0,1], X) and let F(t) = (HKP) [} f d\. F is weakly continu-
ous on [0, 1], moreover X has the Schur property. Therefore F' is continuous
on [0, 1]. Moreover, since F' is defined on [0, 1], it is uniformly continuous.
Let us fix ¢ > 0. By the uniform continuity of F, there exists 6. > 0 such
that |t — s| < d. implies || F(t) — F(s)|| < 5.

Now let us consider 0 =ty < t; < ... <ty =1 such that |t; 3 — x| < . for
k=0,...,N—1. Letusdefine I = [0,¢;] and for k = 2,... N I}, = (tj_1, ]
Let F. : [0,1] — X be defined by

Ftpy) — Fte)
tpy1 — tg

Fg(t) :F(tk)—i- (t—tk>, iftE[k+1.

We claim that supeoq) [|F/(t) — FL(t)|| < e. If t € [0,1], then t € I;y, for

some k. So by the uniform continuity of F',

I(0) = F0 = | [P0~ F0) = (Flonen) = o)
S IP) = P+ 1P ) = Flto)l [

Now let us consider the step function defined by f. := ij:l TrpX1,, Where
F(tg1)—F ()
ter1—tk

Clearly f. is Bochner integrable and F. is its primitive. Finally

T -—

Lf = fella = sup |[F2(b) = Fi(a) — (F(b) = F(a))ll

< ?ug(llFs(b) — FQO)|| +[|Fe(a) — F(a)l]) < 2e.
Therefore the step functions f. approximate f in the Alexiewich norm. By
separability of X and the fact that we can use intervals with rational end-
points, we get the separability of HIP([0, 1], X).
Conversely, suppose that HICP([0, 1], X) is separable. Clearly X is separable

because the set of constant functions is separable and isomorfic to X.
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Now assume that X does not have the Schur property. Then there exists
a sequence (z,)>, C X such that lim,(z*, x,) = 0 for every z* € X* and
||zn|| = 1 for every n > 1.

Now let (1,,)$%; be a sequence of mutually disjoint intervals, ordered in the
sense of the real line, whose union is equal to [0, 1]. Let divide each interval
I,, in two disjoint equal parts I.7 and I, and let define g, : I, — X by
gn(t) =z, if t € I and g,(t) = —x, if t € 1.

Finally for every A C N, set f4: =), 4 ﬁgk.

We are going to prove that f4 € HKP([0,1], X) and (HKP) fol fadi =0.
Let us fix t € [0,1). Since there is only a finite number of intervals I that lie
in the closed interval [0, t], then by definition, the restriction of f4 to [0,¢] is
a step function. In particular, for every x* € X*, the restriction of (z*, fa)
to [0,¢] is also a step function. Therefore it is HK-integrable in [0, ¢].
Moreover, |(HK) f;(:p*, fa)dA| < [{(x*, z,,)|, where m is the unique natural
number such that ¢ € I,,. Since lim,,(z*, z,,) = 0, then by [29, Theorem 9.21],
(x*, fa) is HK -integrable and

(HE) [ @ gy ah =T [ (a4 dr o

Therefore f4 is HKP-integrable and (H K P) fol fad\=0.
The set {fa : A C N} is uncountable and satisfies the following inequality

1
1 fa = fBlla = 3 for every A # B.

In fact, suppose that m € A and m ¢ B. Then
(HKP) [}y fadh = Zm|1f| = 2l and (HKP) [, fpd\ = 0. Therefore

|Im ‘

lzmll _ 1
2

1= falla 2 H(HKP) /I+ fadA— (HKP) /I de)\H _

But this contradicts the separability hypothesis of HXP([0,1], X). So we
conclude that X has the Schur property. O

Lemma 2.3.3. Let X be a separable Banach space with the Schur property
and let F :[0,1] - CK(X) be a measurable and Aumann-Pettis integrable
multifunction such that fol s(x*, F)~ d\ < +00. Then F is scalarly integrable.
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Proof. By |24, Theorem 3.7], F' is quasi-Pettis integrable in CC(X). More-
over, by [24, Theorem 3.9, for every z* € X* and every F € L one has
s(xz*, (AP) [, FdX\) = [, s(z*, F)dX\.

We check that for every E € L, (AP) [, Fd\ is convex and norm com-
pact. As the convexity is obvious we will try to prove the compactness of
(AP) [, FdX. To do it take a sequence ()52, of (AP) [, F'd\. Then there
exists (f,)o2; C SE such that z, = (P) [, fn dX.

Since F is CK(X)-valued, by [13, Theorem 3.4.1], S is convex and sequen-
tially compact with respect to the weak Pettis topology of P([0, 1], X). Hence
there exists a subsequence (f,,, )32 of (fn)n2, such that f,, — f in the weak
Pettis topology.

In particular,

/(x*,fnk)d)\ —>/<:p*,f} dA, for each ™ € X".
E E

This means that
(", 2y, ) — (", x), for each 2" € X7,

where x = (P) [, fd\. Since X has the Schur property, ||z,, — x| — 0.
Therefore (AP) [, F dX is norm compact.

In particular, we have [[(AP) [, F d\A|| < +oco for each E € L. Therefore
[ s(x*, F)d\ < 400 for every z* € X* and every E € L. We conclude that
F'is scalarly integrable. O]

Theorem 2.3.2. Let X be a separable Banach space with the Schur property
and let ) # K C HKP([0,1], X) be decomposable, conver and || ||a-closed.
Assume that for each t € [0,1] the set K(t) = {f(t) : f € K} is relatively
norm compact.

Then there exists a multifunction F* : [0,1] — CK(X) HKP-integrable in
CK(X) such that K = SHEP,

Proof. By Proposition 2.3.5, we have that HXP([0, 1], X) is separable. Since
K is closed, there exists a sequence (f,)>2, C HKP([0,1],X) such that
K={f,:n> 1}” 4. Let us consider the multifunction F : 0,1 = CL(X)
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defined by F(t) = {f.(t) :n > 1}. Since each f, is HKP-integrable (and
in particular, measurable) and F' is C'L(X)-valued, by Theorem 1.3.3, F is
measurable. Moreover, SEXP =£ (). Therefore F is AHKP-integrable.

Now let define the multifunction F* : [0,1] — 2% by

F*(t) := o(F(1)), t € [0,1].

First, we prove that F™* is C K (X)-valued.

Let ¢ € [0,1]. By definition, F*(¢) is closed convex. Moreover, F*(t) =
co{fn(t) : m > 1} C co(K(t)). By hypothesis, K(t) is relatively norm com-
pact, so by Theorem 2.2.2, ¢o(K(t)) is norm compact. Hence also F*(t) is
norm compact and therefore F*(t) € CK(X).

We observe moreover that for every ¢ € [0,1], F*(t) = {h(t) : h € U}, where
U= {>,Nfi : Ay > 0,rational and ), A\; = 1}. Therefore by Theorem
1.3.3, F* is measurable. Moreover, by definition, F* is A HKP-integrable.
Fix now f € SEEP and define the multifunction G* := F* — f.

We observe that for all ¢ € [0,1], G*(t) = {h(t) — f(t) : h € U}. In fact,
r € Gt) iff x4+ f(t) € F*(t) iff © + f(t) = limy hy(t) with (hg)r C U iff
x = limg (hy(¢) — f(1)).

So G* is measurable. Moreover, G* is also C'K(X)-valued, because it is a

translation of F™.

For every z* € X*, s(z*,G*) = s(a*, F*) — (z*, f) > 0. So s(z*,G*)~ =0
and fol s(z*, G*)™ d\ < 0.

Moreover, since the function g = 0 is a Pettis integrable selection of G*, G*
is Aumann-Pettis integrable.

By Lemma 2.3.3, G* is scalarly integrable. Moreover, by Theorem 1.4.2, G*
is quasi-Pettis integrable in CC(X). Therefore by [42, Proposition 1.3]|, G*
is Pettis integrable in CBC(X). In particular, each measurable selection of
G* is scalarly integrable. Since X has the Schur property, X does not con-
tain copies of ¢g. So by [18, Theorem 7, p. 54|, each measurable selection
of G* is Pettis integrable. By [24, Theorem 5.3|, we obtain that G* is Pettis
integrable in C'K(X). An application of Theorem 1.5.3 produces the HKP-
integrability of F™* in CK (X).

It remains to prove that K = SE*KP. Since the inclusion K C SEEP ig triv-
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ial, it is enough to show that SEEP C K.

Let f* € SEHEP and let € > 0. The function g* = f*— f € SE.. So by Lemma
2.2.4, there exist hy,...,h, € U and By, ..., B, € A with B; N B; # () such
mme—zﬁﬂmﬂ@—fwP<a

Since in P([0, 1], X) the Alexiewicz norm topology is weaker than Pettis norm
topology, Hg* — Z?Zl X, (hj — f)HA <e. Sog*te dec' My — f. It follows

that f* € 0l_ecH ||AU - d_ecH HAK = K. Therefore S}{*KP C K and the proof is
complete. n

It is possible also to obtain a characterization of || ||4-closed and decom-
posable subsets of H([0, 1], X) in terms of Henstock integrable selections of
a suitable Henstock integrable multifunction. In such a case, the convexity
hypothesis of K (see Theorem 2.3.2) can be dropped. Moreover, the Schur

property is not required, provided that X does not contain copies of ¢.

Theorem 2.3.3. Let X be a separable Banach space not containing copies
of co. Let ) # K C H([0,1], X) be decomposable and || ||a-closed. Assume
that for every t € [0,1] the set K(t) = {f(t): f € K} is relatively compact.
Then there exists a multifunction F* : [0,1] — CK(X) Henstock integrable
such that K = SH, .

Proof. Since X is separable, by [3, Proposition 1] also #H([0, 1], X) is separa-
ble. Since K is decomposable, by Theorem 2.3.1, K is convex. By hypothe-
sis, K is closed. So there exists a sequence (f,)5; C H([0,1], X) such that
K = mll 4. Let us consider the multifunction F : 0,1 = CL(X)
defined by F(t) = {f.(t) : n > 1}. Since each f, is Henstock integrable (in
particular, measurable) and F'is C'L(X)-valued, by Theorem 1.3.3, F' is mea-

surable. Moreover, S¥ = (). Therefore F' is Aumann-Henstock integrable.
Now define the multifunction F™* : [0,1] — 2% by

F*(t) =@ F(t), t € [0, 1].

We prove that F* is C'K(X)-valued.
Let t € [0,1]. By definition, F*(¢) is closed convex. Moreover, F*(t) =
co{fn(t) : n > 1} Ceo(K(t)). By hypothesis, K(t) is relatively compact, so

42



Chapter 2. Decomposability in the space of HKP-integrable functions

by Theorem 2.2.2, ¢o(K (t)) is compact.

Hence also F*(t) is compact and therefore F*(t) € CK(X).

We observe moreover that for every ¢ € [0,1], F*(t) = {h(t) : h € U}, where
U={>_,\ifi: A > 0,rational and >, \; = 1}. Therefore F** is measurable
by Theorem 1.3.3 and by definition, F™* is Aumann-Henstock integrable.
Now fix f € S and define the multifunction G* := F* — f.

G* is CK(X)-valued, because it is a translation of F™*.

As in the proof of Theorem 2.3.2, we get that G* is Aumann-Pettis integrable.

By Lemma 2.3.3, G* is scalarly integrable, moreover by Theorem 1.4.2, G*
is quasi-Pettis integrable in CC(X). Therefore by [42, Proposition 1.3|, G*
is Pettis integrable in CBC(X).

With the same arguments used in the proof of Theorem 2.3.2, we get that
each measurable selection of G* is Pettis integrable. So by [24, Theorem 5.3|,
G* is Pettis integrable in C'K(X). An application of Proposition 1.5.1 and
Theorem 1.5.4 produce the Henstock integrability of F™.

It remains to prove that K = SH,.

Since the inclusion K C S, is trivial, it is enough to show that SE C K.
Now let f* € SHE and let ¢ > 0. The function g* = f* — f € SE.. So by
Lemma 2.2.4, there exist hq, ..., h, € U and there exist By, ..., B, € A with
B; N B;j # () such that ‘ g =2 x,(hy — f)) .
Since in P([0, 1], X) the Alexiewicz norm topology is weaker than Pettis norm
topology, Hg* — > i xs; (b — f)HA <e. Sog*te dec' My — f. It follows

< E.

that f* € dec U C dec K = K. So SE. C K. O
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CHAPTER 3

RADON-NIKODYM THEOREMS
FOR FINITELY ADDITIVE
MULTIMEASURES

3.1 Introduction

One of the most fascinating problems arising when we deal with multimeas-
ures is the representation of a multimeasure as an integral, i.e., the existence
of a Radon-Nikodym derivative.

Several papers concerning this question appeared since the 1970’s where pi-
oneering results have been established amongst others by Z. Artstein [2], A.
Costé [14], A. Costé and R. Pallu de la Barriére [15]. These papers deal
with countably additive multimeasures and use classical notions of integral
existing in literature.

In the 1990’s other results dealing with finitely additive multimeasures have
been obtained by A. Martellotti, K. Musial and A. R. Sambucini (see |38,
39]). In particular, they have been extended the trattation beyond the Ba-

nach spaces (in particular to locally convex spaces), but also in this case
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classical integrals are used for the representation.

In general the results existing in literature use multimeasures defined on a
o-algebra. Moreover, most of them uses the separability assumption.

In this chapter we deal with the Radon-Nikodym problem for multimeasures
defined on the family Z of all non trivial closed subintervals of [0, 1] and con-
sequently we look for Radon-Nikodym derivatives of Henstock type.

Our starting point is the remarkable recent article of B. Cascales, V. Kadets
and J. Rodriguez (8], where they obtain two Radon-Nikodym theorems for
countably additive multimeasures without any separability assumption.
Here we go on in such kind of investigation and we consider finitely additive
multimeasures defined on Z, taking convex compact values or more in general
taking convex weakly compact values, in an arbitrary Banach space X.

In the first part of the chapter we focus the attention to the existence of
finitely additive vector valued selections.

Then we extend to the multivalued case the notion of variational measure
already known for vector valued interval measure. This measure is a very
useful tool for our investigation. We recall also the variationally Henstock
integral and prove the absolute continuity of the variational measures gener-
ated by the variational Henstock primitives.

In the final part of the chapter we show the main results.

In the convex compact case we find a Radon-Nikodym theorem for dominated
interval multimeasures (see Theorem 3.4.1) that improves Theorem 3.1 of [§].
To get our goal we use an extension of a finitely additive multimeasure to a
countably additive multimeasure defined in the g-algebra of the Borel subsets
of [0,1] (see Proposition 3.4.1). In Theorem 3.4.2 we generalize the previous
result to the pointwise dominated interval multimeasures.

In the more general context of convex weakly compact valued multimeasures
we find an HKP-integrable derivative under the hypothesis of absolute con-
tinuity for the associated variational measure (see Theorem 3.4.4). Also in
such a case we do not require the separability to the target Banach space X,

but we assume that X possesses the RNP.
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3.2 Interval multimeasures and their selections

In the following by the symbol C'(X') we denote one of the families CW K (X)
or CK(X). We start with the following definitions.

Definition 3.2.1. An interval multifunction ® : Z — C(X) is said to be
finitely additive if for every non-overlapping intervals I;, [ € Z such that
Iy UI, € T we have ®(, U L) = &(1) + O(1s).

An additive interval function ¢ : Z — X is said to be a selection of ® if
o(I) € (1) for every I € T.

Remark 3.2.1. The primitives of Henstock or HKP-integrable multifunc-
tions are finitely additive. Moreover, it is known that if a multifunction
F :]0,1] — C(X) is Pettis integrable in C'(X), then its primitive is o-
additive (see [14]). If we set ®(I) :=v(I), I € Z, then ® is finitely additive.

Definition 3.2.2. A multifunction ¥ : 4 — C(X) is said to be a finitely
additive multimeasure if for every Ay, Ay € A such that fil N %ig = () we have
U(A; UAy) =T(A)) + U(As).
A finitely additive measure ¢ : A — X is said to be a selection of U if
W(I) € U(I) for every A € A.

Remark 3.2.2. In the following, given a finitely additive interval multifunc-

tion & : Z — C(X), we identify it with the finitely additive multimeasure

¥ A — C(X) defined by W(A) := 377 &(I;), where A = |JI_, I; and
I,..., I, are pairwise disjoint subintervals of [0,1]. We use a similar identi-

fication for the corresponding selections.

Hence we call interval multimeasure every finitely additive interval multi-
function and interval measure every finitely additive interval function.
Moreover, we observe that if & : Z — C'(X) is an interval multimeasure, then

for every x* € X*, s(z*, ®(+)) is a real-valued interval measure.

An important question for an interval multimeasure is the existence of finitely
additive selections. In Proposition 3.2.1 and in Corollary 3.2.1 below we
prove that the answer is affirmative for C K (X)-valued and CW K (X )-valued

interval multimeasures. We use a technique similar to that in [32] where the
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case of o-additive multifunctions is considered.

We need the following definitions.

We recall that for ) # K C X, we say that x € K is an exposed point of K
if there exists 2* € X* such that (z*,x) > (z*,y) for every y € K \ {z}.

We say that x is a strongly exposed point of K if there exists z* € X* such
that (z*,z) > (2*,y) for every y € K \ {z} and such that, if (z,)5>, C K
and (z*, z,) — (z*, ), then ||z, — z|| — 0.

We denote by exp(K) (resp. strexp(K)) the set of the exposed points (resp.
strongly exposed points) of K.

It is known by the Krein-Milman Theorem (see |40, Theorem 2.10.6]), that
if K € CK(X), then exp(K) # 0 and K = co(exp(K)). This result was
improved by Lindenstrauss (see [36]), who showed that if K € CWK(X),
then strexp(K) # () and K = co(str exp(K)).

Proposition 3.2.1. Let ¥ : A — CK(X) be a finitely additive multimeas-
ure. If xg € exp(V([0,1))) then there exists a selection ¢ : A — X of U such
that ¥ ([0,1]) = zo and P(A) € exp(V(A)) for every A € A.

Proof. Let xj € X* be such that (xf,x¢) > (xf,y) for all y € ¥(]0,1]) \ {z0}.
Given A € A, we have U([0,1]) = U(A) + U(A°). So zg = x4 + x4 with
x4 € V(A) and x4 € U(A°).

Since
(0, ma) + (25, Tae) = (25, To) = s(xg, V([0,1])) = s(xg, ¥(A)) + s(xg, Y(A)),

we have (xf,x4) = s(xf, U(A)) and (zf, x4c) = s(xf, U(AY)).

Moreover, (z§, x4) > (x§, z) for every z € W(A)\ {z4} (indeed, if T4 € V(A)
is such that (x§,T4) > (x},z4), setting Ty = Ta + z4c we get Ty € V([0, 1])
and (xj,To) = (x5, Ta) + (xd, xac) > (xf,xa) + (x5, Tac) = (xf, x0), clearly
impossible).

Similarly, (z§, zac) > (xf, z) for every z € W(A®) \ {zac}.

Thus it has been proved that for every A € A, there exists a unique point
xa € W(A) such that (zf,z4) = s(zf, V(A)). Moreover, 4 € exp(¥(A)).
Now let ¢ : A — X be defined by ¥(A) := x4. Tt is clear that ¢(A) € V(A)
for every A € A and ¢([0,1]) = x¢. It remains to prove that ¢ is finitely
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additive.

Let Ay, Ay € A be disjoint and let A = A; U Ay. Tt is clear the fact that
P(Ay) +(Ay) € U(A). Moreover, 1)(A) is the unique element of W(A) such
that (2§, 9 (A)) = s(zf, Y(A)) and for ¢ = 1,2, ¥(A4;) is the unique element
of W(A;) such that (zf,¢¥(A;)) = s(zf, ¥(A4;)). So it is enough to prove that
(a H(A)) = (5, (A} + (it ¥(A3)).

But (a5, (A1) + (i, (Aa) = (i, W(AL)) + sl W(Az)) = s(af, W(A)) =
(5, (). So $(A) = (A1) + ¥(Ay).

We conclude that v is a selection of W. O]

X

Corollary 3.2.1. Let & : T — CK(X) be an interval multimeasure. If
zo € exp(P([0,1])) then there exists a selection ¢ : T — X of ® such that
#([0,1]) = zo and ¢(I) € exp(P(1)) for every I € T.

As a consequence of Proposition 3.2.1 and Corollary 3.2.1, a CK(X)-valued
interval multimeasure possesses finitely additive selections.

With similar arguments, we obtain

Proposition 3.2.2. Let ¥ : A — CWK(X) be a finitely additive multimeas-
ure. If xo € strexp(V([0,1])) then there exists a selection ¢ : A — X of U
such that ¥([0,1]) = z¢ and P(A) € strexp(V(A)) for every A € A.

Corollary 3.2.2. Let & : T — CWK(X) be an interval mullimeasure. If
xo € strexp(P([0,1])) then there exists a selection ¢ : T — X of © such that
#([0,1]) = zo and ¢(I) € strexp(P(I)) for every I € .

Also in this case, as natural consequence of Proposition 3.2.2 and Corollary
3.2.2, we have that every interval multimeasure with values in CW K (X)
possesses finitely additive selections.

fv:A— CX) (resp. :Z — C(X)) is a finitely additive multimeasure
(resp. an interval multimeasure), we denote by Sy (resp. Sg) the set of all
selections of W (resp. ).

We can see Sy as a subset of X*, the set of all X-valued functions defined

on A, endowed with the topology 7 of the pointwise convergence.
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Proposition 3.2.3. Let ¥ : A — CK(X) be a finitely additive multimeas-
ure. Then for every A € A, W(A) = {¢(A) : ¢ € Sy}. Consequently, for
every A € A and every x € V(A), there exists 1 € Sy such that Y(A) = x.

Proof. Define I'(A) := {¢(A) : ¢ € Sy}. We prove that W(A) =T'(A).

It is clear that I'(A) C W(A). So it is enough to show that W(A) C I'(A).
First, we claim that Sy is 7-closed. For this purpose, let (1,), be a net in
Sy and assume that ¢, — 1. Then for every A € A, ¢,(A) — ¥(A) with
respect to the norm of X. Since ¢,(A) € V(A) for every A € A and every
a, then (A) € W(A) for every A € A. So ¢ € Sy.

Moreover, the set [],. 4 W(A) is T-compact, because for each A € A the set
U(A) is compact in X.

Since Sy C [[4c4 V(A), it follows that Sy is T-compact.

Now for every A € A, let us consider the map v4 : Sy — X defined by
va(¥) == ¥(A). ~va is T-continuous and v4(Sy) = I'(A). Since Sy is convex
and 7-compact, then I'(A) is convex and compact. Moreover, by Proposition
3.2.1, exp(V(A)) C I'(A). Thus co(exp(¥(A))) C I'(A) and an application
of the Krein-Milman Theorem gives W(A) = co(exp(V(A))) CT'(A). O

Corollary 3.2.3. Let ® : 7 — CK(X) be an interval multifunction. Then
for every I € Z, ®(I) ={o(I) : ¢ € Sp}. Consequently, for every I € T and
every x € O(I), there exists ¢ € Sp such that ¢(I) = x.

We observe that Proposition 3.2.3 and Corollary 3.2.3 remain true if CK(X)
is replaced by CW K (X).

Definition 3.2.3. Let ) # K C X and let z* € X*. We set

K ={z e K: (2% z) = s(z*, K)}.
Then we denote by att(K) the set of those x* € X* that attain their supre-
mum on K, that is att(K) := {z* € X* : KI*" #£ (}}.

It is important to recall this characterization of weakly compact subset of a
Banach space X [34, Theorem 5.
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Theorem 3.2.1. A weakly closed subset K of a Banach space X is weakly
compact if and only if each continuous linear functional on X attains its

supremum on K.

Proposition 3.2.4. Let ¥ : A — CWK(X) be a finitely additive multimeas-
ure. Then for every x* € X*, the multifunction V" : A — CW K (X) defined
by WIE(A) == W (A" is a finitely additive multimeasure.

Proof. Since ¥ is CW K (X )-valued, by Theorem 3.2.1, we have that for every
A€ A, att(U(A)) = X*. Therefore U(A)"" is non empty for every z* € X*
and every A € A.

Let Ay, A; € A be disjoint and let A = A; U A,. It is enough to prove that
Ul (A) = Ul (A)) + Ul (Ay).

(C) Let © € Ul (A) C W(A) = U(A)) + U(Ay). So v = a1 + 9 with
x1 € U(A)) and o € ¥(Ay). Moreover, (x*,x1) + (x*, z9) = (2", x) =
s(x*, W(A)) = s(z*, V(A1) + s(z*, U(Ag)).

Thus (x*,x1) = s(a*,¥(A41)) and (z*,22) = s(z*, V(Ay)) (in fact, if
(x*, 1) < s(z*,W(A;)) then (x*,x9) > s(x*, ¥(A2)), a contradiction).
Therefore 1 € WI*"(A4;) and 25 € U (Ay).

(D) Let x € UIP"(A}) +Wl*"(Ay). Then x = 2, + 25 with 2; € U*"(A;) and
Ty € U (Ay). Clearly z € W(A). Moreover, (z*, ;) = s(x*, U(4,;))
and (2%, x9) = s(z*,W(Ay)). Thus (z*,z) = s(z*, V(A)) and therefore
x € Wl (A).

Corollary 3.2.4. Let ® : T — CK(X) be an interval multimeasure. Then
for every x* € X*, the interval multifunction ®*" : T — CO(X) defined by

Ol (I) := ®(1)1*" is an interval multimeasure.

3.3 Variational meaures. The variational Hen-

stock integral

Now we extend the notion of variational measure to additive interval multi-

measures. This notion is a useful tool to study the primitives of real valued
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or, more in general, vector valued integrable functions.

Definition 3.3.1. Given an interval multimeasure ® : Z — C'(X), a gauge
0 and a set E C [0, 1], we define

P
Var(®,6,E) :=sup ) _ ||®(1;)]],
j=1
where the supremum is taken over all 0-fine partitions {(;,t;)};_, anchored
on E.

Then we set
Vo(E) :=inf{Var(®,4§, F) : § gauge on E}.

Vo is called the variational measure generated by .

It is clear that this definition coincides with the known definition of varia-
tional measure for interval X-valued measures and real-valued measures (see

[4] and [20]).

Remark 3.3.1. If & is an interval multimeasure, then Vg coincides with
the variational measure generated by the single valued map R o ®, where
R : CWK(X) = l(B(X")) is the Radstrom Embedding defined, as well
known, by R(C) := s(-,C), for every C' € CWK(X).

In fact, for every I € Z we obtain:

R 1e = [ls( @I = sup [s(z”, (1))]

z*eB(X*)

= sup |s(z", (1)) — s(z", {0})] = du(®(1), {0}) = [|@(I)]]-

z*€EB(X™)
Consequently, Var(®,9, F) = Var(R(®), 4, F) for any gauge 6 and any set
E C [0,1], and Vg (F) = Vgoao(E) for any set E C [0, 1].
Therefore, as in the X-valued case, Vg is a metric outer measure on [0, 1]

(see [4]) and a measure over all Borel sets of [0, 1].

We say that the variational measure Vg is o-finite if there exists a sequence
of (pairwise disjoint) sets (E,)>, covering [0, 1] and such that Vg(E,) < oo,
for every n > 1. Moreover we say that Vg is absolutely continuous with re-

spect to A or briefly A-continuous and we write Vg << A, if for every £ € L

51



Chapter 3. Radon-Nikodym Theorems for finitely additive multimeasures

with A(F) = 0 we have Vg (E) = 0.

Taking into account that Vg = Voo and using [4, Corollary 2.3|, we have
that every A-continuous variational measure is also o-finite.

Before to prove that the variational measure associated to a variational Hen-
stock primitive is A-continuous, we need some preliminary lemmas.

The first lemma is the multivalued version of Saks-Henstock lemma (see |29,
Lemma 9.11] for the real valued case and [49, Lemma 3.4.1] for the Banach

valued case).

Lemma 3.3.1 (Saks-Henstock Lemma). Assume that F : [0,1] — C(X) is

Henstock integrable. Given € > 0, assume that a gauge 6 on [0,1] is such

that
1
dy <ZF )|, (H / FdA) <e

for every 6-fine Perron-partition {(I;,t;)}i_, of [0, 1].
Then if {(J;, s;) Yoy is an arbitrary d-fine Perron-partition in [0, 1] we have

dy (ZF(S,'NJZ-LZ(H) /J}MA) <e

Proof. Suppose that {(.J;,s;)},_; is a d-fine Perron-partition in [0,1]. Then
0,11\ U, J; consists of a finite collection {M;}7, of non-overlapping in-
tervals in [0, 1].

Fix a > 0. For every k = 1,...,m, there exists in M} a gauge o with dp < ¢
and such that

dk
d F(\ ¥, (H Fd) a
H(z o | )<m+1,

provided {(I},t¥)}I, is a dj-fine Perron-partition of Mj.

W = ZF uy+i2mk\mec<)

k=1 j=1

The sum

is an integral sum corresponding to a d-fine Perron-partition of [0, 1]. Con-

dy (W,(H)/Ole)\) <e
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Hence

(z:: DI, Z /FdA)
( Fd)\+iZFt’“ \I’“)
oo (0

k=1 j=1
Fd)\)

dy ( /Fd)\z /FdAJer:ZFtk ][’“)

k=1 j5=1

<e+dy (i / Fd), iZFt’“ uk>

k=1 j5=1
<e+ ) dy ((H)/M FdA,ZF(t?)uﬂ) <e+a.
k=1 k j=1

Since o > 0 is arbitrary, we obtain

dy (ZF si)| il Z / Fd/\>

]

Lemma 3.3.2. Let F : [0,1] — C(X) be a variationally Henstock integrable
multifunction and let ® : T — C(X) be its variational Henstock primitive.
Then the multifunction G(t) := ®([0,t]) is dy-continuous on [0, 1].

Proof. The continuity follows from Saks-Henstock Lemma 3.3.1 and the fol-
lowing inequality

du(G(1),G(s)) = [|@([s, 1)l
< du(®([s,1]), F(s)(t = s)) + [[F(s)]] - [t = s].

]

Proposition 3.3.1. Let F' : [0,1] — C(X) be a variationally H-integrable
multifunction and let ® : T — C(X) be its variational Henstock primitive.
Then Vp << .
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Proof. By Lemma 3.3.2, the multifunction G(t) := ®([0,¢]) is dy-continuous
on [0,1]. Assume that \(E) = 0. If £ = {0} or £ = {1} then by continuity
of G we have Vg(E) = 0. So we may assume without losing generality that
E c(0,1).

For every positive integer n, let £, :={t € E:n—1<||F(t)|| < n}. The
sets E,, are pairwise disjoint, | J -, E, = E and A(E,) = 0 for every n.

Fix € > 0 and, for every n, let O,, C (0,1) be an open set such that £, C O,
and A(O,) < 5.

By Lemma 3.3.1, there exists a gauge dp on [0, 1] such that

ZdH ()| 1] B() < e,

for every do-fine partition {(.J;,s;)} in [0, 1].

For every t € E,, take 9,,(t) > 0 such that (¢t —6,(t),t+6,(t)) C O,. Finally
put 6(t) := min{dy(t), 5, (t)}, t € E,.

In this way a gauge is defined in E. Let {(/;,t;)}{_, be an arbitrary J-fine
partition anchored on E. Note that since t; € E,,, then I; C O,,. Therefore

19
> 1Ll < %

tjEEn

Then by Lemma 3.3.1,

q
ZHfD |<ZdH t) ], (I +ZHF )]
—€+ZZHF )M | < 2e.

n>1 t EETL
Therefore Var(®,d, E) < 2¢. Hence V3 (FE) < 2e. O

Remark 3.3.2. At this point it is worth to observe that, if ® is an HKP-
primitive, the associated variation could be not A-continuous, as the following
example shows.

Let X be an infinite-dimensional Banach space and let f : [0,1] — X be a

strongly measurable Pettis integrable function such that its Pettis integral

54



Chapter 3. Radon-Nikodym Theorems for finitely additive multimeasures

is nowhere differentiable in [0, 1] (such a function exists for every infinite-
dimensional Banach space, see [19]). Let denote by v the Pettis integral of
f and define ¢(I) := v(I), I € Z. Then by [4, Corollary 4.2|, V, is not

A-continuous.

3.4 Main Results

3.4.1 The CK(X) case

We start by proving an extension result.

Proposition 3.4.1. Let & : Z — CK(X) be an interval multimeasure such
that there exists a set QQ € CK(X) with ®(I) C |I|Q for every I € T.

Then ® can be extended to a multimeasure M : 0(A) — CK(X) such that
M(B) C \(B)Q for every B € o(A).

Proof. We observe that for every z* € X*, s(z*, ®) is a real-valued measure
and
—s(—=z", Q)|I] < s(z*, (1)) < s(z*,Q)|I|, for every I € T.

Fix z* € X*. Then s(z*, ®) can be extended to A, the ring generated by Z.
Hence for every A € A,

—s(—x", Q)NA) < s(z*, P(A)) < A(A)s(z", Q).
Consequently,
|s(z%, ®(A))] < [s(a", Q)A(A) + |s(=2z7, Q)[A(A).

Since A — A(A)s(z*,Q) is o-additive on A and bounded, we get that
s(z*, ®(+)) can be extended to a measure p,« : 0(A) — R [16, Theorem
7, p.116], where o(.A) consists of all Borel subsets of [0, 1].

Now let B € o(A) and consider a sequence (A4,)5%; of elements of A such
that A(B A A,) — 0. We prove that (®(A4,))32, is a Cauchy sequence in
(CK(X),dn).
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In fact, for every natural numbers n, m, we have

du(®(An), 2(Ap)) = sup [s(z7, ®(An)) — s(z7, (An))]

z*€B(X*)
= sup [s(a", ®(An \ Ap)) — s(z7, B(Ap \ An))
z*eB(X*)
< swp s B(AN A+ sup [s(e, B(An |\ A,)
z*€B(X*) z*€B(X*)
<2 swp | QAN A +2 sup s, QIAAR \ A,)
z*€B(X*) z*€B(X*)

= EA(An \ Ap) + kXA \ A,) = kA(An A Ay,

where k = 2/|Q||.

Since AM(A, A A,) — 0, also dy(P(A,), P(An)) — 0. Since (CK(X),dy) is
a complete metric space, we obtain that (®(A4,,))5, is dy-convergent to an
element of CK (X).

At this point let us define M(B) := (dy)lim, ®(A,) for B € o(A). The
multifunction M is well defined. In fact, if (A’)°, C A is another sequence

n=1

such that A\(A], A B) — 0, then also A\(A!, A A,,) — 0. Consequently,

Thus
(d) lim @, (A!) = (dg) lim ®,,(A,).

Moreover, M is CK(X)-valued and is an extension of ® to o(A).

We claim that s(z*, M) = p,- for all 2 € X*. In fact, let fix 2* € X*.
It follows from the definition of M that for every B € o(A), one has
s(x*, ®(A,)) — s(a*, M(B)), where (A,)>, is one of the above consider-

ated sequence.
On the other hand,

|MJ:* (B) - S((E*, (I)(An>)| = |,ux* (B) — Mz (AN)|
= ta (B \ An) = pta=(An \ B)| < |pta= (B \ An)| + |t (An \ B))|
< kMBAA,) =0,

for every B € o(A).
Hence s(z*, M(B)) = p.(B) for every B € o(A).
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Therefore for each z* € X*, s(x*, M) is a measure. Since M is CK(X)-
valued, by Theorem 1.6.1, M is a multimeasure.
Finally for each B € 0(.A) and each z* € X*

s(x", M(B)) = pa=(B) < s(z", Q)A(B) = s(z", M(B)Q).
Therefore M(B) C A(B)Q for each B € o(A). O

The following result improves [8, Theorem 3.1|, valid for dominated convex
compact valued multimeasures that can be representated by Pettis integrable
multifunctions. More precisely we show that a Pettis integrable density can

be obtained even considering dominated interval multimeasures.

Theorem 3.4.1. Let  : T — CK(X) be an interval multimeasure such that
there exists a set Q € CK(X) with ®(I) C |I|Q for every I € Z. Then there
exists a multifunction F : [0,1] — CK(X) Pettis integrable in CK(X) such
that:

1. for every finitely additive selection ¢ of ® there exists a Pettis integrable
selection f of F with ¢(I) = (P) [, fdX for all I € Z;

2. ®(I) = (P) [, FdX\ forall I € T.

Proof. By Proposition 3.4.1, ® can be extended to a o-additive multimeas-
ure M : o(A) = CK(X) such that M(B) C A\(B)Q for every B € o(A).
Therefore, by [8, Theorem 3.1], there exists a Pettis integrable multifunction
F:]0,1] - CK(X) such that

1. for each countably additive selection m of M, there exists a Pettis
integrable selection f of F such that m(B) = (P) [, fd\, for each
Bea(A),

2. M(B)=(P) fBFd)\.
We conclude that F' satisfies the required properties. O

In the following result we prove that we get a Pettis density even if we
weaken the hypothesis of previous theorem, assuming that the multimeasure

is pointwise dominated.

o7



Chapter 3. Radon-Nikodym Theorems for finitely additive multimeasures

Theorem 3.4.2. Let & : 7T — CK(X) be an interval multimeasure. Assume
that for all t € [0,1] there exist a set Q; € CK(X) and §; > 0 such that
O(I) C Q4|I|, for every interval I containing t with |I| < d;.

Then there exists a Pettis integrable multifunction F' : [0,1] — CK(X) in
CK(X) such that:

1. for every selection ¢ of ® there exists a Pettis integrable selection f of

F such that ¢(1) = (P) [, fdX for all I € T;
2. ®(I) = (P) [, FdX for all I € T.

Proof. Let us consider all the intervals of the form (t — d;,¢ + d;), t € [0, 1].
Since {(t —0s, t+0¢)}+ is an open covering of [0, 1] and [0, 1] is compact, there
exist ty,...,t, such that J_,(t; — &y, t; + 0r,) 2 [0, 1].

Let {J; : i < m}, be the collection of non-overlapping closed intervals de-
termined by the end-points of the intervals (t; — 0y, t; + d0y,), © < n (in case
0 or 1 belongs to above intervals, we take 0 or 1 as end-points). Denote by
®; the restriction of ¢ to J;. Each of ®; satisfies the hypothesis of Theorem
3.4.1. Consequently, for each ¢« = 1,...,m there exists a Pettis integrable
multifunction F; : J; - CK(X) which satisfies the thesis of Theorem 3.4.1.
The multifunction F' = " F; is still Pettis integrable in CK(X) and

clearly satisfies the required properties. O

Proposition 3.4.2. Let & : T — CK(X) be an interval multimeasure
such that Vo << X\. Assume that there ezists a sequence (1), of non-
overlapping intervals such that X([0,1] \ U, I,) = 0 and for each natu-
ral number n there exists a compact set (), C X with the property that
O(1) C|I1|Qy, for all subinterval I of I,.

Then ® is the primitive of a C K (X)-valued multifunction HKP-integrable in
CK(X).

Proof. By Theorem 3.4.1, for each natural number n there exists a multi-
function G, : I,, - CK(X), Pettis integrable in CK (X)), such that

O(I) = (P) /Gn d\, for each interval I C I,.
I
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Let us consider now the multifunction G : [0, 1] — CK(X) defined as

G(t) =) Gyu(t).

Since Vg << A, we have also V) << A for every z* € X*. Therefore by
[5, Theorem 3], for every a* € X* there exists g,- € HK ([0, 1]) such that

s(z*, ®(I)) = (HK) /gx* d\, forall I € 7.
I
Fix z* € X*. For each n and each interval I C I,, we have

s(z*, (1) = (HK) / g .
I
But for the same n and I we have also

s(z*, ®(I)) = (HK) /s(x*,Gn) dA.
I

Therefore we obtain (HK) [, s(z*,Gy)d\ = (HK) [, go~ dX for each n and
each interval I C [,. It follows by [29, Theorem 9.12] that for every n,
s(z*,G,) = g.~ almost everywhere on I, (and the exceptional set depends
only on z*).
By the definition of G, we have that s(z*, G) = g, almost everywhere on [0, 1]
(and the exceptional set depends only on z*). Therefore, by [29, Theorem
9.10], s(z*,G) is HK-integrable. Since x* is arbitrary, then G is scalarly
HK -integrable.
Finally, if I € Z and z* € X*, we have

s(z*, ®(I)) = (HK) /I g dA = (HE) / s(*, G) d.

I

We conclude that G is HKP-integrable in CK (X)) and that ® is its HKP-

primitive. O

In the particular case X = R we obtain the following result similar to that

we have in case of X-valued functions (see [4, Theorem 3.6], and [5, Theorem

3)).
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Theorem 3.4.3. Let & : T — CK(R) be an interval multimeasure. Assume
moreover that Vo << X. Then there exists an Henstock integrable multifunc-
tion F :[0,1] - CK(R) such that:

1. For every selection ¢ of ®, there exists an HK-integrable selection f of
F such that ¢(I) = (HK) [, f dX for every I € I.

2. ®(I) = (HK) [, F dX for every I € T.

Proof. Since ® is CK(R)-valued, ®(I) is a closed bounded interval of the
real line for all I € 7.

Let us consider the real functions ¢,v¢ : 7T — R defined respectively by
o(I) :=min®(I) and ¥ (I) := max (I).

Of course, ¢ and v are selections of ®. Moreover, since by hypothesis
Vo << A, we have V,, << X and V;; << A. So by |5, Theorem 3|, ¢ and ¢
are differentiable almost everywhere in [0, 1] and there exist f, g € HK([0,1])
such that ¢(I) = (HK) [, fdX and ¢(I) = (HK) [, gd\ for each I € T.
Moreover, ¢’ = f and ¢’ = g a.e.

Since ¢ < 1, we have (HK) [, fd\ < (HK) [, gd) for all I € Z. Conse-
quently f < g a.e.

Now let consider the multifunction F' defined by

[£(2),9(0)] if f(t) < g(t)

F(t):=
{0} elsewhere.

Clearly F'is CK(R)-valued. Now we prove that F' satisfies the required

properties.

1. Let v be a selection of ®. Since by hypothesis Vo << A, also V, << A
Therefore by [5, Theorem 3|, v is differentiable almost everywhere in
[0,1] and there exists h € HK([0,1]) such that v(I) = (HK) [, hdA.
Moreover, v/ = h a.e.

Since ¢ < v < 1, then we get also that f < h < g a.e. Consequently
h(t) € F(t) for almost every t € [0,1]. So, changing eventually the

values in a negligible set, we have that h is a selection of F.
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2. Since f,g € HK([0,1]), for each € > 0, there exists a gauge ¢ on [0, 1]

such that X )

HE) [ Fan=3" el <=2
and

(HK/gd)\ Zg Wl < ¢e/2,

for every d-fine Perron-partition {( jsti) =1 of [0,1].
If we put u = (HK) folfd/\ and v = (HK) folgd/\, then

( ([0,1]) ZF y[|>
H< [Zf )1, Zg ) |>
u—Zf G|+ v—zg Il <,

for every o-fine Perron-partition {(/;,;)},_; of [0, 1].
Therefore F' is Henstock integrable and (H) fol Fd\ = ®([0,1]).
Finally, using Hausdorff distance we obtain that for every I € Z,

dyy (@(1), (H) /I Fd>\>

<ot - ) [ s+ ot - ) [ <0

<

Hence ®(I) = (H) [, F dX for every I € Z and the proof is over.

3.4.2 The CWK(X) case

Now we are going to consider the more general case of CW K (X)-valued

multifunctions. We need some preliminary results.
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Proposition 3.4.3. Let g : [0,1] — R be a Henstock-Kurzweil integrable
Junction such that (HK) [, gd\ > 0 for every I € Z. Then g > 0 almost

everywhere on [0, 1].

Proof. By Theorem 1.5.1, the function G(t) := (HK) fotgd)\ is continuous,
differentiable almost everywhere on [0, 1] and G’ = g almost everywhere on
[0, 1].

Moreover, by hypothesis, G is monotone non-decreasing. Hence we obtain
G'(t) = g(t) > 0 for almost every ¢ € [0, 1]. O

Proposition 3.4.4. Let & : T — CWK(X) be an interval multimeasure
such that Vo << X. Assume that s(z*,®(I)) > 0 for every z* € X* and

for every I € . Then ® can be extended to a o-additive multimeasure
M : L - CWK(X) of o-finite variation and with M << \.

Proof. Since Vg << A, we have also that V(- ¢) << A for each z* € X*. By
|5, Theorem 3|, for every z* € X* there exists g, € HK([0,1]) such that

s(z*, (1)) = (HK) /gx* d\, for every I € 7.

1

Since s(z*, ®) > 0, it follows by Proposition 3.4.3 that g, > 0 almost eve-
rywhere on [0,1]. By Theorem 1.5.2, g,+ is Lebesgue integrable for every
x* € X*. Moreover, V- ¢) is a measure over all Borel sets of [0, 1]. By |20,
Theorem 2|, Vi .0)(B) = [5 gu= dX for every B € o(A).

Now let consider the family
B = {B €o(A):3Cp e CWK(X)|Va* € X*, s(x*,Cp) = / o d)\}.
B

We observe that s(z*,Cp) < fol Gzr AN = s(z*, ([0, 1])) for each B € B and
each z* € X*. Hence Cg C ©([0,1]) for every B € B.

It is clear that B contains .A. We claim that B is a monotone class. In fact,
let (B,):2, be a monotone increasing sequence of B and let Cp, € CW K (X)
such that s(z*,Cp,) = [, g.- d) for every 2* € X*. By the Monotone Con-
vergence Theorem (see [29, Theorem 3.21]), lim,, [, g,- d\ = fUZ":l B, Jar dA.

Moreover, also (Cp, )22, is a monotone increasing sequence. In fact, for every
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n and every v* € X*, s(z*,Cp,) = [ gr d\ < an+1 Gz AN = s(x*,Cp, . ).
Hence Cp, C Cp,,, for every n.

Consequently, lim, s(z*, C,) = s(z*,|J>>, Cp,) = s(z*,[J°>, C,). In fact,
first equality follows from the fact that lim, s(z*,Cg,) = sup,, s(z*,Cp,) =
s(z*,U;—, Cp,), the second equality is a property of the support function.
Since | J°2, C, C ®([0,1]) € CWK(X), we have >, Cp, € CWK(X).
Hence s(z*, >, Cp,) = fUZ":an g~ dX and therefore | J)~ | B,, € B.

Let (B,,)5°; be a monotone decreasing sequence of B and let Cp, € CW K(X)
such that s(z*,Cp,) = [ gu d) for every z* € X*.

Clearly lim,, an Gor AN = fﬂi’f’:l B, 9o dA. Moreover, also (Cp, )22, is a mono-
tone decreasing sequence.

Thus lim, s(z*,Cp,) = s(z*, 2, C,) = s(z*, e, C,)-

Moreover, we observe that m € CWK(X), because (., Cpg, C
®([0,1)) € CWK(X). Hence s(z*,(,Cp,) = fﬂ;";an g+ dX\ for every
z* € X*. Therefore ()., B, € B.

By the Monotone Class Theorem (see [50]), B contains the smallest o-algebra
containing A. Hence B = o(A).

Let define M : o(A) - CWK(X) as follows: M(B)=Cpg, B € o(A).

M is a multimeasure, because for every z* € X*, s(z*, M(-)) is a Lebesgue
integral.

Since M is CW K (X)-valued, by Theorem 1.6.1, M is a dy-multimeasure
(and a strong multimeasure).

We prove that M << A. In fact, if B € o(A) and A\(B) = 0, then for
every z* € X*, s(z*, M(B)) = [;g.~d\ = 0. Consequently, ||M(B)|| =
SUD,«ep(x+) [s(z*, M(B))| = 0, hence M (B) = {0}.

It remains to prove that M is of o-finite variation. Since Vp << A, we
have that Vg is o-finite. Let (B,,),, € 0(A) be a partition of [0, 1] such that
Vo(B,) < +oo for every n. Fix n and let {B,,1,...,Bnx} C 0(A) be a par-
tition of B,. Then for every z* € B(X*) and every j = 1,...,k we obtain
s(x*, M(By;)) = Vi@=a)(Bn;) < Vo(By,;). Hence for every j = 1,...,k,
|M(B,,)|| < Va(Bn,) and therefore 3% ||M(B,.;)|| < Va(B,). Finally,
|IM|(B,) < Vo(B,) < +oc.

Since M << A, we can extend M to L, because any measurable set is the
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union of a Borel set and a set of zero Lebesgue measure. The proof is com-
plete. O]

Remark 3.4.1. The condition s(z*, ®(I)) > 0 for every z* € X* and every
I € T implies that 0 € ®([/) for every I € 7.

Theorem 3.4.4. Assume that X is a Banach space with the RNP and let
O : 7 - CWK(X) be an interval multimeasure such that Vo << X\. Then ®
admits a CBC(X)-valued density F' which is HKP-integrable in CWK(X).

Proof. Let us consider first the particular case when s(z*,®) > 0 for every
x* € X*. By Proposition 3.4.4, ® can be extended to a o-additive multimeas-
ure M : L — CWK(X) such that M is of o-finite variation and M << .
Let (A,)2, be a sequence of pairwise disjoint sets of £ such that |J,~, A, =
[0,1] and |M|(A,) < +oo for all n. Let us denote by M, the restriction of
M to all measurable subsets of A,,. Each M, is a CW K (X)-valued (hence
CBC(X)-valued) multimeasure of finite variation. Moreover, since M << A,
also M, << A, for all n.

Since X has the RNP, by [8, Theorem 4.1], we have that for all n, M, has a
density F,, : A, — CBC(X) which is Pettis integrable in CBC(X).

Now let us define the multifunction F': [0,1] — CBC(X) as follows:

F(t) := Fo(t), if t € A,.

We check that F' is scalarly integrable. Let us fix x* € X*. Since M is
CW K (X)-valued, for all z* € X* s(z*, M) is a positive (by construction)
real-valued measure absolutely continuous with respect to A\. Therefore by
the classic Radon-Nikodym Theorem [16, Theorem 5, p.163|, there exists
h,+ € L*(]0,1]) such that

s(z*, M(A)) = / hys dA, for every A € L.
A
Moreover, for each n, F), is a Pettis integrable density of M, hence

s(x*, M, (A)) = / s(x*, Fy,) dA, for every A€ L, A C A,.
A
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It follows that for every n, s(x*, F,,) = hy,+ almost everywhere on A, (and
the exceptional set depends only on x*).

By the definition of F', we have also that s(z*, F') = h,+ (and the exceptional
set depends only on x*). Therefore s(z*, F) is integrable. Since z* is arbi-
trary, then F' is scalarly integrable.

Finally we observe that for every A € £ and every z* € X*,

s(a*, M(A)) = /

A
Therefore F' is a Pettis integrable (in CW K (X)) density of M. In particular,

. d)\:/s(x*,F) dA.
A

O(I) = (P) /Fd)\, for every I € 7.
I

In the general case, let ¢ be a finitely additive selection of ® (existing by
Proposition 3.2.1) and let consider ¥ := & — ¢. It is clear that s(z*, ¥) > 0
for every x* € X*. We have also that Vg << A, since Vp << Aand V, << A
Consequently, ¥ has a density G : [0,1] — CBC(X) Pettis integrable in
CWK(X). By [4, Theorem 3.6], ¢ has a variationally Henstock integrable
(and then Henstock integrable) density f : [0,1] — X.

Now let consider the multifunction F' := G + f. Clearly F is CBC(X)-
valued. Moreover, s(z*, F') = s(z*,G) + (2%, f), for every z* € X*. Since
each s(z*, G) is Lebesgue integrable and each (z*, f) is H K-integrable, also
s(z*, F') is H K-integrable. Hence F' is scalarly H K-integrable.

Finally for every x* € X* and for every I € 7 we have

s(@*, @(1)) = s(z*, W(I)) + (=", ¢(I))
:/S(x*,G)d)\Jr(HK)/(x*,ﬁ d)\:(HK)/s(x*,F) dx.

I I I
We conclude that F'is H K P-integrable in C BC'(X) and

O(1) = (HKP)/Fd/\, for every I € 7
I

]

Remark 3.4.2. In general, under the hypothesis of Theorem 3.4.4, the den-
sity of ® is only CBC(X) and not CW K (X)) valued, as the following example
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shows (see [14, Exemple 2|).
Let X be the space ¢! and let (e,),>0 be the canonical base of ¢'. Let

(aF),.1>0 be a sequence of real numbers such that

3
Z |a¥| =1 for every k > 0 and Z (Z |ozfl|2> < 00.
n>0 k>0 \n>0

Let (rn)n>0 be the sequence of the Rademacher functions. For k& > 0 and
t €[0,1], set op(t) := (aFr,(t))nso € 1.

Now let define the multifunction F(t) := co{ox(t) : k& > 0}, t € [0,1].
Then, F is with values in CBC(¢!) and Pettis integrable in CW K (¢'), but
F(t) ¢ CWK({') almost everywhere.

Remark 3.4.3. Since on the real line CBC(R) = CK(R) = CWK(R) and
the Henstock integrability coincides with the HKP-integrability, we have that
Theorem 3.4.3 is included in Theorem 3.4.4. Nevertheless we prefered to give

its proof, since it uses properties of the real line.
In [51] it has been proved the following result.

Theorem 3.4.5. Let X be a separable Banach space with the RNP. Assume
that also X* has the RNP. Let M be a CW K(X)-valued multimeasure of

o-finite variation and such that M << X\. Then M admits a unique density
F :[0,1] - CWK(X) which is Pettis integrable in CW K (X).

Under the same assumptions of Theorem 3.4.5 we can obtain the following

result.

Theorem 3.4.6. Let X be a separable Banach space with the RNP. Assume
that also X* has the RNP. Let ® : T — CW K (X) be an interval multimeas-
ure such that Vo << \. Then ® admits a CWK(X)-valued density F which
is HKP-integrable in CWK(X).

Proof. First let us consider the particular case when s(z*, ®) > 0 for every
x* € X*. By Proposition 3.4.4, ® can be extended to a o-additive multimeas-
ure M : L - CWK(X) such that M is of o-finite variation and M << A
By hypothesis, X is separable, has the RNP and also its dual X* has the
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RNP. Therefore by Theorem 3.4.5, M has a density F : [0,1] - CWK(X)
which is Pettis integrable in CW K (X). Consequently, we have

O(I) = (P) /Fd)\, for every I € 7.
I

In the general case, let ¢ be a finitely additive selection of ® and let consider
U = & — ¢. It is clear that s(z*,¥) > 0 for every z* € X*. We have
also that Vg << A, since Vp << X and V,;, << A. Consequently, ¥ has
a density G : [0,1] - CWK(X) Pettis integrable in CWK(X). By [4,
Theorem 3.6], ¢ has a variationally Henstock (then a Henstock) integrable
density f:[0,1] — X.

Now let consider the multifunction F' := G + f. Clearly F is CWK(X)-
valued. Moreover, it is easy to check that s(z*, F) = s(z*, G) + (z*, f), for
every z* € X*. Since each s(z*, G) is Lebesgue integrable and each (x*, f)
is H K-integrable, also s(x*, F') is H K-integrable. Hence F' is scalarly H K-
integrable.

Finally for every z* € X* we have

s(z®, (1)) = s(z, V(1)) + (2", ¢(1))
:/s(x*,G)d)\+(HK)/(:(;*,f> d)\:(HK)/s(:c*,F) 0,

1 1 I

for every I € 7.
We conclude that F'is H K P-integrable in CW K (X)) and

O(1) = (HKP)/FCZ)\, for every I € T
I
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CHAPTER 4

HENSTOCK INTEGRABILITY OF
HUKUHARA DIFFERENTIAL

4.1 Introduction.

There have been several attempts to develop a differential calculus for mul-
tifunctions. Unfortunately, none of them produced a completely satisfactory
theory and each one is useful and effective only within a particular class of
problems.

The most popular of these approaches are due by T. F. Bridgland [7], F. S.
De Blasi [17], M. Martelli and A. Vignoli [37] and M. Hukuhara |33]. They
were motivated essentially by the perturbation theory of differential inclu-
sions and the theory of set differential equations which generalizes the theory
of ordinary differential equations.

In this chapter, we use the definition of differentiability introduced by M.
Hukuhara, as it is well suited for our purposes. This notion is very useful
and plays a fundamental role in the theory of set differential equations (see
for instance 25, 26, 27]).

In particular, we prove for the multivalued case some results valid for vector-

valued functions. More precisely we show the almost everywhere Hukuhara
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differentiability for a variational Henstock primitive (see Theorem 4.2.1) and
the variational Henstock integrability of a Hukuhara derivative (see Theorem
4.2.2).

A characterization of the variationally Henstock primitives is also given (see
Theorem 4.2.4). As an application of the Hukuhara differentiability, we prove
that all the scalarly measurable selections of a variationally Henstock in-
tegrable multifunction are variationally Henstock integrable (see Theorem
4.3.1).

We end the chapter showing that Theorem 4.3.1 holds for C'K(X)-valued
variationally Henstock integrable multifunctions, but it fails to be true for
CW K (X)-valued multifunctions (see Example 4.3.1).

4.2 The Hukuhara derivative

We start with some definitions.

Definition 4.2.1. Let A, B € C(X). The set C' € C(X) is said to be the
Hukuhara difference or simply H-difference of A and Bif A =B+ C. We
denote it by A © B.

Remark 4.2.1. If C' € C(X) is the H-difference of A, B € C(X), then C
is uniquely determined [43, Lemma 2|. Moreover, if there exist A © B and
B 6 C, then also Ao C existsand A6 C =(A6 B)+ (Boe ().

In fact, if A = B+ K, for some K; and B = C + K, for some K,, then
A=C+H+ (Ky+ K). But K; = A6 B and K, = Bo C. Therefore
AeC=(AeB)+(Be().

Definition 4.2.2. Let F': [0,1] — C(X) be a multifunction. We say that F'
satisfies condition (H) on [0, 1], if for every tq,ts € [0,1] with t; < t5, there
exists the H-difference F'(t5) © F(t1).

Definition 4.2.3. Let F' : [0,1] — C(X) be a multifunction satisfying con-
dition (H). We say that F admits a Hukuhara differential (or simply H-
differential) at ty € (0,1) if there exists a set F'(ty) € C(X) such that the
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limits P h P
iy Fllo+1) © Flto)
h—0+ h

and P » L
lim (to) © F(to — h)
h—0+ h

exist (with respect to the Hausdorff distance dy) and are equal to F'(ty). We
call F'(to) the H-derivative of F in t.

Remark 4.2.2. A C'(X)-valued multifunction F'is H-differentiable ¢y € [0, 1]
with H-derivative F”(ty), if and only if for every ¢ > 0, there exists a § > 0
such that for any interval [u, v] satisfying to € [u,v] C (to —9,to+ ), we have
d (P Fr(tg)) <e.
Proof. We observe that if u <ty < v, then
F F dy(F F F'(t —
o (ELLE0) ) _ )P0 e —u)

v—Uu v—1Uu

du((F(v) © F(to)) + (F(to) © F(u)), F'(to)((v — to) + (to — u)))

v—u
< du(F(v) © F(to), F'(to) (v — to)) n d(F(to) © F(u), F'(to)(to — u))
- (e to to —Uu
—t F F(t to — F(t F
=20y ( W oM 0),F’(t0)) + 02y <—( ) © <u),F’(t0)) :
v—Uu v — 1y V—Uu to —u
Hence if F' admits H-differential at ¢y, then
F F(t
lim dy (MJW@O)) =0
U—)t&L v —tp
and P P
lim dyy (M,F’(to)) — 0.
u—ty to —u

Taking into account that 0 < % < 1and 0 < =% < 1, we obtain that

d (F(v) o F(u) .

Vv—1Uu

,F’(to)) — 0

whenever v — ¢t and u — ;.

The converse is obvious. O]
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Proposition 4.2.1. Let ® : T — C(X) be finitely additive and let G be
the C(X)-valued multifunction defined as G(t) := ®([0,t]). Then G satisfies
condition (H) on [0,1] and ®([a,b]) = G(b) © G(a).

Proof. Let [a,b] be a subinterval of [0, 1]. Since ® is finitely additive we have
®([0,6]) = ([0, a]) + @([a, ]).
Therefore G(b) © G(a) = ®([0,0]) © ®([0, a]) = ®([a, b)). O

The following result concerning the H-diffentiability of the primitive is a

generalization of [49, Theorem 7.4.2], valid for X-valued functions.

Theorem 4.2.1. Let F : [0,1] — C(X) be a variationally Henstock in-
tegrable multifunction, let © be its primitive and let G be the C(X)-valued
multifunction defined as G(t) := ®([0,t]).

Then G satisfies condition (H) on [0, 1], is H-differentiable almost everywhere
and G'(t) = F(t) almost everywhere in [0, 1].

Proof. Since @ is finitely additive, by Proposition 4.2.1 G satisfies condition
(H) on [0, 1].
Now let us fix ¢ > 0. Since F is variationally Henstock integrable, there

exists a gauge ¢ on [0, 1] such that

Z di (F(t:)(a; — aiy), ®([ai_1, ai])) < e,

for every o-fine Perron-partition {([a;—1, a;],t;)}_; of [0, 1].
In particular, for every d-fine Perron-partition {([u;,v;],;)}_; in [0, 1] one
has

ZdH<F(tj)(Uj —u;), P([uy,v5])) <e.

Let N be the set of points ¢ € [0, 1] such that G’(t) does not exist or, if it
does, is not equal to F'(t). We prove that A\(IV) = 0.

If t € N, there exists a n(t) > 0 such that for every §(¢) > 0, there exists an
interval [ satisfying ¢t € I C (t — 6(¢),t + 0(¢)) such that

dy(F(t)(v —u), ®([u,v])) > n(t)(v —u), where I = [u,v].
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Let Ni :={t € N : n(t) > 1}, then N = [J;2, Ny.. Fixed k, then the above
family of closed intervals covers Ny in the Vitali sense. Applying the Vitali
Covering Lemma (see [29, Lemma 4.6]), we can find {[u;, v;]}jL, such that
AN (Ne \ UjZ, [ug, v5]) < e. It follows that A*(Ng) < > 770 (v — u ) + €.
Therefore

= = i —u;),G(v;) © Gy,
<Z Sg n(;)( ) © G( ))JFE

<I<;ZdH u;), G(v;) © Gu,)) + ¢ < e(k + 1).

Jj=1

Since € > 0 is arbitrary, we have A\*(Ny) = A(Ng) = 0 for every k. Therefore
A(N) = 0. O

Proposition 4.2.2. Let F : [0,1] — C(X) be a multifunction satisfying
condition (H) on [0, 1]. Then the interval multifunction defined as ®([a,b]) :=
F(b)© F(a) is finitely additive.

Proof. Let consider a, b, c € [0,1] such that a < ¢ < b. Then F(b) = F(c) +
O ([c,b]) and F(c) = F(a)+P([a, c]). Consequently, F'(b) = F(a)+(P([a, c])+
O([c,b])). Tt follows that ®([a,b]) := F(b) © F(a) = ®([a,c]) + ([, b]). O

The following result is well known for the case of X-valued functions [49,
Theorem 7.3.10]. It states that every H-derivative on [0, 1] is variationally
Henstock integrable.

Theorem 4.2.2. Let F' : [0,1] — C(X) be a multifunction that satisfies
condition (H) on [0,1] and let assume that F admits H-differential at each
point of [0,1]. Then the H-derivative F' is variationally Henstock integrable

and
F(b)e F(a) = (UH)/ F'd\, for every [a,b] C [0, 1].

Proof. Since F' satisfies condition (H) on [0, 1] and admits H-differential at
each point of [0, 1], for every ¢ € [0, 1] and every € > 0, there exists a §(t) > 0
such that for every interval I satistying t € I C (¢t — 0(¢),t + d(t)) we have
dg(F'(t)(v — u), ®(Ju,v])) < e(v — u), where ®([u,v]) = F(v) & F(u) and
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I =lu,v].
Hence for any d-fine Perron-partition {([u;—1,w:],t;)},_; of [0,1], by the H-
differentiability of F" at t;, i = 0,...,p we have

p
> dy(F'(t:) (s — wimy), Fu;) © Fluis)) < e.
i=1
Therefore F’ is variationally Henstock integrable and
b
F(b)© F(a) = (’UH)/ F'dM\, for every [a,b] C [0, 1].

O

The following result is a further generalization of Theorem 4.2.2. The varia-
tionally Henstock integrability of the H-derivative can be obtained even if the
multifunction is H-differentiable in a subset of [0, 1] whose complementar is

negligible with respect to the variational measure generated by the primitive.

Theorem 4.2.3. Let F' : [0,1] — C(X) be a multifunction that satisfies
condition (H) on [0,1]. Assume that there exists a set A € L with the property
that F is H-differentiable at each point of A and such that Vo(A®) = 0, where
®([a,b]) = F(b) © F(a).

Then the multifunction G : [0,1] — C(X) defined as

F'(t) ifteA
{0} if t € A°

G(t) =
15 variationally Henstock integrable and ® is its variational Henstock primi-
tive.

Proof. By Proposition 4.2.2, ® is finitely additive. Now fix ¢ > 0.
If t € A, define 6(t) > 0 such that

du(®(1), F'(t)|1]) < el1], (4.1)

for every interval I € Z such that t € I C (t — §(¢),t + 0(1)).

Moreover, since Vg (A®) = 0, there exists a gauge 0 on A° such that

>_lle)l] <e, (4.2)
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for every d-fine partition {(.J;,t;)}5_, anchored on A°.

So we set 0(t) := §(t), for every t € A°.

Now let {(I;,;)}/—; be a d-fine Perron-partition of [0, 1]. Then, by (4.1) and
(4.2), we have

ZdH L] (L) =Y du(F' ()], (1) + > [|(I))
tjeA tjeA
<e+te=2e.
Thus G is variationally Henstock integrable and & is its variational Henstock
primitive. [
At this point we can characterize the interval multifunctions that are varia-
tional Henstock primitives.
Theorem 4.2.4. Let & : T — C(X) be an interval multifunction. The
following statements are equivalent.

1. ® is a variational Henstock primitive.

2. Vo << X and the multifunction G(t) := ®([0,t]) satisfies condition (H)
on [0,1] and is H-differentiable a.e.

Proof.
(1. = 2.) It follows from Proposition 3.3.1 and Theorem 4.2.1.

(2. = 1.) Let denote by A the set of all points ¢ € [0,1] at which G is
H-differentiable. By hypothesis, A(A°) = 0. Moreover, Vo << A.
Therefore Vg (A°) = 0.

Let define the multifunction F' by

G'(t) ifteA

F(t) = :
{0} if t € A°

By Theorem 4.2.3, F' is variationally Henstock integrable and & is its

primitive. So we conclude that ® is a variational Henstock primitive.
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O

Definition 4.2.4. Let F': [0,1] — C(X) be a multifunction. We say that
F' is scalarly H-differentiable at to € [0, 1] if there exists a set F.(to) € C(X)
with the following property:
for every 2* € X* and every € > 0, there exists a d,- . > 0 such that for any
interval [u, v] satisfying to € [u,v] C (tg — 0px ¢, to + 0= ), We have
s(x”, F(v)) — s(a”, F(u))
v—u

We call F!(ty) the scalar H-derivative of F at t.

— s(z*, Fi(ty))| < e.

Theorem 4.2.5. Let F' : [0,1] — C(X) be a multifunction that satisfies
condition (H) on [0,1] and is scalarly H-differentiable at each point of [0, 1].
Then the scalar H-derivative F. is HKP-integrable in C(X) and

F(b)© F(a) = (HKP) /bFS’d)\, for every [a,b] C [0, 1].

Proof. Fix ¢ > 0. Since F is scalarly H-differentiable on [0, 1], for every
t € 10, 1] and every ¢ > 0 there exists 0.+ .(t) > 0 such that for every interval
I satistying t € I C (9y+ o(t),t + 04+ -(t)) we have

|s(a®, F(1)) (v = u) — s(z%, &([u, v]))| < e(v—uw),

where ®([u,v]) = F(v)© F(u) and I = [u,v]. J,.« . is clearly a gauge on [0, 1].
Moreover, for any 0.« -fine Perron-partition {([u;—1,w],t;)},_, of [0,1], by

the scalar H-differentiability of F' at ¢t;, + =0,...,p we have
p
> " Is(@®, Fl(t) (u; — wiy) — s(z*, F(u;) © F(u))| < e
i=1

Therefore s(z*, F!) is H K-integrable for every z* € X*.

Moreover, if [a, b] is a subinterval of [0, 1], then
b
s(z*, F(b) © F(a)) = (HK)/ s(z*, Fl) d, for every [a,b] C [0,1].
Hence F! is H K P-integrable in C'(X) and

F(b) & F(a) = (HKP) / " F d, for every [a.b]  [0,1]
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4.3 Applications

We start with two lemmas.

Lemma 4.3.1. Let I : [0,1] — CK(X) be a multifunction variationally

Henstock integrable. Then T" is Bochner measurable.

Proof. Applying Theorem 4.2.1, the C'K (X )-valued multifunction defined as
G(t) := ©([0,t]), where ® is the variational Henstock primitive of I', has
condition (H), is H-differentiable almost everywhere and G'(t) = T'(¢) for
almost every ¢ € [0, 1].

For every positive integer n let define

2"—1 k+1 k
G(E2) e G(%)
MOEDS 1 Xide 5501

k=0 2n

By definition, every I',, is a C'K(X)-valued step multifunction.
If ¢ty € [0,1] is a point such that G'(ty) = I'(to) and ¢, is not a dyadic point,

then we have

G(t) o G55
li7r1n [ (to) = hrIzn ( 210 )L (2 O)X[f%,';%l] = G/(tg) =T'(to).
2™0

Therefore I',, — I' almost everywhere.
O

Lemma 4.3.2. Let I : [0,1] - CK(X) be a Bochner measurable multifunc-
tion. Then the range of I is essentially separable, i.e. there exists a measur-
able set N C [0,1] with A(N) = 0 such that I'([0,1] \ N) = U,cjopn I'(t) is
a separable subset of X.

Proof. Let (I',,)2, be a sequence of C'K (X )-valued step multifunctions such
that I', — I' almost everywhere. Fix n, we have that (J,c(p, 'n(t) is a fi-
nite union of compact convex sets. Hence (.o I'n(t) is separable, because
every compact set is separable and every finite union of separable sets is
separable. Consequently [J;Z; U,cjq) [n(?) is separable. Since I';, — I' al-
most everywhere, we have that (,~; U1y I'n(t) is dense in U,cpo 1 5 T'(F)
for some N C [0, 1] with A(V) = 0. Indeed, let N be the set of points of [0, 1]
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such that I',(t) — I'(¢), for every ¢ € [0,1] \ N. N is a set of zero measure.
Now let zg € Ui I'(£)- 2o € ['(to) for some to € [0,1]\ N. Fix e >0
and let ng be sufficiently large such that dg (T, (t0), ['(t0)) < €. Then also
d(zo, 'y, (tg)) < €. Hence ||zg — 2p,|| < € for some z,,, € I';, (¢o).

We conclude that (J;co ),y I'(Z) is a separable subset of X. O

Now we are going to prove the main result of this chapter. It is known that
every measurable selection of a CK(X) or CW K (X)) valued Pettis integable
multifunction is Pettis integrable (see [24] for the separable case and [9] for
the general case).

Similarly, every measurable selection of a CK (X) or CW K (X) valued HKP-
integrable multifunction is HKP-integrable (see [21] for the separable and [23]
for the general case).

Our purpose is to obtain a similar result for variationally Henstock inte-
grable multifunctions taking values in C K (X). Here the separability of X is
dropped but we use the hypothesis that X has the RNP.

Theorem 4.3.1. Assume that X is a Banach space with the Radon-Nikodym
property and let I' : [0,1] — CK(X) be a variationally Henstock integrable
multifunction. Then every scalarly measurable selection of I' is variationally

Henstock integrable.

Proof. Let v :[0,1] — X be a scalarly measurable selection of I'. By Lemma
4.3.1, I' is Bochner measurable and by Lemma 4.3.2, the range of I" is es-
sentially separable. Applying the Pettis measurability Theorem we get the
strong measurability of ~.

Since I" is variationally Henstock integrable, it is also HK P-integrable. There-
fore by Theorem 1.5.3, v is HKP-integrable.

Moreover, if we denote by ® the variational Henstock primitive of I', then
by Proposition 3.3.1, we have Vo << A. Hence also Vy << A, where ¢ is the
variational Henstock primitive of ~.

Now by hypothesis, X has the RNP. Therefore, by [4, Theorem 3.6], ¢
is differentiable a.e. in [0,1], ¢’ is variationally Henstock integrable and
(1) = (vH) [, ¢ dX, for every I € T.
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Hence for every I € Z,

(HKP) /[ vd\ = (vH) / ¢ d\ = (HKP) /l ¢ dA.

I

It follows that v and ¢ are scalarly equivalent. But v and ¢’ are also strongly
measurable. Therefore by |18, Corollary 2.2.7|, v = ¢ a.e. and we conclude
that v is variationally Henstock integrable. O

Theorem 4.3.1 is false if CK(X) is replaced by CW K (X), as the following

example shows.

Example 4.3.1. Let X = /5([0,1]). X is a Hilbert space hence it has the
RNP. Moreover, X is not separable.

The unit ball B(X) is a convex weakly compact set of X but it is not norm-
compact. Let define the constant multifunction I" : [0,1] - CWK(X) by
['(t) := B(X), t € [0,1].

Clearly T' is variationally Henstock integrable and its variational Henstock
primitive is ®(I) := B(X)|I|, [ € Z.

Now let consider an orthonormal basis (e¢)ico;) of X and let define the
function v : [0,1] = X, by v(t) :=e;, t € [0, 1].

Since ||e;|| = 1 for every t € [0,1], we have that ~ is a selection of T
Moreover, 7 is scalarly measurable, Pettis integrable and (P) [, v d\ = 0, for
every [ € 1.

If {(1},t;)};—, is an arbitrary Perron-partition of [0, 1], then

p

P
Zm )| — ( >/Ivdxu=Z||et_,.|\-|fj|=2|fj|=1.
j j=1

Jj=1

We conclude that ~y is a scalarly measurable but not variationally Henstock

integrable selection of T O
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