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a b s t r a c t

A control system that uses type-2 fuzzy logic controllers (FLC) is proposed for the control of a
non-isothermal continuous stirred tank reactor (CSTR), where a first order irreversible
reaction occurs and that is characterized by the presence of bifurcations. Bifurcations due
to parameter variations can bring the reactor to instability or create new working conditions
which although stable are unacceptable. An extensive analysis of the uncontrolled CSTR
dynamics was carried out and used for the choice of the control configuration and the devel-
opment of controllers. In addition to a feedback controller, the introduction of a feedforward
control loop was required to maintain effective control in the presence of disturbances.
Simulation results confirmed the effectiveness and the robustness of the type-2 FLC which
outperforms its type-1 counterpart particularly when system uncertainties are present.

� 2011 Elsevier Inc. All rights reserved.
1. Introduction

Systems characterized by high nonlinearities are difficult to control by controllers developed using linearized models, like
traditional PID controllers. Although these controllers may be tuned in order to be effective at certain conditions, they are not
very robust and may also destabilize the whole system if some parameters change. This is particularly true for systems
which present bifurcations. These non linear systems are in fact dependent upon one or more parameters and their operative
conditions are stable only if the values of these parameters remain within a limited range [18]. This is the case for the non-
isothermal continuous stirred tank reactor considered in this work. If the reactor parameters, that behave as bifurcation
parameters, go out of this range, and this can happen also for very small changes, then the initial equilibrium point may be-
come unstable, or the reactor may also reach new equilibrium points that although stable are unacceptable as operative con-
ditions of the reactor. Nonlinear controllers, like fuzzy logic controllers, are used to control such systems because they are
much more robust and can handle the system parameter changes.

Two types of fuzzy logic controllers have been so far considered: type-1 [46] and type-2 [23,33,45]. Past works
[7,11,19,31,42,44] have shown the superiority of type-2 fuzzy logic controllers over their type-1 counter-parts. This is be-
cause type-2 fuzzy logic controllers can also handle uncertainties [26,34] present in the system and in the input data to
the controller [15]. Type-2 fuzzy logic controllers [16,17] have been already applied in the field of process control: liquid
level process control [44], wheeled mobile robot control [32], autonomous mobile robot [10], micro-robot [1], anaesthesia
control [7], DC motor control [6], Kundur Test System [40], biochemical reactor [13], nth order nonlinear system [27],
cable-driven parallel mechanism [4], inverted pendulum system [28], chaotic systems [29], multivariable nonlinear systems
[30].
. All rights reserved.
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This paper presents the application of type-2 fuzzy controllers, with a mixed feedback–feedforward structure, to the con-
trol of an isothermal continuous stirred tank reactor (CSTR) that presents bifurcations. The simple feedback control is not
adequate for the control of the reactor due to of the presence of several bifurcation parameters. Furthermore the uncertainty
of parameters does not permit to have a robust controller.

A mixed feedback–feedforward control structure that makes use also of type-2 fuzzy controllers is proposed. It is a new
approach that uses the feedforward control to cope with the presence of bifurcations that may arise from measurable dis-
turbances and type-2 fuzzy sets to make the control system more robust in particular if there is parameter uncertainty.

The approach is based on the knowledge of the continuation diagrams of the process model for choosing the control strat-
egy. The model is obviously different from the real process but if the parameter uncertainties can be taken into account by
the control system an optimal use of the knowledge of the process is achieved.

The paper is organised as follows: in Section 2, the mathematical model of the CSTR is introduced; in Section 3, the dy-
namic behaviour of the uncontrolled reactor is analysed; Section 4 discusses the two different types of controllers used in the
simulation and their implementation; simulation results and discussion are given in Section 5; conclusions are presented in
Section 6.

2. CSTR model

The case of a simple non-isothermal CSTR [25,41] is considered in this paper. The reactor is the one presented in various
works by Perez and Albertos [38,39] in which the exothermic reaction A ? B is assumed to take place. The heat of reaction is
removed via the cooling jacket that surrounds the reactor. The jacket cooling water is assumed to be perfectly mixed and the
mass of the metal walls is considered negligible, so that the thermal inertia of the metal is not considered. The reactor is also
assumed to be perfectly mixed and heat losses are regarded as negligible. The reactor model equations, assuming constant
volume and no control, are the following:
dCa
dt
¼ F

V
ðCao � CaÞ � a � Ca � eð�E=RTÞ ð1Þ

dT
dt
¼ F

V
ðT0 � TÞ � H

qCp
a � Ca � eð�E=RTÞ � UA

qVCp
ðT� TjÞ ð2Þ

dTj

dt
¼ Fj

Vrmj
ðTj0 � TjÞ þ

UA
qjV jCpj

ðT� TjÞ ð3Þ
The equations are obtained by a component mass balance (1), an energy balance in the reactor (2) and a energy balance in
the jacket (3). Variable and parameter values are given in Table 1. The dynamics related to the jacket temperature can be
considered to be much faster than that related to the reactor temperature, thus the jacket time constant is negligible. There-
fore Tj can be calculated by the algebraic Eq. (4)
Tj ¼
qjCpj � Fj � Tj0 þ UA � T

qjCpj � Fj þ UA
ð4Þ
A simplified model with two equations in Ca and T can be derived substituting Tj, given by Eq. (4), into Eq. (2).
In order to generalise the mathematical model of the reactor, Eqs. (1), (2) and (4) can be expressed in a dimensionless

way, leading to the following state-space model:
dx2

ds
¼ x60

x1
ðx20 � x2Þ � c0x2 � e�1=x3 ð5Þ

dx3

ds
¼ x60

x1
ðx30 � x3Þ þ c1x2 � e�1=x3 � c2c3x5 � ðx3 � x40Þ

x1ðc3x5 þ c4Þ
ð6Þ
The definition of the dimensionless variables is given in Table 2 and a more detailed description can be found in the work of
Perez and Albertos [39].

3. Analysis of the reactor dynamics

It is well known that an exothermic CSTR without control can have multiple steady states and bifurcations [2,39]. This can
lead to difficulties in the design of a controller. Using the dimensionless Eqs. (5) and (6) a thorough analysis of CSTR dynam-
ics was carried out with the aim of allowing to choose a suitable control configuration and to design the controllers. For the
system under study the bifurcation parameter is the coolant flow rate of the CSTR jacket (dimensionless parameter x5). In
Fig. 1 the continuity diagram x3 (dimensionless reactor temperature) vs x5 is shown. In the diagram it is possible to identify
three regions: a higher and a lower branch (continuous line) characterized by stable points and one region (dashed line) in
the middle characterized by instability.

Let us suppose that the initial state of the reactor corresponds to point A (x3 = 0.0443; x5 = 1.50). Following a little change
in the bifurcation parameter (from x5 = 1.50 to x5 = 1.54) the system moves from a stable region to an unstable region



Table 1
Variables, nominal operating conditions and parameter values.

Variable Description Value

Ca Reactant concentration of the outlet stream (kmol A/m3)
F Volumetric flow rate of the outlet stream (m3/h)
Fj Volumetric flow rate of the cooling water (m3/h)
Fo Volumetric flow rate of the inlet stream (m3/h)
T Reactor temperature (K)
Tj Jacket temperature (K)
V Reactor volume (m3)
A Heat transfer area (m2) 23.22
Cao Reactant concentration inlet stream (kmol A/m3) 8
Caor Initial reactant concentration (kmol A/m3) 3.92
Cp Heat capacity of inlet and outlet streams (kJ/kg K) 3.13
Cpj Heat capacity of cooling water (kJ/kg K) 4.18
E Activation energy (kJ/kmol) 69815
Fjs Steady state volumetric flow rate of cooling water (m3/h) 1.4130
Fos Volumetric flow rate of inlet stream (m3/h) 1.13
H Enthalpy of reaction (kJ/kmol) 69815
R Perfect gas constant (kJ/kmol K) 8.314
Tr Set point temperature (K) 309.9
To Inlet stream temperature (K) 294.7
Tjo Inlet stream cooling water temperature (K) 294.7
U Overall heat transfer in the jacket (kJ/(h m2 K)) 3065
Vj Jacket volume (m3) 0.085
Vs Steady state reactor volume (m3) 1.36
a Preexponential factor from Arrhenius law (h�1) 7.08 � 1010

q Density of the inlet and outlet streams (kg/m3) 800
qj Density of cooling water (kg/m3) 1000

Table 2
Dimensionless variables.

Dimensionless
variable

Definition Dimensionless
variable

Definition

s Fos � t/Vs c0 Vs � a/Fos

x1 V/Vs c1
⁄ Vs � a � H�R � Caor

x2 Ca/Caor c11
⁄ Fos � q � cp � E

x3 R � T/E c1 c1
⁄/c11

⁄

x5 Fj/Fjs c2 U � A/q � cp � Fos

x20 Cao/Caor c3 Vs � Fjs/Fos � Vj

x30 R � To/E c4
⁄ q � cp � Vs/qj � cpj � Vj

x40 R � Tjo/E c4 c4
⁄ � c2

x60 Fo/Fos
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(position B). The Hopf bifurcation point (H) and the lower limit point (LP) [3,12] bound the unstable region. In Fig. 2 the
change with time of the dimensionless reactor temperature x3, after a step change in x5 from 1.50 to 1.54 at s = 10 is re-
ported. The reactor temperature x3 oscillates with increasing amplitude until it reaches a constant oscillation amplitude:
the reactor moves from the stable region to the unstable region (from A to B in the continuity diagram of Fig. 1) [37].

The phase state diagram of Fig. 3, x3 vs x2, instead shows the three equilibrium points corresponding to the bifurcation
parameter value x5 = 1.54 seen in Fig. 2. The equilibrium points, indicated by white dots, correspond, from right to left
respectively, to a stable node, an unstable saddle node and an unstable focus surrounded by a stable limit cycle (respectively
points P1, P2, P3 shown in Fig. 1).

Fig. 4 shows the effects that the variations of two additional variables, x60 and x30, can have on the reactor temperature. As
it can be seen a change in one or both variables modifies the bifurcation diagram x3 vs x5 of Fig. 1. The curve obtained at
x60 = 1.5 and x30 = 0.037 (the line in bold) corresponds to the initial stable condition of the reactor. The horizontal line indi-
cates the desired dimensionless temperature of the reactor (x3 = 0.0369, the value which would be chosen as set-point in a
feedback temperature control loop). By increasing x30 to 0.038, the initial curve shifts to the right and the CSTR remains in
the stable region. A fall in x30 to 0.0353 moves the curve to the left and the CSTR into the unstable region (the horizontal line
now crosses the dashed line of the new curve). A way of controlling the system in this unstable region is to use a traditional
feedback controller, that manipulates the coolant flow rate, with a high proportional gain. However experience has shown
that this solution is not acceptable in real systems since it would result in noise amplification and instability. A second and
preferable method, as demonstrated further on, is to manipulate a second process variable such as the inlet flow rate of the
CSTR, x60, in a feedforward control loop in which the input temperature x30 is measured.



Fig. 1. Dimensionless bifurcation plot x3 vs x5.

Fig. 2. Uncontrolled system simulation with a change from x5 = 1.50 to x5 = 1.54 (from the stable position A to unstable position B of the continuity diagram
of Fig. 2).
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By manipulating x60 it is in fact possible to shift the unstable region of the equilibrium curve over the set-point value,
maintaining the system in a stable region, without oscillations.

By reducing x60 from 1.5 to 0.75 the system in fact can be seen to move back into the stable region (out of the dashed line
of the new curve corresponding to x60 = 0.75 and x30 = 0.0353).

4. Type-2 fuzzy logic

4.1. Type-2 fuzzy sets

Here only the essential part of type-2 fuzzy sets and logic is presented. A more detailed introduction can be found in
[14,23].

A type-2 fuzzy set eA [22] is defined as:
eA ¼ Z
x2X

Z
u2Jx

leAðx;uÞ=ðx;uÞ Jx # ½0;1� ð7Þ
in which 0 6 leAðx;uÞ 6 1 is a type-2 membership function, x 2 X and u 2 Jx # [0,1], while the primary membership of x is the
domain of the secondary membership function.

In this paper only a particular case of type-2 fuzzy sets is treated: the interval type-2 fuzzy sets (IT2FS) [5]. An interval
type-2 fuzzy set eAI is defined as:
eAI ¼
Z

x2X

Z
u2Jx

1
u

� �" #
=x Jx # ½0;1� ð8Þ
Uncertainty in a fuzzy system may arise for several reasons [26]. A generalized theory of uncertainty has been recently
introduced by Zadeh [47]. All the uncertainties present in a system can be modelled in the shape and in the position



Fig. 3. Phase state diagram x3 vs x2 at x5 = 1.54.

Fig. 4. Dimensionless bifurcation plot x3 vs x5 with changing parameters values x30 and x60.
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using the FOU [34]: it represents the entire interval type-2 fuzzy set and its shading denotes interval sets for the second-
ary membership functions. For computing reasons it can be described in terms of upper and lower membership functions
(Fig. 5) [21].

If type-1 fuzzy logic systems are unable to directly handle uncertainties, type-2 fuzzy logic systems result to be very use-
ful in all circumstances where measurements are characterized by uncertainty and the choice of an exact membership func-
tion is difficult.

4.2. Type-2 fuzzy logic systems

As any type-1 Fuzzy Logic System (FLS), also a type-2 FLS contains four components: a fuzzifier, a rule-base, an inference-
engine and an output-processor [9,35]. The main difference between type-2 and type-1 FLSs is the output-processor, in fact
for a type-1 FLS it is just the defuzzifier, while, for a type-2 FLS it contains two components: the type-reducer, that maps a
type-2 fuzzy set into a type-1 fuzzy set, and a second component, a normal defuzzifier, that transforms a fuzzy output into a
crisp output [7,26]. In Fig. 6 a general type-2 FLS is depicted.

The rules of a type-2 FLS have the same structure of a type-1 FLS, the only difference consisting in the nature of mem-
bership functions. The lth rule has in fact the following form:
Rl : IF x1 is eF l
1 and . . . :and xp is eF l

p THEN y is eGl l ¼ 1; . . . ;M ð9Þ
The inference mechanism combines the rules (9) of the type-2 FLS as follows:



Fig. 5. FOU (Shaded), LMF (dashed), UMF (Solid) for IT2FS eA.

Fig. 6. Type-2 FLS.
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Rl : eF l
1 � � � � � eF l

p ! eGl ¼ eAl ! eGl l ¼ 1; . . . ;M ð10Þ
lRl ð�x; yÞ ¼ leAl�eGl

ð�x; yÞ ¼ leF l
1

ðx1ÞP � � �PleF l
p

ðxpÞPleGl
p

ðyÞ ð11Þ
giving a mapping from input to output type-2 fuzzy sets. Each rule Rl determines a type-2 fuzzy set eBl, for instance as a Carte-
sian product eBl ¼ eAx � Rl, the membership of which is defined as:
leBl
ðyÞ ¼ leAx�Rl

¼
a
x2X

leAl
xl

ð�xÞ
Y

lRl ð�x; yÞ
� �

y 2 Y l ¼ 1; . . . ;M ð12Þ
where the membership function of the type-2 fuzzy set eAx is:
leAx
ð�xÞ ¼ l~x1

ðx1ÞP � � �Pl~xl
p
ðxpÞ ¼ Pp

i¼1l~xl
p
ðxiÞ ð13Þ
As far as the type-reduction is concerned many methods can be considered, among which the center of sets type reducer [19]
is one of the most used. It can be expressed as:
YcosðxÞ ¼
Z

y12 y1
l
;y1

r½ �
. . . :

Z
yM2 yM

l
;yM

r½ �

Z
f12½f1 ;�f1 �

. . . :

Z
f M2½f M ;�fM �

1
PM

i¼1fiyiPM
i¼1f i

 !,
ð14Þ
In (14) Ycos(x) is an interval set and is computed with Karnik–Mendel iterative method [23,24], while yl and yr are its end-
points, f i; f i

h i
and yi

l; y
i
r

h i
are respectively the interval firing level of the ith rule and the centroid of the type-2 interval con-

sequent set.
Since Ycos(x) is an interval type-2 fuzzy set the defuzzified output is the average of yl and yr:
yðxÞ ¼ yl þ yr

2
ð15Þ
4.3. Stability analysis

The stability of fuzzy control systems is one of the more controversial aspects of fuzzy control. The absence of standard
procedures for the analysis of stability is one of the main criticisms of fuzzy control detractors. Actually several stability
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analysis methods have been proposed for type-1 fuzzy control systems. A good covering of them can be found in Kandel, Luo
and Zang [20].

The design of stable type-2 fuzzy controllers, based on the application of the Lyapunov method was proposed by Castillo,
Aguilar, Cazarez-Castro and Cardenas [8] for controllers with state variables as inputs.

The stability analysis of the type-2 fuzzy control system designed for the non-isothermal CSTR considered in this study,
that uses the error and the integral of error as inputs of the feedback controller, is addressed using a different original ap-
proach based on the knowledge of the process dynamics obtained by the continuity diagrams. Each continuity diagram con-
siders the equilibrium points when a single bifurcation parameter is changed. In particular the main continuity diagram
represents the equilibrium values of the output variable versus the manipulative variable. For each disturbance it is possible
to obtain a family of continuity diagrams and verify that the manipulative variable is able to keep the process in a stable
equilibrium point. If not and if another manipulative variable is available it is possible to design a feedforward control loop
that allows to keep the process in stable equilibrium points for the full range of the disturbance.

The application of the approach was carried out in Section 3 (Figs. 1 and 4) for the case of disturbances in the input tem-
perature of the CSTR.

Similar considerations can be made for parameter variations; for each of them the variation range for which the process
can be maintained in a stable condition can be determined.
5. Control configuration

The control objective for the CSTR under study is to keep the reactor temperature at a desired value despite the presence
of disturbances like load changes or parameter variations.

Two main problems must be dealt with: the existence of bifurcation points and the uncertainty in the knowledge of some
parameters. The solution of the first problem can be found in the choice of a suitable control configuration like the feedback–
feedforward control described in Section 3, while the use of type-2 FLCs allows an effective control even when some param-
eters take on values that are very different compared to the ones considered for the controller design.

As previously shown the reactor temperature can start to oscillate and become unstable when there are load or parameter
changes. In some cases the choice of only a feedback control loop for the reactor temperature, using the coolant flow rate as
manipulative variable, does not allow to reach the control objective since the presence of bifurcations results in the loss of
stability as in the case of the negative step change in the inlet temperature, illustrated in Figs. 1–3.

The addition of a feedforward controller activated by the measurement of the input temperature (x30) and manipulating
the input flow rate (x60), allows to keep the reactor far from bifurcation points and therefore from unstable conditions.

The study of the dynamics of the reactor carried out by simulation indicated that there are no other critical conditions and
that also with changes, of reasonable size, of all the other known disturbances, the described mixed feedback–feedforward
control system is able to keep the reactor in the stable region. If the reactor is required to work in a larger operative region
more than one feedforward controller might be necessary.
5.1. Implementation of fuzzy logic controllers

The proposed control configuration was implemented by simulation using type-1 FLCs and type-2 FLCs [8] for the feed-
back and the feedforward loop in order to test the ability of type-2 FLCs to manage the situations in which parameter vari-
ations do not allow to keep the reactor in the stable region.

In order to fully compare type-1 FLCs with type-2 FLCs uncertainty was introduced in the system changing a number of
parameters from constant to random values.

All feedback FLCs use two input variables, error (e) and integral error (inte), and one output variable (x5) with a TISO (two
inputs - single output) structure. The structure of the feedforward FLC is instead SISO (single input–single output) and is
much simpler, consisting of only two membership functions and two rules.

The shape of membership functions was selected among Gaussian, triangular and trapezoidal shapes by minimizing the
Integral Square Error ISE ¼

R1
0 ½eðtÞ�

2dt
� �

index. Firstly Gaussian, triangular and trapezoidal type-1 fuzzy sets were compared
choosing as simulation environment the system without uncertainties specified in Section 6. The ISE index at s = 180 was
lower for the Gaussian shape (ISE = 10 � 10�5) (Fig. 16) than for the triangular (ISE = 11.8 � 10�5) or trapezoidal shape
(ISE = 12.2 � 10�5).

The amplitude value of the Gaussian membership functions for the error and the integral of the error type-1 fuzzy sets
was then selected minimizing the ISE index as well. The centres of membership functions were equally distanced.

The amplitudes of internal and external membership functions were assumed constant for all type-2 membership func-
tions and symmetrical with respect to the corresponding type-1 membership functions.

As for type-1 fuzzy sets the amplitude values were chosen minimizing the ISE index.
Therefore both type-1 and type-2 feedback FLCs use seven Gaussian membership functions for each variable, with a nor-

malized range between [�1,1] and the Sugeno inference method [43] with constant output. The fuzzy sets of type-1 and
type-2 feedback FLCs are shown in Figs. 7 and 8 respectively, while the fuzzy sets of type-1 and type-2 feedforward FLCs
are shown in Figs. 9 and 10 respectively.



Fig. 7. Type-1 membership functions for ‘‘error’’ and ‘‘ int-error’’ of feedback control.

Fig. 8. Type-2 membership functions for ‘‘error’’ and ‘‘int-error’’ of feedback control.

Fig. 9. Type-1 membership functions for feedforward control.
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The rule base used in the feedback FLCs was designed by simulation runs, starting out from a symmetrical rule base and
making modifications where necessary. The best results were obtained using the rule base shown in Table 3.

To make a fair comparison type-1 and type-2 FLCs have the same structure (same operative range, rules, membership
functions layout, Sugeno outputs, gain and integral actions), with the only difference regarding the amplitude of Gaussian
membership functions. Each type-1 Gaussian membership function has an amplitude value that is the average of type-2
internal and external Gaussian membership function amplitude values.

Although the above procedure does not allow to obtain optimal type-1 and type-2 controllers, that is not the aim of the
paper, nevertheless its application to both type-1 and type-2 controllers leads to comparable sub-optimal controllers. An
optimization procedure based for instance on the use of genetic algorithms could be also considered.



Fig. 10. Type-2 membership functions for feedforward control.

Table 3
Feedback type-1 and type-2 FLC rules.

Error Int-error

NB NM NS ZE PS PM PB

NB NB NB NB NM NS NS ZE
NM NB NM NM NM NS ZE PS
NS NB NM NS NS ZE PS PM
ZE NB NM NS ZE PS PM PB
PS NM NS ZE PS PS PM PB
PM NS ZE PS PM PM PM PB
PB ZE PS PS PM PB PB PB

Fig. 11. Response of dimensionless temperature x3 with type-1 and type-2 fuzzy feedback control, to a step in the dimensionless disturbance from
x30 = 0.037 to x30 = 0.038 at s = 5 and set-point = 0.0369.
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Type-2 FLCs were basically implemented using the software made available on line by Mendel [36], integrating in a Mat-
lab function, to be used in Simulink, the fuzzy sets definition data, the inference mechanism and the type-reducer
mechanism.
6. Results and discussion

Simulations were firstly carried out using only feedback controllers and keeping all the parameters of the reactor model
constant. The response of the reactor temperature to a step change in the inlet temperature (x30) at s = 5, while maintaining a
constant temperature (x3) set-point, is shown Fig. 11. It can be seen that the response obtained with the two controllers is
very similar, in terms of overshooting and response time.



Fig. 12. Response of dimensionless temperature x3 with type-1 and type-2 fuzzy feedback control, to a step in the dimensionless disturbance from
x30 = 0.037 to x30 = 0.0353 at s = 20 and set-point = 0.0369.

Fig. 13. Response of dimensionless temperature x3 with type-1 and type-2 fuzzy feedback–feedforward control, to a step in the dimensionless disturbance
from x30 = 0.037 to x30 = 0.0353 at s = 20 and set-point = 0.0369.

Fig. 14. Dimensionless dilution rate x5 with type-1 and type-2 fuzzy feedback–feedforward control following a step in the dimensionless disturbance from
x30 = 0.037 to x30 = 0.0353 at s = 20 and set-point = 0.0369.

3544 M. Galluzzo, B. Cosenza / Information Sciences 181 (2011) 3535–3550
Maintaining the same set-point and introducing a step change of x30 in the opposite direction the CSTR enters into the
unstable region and the response with both fuzzy controllers can be seen to oscillate around the set-point value = 0.0369
(Fig. 12).



Fig. 15. IAE for type-1 and type-2 fuzzy feedback–feedforward control. Constant set-point 0.0369, step in the dimensionless disturbance from x30 = 0.037 to
x30 = 0.0353 at s = 20.

Fig. 16. ISE for type-1 and type-2 fuzzy feedback–feedforward control. Constant set-point 0.0369, step in the dimensionless disturbance from x30 = 0.037 to
x30 = 0.0353 at s = 20.

Fig. 17. ITAE for type-1 and type-2 fuzzy feedback–feedforward control. Constant set-point 0.0369, step in the dimensionless disturbance from x30 = 0.037
to x30 = 0.0353 at s = 20.
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The response is unacceptable for effective control and suggests the use of a feedforward controller.
Figs. 13 and 14 show the simulation results, in terms of controlled temperature x3 and manipulation variable x5 respec-

tively, obtained after the introduction of the feedforward controller in each fuzzy control system for the same conditions of
the simulation shown in Fig. 12.



Fig. 19. Behaviour of the manipulative variable x5 with type-1 and type-2 fuzzy feedback–feedforward control and random variation of system parameters
and noise in the measurement of the controlled variable x3. Constant set-point 0.0369, step in the dimensionless disturbance x30 from x30 = 0.037 to
x30 = 0.0353 at s = 20.

Fig. 18. Response of dimensionless temperature x3 with type-1 and type-2 fuzzy feedback–feedforward control and random variation of system parameters
and noise in the measurement of the controlled variable x3. Constant set-point 0.0369, step in the dimensionless disturbance x30 from x30 = 0.037 to
x30 = 0.0353 at s = 20.

Fig. 20. IAE for type-1 and type-2 fuzzy feedback=-feedforward control. Constant set-point 0.0369, step in the dimensionless disturbance x30 from
x30 = 0.037 to x30 = 0.0353 at s = 20, random variation of system parameters and noise in the measurement of the controlled variable x3.
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The new value of x5 reached by the control system can be read in the continuity diagram of Fig. 4 looking at the equilib-
rium curve obtained for x30 = 0.0353 and x60 = 0.75.



Fig. 21. ISE for type-1 and type-2 fuzzy feedback–feedforward control. Constant set-point 0.0369, step in the dimensionless disturbance x30 from
x30 = 0.037 to x30 = 0.0353 at s = 20, random variation of system parameters and noise in the measurement of the controlled variable x3.

Fig. 22. ITAE for type-1 and type-2 fuzzy feedback–feedforward control. Constant set-point 0.0369, step in the dimensionless disturbance x30 from
x30 = 0.037 to x30 = 0.0353 at s = 20, random variation of system parameters and noise in the measurement of the controlled variable x3.

Fig. 23. Response of dimensionless temperature x3 with type-1 and type-2 fuzzy feedback–feedforward control and noise in the measurement of the
disturbance x30 in the feedforward control loop. Constant set-point 0.0369, step in the dimensionless disturbance x30 from x30 = 0.037 to x30 = 0.0353 at
s = 20.
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The response of the type-2 FLC slightly outperforms that of the type-1 FLC. The responses with both controllers start to
oscillate around the set point value after the introduction of the step change at s = 20 with decreasing amplitude until the set
point value is reached. The oscillations with the type-2 FLC are slightly smaller than those with the type-1 FLC and the set
point is reached in a shorter time.



Fig. 24. Behaviour of the manipulative variable x5 with type-1 and type-2 fuzzy feedback–feedforward control and noise in the measurement of the
disturbance x30 in the feedforward control loop. Constant set-point 0.0369, step in the dimensionless disturbance x30 from x30 = 0.037 to x30 = 0.0353 at
s = 20.

Fig. 25. IAE for type-1 and type-2 fuzzy feedback–feedforward control and noise in the measurement of the disturbance x30 in the feedforward control loop.
Constant set-point 0.0369, step in the dimensionless disturbance x30 from x30 = 0.037 to x30 = 0.0353 at s = 20.

Fig. 26. ISE for type-1 and type-2 fuzzy feedback–feedforward control and noise in the measurement of the disturbance x30 in the feedforward control loop.
Constant set-point 0.0369, step in the dimensionless disturbance x30 from x30 = 0.037 to x30 = 0.0353 at s = 20.
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The Integral Absolute Error ðIAE ¼
R1

0 jeðtÞjdtÞ, the ISE and the Integral of Time and Absolute Error ðITAE ¼
R1

0 jeðtÞjtdtÞ
were calculated in order to evaluate the performance of type-1 and type-2 fuzzy control systems (Figs. 15–17).



Fig. 27. ITAE for type-1 and type-2 fuzzy feedback–feedforward control and noise in the measurement of the disturbance x30 in the feedforward control
loop. Constant set-point 0.0369, step in the dimensionless disturbance x30 from x30 = 0.037 to x30 = 0.0353 at s = 20.

Table 4
Average performance indexes (at s = 180) with parameter changes and measurement noise.

Average ISE Average ITAE Average IAE

Type-1 feedback FLC 3.08 � 10�4 11.60 10.9 � 10�2

Type-2 feedback FLC 0.3225 � 10�4 8.88 5.635 � 10�2

Type-1 mixed feedback–feedforward FLC 3.786 � 10�4 33.73 0.110
Type-2 mixed feedback–feedforward FLC 0.25 � 10�4 21.685 0.0502
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Figs. 15–17 show that IAE, ISE and ITAE values are very similar for type-1 and type-2 FLCs. Since type-1 FLCs can have
difficulties in minimizing the effects of uncertainties in the plant model, we would expect that the type-2 FLC gives better
results when model parameter uncertainties or noise are present. This is confirmed by Figs. 18–22 in which the simulation
results obtained when uncertainties were introduced as random variations of some system parameters and as a noise in the
measurement of the controlled variable x3 are reported. The results refer to one of 20 simulation runs in which c0 and c2 were
randomly changed with a standard deviation of 5% of their design value. The noise introduced in the measurement is a white
noise corresponding to ±2% of the normalized reference temperature. The type-2 FLC clearly has the best performance.

Both fuzzy controllers show a good performance, but the type-2 FLC outperforms its type-1 counterpart, reducing the
amplitude of oscillations more than the type-1 FLC and minimizing the effects of the uncertainties present in the system.
Notice the high peaks present in the responses with the type-1 controller. IAE, ISE and ITAE performance indexes, shown
in Figs. 20–22, also confirm the better performance of the type-2 FLC.

Figs. 23–27 show the behaviour of the mixed feedback–feedforward control system when the source of uncertainty is a
noise in the measurement of the disturbance x30, in the feedforward control loop. Also in this case the results concern one of
20 simulation runs in which c0 and c2 were randomly changed with a standard deviation of 5% of their design value. The
noise introduced in the disturbance measurement is a white noise corresponding to ±2% of the normalized design value.
It is evident, observing Figs. 23 and 24, the superiority of the type-2 FLC in reducing the amplitude of temperature oscilla-
tions and quickly reaching the set-point value. The type-1 FLC instead is not able to handle the uncertainty, since the tem-
perature oscillates with constant amplitude. Also the IAE, ISE and ITAE indexes, shown in Figs. 25–27, confirm the results of
Figs. 23 and 24. In Table 4 the average errors obtained in the 20 simulation runs for the feedback and the mixed feedback–
feedforward stucture are reported.
7. Conclusions

In this paper a mixed feedback–feedforward control configuration and type-2 fuzzy logic controllers were considered for
the temperature control of a non-isothermal CSTR, presenting bifurcations, parameter variations and uncertainty in variable
measurements.

The proposed control configuration is based on the knowledge of the complex dynamics of the uncontrolled system. The
results of simulations show that the non-linearities present in the system can be better handled rather than using the feed-
back control only. The feedforward control loop allows in fact to maintain the effective control of the reactor in the presence
of disturbances that would lead the reactor to an unstable region.

With the use of type-2 FLCs it is possible to obtain a robust control system when parameter uncertainties and measure-
ment noise are present. The comparison with the results obtained using the same control configuration but with type-1 FLCs
shows a better performance of type-2 FLCs.
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The simulation results show that the proposed control configuration with type-2 FLCs can be an effective solution to a
very difficult control problem and an alternative to the use of adaptive controllers.
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