
����������
�������

Citation: Pinnola, F.P.; Barretta, R.;

Marotti de Sciarra, F.; Pirrotta, A.

Analytical Solutions of Viscoelastic

Nonlocal Timoshenko Beams.

Mathematics 2022, 10, 477. https://

doi.org/10.3390/math10030477

Academic Editors: Krzysztof Kamil
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Abstract: A consistent nonlocal viscoelastic beam model is proposed in this paper. Specifically,
a Timoshenko bending problem, where size- and time-dependent effects cannot be neglected, is
investigated. In order to inspect scale phenomena, a stress-driven nonlocal formulation is used,
whereas to simulate time-dependent effects, fractional linear viscoelasticity is considered. These
two approaches are adopted to develop a new Timoshenko bending model. Analytical solutions
and application samples of the proposed formulation are presented. Moreover, in order to show
influences of viscoelastic and size effects on mechanical response, parametric analyses are provided.
The contributed results can be useful for the design and optimization of small-scale devices exhibiting
flexural behaviour.

Keywords: MEMS/NEMS; fractional calculus; stress-driven nonlocality; small-scale beams; size effects

1. Introduction

Some devices designed at small scales [1–4], such as nano- and micro-sensors, actu-
ators, piezoelectric systems, and AFM indenters can be modeled as beams but require
specific stress–strain relations to predict their mechanical behaviour. In this context, the
paper proposes a stress–strain relation that is enriched with respect to the classic local
elastic one. The presented model is able to model two specific phenomena that occur in the
mechanics of several small-scale devices, i.e., size effects and hereditariness.

Size effects can invalidate the hypothesis of the locality of classical continuum mechan-
ical models [5–11]. In this paper, this issue is taken into account and it is overcome with the
aid of a nonlocal formulation. Following this approach, the nonlocal strain (or stress) at
a continuum point depends on a stress (or strain) field in the whole domain [12,13]. For
the problem at hand, the nonlocality is mainly related to the small sizes of the structures
and the influences of the stress–strain relation on its space-dependence. Instead, the other
considered phenomenon arises when the material that builds the small-sized structure
exhibits a time-dependent viscoelastic stress–strain relation [14,15]. Both phenomena are
modeled by a stress-driven integral formulation where the nonlocal effect is modeled by
a Fredholm integral, in which the kernel is a space attenuation function that weights the
long-range mechanical interactions [16], whereas the viscoelastic phenomenon is given
by a Boltzmann convolution integral with a time-dependent causal kernel that rules the
memory effects [17].

There are various ways to model nonlocalities [18–25], among these approaches the
adopted formulation is derived from Eringen’s theory [26,27]. In such a model, the nonlocal
stress is expressed by the convolution integral between an averaging kernel and the local
stress field. However, some paradoxes and mathematical issues appear in the original
strain-driven Eringen’s formulation for real bounded systems [28–30]. The simplest way
to overcome these issues is obtained by the integral stress-driven approach [31,32]. While
in the original Eringen’s formulation the input is the deformation and the output is the
stress, in the stress-driven formulation, nonlocal strain and stress have reversed roles while
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maintaining the same type of constitutive relationship. That consistent approach [31,32],
useful also to detect some analytical solutions of mechanical problems of applicative
interest [33], is adopted in this paper to formulate a proper nonlocal stress–strain relation.
In this way the strain at a point becomes a function of the stress field introducing a space
dependence that makes the nonlocal constitutive law different from the local elastic one.

Another difference of the considered stress–strain relation from the classical elastic one
is related to the time-dependence due to viscoelastic phenomena. This produces another
nonlocal effect that differs from the previous one because it manifests itself over time. It
implies that the mechanical state of the past influences all responses in the future. Materials
that possess this mechanical memory are called hereditary, and for them stress decays under
constant strain, and strain grows up under constant stress, showing a time-dependent
mechanical behaviour. Obviously, thetheory of elasticity is not able to reproduce this
phenomenon but an approach to overcome this limit is provided by the linear viscoelasticity.
For this theory, the mechanical behaviour of viscoelastic/hereditary material is considered
intermediate between elastic/solid and viscous/fluid ones. Following this approach,
the integral formulation of hereditariness provides a stress–strain relation as an integral
Volterra–Boltzmann relation, wherein the kernel is a time-dependent function that takes into
account the memory of the material. The choice of the time-dependent convolution kernel
yields different kinds of viscoelastic models. For their capability to fit experimental data, in
this paper, we consider a power-law-type kernel that leads to a hereditary model based on
fractional calculus. Several works have proven that the fractional viscoelastic model is able
to represent the real time-dependent behaviour of a wide variety of materials [34–40]. For
this reason it is adopted in this manuscript to obtain a versatile stress–strain relation.

The proposed nonlocal time-dependent stress–strain relation based upon a stress-
driven integral formulation and fractional-order operators is applied to study the bending
problem of micro- and nano-beams. Specifically, this article shows a useful approach to
finding analytical solutions of the viscoelastic nonlocal Timoshenko bending problem.
In this way, a mechanical model and a parametric study—useful for mechanical design
of advanced structural devices at small scales—are provided, and some useful tools for
predicting the time-dependent behaviour of nano-systems are shown in detail.

2. Fractional Viscoelasticity for Beam Problems

This section introduces the local stress–strain relation for time-dependent bending
problems. The constitutive law of a hereditary material is derived by means of a Boltzmann
integral formulation of linear viscoelasticity [14,15]. Following this approach and with a
proper selection of the time-dependent convolution kernel, the fractional-order stress–strain
relation is derived.

2.1. Stress and Strain in Bending Problems

Let us consider a 3D, continuous beam element referred to in coordinate Cartesian axes
(x, y, z), with z centroidal axis. The viscoelastic stress and strain of the beam are described
by time-dependent matrices:

T =

 0 0 τxz
0 0 τyz

τzx τzy σz

, E =

 εx 0 1
2 γxz

0 εy
1
2 γyz

1
2 γzx

1
2 γzy εz

, (1)

where T is the stress tensor of a plane state and E is a strain tensor. Diagonal elements
of E can be written as functions of the component εz, that is, εx = εy = −νεz, where ν is
the Poisson’s ratio. Both the tensors above can be decomposed in spherical and deviatoric
parts, as follows:

T = Ts + Td =
1
3

σzI +

− 1
3 σz 0 τxz
0 − 1

3 σz τyz
τzx τzy

2
3 σz

, (2a)
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E = Es + Ed =
1− 2ν

3
εzI +

− 1+ν
3 εz 0 1

2 γxz
0 − 1+ν

3 εz
1
2 γyz

1
2 γzx

1
2 γzy

2(1+ν)
3 εz

, (2b)

where I is the identity tensor.
The beam is made of homogeneous viscoelastic isotropic material, therefore, stress

and strain tensors are time-dependent entities related by the Boltzmann integral relation.
That is:

Ts(t) =
∫ t

−∞
G1(t− t̄) ∂t̄Es(t̄)dt̄, (3a)

Td(t) =
∫ t

−∞
G2(t− t̄) ∂t̄Ed(t̄)dt̄, (3b)

where G1(t) and G2(t) are independent relaxation functions relative to states of dilatation
and of shear, respectively [14,15].

Viscoelastic stress–strain relations are obtained from Equation (3)

σz(t) =
1− 2ν

3

∫ t

−∞
G1(t− t̄)∂t̄εz(t̄)dt̄ +

2(1 + ν)

3

∫ t

−∞
G2(t− t̄)∂t̄εz(t̄)dt̄, (4a)

τiz(t) =
1
2

∫ t

−∞
G2(t− t̄)∂t̄γiz(t̄)dt̄, i ∈ {x, y} . (4b)

Considering that Poisson’s ratio is time-independent, we get

G1(t)
G2(t)

=
1 + ν

1− 2ν
, (5)

and the two relaxation functions are expressed by

G1(t) =
E(t)

1− 2ν
, G2(t) =

E(t)
1 + ν

, (6)

with E(t) axial relaxation modulus. Under these assumptions, Equation (4) yields

σz(t) =
∫ t

−∞
E(t− t̄) ∂t̄εz(t̄)dt̄ = εz(0)E(t) +

∫ t

0
E(t− t̄) ∂t̄εz(t̄)dt̄, (7a)

τiz(t) =
∫ t

−∞
G(t− t̄)∂t̄γiz(t̄)dt̄ = γiz(0)G(t) +

∫ t

0
G(t− t̄)∂t̄γiz(t̄)dt̄, (7b)

G(t) is the shear relaxation modulus defined by

G(t) =
E(t)

2(1 + ν)
. (8)

The stress–strain relations in terms of strain components are

εz(t) =
∫ t

−∞
JE(t− t̄) ∂t̄σz(t̄)dt̄ = σz(0)JE(t) +

∫ t

0
JE(t− t̄) ∂t̄σz(t̄)dt̄, (9a)

γiz(t) =
∫ t

−∞
JG(t− t̄) ∂t̄τiz(t̄)dt̄ = τiz(0)JG(t) +

∫ t

0
JG(t− t̄) ∂t̄τiz(t̄)dt̄ . (9b)

The integral kernels JE(t) and JG(t) are creep compliances, related to relaxation counterparts
in Laplace domain by the following relation

ĴE(s)Ê(s) = ĴG(s)Ĝ(s) = s−2, (10)
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where ·̂ denotes Laplace transform. Such an integral transform is defined by

f̂ (s) = L{ f (t), s} :=
∫ ∞

−∞
f (t)e−stdt, (11)

being s a complex number.

2.2. Fractional-Order Viscoelasticity

Among the various time-dependent kernels which can be used in the viscoelastic
stress–strain relation in Equations (7) and (9) the power-law type is considered in the
following to study the nonlocal viscoelastic bending problem. Specifically, we assume that
the relaxation modulus are

E(t) =
Eβt−β

Γ(1− β)
, G(t) =

Gβt−β

Γ(1− β)
=

Eβt−β

2(1 + ν)Γ(1− β)
, 0 6 β 6 1, (12)

where Eβ and Gβ are time-dependent parameters with dimension [Pa sβ]. As it is shown by
various relaxation tests the order β varying between [0, 1] for several materials [34,36,38,39].

By placing these relaxation functions into Equation (7) and assuming that εz(0) =
γiz(0) = 0, the following relations hold true

σz(t) = Eβ

(
Dβ

0+ εz

)
(t), (13a)

τiz(t) = Gβ

(
Dβ

0+γiz

)
(t) =

Eβ

2(1 + ν)

(
Dβ

0+γiz

)
(t), (13b)

where Γ(·) is the Euler’s gamma function,
(

Dβ
0+ ·
)
(t) denotes the time-derivative of order

β with lower bound t = 0. The stress–strain relation in Equation (13) represents the
constitutive law of the so called spring-pot model [35,41–45]. The involved fractional
derivative for t > 0 is

(
Dβ

0+ f
)
(t) :=


1

Γ(1− β)

∫ t

0
(t− t̄)1−β d

dt̄
f (t̄)dt̄ if 0 6 β < 1,

d
dt

f (t) if β = 1,
(14)

and generalizes the classical integer order derivative [46]. In the next sections, the partial
counterpart of the differential operator in Equation (14) will be denoted as ∂

β
t+ .

By taking into account the relaxation functions in Equation (12) and the relation in
Laplace domain in Equation (10) the creep compliances for this fractional model are

JE(t) =
tβ

EβΓ(1 + β)
, JG(t) =

tβ

GβΓ(1 + β)
=

2(1 + ν)tβ

EβΓ(1 + β)
, (15)

by placing Equation (15) into Equation (9) we obtain

εz(t) =
1

Eβ

(
Iβ
0+σz

)
(t), (16a)

γiz(t) =
1

Gβ

(
Iβ
0+τiz

)
(t) =

2(1 + ν)

Eβ

(
Iβ
0+τiz

)
(t), (16b)

where
(

Iβ
0+ ·
)
(t) denotes the β-order Riemann–Liouville fractional integral with lower

bound t = 0 defined by (
Iβ
t+ f
)
(t) :=

1
Γ(β)

∫ t

0
(t− t̄)β−1 f (t̄)dt̄, (17)
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which generalizes the Cauchy formula for non-integer order β.
The fractional constitutive laws in Equations (13) and (16) are the generalization of

the classical elastic and viscous models. Specifically, the fractional-order relations become
the Young elastic laws for β = 0 and the Newton–Petroff viscous law for β = 1. The
fractional-order stress–strain relation is able to describe the real time-dependent behaviour
of several viscoelastic material by the estimation of a few number of mechanical parameters,
i.e., Eβ, β and ν.

3. Nonlocal Viscoelastic Timoshenko Beam

This section deals with the static problem of a viscoelastic nonlocal beam under the
kinematic assumptions of Timoshenko’s theory. Time-dependent behaviour is simulated
with the aid of the fractional-order model introduced in the previous section, and nonlocal
phenomena are described by an integral stress-driven formulation.

3.1. Fractional Viscoelastic Beam Model

Let us consider a stubby beam of length L and cross-section A depicted in Figure 1. Its
domain is described with respect to a Cartesian coordinate system (x, y, z), where x and y
are principal inertia axes of the cross-section and z is the centroidal longitudinal axis. The
beam is forced by the time-dependent transversal load qy(z, t) and spatially distributed
moments mx(z, t).

(a)

(b)

Figure 1. Stubby beam. (a) Layout of the beam; (b) kinematic model.

As it is shown in the Figure 1a, the beam is loaded only in the plane y–z, therefore,
equilibrium is ruled by the following two differential equations

∂zTy(z, t) + qy(z, t) = 0, (18a)

∂z Mx(z, t) + mx(z, t) = Ty(z, t), (18b)

where Ty(z, t) is the shear force and Mx(z, t) is the bending moment of the section at
abscissa z, defined by

Ty(z, t) =
∫

A
τyz(z, t)dA, (19a)

Mx(z, t) =
∫

A
yσz(z, t)dA. (19b)
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The first-order differential equilibrium equations in Equation (18) can be combined to
obtain a second-order differential equation. That is,

∂2
z Mx(z, t) = −qy(z, t)− ∂zmx(z, t). (20)

Under the Timoshenko’s assumptions, after the deformation any cross-section remains
plane but its flat does not remain orthogonal to the centerline of the deformed beam. This
kinematic model is shown in Figure 1b and implies that

ϕx(z, t) = γ(z, t)− ∂zv(z, t), (21)

where ϕx(z, t) is the rotation of the cross-section around the axis x, γ(z, t) is the shear strain,
and v(z, t) is the transversal displacement.

Fractional stress–strain relations in Equation (16) and kinematic model assumptions
lead to local viscoelastic relations in terms of shear strain and force γve(z, t)− Ty(z, t) and
the bending curvature and moment χve

x (z, t)−Mx(z, t). That is,

χve
x (z, t) =

1
EβIxΓ(β)

∫ t

0
(t− t̄)β−1Mx(z, t̄)dt̄, (22a)

γve(z, t) =
1

Gβ AsΓ(β)

∫ t

0
(t− t̄)β−1Ty(z, t̄)dt̄, (22b)

where As = kA is the shear area defined as the product of the cross-area and the shear
factor k, and Ix is defined as

Ix =
∫

A
y2dA, (23)

and represents the moment of inertia of the cross-section with respect to the x axis. These
local hereditary relations are able to take into account hereditary time-dependent property
of the viscoelastic beam. In order to derive the nonlocal beam model, these constitutive
relations are used in the next section to obtain the integral stress-driven formulation of the
viscoelastic nonlocal Timoshenko’s beam.

3.2. Viscoelastic Stress-Driven Nonlocal Beam

The nonlocal stress-driven integral model is based on the assumption that the nonlocal
viscoelastic kinematic entities are functions of their local counterparts in Equation (22).
These laws are represented by two convolution integrals where the kernel is an attenuation
space-function φλ(z) that weights nonlocal effects by means of a dimensionless parameter
λ. That is,

χx(z, t) = φλ(z) ∗ χve
x (z, t) =

∫ L

0
φλ(z− z̄)χve

x (z̄, t)dz̄, (24a)

γ(z, t) = φλ(z) ∗ γve(z, t) =
∫ L

0
φλ(z− z̄)γve(z̄, t)dz̄. (24b)

The local viscoelastic curvature and shear strain are defined in Equation (22), therefore,
Equation (24) become

χx(z, t) =
∫ L

0

φλ(z− z̄)
EβIxΓ(β)

∫ t

0
(t− t̄)β−1 Mx(z̄, t̄)dt̄ dz̄, (25a)

γ(z, t) =
∫ L

0

φλ(z− z̄)
Gβ AsΓ(β)

∫ t

0
(t− t̄)β−1 Ty(z̄, t̄)dt̄ dz̄, (25b)

these equations represent the stress-driven nonlocal viscoelastic relations for the Timo-
shenko’s beam. The convolution kernels must be selected among the symmetric positive
functions with limited impulsivity propriety [27]. It can be chosen from among several
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functions, i.e., exponential, Gaussian, power-law type. Below, we adopt as a convolution
kernel the following bi-exponential function

φλ(z) =
1

2 lλ
exp

(
−|z|

lλ

)
, (26)

where lλ = λL measures long-range nonlocal interactions. Under these assumptions,
the integral relations in Equation (25) are equivalent to the following integrodifferential
equations

∂2
zχx(z, t)− χx(z, t)

l2
λ

= − 1
l2
λ EβIxΓ(β)

∫ t

−∞
(t− t̄)β−1 Mx(z, t̄)dt̄, (27a)

∂2
zγ(z, t)− γ(z, t)

l2
λ

= − 1
l2
λ Gβ AsΓ(β)

∫ t

−∞
(t− t̄)β−1 Ty(z, t̄)dt̄, (27b)

under the following constitutive boundary conditions
∂zχx(0, t) =

1
lλ

χx(0, t), ∂zγ(0, t) =
1
lλ

γ(0, t),

∂zχx(L, t) = − 1
lλ

χx(L, t), ∂zγ(L, t) = − 1
lλ

γ(L, t).
(28)

Moreover, taking into account the fractional stress–strain relation in Equations (13)
and (27) and boundary conditions in Equation (28) can be rewritten as

∂
β
t+∂2

zχx(z, t)− 1
l2
λ

∂
β
t+χx(z, t) = −Mx(z, t)

l2
λ EβIx

, (29a)

∂
β
t+∂2

zγ(z, t)− 1
l2
λ

∂
β
t+γ(z, t) = −

Ty(z, t)
l2
λ Gβ As

, (29b)


∂

β
t+∂zχx(0, t) =

1
lλ

∂
β
t+χx(0, t), ∂

β
t+∂zγ(0, t) =

∂
β
t+γ(0, t)

lλ
,

∂
β
t+∂zχx(L, t) = − 1

lλ
∂

β
t+χx(L, t), ∂

β
t+∂zγ(L, t) = −

∂
β
t+γ(L, t)

lλ
,

(29c)

where ∂
β
t+ denotes the partial counterpart of the fractional differential operator in Equation (14).

Equation (29) represent the viscoelastic nonlocal beam problem where the time-dependent
behaviour is modeled by a fractional-order law and space nonlocal behaviour is expressed
by stress-driven approach.

The kinematic relation in Equation (21) leads to the following relation in terms of
curvature

χx(z, t) = ∂z ϕx(z, t) = ∂zγ(z, t)− ∂2
zv(z, t), (30)

the nonlocal relations in Equation (29a) yields

∂
β
t+

[
∂3

zγ(z, t)− ∂4
zv(z, t)− ∂zγ(z, t)− ∂2

zv(z, t)
l2
λ

]
= −Mx(z, t)

l2
λ EβIx

, (31)

and taking into account equilibrium equation in Equations (18a) and (20), from Equations (29b)
and (31) we get

∂
β
t+

[
∂5

zγ(z, t)− ∂6
zv(z, t)− ∂3

zγ(z, t)− ∂4
zv(z, t)

l2
λ

]
=

qy(z, t) + ∂zm(z, t)
l2
λ EβIx

, (32a)
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∂
β
t+∂5

zγ(z, t) =
1
l2
λ

∂
β
t+∂3

zγ(z, t) +
∂2

zqy(z, t)
l2
λ Gβ As

, (32b)

and by combining the two equations we obtain

∂
β
t+

[
−∂6

zv(z, t) +
∂4

zv(z, t)
l2
λ

]
=

qy(z, t) + ∂zm(z, t)
l2
λ EβIx

−
∂2

zqy(z, t)
l2
λ Gβ As

, (33)

and the constitutive boundary conditions in Equation (29c) can be rewritten taking into
account kinematic relation in Equation (30). We can observe that when the nonlocal
parameter λ→ 0⇒ lλ → 0 and then Equation (33) becomes

∂
β
t+∂4

zv(z, t) =
qy(z, t) + ∂zm(z, t)

EβIx
−

∂2
zqy(z, t)
Gβ As

, (34)

that is the fractional differential equation of the viscoelastic Timoshenko beam [47].

4. Sample Applications: Simply Supported Viscoelastic Micro-Beam

In the example reported below, the effects of the nonlocal parameter λ and viscoelastic
parameter β in the mechanical response are highlighted. The considered case represents
a mechanical model of a MEMS resonator [48]. Specifically, a simply supported micro-
beam of length L = 300µm and a rectangular cross-section A = 30× 25µm2, forced by a
transversal uniform distributed load, is considered. The load is constant during the time
for t > 0, then, it is modeled by means of a unit step function. That is,

qy(z, t) = aU(t), (35)

where a = 10−3 mN and U(t) is the Heaviside step function.
MEMS are usually made of piezoresistive nanocomposites, where the matrix is a

synthetic resin filled by nanofibers [49–51]. In this sample application, epoxy resin is
used as matrix of MEMS and, due to its rheological properties, the micro-beam at hand
shows viscoelastic behaviour. The fractional-order law in Equation (16), with β = 0.04 and
Cβ = 2660 MPa sβ, is exploited to model the stress–strain relation of the epoxy resin [39].

The mechanical model takes into account the viscoelastic properties due to the poly-
meric matrix of the micro-beam and the nonlocal phenomena related to size effects at small
scales. The size effect influences the mechanical response in the space, that is simulated
by the stress-driven approach described above. The responses in terms of displacement,
rotation and curvature for different values of nonlocal parameter λ are reported to show
the scale phenomenon.

By taking into account load condition in Equation (35) and the definition of fractional
integration in Equation (17), Equation (32a) yields

− ∂6
zv(z, t) +

∂4
zv(z, t)

l2
λ

=
a

l2
λ EβIxΓ(β)

∫ t

0
(t− t̄)β−1dt̄ =

a tβ

l2
λ EβIxΓ(β)

, (36)

the constitutive boundary conditions are the same in Equation (29c), the kinematic and the
static ones are

v(0, t) = 0, v(L, t) = 0,

M(0, t) = 0, M(L, t) = 0.
(37)

A solution of this bending problem for an assigned nonlocal parameter λ is depicted
in Figure 2. Specifically, that picture shows the nonlocal viscoelastic response of a simply
supported Timoshenko micro-beam in epoxy resin for different time steps in Figure 2a
and the evolution of the displacement at mid-point in Figure 2b. From these figures it can
be observed that the viscoelasticity leads to a time-dependent behaviour of the structural
element. Moreover, the considered stress–strain relation provides also a size effect by
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the nonlocal parameter λ. The influence of λ in the mechanical response is described
subsequently introducing a detailed parametric study.
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(b)
Figure 2. Displacements of nonlocal micro-beam in epoxy resin with λ = 0.1. (a) Vertical displacement
for different time step; (b) Time evolution of displacement at the mid-point.

By virtue of the correspondence principle, the viscoelastic nonlocal response is ob-
tained as an evolution in time of the nonlocal elastic response. For instance, the response
in terms of displacement shown in Figure 2 can be seen as a modulating function, the
time-varying function g(t), which multiplies the nonlocal elastic space-dependent response
Φ(z). That is,

v(z, t) = Φ(z)g(t), (38)

for the considered application, the time-dependent function is a power-law function of
order g(t) ∝ tβ. The space-dependent part can be defined as a shape function.

Influence of the Nonlocal Parameter λ

In the proposed formulation, the size effect is ruled by the nonlocal parameter λ. Its
influence on the mechanical response of the considered simply supported Timoshenko
micro-beam is shown below, providing a parametric study. Specifically, by varying the
nonlocal parameter, three kinematics entities are reported. That is, vertical displacement
v(z, t), rotation ϕ(z, t) and bending curvature χx(z, t), for different values of λ.

Figure 3 shows the response in terms of transversal displacement v(z, t) of the can-
tilever micro-beam made of epoxy resin for different values of nonlocal parameter λ.
Specifically, the time-evolution of the transversal displacement of the longitudinal axis for
λ = {0.1, 0.2, 0.3, 0.4, 0.5} is depicted.

Whereas, for the same values of nonlocal parameters, the time-dependent cross-section
rotation ϕx(z, t) and bending curvature χx(z, t) are reported in Figure 4.

Figure 3 shows that when the nonlocal parameter increases, the displacement de-
creases. This fact is also evident in Figure 5 where the time evolution of maximum displace-
ment v(L/2, t) is depicted for different values of λ.

λ=����

λ=����

λ=����

λ=����

λ=����

Figure 3. Displacement for different values of λ.



Mathematics 2022, 10, 477 10 of 14

λ=����

λ=����

λ=����

λ=����

λ=����

Figure 4. Rotation and curvature for different values of λ.

Moreover, in order to highlight and isolate the nonlocal effect on the structural re-
sponse, we compare the kinematic entities at an assigned time. Nonlocality yields a space
variation in the shape function, so the time assumption does not imply any loss of generality
in the shown results to understand its effects on the mechanical response. Specifically,
Figure 6 shows the displacements for different values of λ at t = 1 s.

� �� �� �� �� ���

������

������

������

������

������

������

������

� [���]

λ=����

λ=����

λ=����

λ=����

λ=����

������� ������������ �(�/���) [��]

Figure 5. Time evolution of the vertical displacement at the mid-point for different values of λ.
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Figure 6. Vertical displcaments for different values of λ at t = 1 s.

Whereas, the trends in the function of the nonlocal parameter for the other two
kinematics entities are reported in Figure 7.



Mathematics 2022, 10, 477 11 of 14

λ=����

λ=����

λ=����

λ=����

λ=����

���� ���� ���� ���� ���� ���� ����

�����

-�����

�����

�����

�����

-�����

� [��]

�������� φ�(���=�)

λ=����

λ=����

λ=����

λ=����

λ=����

���� ���� ���� ���� ���� ���� ����

����

����

����

����

����

� [��]

��������� χ�(���=�)

Figure 7. Rotation and curvature for different values of λ at t = 1 s.

All these Figures show that when λ increases the magnitude of displacement and
rotation decrease. Whereas, the nonlocal bending curvature is characterized by a different
behaviour. Specifically, its maximum value at z = L/2 decreases when λ increases and the
space distribution changes. This behaviour can be explained taking into account that there
is an increment of long-range interactions when λ grows up.

5. Concluding Remarks

Bending behaviour modeling is a crucial issue in the design of several structures at
small scales. In this context, a Timoshenko bending problem of a nonlocal viscoelastic
beam has been investigated and some analytical solutions have been provided. Specifically,
in the presented work two main phenomena have been considered that occur in several
small-scale structures, that is, time-dependent behaviour and size effects.

Time-dependent behaviour has been obtained with the aid of classical linear viscoelas-
ticity, Boltzmann superposition integral with power-law kernel has been used to provide a
time dependent stress–strain relation. The kernel assumption implies that fractional-order
operator appears in the constitutive law. In this way, the memory effects are related to the
fractional-order 0 6 β 6 1. This particular choice allows good results in the simulation of
the real hereditary mechanical behaviour by means of a proper selection of few numbers
of parameters.

Stress-driven integral theory has been used to simulate nonlocal effects. This formula-
tion avoids paradoxical problems of Eringen’s strain-driven model, consists in a well-posed
integral nonlocal relation and provides some useful analytical solutions. By the proposed
approach space nonlocality is ruled by a parameter λ which weights long-range interactions
in the stress–strain relation.

Both phenomena are of interest in the modeling of structures at small scales. Their
relative models can be seen as nonlocal formulations. Specifically,

• The Boltzmann superposition integral produces a time-dependent nonlocality, where
states of the past influence the mechanical response in the present and the future. For
this reason, it is used to call this characteristic memory and hereditary materials those
elements that exhibit this behaviour.

• Stress-driven integral theory yields a space-dependent nonlocality, in this case there is
a long-range influence between points of the continuum in different positions, and the
strain at any point of the medium depends nonlocally on the stress field.

Combining time-dependent Boltzmann and space-dependent Fredholm integrals and
introducing Timoshenko’s kinematics assumptions for the beam, the analytical solution
of viscoelastic nonlocal beam problem has been provided and discussed. Some closed-
form expressions have been detected and a detailed parametric study has been provided
discussing the influences of the nonlocal parameter λ on the mechanical response of
micro-beams in epoxy resin. The provided analytical solutions, the capabilities of the
proposed model to simulate hereditariness and nonlocality in small-scale structures, related
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parametric study and the contributed outcomes presented in this can be useful in the design
and optimization of sensors at the micro- and nanoscales.
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