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ABSTRACT: This paper presents the issue of a long research on the representation of the complex 
surface in descriptive geometry. The ability to use the different techniques of representation aims to 
achieve results that you didn’t image before. In Palermo University, at the Engineering School, the 
researcher involved the study on the simplify of the so elaborated way to represent the geometry 
and its applications in architecture buildings and engineering implants. We just report below the 
application methods to represent two of the most used quadric surfaces in the practice of buildings. 
We are talking about Hyperboloid and Paraboloid quadric surface represented in axonometric 
projecting. This method is the result of the experimental homology applied to the axonometric 
projection. We’d like to have the opportunity to show the method that is beyond the below 
application and hope to have this choice in an other time. We remained to the bibliography of the 
other works where there is explained the theory method to become to the application.   
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1. INTRODUCTION 
In the below application of the axonometric 

projection we applied the homology method to 
obtain from the turnover of the real geometry 
figure in scale to the projection of it. The 
method, issue of the research, is the 
simplification of the traditional axonometric 
method projection and is focused on the 
turnover homology in which we have the axis 
of homology in the trace of the plane of the 
figure and the centre of the homology at 
infinite point in orthogonal direction respect the 
trace.  
This is possible to consider because the 
projection is orthogonal and the turnover is 
applied around the trace of the plane. So we 
will have the projection point and the turnover 
point aligned into the orthogonal direction from 
the trace line. The points, the one limelight and 
the one projected are placed in two 
correspondent lines that intersect themselves on 
the trace line. This is the major simplification 
that we can do to have a correct representation 
with the minor effort.       

2. HYPERBOLOID (L. INZERILLO) 
In mathematics, a hyperboloid is a quadric – a 
type of surface in three dimensions – described 
by the equation (1) and (2): 
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hyperboloid of one sheet,  

or 
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hyperboloid of two sheets.  

Figure 1: Cathedral of Brasilia, Brazil and 
McDonnel Planetarium of St Luis, Missouri. 
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The hyperboloid of one sheet is called 
hyperbolic hyperboloid; the hyperboloid of two 
sheets is called elliptical hyperboloid. If and 
only if a = b, it is a hyperboloid of revolution, 
and is also called a circular hyperboloid. 

2.1 The elliptical hyperboloid 
The construction of the quadric surface with 
elliptical points, called hyperboloid of two 
sheets, is based on two principal data. The first 
one is an elliptical direct line ed' that we place 
on xy, with centre in 0xy  and the axes are 
parallel to H-3 and 1-3, that in axonometric 
projection aren’t axes yet but are conjugates 
diameters 4-0xy'-4 and 5-0xy'-5, from which we 
can extrapolate the axes 6-0xy'-6 and 7-0xy'-7 
(Fig. 2). The second one, on the vertical plane 
with trace 4-0xy'-4, is the generator hyperbole 
ig1', that, revolving around its focal axis and 
axis of the hyperboloid, modify with continuity, 
becomes the ig2', when it is in a quarter of the 
rotation;  the point called 6 goes along the ed' 
and the cord goes from the value 4-0xy'-4 to 
5-0xy'-5 generating the ig2'. 
The real dimension of 0xy-4 is 0xy'-8 that’s 
parallel to H-2; we can read the values of 
0xy'-V*and 0xy'-C*, on the orthogonal line to 
0xy'-8 and parallel to z*; we have the 
asymptotes t1*, t2* of the hyperbole; consider 
the line 8-V*-9, the one 9-10-11 parallel to H-2, 
the one 10-12 parallel to H-3 and the 10-13 
parallel to O*-O', the 10-13 shifts in 13-14; the 
line C'-14 is t1' and the line C'-15 is t2'. 
We prove that 4-16 is the equal to V'-15; we 
suppose to conduct to V’ one of the secant 
straight line t1' in X1' and t2' in X2', it’s enough 
to report the distance V'-X2' from X1' to V' to 
obtain on the secant straight line a new point of 
the hyperbole ig1'; the parallel line to intersects 
the axis and derives its symmetric point; we 
obtain, in this way, the diameter of another 
ellipse that’s homothetic to the direct curve line 
ed' of which we construe the other conjugate 
diameter, the axes and the ellipse, according to 
the well know executive way. 
We made the same method in three other 
elliptic sections; connecting the extreme points 

of the diameter we obtain the hyperboles ig1' e 
ig2'; we can conduct for the centres of the 
ellipses the semi diameters parallel to obtain all 
the hyperboles that we want. 

 

Figure 2: Elliptical hyperboloid. 
 
The apparent counter line is obtained by the 
envelope and results more correct than gripper 
is the series of the ellipses we consider; is 
important to remark that the vertex is covert by 
the apparent profile line; the asymptotes that 
we talked above are belong to the asymptotic 
cone with vertex in C'; the cone section on xy is 
an ellipse that’s homothetic to the direct line ed' 
defined by the diameter 17-0xy'-18; the 19 and 
20 lines that’s are tangent to the homothetic 
ellipse from C’, are generatrixes of the apparent 
counter line of the asymptotic cone.  
The plane sections, so we aspect for every cone, 
can result, according its recumbence, ellipses, 
circles, parables, hyperboles and that can result 
on the hyperboloid with two flakes.   
Of the volume, that’s partial yet, limited, 
truncated by the open one twice to the infinite, 
in according to the data position, we can obtain 
representation with very different final 
perceptive impact very different; it should be a 
calyx, a dome, a convex prominence in 
extrados, a concave cavity in intrados.  
The processing with sector planes can generate 
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veils vault with hyperboloid panache, with 
cross, with modular or sequential compositions, 
with graph, ecc.; in the same moment in which 
there is the thickness of the walls it s necessary 
to though over the convention and it 
presupposes property of knowledge and having 
attention and self-control capability. 
At last the director line can be a circle and in 
this case the generator hyperbole is one and the 
hyperboloid is circle, easier than the above case; 
remain to consider just the ordinary canonical 
problems: belonging of a point to the surface, 
intersection between a straight line and the 
surface, distance of a point from the surface, 
minimal distance between two points of the 
surface, tangent straight line in a point of the 
surface, exposition, or not, of a point from 
another point for the interference of the surface, 
tangent planes for a point, ecc. 

2.2 The hyperbolic hyperboloid 
The hyperbolic hyperboloid is a scratch surface 
non developable; we could think about it like 
simply generated opposing two equals 
circumferences, parallel the first to the second 
one, orthogonal to the axis, divided in the same 
parts, corresponding to both the relative origins, 
placed on a parallel straight line to the axis, on 
which there are the centres at a well know 
distance and all the n divisor points obtained 
for the equals numeration. 
Well done! Now we have to intercept the 
buckle curve that we obtain by hyperbolic 
hyperboloid. If the k point placed above one of 
the two circumferences is blend to a point of 
the other circumference placed in K+s, con s 
different by n or n/2, by a generator straight 
line, that moves according an unit in K+1 and 
K+s+1, we obtain the just said buckle curve. 
The same buckle curve is possible to obtain 
with a second rank of right lines, with the first 
generator straight line conduct for K+s of the 

first and k of the second, with the same method 
application explained above; we obtained a grid 
of skews straight lines; for each point of the 
grid exist two straight lines placed on the grid, 
the first one of the first rank and the second of 
the second rank; the two straight lines are 
coplanar and the plane that them belong is 
tangent to the surface, also if this plane 
intersect the surface in two parts; the surface of 
the hyperbolic hyperboloid is with hyperbolic 
points. (Figg. 3, 4, 5) 
 

 

Figure 3: Arndale Bridge over Corporation 
Street in Manchester, England. 

 
Every generator straight lines is skews with all 
straight lines of theirs rank and intersects all the 
generators straight lines of the second rank; the 
projection of each generator straight line on the 
plane of one of the director circumferences, 
envelops one circumference that is director 
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circumference of a coaxial cylinder that 
contains the ogee director section, of minimum 
radius with centre placed on the axis in the 
middle point of the straight line that’s 
conducted to the centres of the two equals 
director circumferences. 
We observe that if the voluntaries lag is n/2 the 
ogee becomes a point, vertex of a conic surface 
which the two director straight lines are 
symmetric sections respect the vertex.  

 

 

Figure 4: Hyperbolic hyperboloid of equals 
director straight lines. 

 
The data to construct the hyperbolic 
hyperboloid can be two parallel director circle 
different among themselves which  one of it 
can be the same of the one of ogee; the 
executive process is the same; we can obtain 
the surface using like generator lines the two 
hyperbole branches rotating of half convolution 
around the non focal axis. The axonometric 
image has the hyperbole contour line, large or 
stretch according the connection lag that’s can 
be small tending to 0 or large tending to n/2; 
the exposition of the resulting volume 
according to the data choice -like the 
homological rapport or the plane recumbence 

of the two bases or the radius dimension or the 
two bases distance- couldn’t be assure the view 
of the apparent contour line hyperbole branches, 
denying the relative chiaroscuro effect that 
characterize the surface.  
 

 

Figure 5: Canton Tower near Chigang 
Pagoda, Haizhu District, Guangzhou, China 

and Hong Kong Kobe Tower, Japan. 
 

In the figure I choice two equal parallel director 

curves, orthogonal to the axis, not circular but 

elliptical which projection – obtained by the 

previous elliptical hyperboloid of two sheets- is 
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elliptical yet; the obtained image is gaudy (Fig. 

3).  
There are a lot of important questions that 
aren’t about the practice but about the theory; 
the projection of the ellipse has been divided in 
48 parts, homological hereto to a circumference 
of diameter equal to the major axis that’s easy 
to divide. We had to proceed subdividing in 
equals parts the real ellipse that corresponding 
to that propose directly in projection to have 
consecutively the divide projection; in the case 
of the picture, the effect of that we said is that 
the two generator straight lines ranks goes to 
two different surfaces. The beautiful image 
doesn’t have the expected quality and doesn’t 
represent the hyperbolic hyperboloid geometry; 
the subdivision in not equal parts changes the 
pendency of the generator straight line on the 
recumbence of the director curve. 

 

Figure 6: Circle Hyperbolic hyperboloid of 
different director straight lines 

 
In figure 6, the director curve plane is vertical 
and parallel to the axis and its trace is on the 
base and it’s equal to the cord; being left over 
the generator curve of an archlet above and of 
another one behind, also if we are talking about 
two archlets with the real equal length, the 

relative cord in the ellipse can not be the same; 
that goes on the circumference and not in an 
ellipse; so the pendency changes infracting the 
geometric requirements. The example in the 
figure 6 is circle hyperbolic hyperboloid with 
director different curves. One-sheeted 
hyperboloids are used in construction, with the 
structures called hyperboloid structures. 
A hyperboloid is a doubly ruled surface so can 
be built with straight steel beams, producing a 
strong structure more cheaply than other 
methods.  
Hyperboloid structures are architectural 
structures designed with hyperboloid geometry. 
 

  

Figure 7: Tall popular tree in Astana, 
Kazakhstan and Air Traffic Tower in 

Barcellona airport, Spain. 



 

 

 

6 
 

 

    
Figure 8: Wicona Tornado Tower in Doha Bay, 

Qatar. 
 
Often these are tall structures such as towers 
where the hyperboloid geometry's structural 
strength is used to support an object high off 
the ground, but hyperboloid geometry is also 
often used for decorative effect as well as 

structural economy. 
Examples include cooling towers, especially of 
power stations, Tornado Tower, cathedrals and 
many other structures. (Fig. 1, 3, 5, 7 8, 9) 
 

 

Figure 9: Cooling Towers 

3. PARABOLOID (F. DI PAOLA) 
In mathematics, a paraboloid is a surface of 

the second order, it is a quadric, and it is the 
geometric locus of points (real or imaginary) in 
the space, described by a quadratic equation in 
three variables of the form (1) or (2): 
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elliptic paraboloid 
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hyperbolic paraboloid. 
 

If the quadric surface has one common point 
(two imaginary straight lines) with a plane 
tangent to it, then the paraboloid is elliptical 
(quadric with elliptical points); if, instead, the 
surface has in common two straight lines real 
and distinct, then the paraboloid is hyperbolic 
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(quadric with hyperbolic points). In both cases, 
the name of the surface derives from the fact 
that its vertical sections are just parables. 

3.1 The elliptical paraboloid 
The elliptical paraboloid, or not ruled, is a 

quadric with elliptical points, it has an 
improper center in the normal direction to the 
tangent plane in its only vertex and, respect to 
the tangent plane, it remains to the same side 
entirely. It has two reciprocally orthogonal 
planes of symmetry containing: the two main 
parabolas – that have the vertex and the axis in 
common with the paraboloid – and the axes of 
all elliptical sections.  
The paraboloid can be constructed considering 
the two main guideline parabolas and 
generatrix ellipse one, that is perpendicular to 
the axis of the quadric surface. The geometric 
locus is generated by the infinite ellipse having 
each of them: the center on the paraboloid’s 
axis and the extreme points of the major and 
minor axes on the main parables.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 10: Elliptical paraboloid. 
 

These latter points are determined by the 
intersection of the parables with parallel planes 
to the tangent plane at the paraboloid’s vertex. 
When the generatrix conic translates its center 

on the axis, its two axes decrease in homothetic 
relation towards the top, generating the elliptic 
paraboloid. In the figure 10, we represent the 
projection of an elliptical paraboloid with 
respect to axonometric system of coordinates in 
orthogonal axonometry. The diameters 
conjugated 5-0'xy-5, and 6-0'xy-6 are the 
projection of the axes of the generatrix ellipse, 
that we place on xy; we determine the axes of 
the ellipse and its axonometric image; the 
projection of the guideline parables is obtained 
in the parables 5-7-5 and 6-7-6; we can 
extrapolate the center of the other sections on 
0'xy-7; by homothety we determine ellipses and 
their axes; the apparent counter line is a 
parabola (as it is the axonometric projection on 
the plane π of the parabola of the quadric that is 
polar conic of the projection center), that we 
can represent for envelope; its axis is parallel to 
0'xy-7 and its vertex is the point of tangency 
respect to direction of the trace txy. 
If the two main guideline parables are equal, 
when in (1) a = b, the paraboloid is called 
“circular” or “of revolution”; in this case the 
generatrix section is a circle. Respect to 
axonometric system of coordinates, the  
projection the latter is always an ellipse, except 
the case in which the axis of the quadric is 
orthogonal to the plane of projection π. More 
simply, we can think the surface generated by a 
parabola that rotates around the axis, describing 
a circular guideline. 

3.2 The hyperbolic paraboloid 
The hyperbolic paraboloid is a ruled quadric 

with center at infinity, not developable surface, 
and, as it was mentioned earlier, it is a quadric 
with hyperbolic points – for which the tangent 
plane at a point on the surface has two real and 
distinct straight lines, one for each rank of 
generatrix lines. The two ranks of straight lines 
form a grid in the space, in which each straight 
line of a rank is skewed with the contiguous 
and intersects all the straight lines of the other 
rank. The quadric has two reciprocally 
orthogonal planes of symmetry which the two 
main parabolas belong respectively. It, in fact, 
presents a saddle, that is generated by 
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translation a generatrix parabola, keeping it in 
contact with another guideline parabola. These 
latter have their concavity in opposite direction 
(axes directed in the opposite direction).  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 11: Hyperbolic paraboloid. 

 
In the figure 11, we represent the projection of 
an hyperbolic paraboloid with respect to 
axonometric system of coordinates in 
orthogonal axonometry.  
We give a skew quadrilateral 12-9-13-9, it 
represents a portion of the hyperbolic 
paraboloid subtended by itself. We have two 
vertical parabolas, 12/11/13 and 9/11/14, which 
reciprocally have their projections on the 
coordinated plane xy corresponding to the 
diagonals 8-10-8 and 9-10-9 of the rectangle 
8-9-8-9. The four lines that define the surface’s 
portion, either, one of them is the guideline and 
the other is generatrix. The tangent plane of the 
surface in the vertex 11 divides it into two parts, 

upper and lower, according to the two straight 
lines drawn dashed. The spatial grid, generated 
by two ranks of straight lines, and its projection 
on the coordinated plane xy are used to check 
the membership of the point 15 of projection 
point 16, using the linear coordinates; the 
tangent plane in point 15 contains the two 
straight lines of the grid, in which the point 15 
belongs.  
All the vertical plane sections, axial and not 
axial, are parables, as it is the 19-20; points are 
derived from the intersections with the 
projections of the generatrix straight lines 
17-18 on the base grid. The section with a 
generic plane has three possible solutions: 
hyperbolas, parabolas or two generatrix  
straight real incident lines.  
The texture of the grid gives rise to the curved 
profile of the apparent counter line, which is a 
parabola (as it is the axonometric projection on 
the plane π of the parabola of the quadric that is 
polar conic of the projection center); the 
parable 11-9-14 touches it in 21; the cutting 
plane 22-23-2, that is parallel to the base plane, 
identifies a hyperbola; the arc of a hyperbola 
22-24 is one of two branches of hyperbola; the 
other one is obtained by symmetry; the center 
of the hyperbola on the section plane is 
common to the plane and to a straight axis; the 
parallel line to the diagonal 23-25 through the 
center is the axis of the foci of the hyperbola. 
If 8-23 decreases the conic arc widens; if it 
becomes less than 10-11, we have the inversion 
of the two branches of the section hyperbola; if 
the section plan is parallel to plane which a 
parabola belongs, it generates the same 
translated parabola; if the section plan is 
parallel to plane which a hyperbola belongs, it 
generates a different hyperbole, whose vertices, 
approach themselves to the center, until 
coincide with it; this curve degenerates in the 
two asymptotes, the straight lines belong to 
parallel tangent plane. We assume null 9-14 
and we determine the projection square base; 
we quadruple the left element bounded by the 
arc of a parabola 9-11-9 around its axis 8-12, it 
generates a cross cover on a square base.                
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Figure 12: Combination of hyperbolic 

paraboloid’s surfaces. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 13: Drawings and image of 
L'Oceanogràfic, Valencia, Spagna. 

We assume null 8-13; the combination of this 
element resulting can become a pavilion roof 
on a square base, with a central spire; the plant 
of this can be any quadrangle, with modular 
sequences (Fig. 12). We plan to split a pair of 
concentric and homothetic polygons, regular 
and not regular, with n sides, and we generate 
quadrilaterals sets of hyperbolic paraboloid’s 
surfaces for combined radial and repeatable; we 
can get an effect of perception, visual and 
intellectual, of great interest, not only for the 
form but also for the light and shade effects that 
characterize the parabolic saddle. Depending 
on the choice of orientation of the base sides 
we can obtain an apparent counter line with 
greater efficiency at the sight; the experience is 
crucial in predicting the exposure and the 
choices of data suitable to achieve expected 
results and rewarding. 

3.3 The paraboloid in Architecture 
We can draw a finite volume of an elliptic 

paraboloid, that can be full or empty, a cup, a 
dome, a spindle, a clove, a wedge with 
triangular or polygonal surface, a star, a sail, a 
plume, a cruise-hall, ecc. 
In the field of application, we can use it such as 
mirrors or parabolic reflectors used as antennas 
having the shape of the paraboloid of rotation 
which allows to "capture" a greater quantity of 
information, this converging in a single focal 
point. The combination of hyperbolic 
paraboloids, similar or not similar, but having, 
in pairs, at least one side in common, gives rise 
to interesting geometrical-spatial configurations 
(Fig. 13). Thanks to the variability and 
flexibility of formal composition, the use of the 
saddle surface is particularly effective in 
systems of large covers of architectural spaces 
to polygonal or star plant (temporary pavilions, 
halls, stadiums, churches, viaducts, ecc.). In 
this  architectural spaces there aren’t 
intermediate supports, and thus they are 
suitable for dynamic and diversified activities.  
The design with the hyperbolic paraboloid 
provides structural solutions of high aesthetic 
value with the use of construction materials 
considerably lighter than the traditional ones.  
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Figure 14: The Pedestrian Bridge  

Volantin, Bilbao. 
 
Architects and structural engineers of the XX 
century, pioneers of new ways of “thinking” 
about architecture (citing some of them: Le 
Corbusier, Torroja, Candela, Nervi, Gaudi, 
Morandi, Otto Frei, Gehry, Calatrava) 
experienced daring and original buildings with 
the use of hyperbolic paraboloid (Figg. 
14,15,16). In addition, the characteristic that 
distinguishes this particular ruled surface is to 
be a double curvature, while being generated 
by systems of straight lines. In the practical 
construction: of great vaults "shell" in 
reinforced concrete, of complex systems in 
wooden, or of tensile structures, the double 
curvature provides a resistance to the 
deformability appreciably higher than that 
offered by simple curvature surfaces. 
 
 
 
 
 
 
 
 
 
 
 
Figure 15: The Saddledome of Calgary Canada. 

 

 

 

 

 

 

 

 
Figure 16: Sheds in Bad Munder, Germania. 
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