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A critical assessment of automatic
photoelastic methods for the analysis
of edge residual stresses in glass

Augusto Ajovalasit, Giovanni Petrucci and Michele Scafidi

Abstract
The measurement of residual stresses is of great importance in the glass industry. The analysis of residual stresses in the
glass is usually carried out by photoelastic methods since the glass is a photoelastic material. This article considers the
determination of membrane residual stresses of glass plates by digital photoelasticity. In particular, it presents a critical
assessment concerning the automated methods based on gray-field polariscope, spectral content analysis, phase shifting,
RGB photoelasticity, ‘‘test fringes’’ methods and ‘‘tint plate’’ method. These methods can effectively automate manual
methods currently specified in some standards.
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Introduction

It is well known that photoelasticity is used for the
analysis of residual stresses of glass because glass is a
photoelastic material.1,2 The determination of residual
stresses in glass, using classical transmission photoelas-
ticity, has been the subject of several contributions,
technical standards and commercial equipment based
on the use of the following.

� Babinet and Babinet–Soleil compensators3–6

� Sénarmont compensation6–10

� White light photoelasticity also using the tint plate6,7

and the standard strain discs1,2,8,9

The residual stresses in glass plates are given by the
superposition of stresses that can be variable with depth
(thickness stresses) or constant with depth (membrane
stresses). This article concerns the determination of
membrane residual stresses in glass plates; for tech-
niques concerning the analysis of thickness stresses in
glass plates and for axisymmetric or of any shape com-
ponents, reference can be made to the literature.1,11,12

The development of digital photoelasticity13–15

allows the user to automate the analysis of residual
stresses in the glass. Specifically, the automatic photoe-
lastic analysis of membrane residual stresses was done
using the following:

� Gray-field polariscope (GFP)16–18

� Spectral content analysis (SCA)4,19–22

� Phase-shifting photoelasticity23–25

� RGB photoelasticity25,26

� Test fringes (TF) method27,28

� Tint plate method29,30

The first two methods require specific equipment,
while the remaining methods are based on the use of a
classical transmission polariscope interfaced with an
image acquisition system. In this article, a critical
assessment of the six methods above cited is presented;
in particular, for the last four methods, an experimental
analysis concerning the determination of the membra-
nal residual stresses in glass plates is also presented.

In this article, the following aspects have been especially
considered: availability of commercial systems, restrictions
concerning the parameter of the isoclines, acquisition sys-
tem, additional equipment, system calibration, number of
acquisitions and external information needed.
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The photoelastic effect

By photoelastic techniques, the relative retardation d

can be measured. In two-dimensional cases, the retar-
dation d is related to the principal stresses s1 and s2 by
the well-known equation of photoelasticity

d=
D

l
=

Cld

l
(s1 � s2) ð1Þ

where D is the absolute retardation, Cl and d are the
photoelastic constant and the thickness of the photoe-
lastic model (glass), respectively, and l is the wave-
length of the monochromatic source. The retardation d

depends on the wavelength l and on the dispersion of
birefringence according to equation (1), which provides

d= d0
l0

l

Cl

C0
ð2Þ

where d0 is the retardation at the reference wavelength
l0 and Cl/C0 is the term that takes into account the
birefringence dispersion of the used material.31–33 In
monochromatic light with l= l0, equation (2) is
reduced to d= d0.

Near the beveled edge of the glass, the retardation is
irregular, and thus, the graphs are usually truncated at
the beginning of the bevel; in such a case, the retarda-
tion must be extrapolated at the boundary according to
well-known procedures as in the case of manual
methods.3,5

Once the retardation d0 is determined, the difference
of the principal stresses is evaluated by equation (1)
written for the reference wavelength l0, which provides

s1 � s2 =
l0

C0d
d0 ð3Þ

where the photoelastic constant of glasses C0 usually
ranges between 2.4 and 3.6 Brewster (1 Brewster = 1
TPa21).34 In this article, the average value C0 = 3
Brewster is assumed.

Especially, the edges of glass sheet are compressed,
and due to the boundary conditions, the stress normal
to the boundary is sy =s1 = 0. Thus, the stress sx

along the boundary is (from equation (3))

sx =s2 = � l0

C0d
d0 ð4Þ

The stress normal to the edge (sy) is nearly zero even
near the boundary, so that equation (4) applies until
the zero-order isochromatic fringe, where the inversion
of stress from compression to tension happens. Beyond
the zero-order fringe, the tensile stress is given again by
equation (3)

sx =s1 =
l0

C0d
d0 ð5Þ

Equation (3) is always valid, while equations (4) and
(5) are valid provided that the stress normal to the edge
(sy) is zero or nearly zero.

GFP

The GFP16 is shown in Figure 1: it is a circular polari-
scope in which the quarter-wave plate of the analyzer is
eliminated. In this technique, a circularly polarized
monochromatic light is incident on the glass and a large
number of images are acquired while the analyzer is
made to rotate continuously. By properly elaborating
the acquired intensities, both the retardation and the
isoclinic parameter can be evaluated.

The rotations imposed on the analyzer are

bAi =v ti =
p

N
(i� 1) i=1, 2, . . . ,N ð6Þ

where v is the angular velocity of the analyzer, t is the
time and N is the number of rotations. N is usually
equal to 8, but any N . 3 could be used.

The equations of the light intensities acquired for the
various positions of the analyzer are

Figure 1. (a) Setup of the polariscope for the GFP method and (b) orientation of principal stresses.
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Ii =
1

2
Ir
�
1+ sin 2pd sin 2(bAi � a)

�
+ If ð7Þ

Using the acquired intensities, the following para-
meters are first evaluated

X=
2

N

XN
i=1

Ii sin 2bAi =
1

2
Ir sin 2pd cos 2a ð8Þ

Y=
2

N

XN
i=1

Ii cos 2bAi = � 1

2
Ir sin 2pd sin 2a ð9Þ

then, the isoclinic parameter can be easily obtained as

a= � 1

2
tan�1

Y

X
ð10Þ

The retardation can be evaluated by means of the
following equation

g =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 +Y2
p

=
1

2
Ir sin 2pd ð11Þ

that, for small values of the retardation, leads to

2pd ’ sin 2pd=Kg ð12Þ

where K is a calibration constant that takes into
account the system gain and the intensity Ir.

The calibration can be performed by means of a cali-
bration plate of known birefringence d0 to be intro-
duced before the analyzer. In particular, the K value
can be determined by evaluating the retardation before
and after the introduction of the plate and letting their
difference equal to d0.

SCA

The SCA is based on a spectrophotometer, which deter-
mines the spectral content of the light emerging from a
circular polariscope using white light. SCA21 is a point-
by-point method although extension toward a full-field
method has been proposed.35 Figure 2 shows a scheme
of a typical experimental setup for SCA.

The light emerging from the analyzed point is picked
out and conveyed to a prism causing the light to dif-
fract into a spectral band. A photodiode array is then
used to detect the light intensities for different bands of

wavelength. The resulting light intensity in a dark-field
circular polariscope for the generic photodiode i can be
written as

Ii = Ifi +
1

li2 � li1

ðli2

li1

I0i sin
2 p

D

l

Cl

C0

� �

3(1� cos2 2a sin2 2e)dl

ð13Þ

where Ifi represents the background intensity relative to
the generic photodiode i, li1 and li2 are the lower and
upper boundaries of the spectrum as acquired by a
photodiode i, Cl/C0 is the term which accounts for the
dispersion of birefringence, cos2 2a sin2 2e is the term
accounting for the influence of quarter-wave plates
which are matched for the reference wavelength l0 and
e is the error of the quarter-wave plates.

Equation (13) allows the user to determine the inten-
sity Ii provided that the dispersion of birefringence and
the intensities Ifi and I0i are known. The intensities Ifi and
I0i are determined by a calibration procedure. After per-
forming the calibration procedure, the measured intensity
Imi can be compared to the theoretical intensity Iti calcu-
lated over a selected range of retardation D from equation
(13). The unknown retardation corresponds to the value
whose theoretical curve best fits the experimental data.

The procedure above mentioned can yield significant
errors for low fringe order, in particular lower than 0.5
fringe orders. Methods for enhancing the accuracy of
the spectral content method for low levels of retarda-
tion were proposed in Ivanova and Nechev36 and
Sanford and McGinnis.37 These techniques are, in prac-
tice, an extension to SCA of the well-known method of
the tint plate used for quality control of glasses.

The sources of errors of the SCA are due to quarter-
wave plates, dispersion of birefringence, bandwidth of
the detector and fringe gradient at the point of measure-
ment. The accuracy of the technique was estimated in
the order of 60.017 fringe orders.21

Methods based on classic polariscopes

The four methods described below are based on the use
of a classic polariscope interfaced with an acquisition

Figure 2. Experimental setup for SCA.
S: light source; P, A: polarizers; RA, RP: quarter-wave plates; M: model; SA: spectrum analyzer; PC: personal computer.
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system. For these methods, this article also presents an
experimental analysis concerning the determination of
membranal residual stresses in a glass plate.

Layout and materials

The experiments were carried out using a polariscope
with quarter-wave plates matched to the reference
wavelength l0 = 589 nm (monochromatic yellow light)
using the following.

1. Monochromatic sodium vapor lamps that emit at
the reference wavelength (l0 = 589 nm), for the
experiments in monochromatic light.

2. Energy-saving fluorescent lamps (Philips Master
7L-D Super 80 18 W/827) with discrete spectral
emission having three main narrow band peaks at
the following wavelengths: lR = 612 nm (red),
lG = 546 nm (green) and lB = 436 nm (blue), for
the experiments in white light.

3. An RGB camera, model JVC KY-F30 3CCD, with
three independent charge coupled device (CCD)
sensors and a Matrox Meteor-2 digital board hav-
ing a spatial resolution of 768 3 576 pixels and a
quantization of 256 RGB levels.

4. A polycarbonate (MM PSM1) specimen (Figure 3),
used both as calibration beam and as carrier in the
TF methods, and a tempered glass plate (Figure 4),
used for the analysis of residual stresses.

5. A full-wave plate (tint plate), used in the automated
tint plate method (ATPM), having a retardation
dc
0 =1:0 fringe order at the reference wavelength l0

= 589 nm.

The optical system has been adjusted in order to
obtain gradients not higher than 0.1 fringe orders/
pixel.38 The calibration required for the application of
the RGB method38–40 in the TF method was performed
using the same specimen (Figure 3) used as a carrier, in
which a maximum retardation d0max = 3 fringe orders
was produced.

In the application of the standard RGB method, that
is without carrier fringes, and of the ATPM, the so-
called self-calibration procedure has been used,26 as
described in the following. In any case, the search of

the retardation by the RGB method was carried out by
the technique based on the use of a subset of the cali-
bration table.40

All the experimental analyses were carried out on a
glass door in a region located near the edge, in particu-
lar, in the region of interest (ROI) shown in Figure 4.
In the ROI, the isoclinic parameter remains almost con-
stant at about 0�. In the comparison among the four
methods, the same vertical section in the proximity of
the center of the ROI was analyzed. This section has
been chosen in the application of the TF method and it
coincides with one of the isochromatic fringes of the
carrier. In the following, it will be indicated as reference
section.

Phase-shifting photoelasticity

The phase-shifting method (PSM), introduced in
1986,41 requires, in the general case, at least four acqui-
sitions. After the pioneering work of Hecker and
Morche, based on eight acquisitions, a significant con-
tribution was made by Patterson and Wang,42 who
proposed a method based on the use of circularly
polarized light incident on the model and six positions
of the analyzer and its quarter-wave plate. The most
common general methods are based precisely on six
acquisitions. In the application of the PSM, the phase
maps of the isoclinic and of the isochromatic fringes
are obtained by applying the inverse tangent function
to combinations of the light intensities acquired. Due
to the periodicity of the tangent function, the phase
maps are obtained in wrapped form, so that unwrap-
ping procedures have to be applied in order to evaluate
the total retardation.

A method for the unambiguous determination of the
retardation and of the isoclinic parameter has been pro-
posed by Aben et al.24 in the case of retardations of less
than half a fringe order. A general review of PSMs is
present in Ramesh et al.15

In this article, which generally considers retardation
higher than 1 fringe order, the general PSM proposed
by Barone et al.43 and the simplified methods23 have

Figure 3. Polycarbonate specimen (dimensions in millimeter)
used both as a calibration beam for the RGB method and as
carrier for the test fringes methods.

Figure 4. Tempered glass (doors’ glass) used in the
experiments (dimensions in millimeter).
ROI: region of interest.
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been used. In particular, the general PSM43 is based on
four acquisitions carried out by using a plane polari-
scope and two acquisitions using circularly polarized
light incident on the model and has the advantage to
reduce the effect of the error of the quarter-wave plates,
which, if present, is a major cause of inaccuracy of the
phase-shifting techniques.44 In particular, this effect is
zero in the determination of the isoclinic parameter and
minimum in the evaluation of the retardation when the
method of Barone et al.43 is used.

The simplified methods used in this article are based
on the Tardy setup, as initially proposed by Asundi,45

and on the Sénarmont setup as initially proposed by
Ajovalasit et al.23 In this article, the simplified methods
mentioned above, based on the setup of Tardy and
Sénarmont, are concisely referred as the Tardy phase-
shifting method (TPSM) and the Sénarmont PSM.
These simplified PSMs presented in Ajovalasit et al.23

have the same limitations of the goniometric compensa-
tion methods of Tardy and Sénarmont, that is, they
need the prior knowledge of the directions of principal
stresses. On the other hand, these methods have the

advantage that the equation for the evaluation of the
retardation does not contain the isoclinic parameter as
occurs in the general methods. Due to the fact that at
the edges of the glasses the directions of the principal
stresses are known (tangent and normal to the bound-
ary), when the residual stress analysis has to be carried
out only in their proximity, the simplified methods are
preferable.

In Figure 5, a glass plate in the circular polariscope
arranged for the Tardy compensation is shown. In
Figure 6, the same model is shown in the dark-field
polariscope initially arranged for the Sénarmont com-
pensation, with the polarizer P oriented at +45� and
the analyzer A with the corresponding quarter-wave
plate RA oriented at 245�.

Now, the points of the glass where the principal
stresses are directed along the x- and y-axes (horizontal
and vertical) are considered. In particular, assuming
that the maximum principal stress s1 is directed along
the vertical y-axis (a = 90�, Figures 5(c) and 6(b)), the
light intensity emerging from the analyzer for both
Tardy and Sénarmont setup is

Figure 5. (a) Setup of the polariscope for the Tardy phase-shifting method, (b) general orientation of principal stresses and (c)
maximum principal stress s1 aligned with the polarizer P.

Figure 6. (a) Setup of the polariscope for the Sénarmont phase-shifting method and (b) orientation of the optical elements and the
principal stresses.

Ajovalasit et al. 5
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Ii = If +
I0
2

h
1� cos (2pd� 2bAi)

i
, (i=1, 2, 3, . . . )

ð14Þ

where bAi is the angle of rotation of the analyzer from
its initial position (Figures 5(c) and 6(b)). Equation
(14) shows that there are three unknowns (If, I0 and d),
although the unknown of interest is just the retardation
d. Consequently, at least three images with different
values of the bAi angle have to be acquired by properly
rotating the analyzer. All the PSM provide only the
fractional retardation df which is defined in the range
60.5 fringe orders. In order to determine the total
retardation d, unwrapping techniques are used; these
techniques require the knowledge of the total retarda-
tion d at least at one point that has to be measured by
an independent method.

The effect of the isoclinic error is considered in detail
in the literature.23,46 The positioning of the edge is not
critical, as the maximum error on retardation that is
about 0.02 fringe orders for isoclinic errors up to about
10� and 20� for Sénarmont and Tardy methods,
respectively.

Figure 7(a) shows the results obtained in the refer-
ence section with the general PSM. For comparison,
the results obtained by the Tardy manual compensation
method (TMCM) are shown. Figure 7(b) shows the
errors evaluated with respect to the TMCM. The aver-
age error is 0.006 fringe orders with a standard devia-
tion (SD) of 0.024 fringe orders.

Figure 8 shows the results obtained by the TPSM,
using three acquisitions. For comparison, the results
obtained by the TMCM are shown. The average error
with respect to the manual compensation method is
20.004 fringe orders with a SD of 0.023 fringe orders.

The results of the PSMs are equivalent to those of
TMCM with a significant reduction in the number of

acquisitions from about 20–30 for the TMCM to 3–6
in the case of the phase-shifting methods.

RGB photoelasticity

In RGB photoelasticity, the model is placed in a dark-
field circular polariscope and the isochromatic fringes
are acquired in white light, using a color digital image
acquisition system. At each pixel, the three primary col-
ors (red, green and blue) are digitized into three levels
of intensity, usually indicated by the symbols R, G and
B. Due to the fact that filters of the color cameras are
wide-band, the classic equation of the circular polari-
scope in dark field

I= I0 sin
2 pd ð15Þ

cannot be used. Not considering the noise and the error
of quarter-wave plates, the light intensities captured by
the camera are instead expressed by the equation38,40

Iwj =
1

lj2 � lj1

ðlj2

lj1

I0(l)T(l)Fj(l)sin
2 pd0

l0

l

Cl

C0

� �
dl,

(j=R,G,B) ð16Þ

where I0(l) is the light intensity, T(l) is the transmit-
tance that depends on the spectral response of the glass,
Fj(l) are the spectral responses of the three camera fil-
ters, lj1 and lj2 are the lower and upper limits of the
spectral response of the jth filter and the subscript w
indicates the use of white light. By means of equation
(16), the determination of the retardation d0 is not easy,
so the method is based on two steps: calibration of the
system and search of the retardation. A method for the
analysis of stresses in glass artwork, based on the anal-
ysis of the RGB colors, is described in Coelho et al.47

Figure 7. General PSM: (a) retardation d and principal stress difference (s12s2) along the direction y normal to the edge of the
glass at the ROI and (b) errors evaluated with respect to the TMCM.
PSM: phase-shifting method; TMCM: Tardy manual compensation method.
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Calibration procedure. The usual calibration procedure38

consists of acquiring the RGB values at each pixel
along the transverse symmetry section of a calibration
specimen subjected to bending. Each Ri, Gi and Bi tri-
plet is stored in a calibration table or look-up table
(LUT) and is associated with a retardation value d0i. In
general, the material of the calibration specimen must
match the material used in the test. Otherwise, it is nec-
essary to take into account both the different spectrum
of colors and the different dispersion of birefringence.

Since the realization of a glass calibration specimen
in bending is not simple in some instances, an alterna-
tive self-calibration procedure, defined briefly as Self-
Cal, has been proposed by Ajovalasit et al.26 The Self-
Cal procedure consists in creating the LUT using a
glass equal to that to be analyzed, subjected to residual
stresses not lower than those to be measured. As an
alternative to the Self-Cal, it is possible to use a speci-
men of different material and to apply a color adapta-
tion technique,48 as long as the effect of the different
dispersion of the birefringence relative to the glass plate
and the calibration beam is negligible.26

Search for retardation. In the search procedure, the R, G
and B levels at points, where the retardation is
unknown, are acquired. Each R, G and B triplet is then
compared with the triplets Ri, Gi and Bi stored in the
calibration table by means of an error function defined
as

ei =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(Ri � R)2 + (Gi � G)2 + (Bi � B)2

q
ð17Þ

In each pixel, the index i that minimizes the error
function (17) is determined and the retardation is calcu-
lated by the relationship

d0i = d0N
i

N
; 04i4N ð18Þ

where, as previously mentioned, d0N is the maximum
retardation of the calibration table and N is the index
of the last element in the calibration table.

The described procedure can be applied by evaluat-
ing the error function (17) for all the elements of the
LUT (i = 0, 1, ., N), or for a subset of it.40,49 A pro-
cedure that uses the second option, which implicitly
contains the condition of continuity of the retardation,
reduces the computational time and the errors. In par-
ticular, the reduction in the errors is similar to that of
procedures explicitly using the condition of continuity
of the retardation.50,51

Experimental results. Figure 9 shows the isochromatic
fringes at the ROI and the reference section chosen for
the measurement of the retardation. Figure 10(a) shows
the retardation d0 and the principal stress difference
(s12s2) along the measurement section determined by

Figure 8. TPSM: (a) retardation d and principal stress difference (s12s2) along the direction y normal to the edge of the glass at
the ROI and (b) errors evaluated with respect to the TMCM.
TPSM: Tardy phase-shifting method; TMCM: Tardy manual compensation method.

Figure 9. Isochromatic fringes in dark field at the ROI of the
doors’ glass and the measurement section (____) (color figure in
the online version of this article).

Ajovalasit et al. 7
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the RGB method and, for comparison, by the TMCM.
Figure 10(b) shows the error with respect to the
TMCM. The average error is 20.009 fringe orders with
a SD of 0.028 fringe orders. It is possible to see that the
highest errors (higher than 20.04 fringe order) occur in
the field 0 4 d4 0.5 fringe orders, in which the colors
of isochromatic fringes degenerate into gray tones. In
this case, at each pixel, the three Ri, Gi and Bi levels
assume similar values, and the RGB method is not able
to eliminate the influence of the possible fluctuation of
the reference light field and of electronic noise, as also
reported in Ajovalasit et al.38

TF methods

In the photoelastic analysis of residual stresses in glass,
it is common practice to insert (Figure 11) behind or
ahead the glass a Babinet compensator or even a simple
specimen subjected to bending, in order to obtain a sys-
tem of reference fringes (isochromatics) parallel and

having the same pitch p. The carrier is placed with the
axis orthogonal to the edge of the glass so as to obtain
near the edge itself one of the two conditions a2ac =
0� or a2ac = 690�.

The resulting fringes, which are sometimes called
TF,1 effectively reveal the presence of residual stresses.
As an example, Figure 12 shows the isochromatic
fringes in the bent specimen alone (below) and into the
glass superimposed on the specimen subjected to bend-
ing (above).

In general, another effect of the reference fringes is
that the retardation into the glass plate is increased.
This is a positive effect because it produces an incre-
ment in the retardation in areas near the fringe of zero
order, where the retardation is too low to be measured
accurately using the RGB methods.

Analysis in monochromatic light by the center fringe
method. In this case, methods based on the extraction
of the center of the fringes,13 which for brevity are

Figure 10. RGB photoelasticity: (a) retardation d and principal stress difference (s12s2) along the direction y normal to the edge
of the glass at the ROI and (b) errors evaluated with respect to the TMCM.
TMCM: Tardy manual compensation method.

Figure 11. Test fringes method: (a) polariscope and (b) orientation of the optical elements.
C: carrier; P, A: polarizers; RP, RA: quarter-wave plates; s1, s2: glass principal stresses; s1c, s2c: carrier principal stresses; a, ac: orientation of

principal stresses in the glass and the carrier.
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designated as center fringe methods (CFMs), are used.
The analysis in monochromatic light by the CFM is
applicable near straight edges with isochromatic fringes
parallel to the edge and reference fringes orthogonal to
the edge.28 This method has also been recovered in
Naveen et al.52 where the effect of the carrier fringe
density is considered.

With reference to Figure 12, considering the line
passing through the center of a carrier fringe of order i
(retardation dci , abscissa xi), the retardation d at a point
of the glass plate along the same line is directly propor-
tional to the distance x2xi between the point itself and
the isochromatic fringe of the same order i (retardation
dtot= dci , abscissa x) present in the glass.27,28

In this case, in order to obtain the retardation along
a vertical section, it suffices to determine the location
of the centers of an isochromatic in the glass and the
position of the straight isochromatic fringe of the same
order in the carrier. The retardation is given by
Ajovalasit et al.28

dCF =
x� xij j

p
ð19Þ

Figure 13(a) shows the retardation dCF, given by
equation (19), along the measuring section and, for
comparison, the results obtained by the TMCM. In the
same figure, the principal stress difference (s12s2) is
also shown. Figure 13(b) shows the error with respect
to the TMCM. The average error is 0.004 fringe orders
with a SD of 0.019 fringe orders.

Analysis in white light by RGB photoelasticity. The analysis in
white light by RGB photoelasticity (TF-RGB) is appli-
cable near straight edges with reference fringes ortho-
gonal to the edge. As previously mentioned, the use of
reference fringes generally produces an increase in the
retardation that has a positive effect on the accuracy of
the methods in white light, which may be subject to
large errors for low levels of retardation, as occurs for
the RGB photoelasticity.38

In the application of the RGB technique, the same
polycarbonate specimen shown in Figure 3 was used to
perform the calibration and to produce the reference
fringes. When the specimen is superimposed on the
glass plate, the following retardations are determined.

1. The total retardation in the glass plate superim-
posed on the carrier dtot0 .

2. The retardation dc0 in carrier alone.

Figure 12. Isochromatic fringes (above) in the glass
superimposed on the carrier (test fringes) and in the carrier
alone (below). The parameters for the CFM evaluation are also
indicated.

Figure 13. Test fringes method with CFM: (a) retardation dCF and principal stress difference (s12s2) along the direction y normal
to the edge of the glass at the ROI and (b) errors evaluated with respect to the TMCM.
CFM: center fringe method; TMCM: Tardy manual compensation method.
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From dtot0 and dc
0, the retardation d0 in the glass is

obtained using the following equation28 valid (see
Figure 11) for a2ac = 0� and for a2ac = 690� with
dc . d (the usual cases)

d0 = dtot
0 � dc

0

�� �� ð20Þ

In the application of this method, the reference sec-
tion of the glass door lied at the abscissa of the second-
order fringe in the tensile side of the carrier. In this sec-
tion, the conditions of validity of equation (20) are veri-
fied. Figure 14(a) shows the total retardation dtot

0 and
the retardation d0 in the glass determined by equation
(20), where, obviously, dc

0 =2:0 fringe orders. In the
same figure, the results obtained by the TMCM and
the principal stress difference (s12s2) are also shown.
Figure 14(b) shows the error e with respect to the
TMCM. The average error is 20.0003 fringe orders
with a SD of 0.039 fringe orders.

ATPM

The technique consists in inserting in series with the
glass specimen a full-wave plate, usually called tint
plate, with the optical axes aligned with the directions
of the glass principal stresses so as to introduce a con-
stant retardation which is added algebraically with the
retardation in the glass. The polariscope is the same as

that shown in Figure 11 where the tint plate is inserted
in place of the carrier C. The use of the tint plate is par-
ticularly useful near the fringe of 0th order where the
retardation is low and significant measurement errors
could be committed when RGB photoelasticity is used,
as it is well known.38 The use of RGB photoelasticity,
jointly to the tint plate, initially proposed in a qualita-
tive way,29 has been further developed in Ajovalasit
et al.30

Calibration. As already mentioned, the Self-Cal proce-
dure was used, but in this application, the tint plate has
to be placed in series with the glass in both the calibra-
tion and search phases. In this case, in the LUT, each
set of Ri, Gi and Bi values is associated with the total
retardation dtot0i = dc0 6 d0i

�� ��.

Search for retardation. In the measuring step, the R, G
and B levels at the points where the retardation is
unknown are acquired, always using the tint plate.
Each set of R, G and B levels is then compared with the
Ri, Gi and Bi levels stored in the LUT. The unknown
retardation dtot0 = dc06d0

�� ��, at the reference wavelength
l0, is the one corresponding to the values Ri, Gi and Bi

that minimize the error function (17). To this end, in
each pixel, the index i of the element of the calibration

Figure 14. Test fringes method with RGB photoelasticity (TF-RGB): (a) retardation d0, total retardation dtot
0 and principal stress

difference (s12s2) as a function of the distance from the edge of the glass and (b) errors evaluated with respect to the TMCM.
TF: test fringes; TMCM: Tardy manual compensation method.
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table that minimizes the error function (17) is deter-
mined. The retardation is computed using the
relationship30

dtot
0i =(dtot

0N � dtot
00 )

i

N
+ dtot

00 ; 04i4N ð21Þ

where dtot
0N is the maximum retardation of the calibra-

tion table and N is the index of the last element of the
calibration table (corresponding to dtot

0N). dtot00 is the min-
imum retardation of the calibration table correspond-
ing to the first element of index i = 0 (NB: usually, the
analysis starts from the fringe of order 0 and then
dtot00 =0).

Once the total retardation dtot
0 is determined by RGB

photoelasticity and the retardation dc0 of the tint plate is
known, the retardation in the glass can be obtained sim-
ply using equation (20) valid, as already said, in the usual
cases of a2ac = 0� and a2ac = 690� with dc . d.

Experimental results. Also, in this case, the experimental
results refer to the reference section of the ROI (see
Figure 9). Figure 15(a) shows the retardation and the
principal stresses difference (s12s2) determined by the
ATPM and, for comparison, by the TMCM.

Figure 15(b) shows the errors compared to the
TMCM. In particular, the average error is 0.006 fringe
orders with a SD of 0.026 fringe orders.

The effect of the incorrect positioning of the tint
plate optical axes with respect to the stress directions is
experimentally analyzed by Ajovalasit et al.30 Such
analysis shows that the misalignment is not critical.

Figure 16(a) shows the direct comparison between
the ATPM, the RGB method and the TF-RGB method
in the zone of the measurement section with retardation
not higher than half fringe order. The retardation eval-
uated by the TMCM and the principal stress difference
are also shown. Figure 16(b) shows the errors of the
three methods evaluated with respect to the TMCM.

Figure 16 clearly shows that the RGB method by
itself is affected by not negligible errors in the field d \
0.5 fringe orders and that such errors can be reduced
using the tint plate (TF-RGB) or the reference fringes
(TF-RGB).

The average errors are 20.027 fringe orders, 0.006
fringe orders and 20.006 fringe orders for RGB
method, TF-RGB method and ATPM, respectively,
with a SD of 0.022 fringe orders for RGB method,
0.007 fringe orders for the TF-RGB method and 0.014
fringe orders for the ATPM.

Stresses

The stress sx along the y-direction normal to the edge
glass was evaluated using equations (4) and (5). As
mentioned above, these equations are valid near the
edge where the edge orthogonal stress sy is nearly zero.
For the tested glass, the value of the photoelastic con-
stant C0 = 3 Brewster was used.

Figure 17 shows the sx stress in the reference section
of the ROI in the glass door, determined by the simpli-
fied PSM TPSM (from Figure 8) and, for comparison,
by the TMCM, as a function of the distance from the
edge. The results obtained using the other methods are
practically equivalent.

Discussion and conclusion

This article concerns a critical assessment of the follow-
ing automated methods of analysis of edge residual
stresses in glass: GFP, SCA, general and simplified
method of phase shifting, RGB photoelasticity by self-
calibration procedure, TF methods, using the CFM in
monochromatic light and RGB photoelasticity in white
light, and finally the ATPM. The methods analyzed in
the article can effectively automate manual methods,
many of which are reported by technical standards.

Figure 15. ATPM: (a) retardation and principal stress difference (s12s2) as a function of the distance from the edge of the glass y
and (b) errors evaluated with respect to the TMCM.
ATPM: automated tint plate method; TMCM: Tardy manual compensation method.
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Table 1 shows indicatively the correspondence between
the manual and automatic methods indicated above.

Table 2 summarizes the characteristics of the meth-
ods described above with reference to the following
aspects: (1) commercial apparatus, (2) restrictions on

the parameter of the isoclines, (3) acquisition system,
(4) additional equipment, (5) system calibration, (6)
number of acquisitions and (7) external information.
These aspects are discussed below.

Commercial apparatus

Commercial devices for the analysis of membranal resi-
dual stresses in the glass have been proposed in the mar-
ket4,10,12,18 such as the Edge Stress Meter marketed by
Sharples10 based on the compensation of Sénarmont,
the GF 1200 polariscope sold by Glass Photonics18

based on GFP, the automated edge-stress measurement
system PES-100 marketed by Strainoptic Technologies4

based on SCA and the automated polariscope AP-06
proposed by GlasStress12 based on the general PSM.
The other methods, as well as the general PSM, can be
easily implemented using components normally found
in photoelastic laboratories.

Restrictions on the parameter of the isoclines

The limitation regarding the isoclinic parameter applies
to all methods except GFP and SCA methods and the
PSM and RGB photoelasticity. The other methods can

Figure 16. Comparison between the ATPM, the TF-RGB method, the RGB method and the TMCM for low retardations (d4 0.5
fringe orders): (a) retardations and principal stress differences (s12s2) as functions of the distance y from the edge of the glass and
(b) errors evaluated with respect to the TMCM.
ATPM: automated tint plate method; TF: test fringes; TMCM: Tardy manual compensation method.

Figure 17. Stress sx along the measurement section of the
ROI based on the simplified phase-shifting method TPSM and
the manual compensation method TMCM.
TPSM: Tardy phase-shifting method; TMCM: Tardy manual compensation

method.

Table 1. Correspondence between manual and automatic photoelastic methods for analysis of residual stress in glass.

Manual methods References Automatic methods

Goniometric compensation ASTM C978,6 ASTM F218,7

ASTM C1488 and UNI 7220:19979
Phase-shifting methods, GFP

White light photoelasticity ASTM C978,6 ASTM F218,7

ASTM C1488 and UNI 7220:19979
RGB photoelasticity, SCA

White light photoelasticity with tint plate ASTM C9786 and ASTM F2187 Automated tint plate method, SCA
Test fringes method Aben and Guillemet1 Automated test fringes methods:

CFM and RGB methodsBabinet and Babinet–Soleil compensators ASTM 12795 and ASTM C9786

GFP: gray-field polariscope; SCA: spectral content analysis; CFM: center fringe method.
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be used for the determination of residual stresses close
to straight edges where the isoclinic parameter is known
and constant. The misalignment of the isoclinic para-
meter is not critical: thus, isoclinic errors up to about
10�, 15� and 20� are permissible for the Sénarmont
PSM, ATPM and TPSM, respectively.

Acquisition system

The methods based on the SCA technique and RGB
photoelasticity require the use of a color image acquisi-
tion system, while for all the other techniques a mono-
chromatic system is used.

Additional equipment

The additional equipment (carrier), consisting of a
Babinet compensator or a bending specimen, is
required by TF methods in order to modulate the
fringes in the glass. A full-wave plate is required for the
ATPM. The GFP and SCA methods require special
equipments.

System calibration

Calibration of the system is necessary for methods that
use GFP, SCA and RGB photoelasticity.

Number of acquisitions

The number of acquisitions, which is up to 20–30 for
manual goniometric compensation methods and
between 4 and 6 (usually 6) for the general method of
phase shifting, is 3 for the simplified PSMs and 1 for
the others. The GFP requires the rapid acquisition of 8
or 16 images that are obtained rotating the analyzer by
a dedicated automated system.18 The SCA is a point-

by-point method although the acquisition is very
rapid.4

External information

PSMs require external information (the total retarda-
tion at a point of the model) in order to correctly iden-
tify the fringe order after the unwrapping procedure.
The GFP does not require an external information (in
the case in which the retardation is low enough to con-
sider equation (12) as true).

In the following, some considerations on the use of
the proposed methods are indicated, based on the data
presented in Table 2. Methods such as GFP and SCA
are well established as evidenced by the commercial
equipment available. For the characteristics and perfor-
mance of these devices, reference is made to information
provided by the manufacturers.4,18 For what concerns
the methods based on traditional polariscopes, and
therefore implementable without resorting to special
equipment, the considerations given below can be made.

As a general rule, the PSMs and, in particular, the
simplified ones are preferable. In fact, these methods do
not require calibration procedures and carrier fringes.
Moreover, the relative low retardation reduces the diffi-
culties in the application of the unwrapping procedures.

In cases in which multiple acquisitions are not allow-
able, the last three methods of Table 2, based on a sin-
gle acquisition, can be taken into account. In particular

1. RGB photoelasticity (without reference fringes)
has the advantage of being independent of the iso-
clinic parameter, although it may give inaccurate
results in the range 04 d4 0.5 fringe orders, as
previously shown.

2. In the range 04 d4 0.5 fringe orders, the TF
method applied by means of RGB photoelasticity

Table 2. Characteristics of photoelastic methods for analysis of membrane residual stresses in glass.

Method Commercial
apparatus

Isoclinic
limitation

Acquisition
system

Additional
equipment

System
calibration

Number of
acquisitions

External
information

Goniometric
compensation
(TMCM)

Yes Yes – – – 20–30 Yes

GFP Yes No Monochrome Special equipment Yes 8–16 Noa

SCA Yes No Monochrome Special equipment Yes Point by point No
Phase shifting
(general), PSM

Yes No Monochrome No No 4–6 Yes

Phase shifting
(simplified), TPSM

No Yesb Monochrome No No 3 Yes

RGB photoelasticity No No Color No Yes 1 No
TF by CFM No Yesc Monochrome Yesd No 1 No
TF by TF-RGB No Yese Color Yesd Yes 1 No
ATPM No Yesf Color Yesg Yes 1 No

TMCM: Tardy manual compensation method; GFP: gray-field polariscope; SCA: spectral content analysis; CFM: center fringe method; PSM: phase-

shifting method; TPSM: Tardy phase-shifting method; TF: test fringes.
aFor small values of the retardation.bApplicable near straight or slightly curved edges.cApplicable near straight edges, with isochromatics parallel to

the edge and reference fringes orthogonal to the edge.dBabinet compensator or specimen subjected to bending. eApplicable near straight edges with

reference fringes orthogonal to the edge. fApplicable near straight edges with tint plate axes properly aligned to the edge. gTint plate or specimen

subjected to tension (or Babinet–Soleil compensator).
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and the ATPM can noticeably mitigate such disad-
vantage, as previously mentioned.

3. The TF method (applied by means of the CFM) is
easy to be applied since the calibration procedure
is not required, although the presence of a carrier
is needed; this method, where applicable, proves to
be very effective.
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