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Abstract

The existence of a solution to a Dirichlet problem, for a class of nonlinear elliptic equations,
with a convection term, is established. The main novelties of the paper stand on general growth
conditions on the gradient variable, and on minimal assumptions on €.

The approach is based on the method of sub and supersolutions. The solution is a zero of an
auxiliary pseudomonotone operator build via truncation tecniques.

We present also some examples in which we highlight the generality of our growth conditions.

1 Introduction

We are concerned with Dirichlet problems for elliptic equations of the form
m _div (A’(|Vu|)%> = f(z,u,Vu) in Q
' u=20 on 0f},

where  is an open set in R, n > 2, with finite Lebesgue measure ||, f : @ x R x R" — R is
a Carathéodory function and A : [0,00) — [0,00) is a continuously differentiable, strictly convex
function, vanishing at 0, and such that A’(0) = 0.

We emphasize that the convection term f(x,u, Vu) depends not only on the solution u, but also on
its gradient Vu and this makes variational methods not applicable. The interest of the problem is
witnessed by several contributions on existence results for Dirichlet problems with the convection
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term and the p—Laplace or the (p, ¢)—Laplace operator ([FGM, FMMT, FMP, G, MMM, MT, MW,
R]), and also for more general operators (|[DF, GW, T]).

We prove some existence results for (1.1) under general assumptions an A. Our abstract framework
is that of Orlicz spaces and this allows A to be a Young function, not necessarily of power type.
This also implies a choice of functions f wider than allowed in [FGM, FMMT, FMP, G, MMM,
MT, MW, R|. The growth of f is now related (in a way that we will explain better later) to the
function A.

Our approach to (1.1) rests upon the use of sub and supersolutions (see Section 3 for the definitions).
Related techniques can be found in [DF, FMMT, FMP, G, MMM, MT]. An abstract existence result
for (1.1) can be proved, via the theorem on pseudomonotone operators (Theorem 4.9), provided
that a subsolution and a supersolution exist. Various results in the literature require additional
assumptions on f, used only to build a subsolution and a supersolution (see [FMMT, FMP, MMM,
MT]). Other authors are not just concerned with the existence of subsolutions and supersolutions
(see [DF, GJ). By contrast, two of our results are formulated under a weaker unified assumption on
f, which guarantees the existence of a subsolution and a supersolution and enable us to apply a new
abstract existence result (Theorem 3.6) for problem (1.1), in which the existence of a subsolution
and a supersolution is required.

As far as the regularity of Q2 is concerned, we note that the results mentioned above hold in bounded
sets with a sufficiently smooth boundary. We are able to substantially weaken these assumptions.
For instance, {2 can be an open set having finite measure and satisfying the cone property. In fact, we
can allow for arbitrary open sets €2 with finite measure, under additional suitable a priori regularity
properties of sub and the supersolutions.

Some more detailed comments on the growth condition on the gradient variable. Unlike most papers
dealing with this kind of problem ([FMMT, FMP, G, MMM, MT]), the growth condition in the
gradient variable on A and f are not necessarily of power type. In particular |f| is assumed to be
bounded from above respect to the gradient in terms of a Young function E that growths essentially
more slowly then the optimal Sobolev conjugate of A. Our hypotheses on the function A embrace
the p-Laplacian, the (p, g)-Laplacian, the p mean curvature operator (p > 1), and functions of the
form A(t) = tP1g”(c + t), for suitable a and c¢. Related results in this direction can be found in
|IDF, GW], where the general setting is that of Musielak-Orlicz-Sobolev spaces. In |[DF| a more
restrictive definition of sub and supersolution is adopted and prevents from using constant sub or
supersolutions. In [GW] the authors study a double phase problem with a convection term via the
theorem on pseudomonotone operators.

The paper is arranged as follows. In Section 2 we introduce the Orlicz-Sobolev spaces that we use
throughout the paper. In Section 3 we state our main Theorems and present some applications of
Theorem 3.6, in which we highlight how the function f can have a behavior that is outside the
classical settings. In Section 4 we prove the technical auxiliary results that we use in Section 5. In
particular, we present some new properties of the truncation and of the Nemytski operator in the
new setting. All these results are known in the classical situation but are new in our framework,
where a As condition plays a crucial role. The main results are proved in Section 5.

2  Young functions and Orlicz spaces

In this Section we give the main definitions on Young functions, introduce the Orlicz Sobolev spaces
that we use throughout the paper and present some of their basic properties. For a comprehensive
treatment of Young functions and Orlicz spaces we refer the reader to the monographs [HH, KrRu,
RR1, RR2|. At the end of the Section we present our main results.



Definition 2.1 A function A :[0,00) — [0,00] is called a Young function if it is convezx, vanishes
at 0, and is neither identically equal to 0, nor to infinity.

For any a Young function A, one has
A(At) > NA(t) forallA>1,t>0.

Definition 2.2 A Young function A is said to dominate another Young function B near infinity
(briefly B < A near infinity), if there exist constants co > 0 and M > 0 such that

(2.1) B(t) < A(cot) for allt > M .

If (2.1) holds with M = 0, then we say that A dominates B globally. Two Young functions A and
B are called equivalent near infinity [globally] if they dominate each other near infinity [globally].

Definition 2.3 The function B is said to increase essentially more slowly than A near infinity
(briefly B < A), if

_ B(M)
(2.2) tlgglo Al 0 forallXx>0.
Condition (2.2) is equivalent to
- A7Y(s)

Here A~! and B~ are the (generalized) left-continuous inverse of A and of B respectively.

Note that if A dominates B near infinity but they are not equivalent near infinity then B < A.

Definition 2.4 The Young conjugate of a Young function A is the Young function A defined as

A(s) =sup{st — A(t): t>0} fors>O0.

For any Young function A one has A= A,
(2.4) ts < A(t) + A(s) fort,s >0

and B
t< AN AT <2t fort>0.

Hence,

(2.5) szﬂmmgf?>mm>o

Further, if B is finite valued and A < B then B < A (see [BC|, Proposition A4).

Definition 2.5 A Young function A is said to satisfy the Ay-condition near infinity (briefly A € Ao
near infinity) if it is finite valued and there exist constants K > 2 and M > 0 such that

(2.6) A(2t) < KA(t) for t> M.



Definition 2.6 The function A is said to satisfy the Va-condition near infinity (briefly A € Vo
near infinity) if there exist constants K > 2 and M > 0 such that

(2.7) A(2t) > KA(t) for t> M.

If (2.6) or (2.7) holds with M = 0, then A is said to satisfy the Aq-condition (globally), or the Va-
condition (globally), respectively. If A and B are equivalent near infinity then A € Ao near infinity
if and only if B € Ag near infinity.

Let us now introduce the Orlicz spaces where we work together with their main properties. We
state them in the general setting, and we specify from time to time if some additional condition is
needed for them to hold. Let © be a measurable set in R™, n > 1. Given a Young function A, the
Orlicz space LA() is the set of all measurable functions u :  — R such that the Luxemburg norm

Jull g1y = in {A >0 [ Akl i < 1}

is finite. The functional || - || ,4(q) is a norm on LA(Q), and it is a Banach space (see [Ad]).

If A is a Young function and A denotes its conjugate, then a generalized Holder inequality
(28) | tulde < 2lullzagey o150

holds for every u € LA(Q) and v € L‘K(Q).
From [RR1, Theorem 12, Chapter 3] we know that for v € L4(Q) and {vx} € LA(Q) one has

(2.9) m fJog —vllpa@) =0

if and only if

(2.10) klim A (vk)\_ U’) dx =0 forevery A >0.
—00 JQO

Further, if (2.10) is in force, then up to a subsequence, we can find w € L*(2) such that |vg(z)| <
w(z) a.e. in Q for all k& € N. The proof of this fact follows the same lines of that of the classical
situation where LA(Q) = LP(1Q).

Finally, if (2.6) holds, then

(2.11) / A(Mu))dz < 400 for every A > 0, for every u € LA(9).
Q

This fact is no longer true when (2.6) fails.
Let A and B be Young functions such that A dominates B near infinity. If |©2] < oo, we have the
embedding

(2.12) LAQ) — LP(Q).
In particular,

(2.13) LAQ) — LY(Q)
for any Young function A. Moreover

LA(Q) is reflexive if and only if A € Ay N Vy near infinity



(see [Sch, Corollary 7.2]).
Given any Young function A € C([0, +00)), define the quantities

. lim ft-A’(t) I t-A(t)
14 = limin s4 = limsu .
AT A T R A
One has 1 <iyg < s4 < 4o00. The conditions
(2.14) ig>1and sy < 400

are equivalent to A € Vo N Ag near infinity. Finally, we introduce another quantity that comes into
play in our main result:

A
pa = Inf =

The condition p4 > 1 is equivalent to A € V5 globally. Also, if p4 > 1 then A’(0) = 0, and (see
[CM, Lemma A.1]

(2.15) / A(|v|)dx > ||v\|%j;(ﬂ) for every v € L*(Q), such that [vllpay > 1.
Q

In the main results we require
(2.16) pa>1 and s4 < 400.

The first inequality is crucial in the proof of the coercivity of a suitable functional, the other one in
many technical lemmas.

The Lemma below extends (2.11). It will be used several times in the paper, either to prove the
well posedness of some functionals or the summability of suitable functions.

Lemma 2.7 Assume that |Q)] < co. Let C' and D be two Young functions such that D < C' near
infinity or D and C are equivalent near infinity and D € Ao near infinity. Then for every X\, kK >0
there exists a constant ¢ = c(\, k, D, C,|2|) such that

(2.17) / D(Mul)dz < ¢,
”u”LC Q)<k
and
(2.18) sup ||G_1(D()\|u|))||LG(Q) <max{l,c} for every Young function G.

Proof. In the proof |ul|c stands for |lul[zc(q). Let us consider first the case in which D < C' near
infinity. Given A, k > 0 there exists tg > 0 such that

DOkt) < C@t) it t>to.

Thus, if ||ul|c < k, then

o :/{ " <tO}D<A i)

/ ( [ul ) dw < D(\kto)| + 1.
ot o) Tl



Choose ¢ = D(Akt)|2| + 1 and (2.17) follows.
(2.18) can be deduced from the inequalities below, via the very definition of the Luxemburg norm.

/QG <(Gm;il{)1(,ﬂf’)> < maxhc} /QDMIuI)dx <1.

Assume now that D and C are equivalent near infinity and D € As near infinity. Let M and K be
as in (2.6). Given X, k > 0, choose h satisfying Ak < 2. Then

/QD(Mu!) §/QD(>\I<:H1|;T’|C> /{| o) D(\kM)da

+/ K"D ( [u ) dz < DONKM)|Q| + K" .
{ Lul >M} |ullc

Tullc

We can now argue as for previous case. O

From now on, we assume that 2 is an open set in R” and || < co. The isotropic Orlicz-Sobolev
spaces WH4(Q) and VVO1 A(Q) are defined as

(2.19) WHA(Q) = {u: Q — R :u is weakly differentiable in Q, u, |Vu| € LA(Q)}
and

(2.20) Wol’A(Q) = {u: Q — R :the continuation of u by 0 outside €
is weakly differentiable in R™, u, |Vu| € LA(Q)}.

The space WH4(Q) equipped with the norm
ullwra@) = lullpag) + IVullLa@),
is a Banach space. Also, on the Banach space W(}’A(Q) we can use the equivalent norm
lully1.8 0y = V2l ey
From (2.13) we know that
(2.21) WhA(Q) - WhH(Q) for every Young function A.

If A € AyN V3 near infinity, then the Orlicz-Sobolev space WOI’A(Q) is reflexive ([BC]|, Proposition
3.1).

Definition 2.8 (see [Ci3]) The optimal Sobolev conjugate of A is defined by A, : [0,00) — [0, 00]
(2.22) An(t) = A(HY(t)) fort >0,

where H : [0,00) — [0,00) is given by

o= [ (45)" )" wrizo

provided that the integral is convergent. Here, H™' denotes the generalized left-continuous inverse

of H.




Note that if A <« B then A,, < B,, too.
Before stating the optimal embedding theorem for W14(Q) we set

1
g <,) ={G C R": G is open and there exist two positive constants @, N
n

such that \E|$ < QP(FE;G) for all E C G with |E| < N},

here P(E;G) is the perimeter of E relative to G (see [M]) and n’ = 5.

Any bounded set GG having the cone property belongs in G (%)
Let now Q € G (%) Assume that Q has finite measure and

(2.23) /0 <A(TT)> - dr < 00,

then (see |Cil, Theorem 2]
(2.24) whA(Q) —» L4 (Q).

Thus from [Cil, Theorem 3] (or [LI, Theorem 3.1]), the embedding W14(Q) — LF(Q) is compact
for every Young function F <« A, near infinity.
If Q is an open subset in R™ having finite measure then (see [Ci3, Theorem 1))

(2.25) Wo Q) — LA (Q),
and there exists a constant C' = C'(n) such that
A
(2.26) lull Lan o) < Cllullya.aq) for every u € W, (Q).
Moreover, the embedding I/VO1 ’A(Q) — LP(Q) is compact for every Young function E < A,, near
infinity.
If

1

(2.27) /Oo <A(TT)> i — 0o

then A, assumes only finite values, while when

(2.28) /OO (A(TT)> = dr < o0,

then A, (t) = oo for t large and (2.26) yields
[ullzoo@) < Cllullyraq,

for every u € WOLA(Q).
When (2.27) holds then (see [BC, (3.13)])

(2.29) / Ap(Aul)dx < oo for every u € WOLA(Q), and every A > 0.
Q

It is worthwhile to point a partial extension of (2.24), (2.25) and (2.26) when (2.23) fails. If (2.23)
fails then we can substitute A with another function B equivalent to A near infinity and such that
(2.23) holds (in particular B > A near 0). Due to || < oo, Wo'*(Q) = WP () and (2.24), (2.25)
and (2.26) hold with B,,. In the future, according to this convention, we denote always with A,, the
optimal conjugate in (2.26).

The Proposition below establishes a new property for the function A,.



Proposition 2.9 Let A € C'([0,00)) be a Young function and let A, be its Sobolev conjugate,
defined as in (2.22). Then
t-Al(t) S

2.30 lim inf —
(2.30) e An(t) “n-—1

)

and A, € Vo at infinity.

Proof. We consider only the case in which (2.27) holds. The function H is increasing and H €
C1(]0, +00)). Making the change of variable H~!(¢) = s, and using the inequality A’(s) > @ Vs>
0

n—1

teAL() t‘iﬂf{s()i;(f)f@ _ H(s)A'(s) </ 0<A(T)> dT) A
An(t) —  A(HTUt))  H'(s)A(s) 1N\ )

3
A
L
~
i
VR
S
3|
S—
N———
3
L
=N
-3
N——
S
VN
hN
EEA
N———
3
]
b
—~
V)
S—

n—1 Snil “n—1 gn1
1
S n—1
[ () ) taen
n o \A(T)
-1
= . - fort >0, s=H *(t)
n—1 gn—1
Thus
S 11
T n— 1
T |- (A(s))n1
2.31 i inf 240D S </O<A(T)> > (
(2.31) ity < it
Let
s 1
[ () ) taen
n o \A(T)
[ = liminf . - )
s=4oon —1 gn—1

If | = 400 then we finished. Otherwise, using the De L’Hopital theorem (a version with the
liminfg 4o % for positive f and g)

= [(Afs))”ll (AGE)TT + 5 ( /() " dr) (A@)TT - As)

I > liminf 0

s——+00 n_gn—1
n—1°

s 1

n—1

T </ (4 dT) A A()]
T
(2.32) > lim inf ° . 4L
s—-+o00 gn—1 n

From (2.32) we deduce [ > -5, and (2.30) follows. Since "5 > 1 we conclude that A, € V3 at

n—1’

infinity. O


Tornatore
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3 Main Results and Examples

In this Section we state the main results of the paper (Theorems 3.2, 3.3 and 3.6) and present some
examples.
First we give the fundamental definition of weak solution to (1.1).

Definition 3.1 We say that u € Wol’A(Q) is a weak solution to problem (1.1) if

/A’(V |)WV’de—/f x,u, Vu)vdx

for all v e Wol’A(Q), and f(z,u, Vu)v € L'(Q) for every u, v € WO’ (Q).

We introduce some functions that come into play in Theorems 3.2 and 3.3. Even if there is a
difference between the behaviour allowed for f in the first and in the second result, the assumptions
on the functions involved are the same, so for simplicity we list them here.

We assume

E : [0,400[— [0,400[ is a Young function, E < A, near infinity and a > 0 is a constant,

p1,p2 - Q — [0, 400[ are two measurable functions, p; € L4 (Q), i = 1,2, and
p2(z) > 0 on a set of positive measure;
91,92 : [0, +oo[— [0, +oo[ are two non decreasing functions such that ¢1(0) = g2(0) =0

1
and there exist sp > 0, k1 €]0, wy; |Q\_%[, k2 > 0 such that
g1(ls])]s| < A(k1ls|) and ga(ls|)]s| < An(kz|s]) for all [s| > so.

Here w,, is the measure of the unit ball in R”.

Theorem 3.2 Let Q be an open set in R™, with n > 2, such that |Q| < co. Let A € C1([0,+00)) be
a Young function for which (2.16) holds. Assume also that A satisfies (2.23) and (2.27), or (2.28).
Let f: QX R XR® =R be a Carathéodory function fulfilling

(3.1) _

—p1(@) = g1(Jsl) < f(2,5,€) < —p2() + ga(Is]) + aE~ (A(E])) for a.e. w € Q, all (5,€) € RxR",

where a, E, p1, p2, g1, g2 are as in (H). Then problem (P) possesses a nontrivial solution u €
W(}’A(Q) such that uw <0 a.e. in Q.

Theorem 3.3 Let Q be an open set in R™, with n > 2, such that |Q| < co. Let A € C1([0,+00)) be
a Young function for which (2.16) holds. Assume also that A satisfies (2.23) and (2.27), or (2.28).
Let f: QxR XxR® = R be a Carathéodory function fulfilling

(3.2) N

pa() — ga(1s)) — aBH(A(ED) < J(2,5,6) < p1(2) + g1((sl) for ae. 2 € D, all (5,6) €R X R”,

where a, E, p1, p2, g1, g2 are as in (H). Then problem (P) possesses a nontrivial solution u €
Wol’A(Q) such that w > 0 a.e. in Q.

To prove the Theorems above we need a new abstract existence result for problem (1.1), Theorem 3.6
below. Before stating it, we introduce the new definitions of sub and supersolution. These definitions
are adapted to the new contest, but they coincide with the classic ones for smooth domains.

Definition 3.4 We say that w € W4(Q) is a supersolution to (1.1) if (w)~ € Wol’A(Q) and
(3.3) /A’ |\Vu |)\V ’Vvdx> / f(z,u, Vu)vdz

forallv e WOLA(Q), v >0 ae. in Q.
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Definition 3.5 We say that u € WHA(Q) is a subsolution to (1.1) if ut € WOI’A(Q) and
(3.4) /A’ |Vul|) —Vvdx < / f(z,u, Vu)vdx

for all v e Wol’A(Q), v >0 ae. in Q.

Any subsolution and any supersolution to problem (1.1) belong in W14(Q) and thus in LA(€).
In the following Theorem we require a slightly stronger property: u, @ € L4 (Q). This condition is
verified, for instance, when 2 € G (%) We note also that, due to || < oo, all essentially bounded
sukl) ind supersolutions belong in L% (Q). The same holds for sub and supersolutions belonging in
Wy (82).

Theorem 3.6 Let Q be an open set in R™, with n > 2, such that |Q| < co. Let A € C1([0,+00)) be
a Young function for which (2.16) holds. Assume also that A satisfies (2.23) and (2.27), or (2.28).

Let uw and u be a subsolution and a supersolution of problem (1.1), respectively, with u < u a.e. in
Q and such that the Carathéodory function f: Q x R x R™ — R fulfills

(3.5) |f(z,5,)| <o) +aE " (A(€])) ae z€Q, all s € [u(z),u(z)], all £ € R,

where o € LK"(Q), a>0 and E : [0,+o00[— [0,400] is a Young function, E < A, near infinity.
Assume also that u, @ € L4"(Q).
Then problem (P) possesses a solution u € Wol’A(Q) such that u < u <u a.e. in Q.

In the proof of Theorems 3.2 (and 3.3), under one hypothesis, we construct a subsolution (a super-
solution) via variational methods, a constant supersolution (a constant subsolution) and then we
apply Theorem 3.6 to guarantee the existence of a solution.

Usually (see for instance [FMMT, MT]), the problem of finding a subsolution and a supersolution
to (1.1) requires some additional assumptions on f and sometimes on  too. A simple situation,
different from that of Theorems 3.2 and 3.3, is one in which the structure of f leads to constant sub
and super solutions. In the examples below we specialize Theorem 3.6 (and consequently Theorems
3.2 and 3.3) to some classes of functions A, which govern the differential operator in the equation
(1.1). We also consider functions f for which the existence of a sub and of a super solution can
easily be established. Even if such sub and supersolutions are bounded, the general assumptions on
Q) prevent us to obtain the regularity of the solution too.

Obviously, all the growth conditions with respect to the gradient, considered in the examples below,
are admissible also for functions f satisfying (3.1) or (3.2), for which the existence of solution is
guaranteed by Theorems 3.2 or 3.3.

In all the examples € is an open subset in R™ with finite measure.

3.1 The (p,q) — laplacian

Consider the case when

P 1
(3.6) A(t) = " + u— fort >0,

where 1 < ¢ < p < oo and g > 0. Problem (1.1) then reads

(3.7)

—div ((|Vul|P~2 + p|Vu|?™?)Vu) = f(z,u,Vu) in Q
u=0 on 0f}.
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We have

tP* near infinity if p<n
(3.8) An(t) = { e near infinity if p=n
400 near infinity if p >n.

Also, if p < n then (2.23) and (2.27) hold, while if p > n then (2.28) holds.

Let g : R — R be a continuous function, such that g(s1) = g(s2) = 0 for some s; < 0 < so and
g(s) # 0 for all s €]sy, so[. Take also a measurable sign changing function, h: Q — R.

Assume p < n and h € L®)'(Q). Let also h; : [0,1] — R be a continuous function such that

h(1) =g~ (2). Set
Gh(@) +m(E)  for (r,5,6) € QxR xBY, [ <1

g(s)h(w) + L
lgP™ (14[¢|P)

f(x,8,8) = for (z,5,6) € O x RxR", [¢] >1.

Then u; = s1 and uy = s9 are a subsolution and a supersolution to (3.7) and u = 0 is not a solution
1

Y
Then E-1(t) = P pear infinity, so we can

nor a sub or a supersolution. Let E(t) = L
lgP™ (1+t)

lg(1+t)
find a,b,c > 0 such that

|f(@,5,8)| < blh(w)| + ¢+ B~ (A(|¢])) for # € Q, s € [u1,ug], € € R

and f satisfies (3.5) with o(z) = b|h(z)|+c. By Theorem 3.6, problem (3.7) has a nontrivial solution
u € [ug,ug).

Let now p > n and the functions g and h as above. Assume now h € LY(Q) if p > n, h € L4(Q), for
some g > 1, if p = n. Set

1P
lg(1+¢P)

Then u; = s1 and ug = s9 are a subsolution and a supe}:solution to (3.7) and u = 0 is not a solution
nor a sub or supersolution. For E(t) = ¢! — 1 one has E~(t) = near infinity, so we can find
a,b,c > 0 such that

f(x,8,8) = g(s)h(z) + for (z,5,§) € A xR xR".

_t
Ig(1-+¢)

[f (@, 5,)| < blh(x)] + ¢ + a(E) " (A(E]) for € Q, s € [ur,ua], € €R”

and f satisfies (H) with o(z) = blh(z)|+c. By Theorem 3.6, problem (3.7) has a nontrivial solution
u € [ug, ug).

Remark 3.7 The growth conditions on [ with respect to £ are weaker than those allowed in the clas-

sical Lebesgue spaces. Usually, when p < n one has |£|%, for some q < Y ),, rather than L
g” (1+[€]P)
Also, when p > n the growth condition with respect to & involves a power |£|?, for some q < p but
: : 1354
this does not include 20 HEP)
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3.2 The A(p,q) — Laplacian

Let us further consider the problem

(3.9) {—div(lg(l +|Vul) | VulP~2Vu) = f(z,u, Vu) in Q

u=0 on 0f),

where p > 1, ¢ > 0. Then (according to the convention on modify A near 0 when (2.23) does not
hold)
tP*1lgn-r (1 +t) near infinity if p<n

n—2

An(t) = et near infinity ifp=n
400 near infinity ifp>n.

Let g : R — R be a continuous function such that ¢g(0) < 0 and g(s1) = 0 for some s; < 0. Let
h : € — [0,400[ be a measurable function, h(z) > 0 a.e. in .
Assume p < n and let h € L¥)'(Q). Set

f(@,5,€) = g()h(z) + €] 1g(1+ [¢[7) for (#,5,6) € 2 x R x R".

Then u = s7 and @ = 0 are a subsolution and a supersolution to (3.9), respectively and u = 0 is

not a solution. Let E(t) = t#" Ig(1+t). Then E~1(t) ~ ¢t @ Igr* (1 +t) near infinity, so we can find
a,b,c > 0 such that

1f(x,5,€)] < bh(z) + c+aE ' (A(|€]) for z € Q, s € [s1,0], £ € R,

and f satisfies (H) with o(x) = bh(z) 4 c. By Theorem 3.6, problem (3.9) has a nontrivial solution
u € [s1,0].
Let now p > n and g and h as above. Further, h € L}(Q) if p > n, h € LI(Q), for some ¢ > 1, if
p =n. Set

f(z,8,8) = g(s)h(x) + [P for (z,s,§) € A xR x R".

Then u = s1 and w = 0 are a subsolution and a supersolution to (3.7) respectively, and u = 0 is not

a solution. Let E(t) = ' — 1. Then E~1(t) = m near infinity, so we can find a,b,c > 0 such
that

1f(z,5,6)| < bh(z) +c+aB Y A(E]) for z € Q, s € [s1,0], £ € R",

and f satisfies (H) with o(xz) = bh(z) 4 ¢. By Theorem 3.6, problem (3.6) has a nontrivial solution
u € [Sl, 0}.

3.3 A general convex function A

We examine now the problem

S\ e AT :
(3.10) —div (W) = f(z,u,Vu) in Q
u=0 on 082,

where p > g+ 1 > 1. Then (according to the convention on modify A near 0 when (2.23) does not
hold)

— b near infinity if p<n
1gn—1>7(b1+t)
Ap(t) = et pear infinity if p=mn

+o00 near infinity ifp>n.
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Let g1, g2 : [0, +00[— [0, +00] be two unbounded, nondecreasing functions, such that g;(0) = g2(0) =
0. Let a1, as,c1,co > 0.
Assume p < n. Let p € L®)'(Q) and f: Q x R x R” — R be a Carathéodory function such that

et arlls) e < s 8) < —er t galslole) + S
Ig"(1 + [¢]) Ig"(1+[¢])
for (2,5,) e QX R xR" and r € qLH, 74
n (p*)/
If £ :=inf{s >0 : gi(s) > 1}, then u = —k is a subsolution to (3.10)*, and w = 0 is a supersolution
but not a solution to (3.10). For the Young function E(t) = Mm, A=r— ﬁ, one has

1
-1 o t®¥) . .
E~'(t) = 2 (Lpp) Dear infinity, so we can find a,b,c > 0 such that

[f (@, 5,6)| < blp(a)| + ¢ +aE~ (A(E]) for z € Q, s € [-k,0), £ €R",

and f satisfies (H) with o(z) = b|p(x)|+¢. By Theorem 3.6, problem (3.10) has a nontrivial solution
u € [—k,0].

Let now p = n, p € LY() for some ¢t > 1, and f : @ x R x R” — R be a Carathéodory function
such that

€
Mgt TI(1 + 1))

p
< f(z,8,8) < —ca+ g2(|s])p(z) + a2kgq‘*'1‘(§1’+|§|)

for (z,s,6) € A x R x R".

—c+gi(ls]) —a

Then u = —k, uw = 0 are a subsolution and a supersolution to (3.10) and u = 0 is not a solution to
(3.10). Taking E(t) = ¢! — 1 and arguing as in Example 3.2, we can prove that f satisfies (H). By
Theorem 3.6, problem (3.10) has a nontrivial solution u € [—k,0].

Under the same assumptions on the functions g1, go and on the constants a1, as, 1, co listed above,
the same arguments can be used to prove that problem (3.10) has a nontrivial solution u € [0, k|,
where k :=inf{s > 0 : ga(s) > ca}, provided that f: Q x R x R" — R is a Carathéodory function
such that

|§|(p*)’ _ |5‘(p*)/
_ g — < ,85,6) <o — —
C1 gl(’S’)p<x) a11g7<1+|§’) _f(.’L' S 5) C2 92(‘8‘)+a21g (1+’§‘)
for (x,5,) e QxR xR", and r € qn—i_l,(q*)/—i—l ifp<n,
p
or
Hid i

&1 — g1(Js])p(e) — a < f@5,8) s 2= aallsl) + a2 g T

for (z,5,£) e QxR xR" if p=n.

Mgt + 1))

4 Auxiliary results

This section is devoted to the statement of the technical results that we use in Section 5. Let’s
start by introducing the truncation operator that we need. For every r € R, we set r™ = max{r, 0},
r~ = max{—r,0}.
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Let u, @ € W4(Q) be such that (@)™, ut € WOI’A(Q), and u < @ a.e. in . The truncation operator
T : We(Q) — W (Q) is defined by

ifu>u
fu<u<u

fu<u

(4.1) T(u) =

£ < &

The only hypothesis u, @ € W4(Q) does not guarantee that T'(u) € WOLA(Q). The properties of

the truncating functions ensure that T'(u), (u — )", (u —u)~ € WOI’A(Q). In particular T is well
defined. A different choice of u, @ (for instance u, w € L¥(Q)) leads to T': L¥(Q) — L¥(Q).
It is known (see [H|, p.20) that

Vu(xz)  a.e. on the set {u > u}
(4.2) VT (u) =< Vu(z) a.e.on theset {u <u<u}
Vu(xz)  a.e.on the set {u < u}

The following Lemma extends the continuity result on 7' to the Orlicz-Sobolev spaces setting.

Lemma 4.1 If A is a Young function, then the operator T : WOI’A(Q) — WOI’A(Q) defined by (4.1)
is bounded (in the sense that it maps bounded sets into bounded sets). If A € Ay near infinity, then
it 1S continuous.

If E is a Young function and @, uw € L¥(Q), then T : L¥(Q) — L¥(Q) is bounded and continuous.

Proof. Let us prove that 7" is bounded. Let C C Wol’A(Q) be a bounded set, and let My be such
that ||U||W017A(Q) < My for all u € C. Take A = 3max{ My, [[@|y1,4(q), [[ullw1.4@q)}- Then from (4.2)

(4.3) /A<|VT(“)|>d$§1/ A<|W>+A _val ) Ve ) <
Q A 3 Ja Mo 1[40 lwllya)

< Afor all u € C.

namely [|T'(u) HW(}’A(Q)

Let {ux} C W&’A(Q) be a sequence such that ui — v in Wol’A(Q). Then, up a subsequence, we can
find h € LA(Q) such that max{|Vug(z) — Vu(z)|, |Vug(x) — Vu(z)|, | Vug (z) — Va(z)|} < h(x) for
a.e. v € Q, for all k € N. From (4.2)

|VTup(z) — VTu(x)| < max{|Vu(z) — Vu(x)|, |Vu(z) — Vu(z)|, |Vu(z) — Vu(z)|, h(z)}
(4.4) forae. z €, all ke N.

Call g(x) the right hand side of (4.4). Then g € L4(Q) and since A € A near infinity, from (2.11),
A (@) € L1() for every A > 0. From (2.21) limy_, 4 oo |Jug — u||W01,1(Q) = 0 and from Lemma 1.22
of [H] limy 400 ||Tug, — TUHWI,I(Q) = 0. Thus limy_, 1 oo VTup = VTu a.e. in 2. Moreover

A (WT“’“(‘T) - VT“(J””) <A (g(;)) for all k € N,

A

so the conclusion follows via the Lebesgue theorem and (2.10).

Let now E be as in the statement. Define T is as in (4.1), but on the space L¥(f2) and with the
only assumption @, u € L¥ (Q). Then T is well defined, and its boundedness can be proved arguing
as in (4.3). Let {uy} € L¥(Q) and u € L¥(Q), such that limg_, o |Jup — ul|pe(qy = 0. Then

lim E('“’f(x)_“(x)'> dz =0YA>0,
k——+oco 0 )\
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and
|T(u(x)) — T(u(x))| < |ug(x) —u(z)| aex e, VEkeEN,
S0
Jim [ B <|T(uk(x)))\— T(u(iﬂ))) dr— 0¥ A0,
The continuity is thus a consequence of (2.9) and (2.10). O

In the sequel, unlike the usual notation, we denote with [u, W] the following subset of VVO1 ’A(Q)
associated to an ordered pair u < @ of functions in W1H4(Q):

[w,1] = {u e Wt (Q) : w(z) <ulz) <u(z)ae z € Q).

We introduce now the hypotheses on f. They involve two functions like those in (4.1). This is
essential in order to then define the Nemitglgfl_l((‘)berator associated to f in the interval [u,u] C
I/VO1 ’A(Q). They are the same as those already seen in Theorem 3.6, except that here the functions
u,u do not need to be a sub and a supersolution. This is due to the fact that all the technical results
of this section hold true without that hypotheses.

We assume that f: Q2 xR x R™ — R is a Carathéodory function and satisfies the following growth
condition:

(H) there exists a Young function E, E < A, near infinity, a function o € LAn (Q), a constant
a > 0 and two functions u, @ € WH4(Q), with the properties (7)™, ut € Wol’A(Q), andu <7u
a.e. in €2, such that

(4.5) 1f(z,5,8)| < o) + aE " (A(|E]) ae z e, all s € [u(z),u(x)], all £ € R™.

Lemma 4.2 Let A be a Young function, A € Ag near infinity, for which (2.23) and (2.27), or
(2.28) hold. Assume that f: Q) x R x R™ — R satisfies (H).
(1) If {ux} C WOLA(Q) is a sequence weakly converging to u € WOI’A(Q), then

(4.6) lim / fz, Tug, VT ug)(ur, — u)dx = 0.
Q

k—o0
(1) If {ux} C WOI’A(Q) is a sequence converging to u € WOI’A(Q), then

klim lf(x, Tug, VTug) — f(x, Tu, VTu) =0.
—00

||LAn(Q)
Proof. (i) Let {u} be as in (7). Then {u} converges weakly to u in LZ() and strongly in L¥(Q)
(because E < A, near infinity). The sequence {VTuy} is bounded in L4(Q), so from (2.18) there
exists ¢ > 0 such that

(4.7) |IE~Y(A(VTugl)) < max{1, ¢} for all k € N.

HLE(Q)

By definition of weak convergence

(4.8) lim [ o(x)(ur —u)de =0.

k—oo J

Using (H) and (2.8)

‘/Q J (@, Tug(z), VTup() (wy — u)de| <

/QJ(:U)(uk —u)dx
/Qo(x)(uk —u)dx

+ a/ﬂE“l(A(|VTuk(x)|)|uk _ uldz

<

+ 26%!\5_1(14(\VTUk(ﬂf)!))IILE(Q)HUkz —ullre(@) -
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Taking into account (4.7) and (4.8), equation (4.6) follows from the inequality above.

(i) Let {ur} as in (éi). By the definition of Luxemburg norm it suffices to show that
~ T Tuy) — T T

iy | 7, (VBT )= (2 T 970

k—o00 QO

)das:() for every A > 0.

By the convexity of A, and (H)

i <\f(x,Tuk,VTuk) — f(z,Tu, VTu)\) S%gﬂ (40)(\x)>
1

A

(4.9) 17, <4aE—1<A<|VT<uk<x>>>>> L

i <4aE—1<A<rVT<u<x>>|>>>

A A

for a.e. z € Q, all k € N. Since E < A,,, from (2.3), there exists tg > 0 such that

(4.10) E7YA®R) < S AV (A®), ift>tg .

A
4a

Proposition 2.30 guarantees that A, € Ay at infinity. As o € LAn (Q)

~ (4
(4.11) Ay, ( a)(\x)) € L'(Q) for every A > 0.

Choosing t = |VT (ug(z))| and t = VT (u(x))] in (4.10)

(4.12) A, (TEl(A(WT(uk(x))\)O < A, (4;\1@1(14(160)0 + A(|VT (ug(z))|) for ae. z €,

(4.13) A, (‘L;E—l(A(WT(u(x))\))) < A, <4;E‘1(A(to))) + A(VT((z))|) for a.e. z €.

From Lemma 4.1, the sequence {Tut} converges to T in W&’A(Q). Then

(4.14) lim Tug(x) = Tu(z), and klim VTug(x) = VTu(z) a.e. in .
— 00

k—o0

Let g € LA(Q) be such that |Tug(z)| < g(z) and |VTug(z)] < g(x) a.e. in Q and for all k& € N.
Using (4.11), (4.12) and (4.13) in (4.9)

g, (Moo V) S D0 VIO (7 (0 G (5 0))
1

(4.15) A + iA(|VT(u(x))|) for a.e. ¢ € Q, for k € N.

Thanks to |Q] < oo, (4.11) and A € Ag near infinity, the right-hand side of (4.15) is a function in
vy € LY(Q). We proved that, for every A > 0, there exists a function vy € L*(Q) such that

3 > <wy(z) forae. xz €, for ke N.

Taking into account (4.14) the conclusion follows via the classical dominated convergence theorem.
O
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sk
Hypothesis (H) enables us to consider the composition of the Nemitskyl operator associated

with f with the operator 7" as in (4.1).
We denote by <W01’A(Q)) the dual space of Wol’A(Q) and by (.,.) the duality paring between them.

Proposition 4.3 Let A be a Young function, A € Ay near infinity, satisfying (2.23) and (2.27),
r (2.28). Assume that f: Q x R x R" — R satisfies (H). Then the operator Ny oT : WOI’A(Q) —

(W&’A(Q)Y, given by
(NyoT(u) /fxTu VTu)v(z)dz
is well defined, bounded and continuous.

Proof. Arguing as for (4.7), we know that E~1(A(|VTu(z)|)) € LE(Q) for all u € Wol’A(Q). Using
(H), (2.8), (2.12) and (2.26)

o(x)v(z)dx

/Qf(a:,Tu(a:),VTu(a:))v(a?)da: < +a/E A(|VTu(z)|)|v(x)|dx
<2|loll 5 HUHLB @ + 20| ETHA(VTu(@) ) o o Il Lz 0

<20 (HauLg(m +al BTN AV Tu@)D) 2 g ) ol

for every u,v € WOI’A(Q), so Ny o T is well defined. The same arguments show that if C is any
bounded subset of VVO1 “(Q) then

[N o T (u )H( @) <20(||UHLB +acy) for everyu € C,

with the constant ¢; = max{1, ¢} given by (2.18), thus Ny o T' is bounded.
The continuity of Ny o T' is a consequence of Lemma 4.2, part (ii). O

By means of the Young function E < A, and of the functions u,@ as in in hypothesis (H), we
introduce the cut-off function 7: Q@ x R - R
E~YE(s —u(x)) if s > u(x)
m(x,s) = 0 if u(z) < s <u(x)
—E~YE(u(z) - s)) if s < wu(x).
After, consider
(4.16) m(u() = E7NE(|u(-) = Tu()))sign(u(-) — Tu()) for u e Wy ().

We know that u — Tu € T/VO1 4(€) and thus in L (), so (2.18) (with C = A,, D = E) allows to
state that 7(-,u(+)) € LE(Q) for all u € T/VO1 4(2). Other properties of 7 are collected in the Lemma
below.

Lemma 4.4 Let 7 be defined by (4.16).
1) Let {ur} C whAQ) be a sequence weakly converging to u € WhAQ). Then
0 0

(4.17) lim [ w(x,ug(z))(ux —u)de =0.

k—oco Jo

(ii) Assume that A € Ay near infinity or u,u € LA(Q). Let {uy} C Wol’A(Q) be a sequence
converging to u € Wol’A(Q), then

lim (-, ue () = (w5, g = 0-

k—o0
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Proof. (i) By (4.16) and (2.8)

/Qﬂ(ac,uk(x)) up — u)dx

<2|E~NE (!uk—TUkDHLE(Q)HUk—UHLE(Q)-

/ E7 (E(lug(z) — Tuk(x)|)|uk — uldx

Since the sequence {ug —Tug} is bounded in LA (), and E < A, by (2.18) there exists a constant
¢ > 0 such that ~
1B~ (B(us — Tu)l ) < max{L, <}

and (4.17) follows.
(ii) By the definition of Luxemburg norm it suffices to show that

lim [ A, (7?(:):, w(w)) = 7r(ac,u(ac))|> dr =0 for every A > 0.
k—oo J A

From Lemma 4.1, the sequence {uy —T'(ux)} converges to u—T(u) in W[}’A(Q) and thus in L4~ ().
Arguing as in Lemma 4.2, there exists v € LA7(Q) and tq > 0 such that

Y I NES SR

(4.18) +% [E(v(x)) + E(Ju(z) — T(u(z))|)] for a.e. z € Q, for k € N.

Since u, v € LA(Q), and E < A, the right-hand side of (4.18) is a function in vy € L'(Q). We
proved that, for every A > 0, there exists a function vy € L*() such that

A, <|7r(w,uk(;v)) — w(x,u(x))|> <wy(z) fora.e xe,for keN.

A
Moreover,
lim 7(z,ug(z)) = 7(z,u(r)) fora.e. x €,
k—o0
and the conclusion follow via the classical dominated convergence theorem. ]

We are now in position to analyze the Nemytskij operator associated to m.

Proposition 4.5 Let 2 be an open set in R™ such that || < oo, and let A be a Young function,
satisfying (2.23) and (2.27) or (2.28). Then II : WlA(Q) (W&A(Q)) given by

(4.19) H(u)(v):/ﬂﬂ(x,u(a:))v(x)da:

is well defined, bounded. It is also continuous, provided u, @ € LA (Q) or A € Ay near infinity.

Proof. We have previously observed that 7(-,u(-)) € LE(Q) Also
| e ut@)ot@ide < 2 ul Dl oy ol < 201 u(D g ol

for every u € VVO1 (). Thus 1T is well defined and bounded.
The continuity of II follows from Lemma 4.4 part (ii). O
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Lemma 4.6 Let II be defined as in (4.19). If u,@ € LA"(Q), there exists a positive constant co =
co(u,u, E) such that

(4.20) TI(u)(u) > 2 /

Q

E <’Z> —C2 for allu € LF(Q).

Proof. The proof is a simply calculation based on (2.5), on the monotonicity of E and of E~!and
on this inequality that holds for a general convex function C":

C <|;|) < C(|t| —|s]) + C(|5|) for all t,s € R, such that |t| > |s|.

We distinguish all the situations that may occur.
o If u(x) < u(z) <0 then

m(wyu = E~Y(E(u — u))(—u) > E;“__u“) (~u) > E(u—u) > 2E <‘;‘|> — B(|ul)
o If u(x) < 0 < u(x) then
m(u)u =B~ (E(u - U))(—U) > E’l(E( (=) 2 B(-u) = E(Ju]).

u(x) then E-N(E(u — ) < B~ (B,(v)) < 228 <9 (E@), thus

T(w)u = E’l(E(g— w))(—u) > —2E(u) and from E(u) — E(u) < 0
m(u)u > —3E(u) + E(u).

o If u(z) <wu(z) <u(z) then m(u) =0 and E(|u|) < max{E(|u|), E([u])} < E(|u|) + E(|ul), thus

E(lul) = E(lul) — E([u]) <0 = m(u)u

n(v
(u

e If 0 <%(z) < u(z) then

r(wu=E Y E(u—1))u > Mu > FE(u—u) >2F (’124) — E(|al).

o If u(z) < 0 < u(z) then
r(wWu=E Y (Eu-1u)u>E YE()u> E).
o If U(z) < u(z) < 0 then E-Y(B(u — 1)) < (B)"L(B(fu))) < 250 < 280 thus «(u)u =
E~YE(u—1u))u > —2E([u|) and from E(|u|) < E(|u|)
m(uw)u > —3E(|al) + E(|ul) .
Put Q; = {u <u <0} J{0 <@ < u}, then

M > [, 2E<|u|)daj+ Jong, E(|ul)d ( Srucueoy EQul)dz + [0 3E(|g|)d:r)—|—
~ (Siuumy (Blal) + B(@))dz + figcneny B0 + [ o) 3E(ul)dz)
>2 fo B (1) do =3 [, (E(lul) + B(@))de

The assumptions u,u € L4 (Q) and E < A, guarantee that 3 [, (E(|u|) + E(|u|)) dz < cz, for

some co > 0 so
IM(u)u > 2/ E(|u|>d$—02
Q 2
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Let us now consider the operator S : WOI’A(Q) — (WOI’A(Q))*, defined as

(4.21) (Su,v) :/A’(\V ) ]V Vul -Voudx

for u,v € I/VO1 ’A(Q). Important properties of the operator S are listed in the next proposition.

Proposition 4.7 Assume that A € C([0,+o0]) is a strictly conver, Young function, satisfying
(2.14) and A’(0) = 0. Then the operator S : Wol’A(Q) — (W&’A(Q))*, introduced in (4.21) is well
defined, bounded and continuous.

Proof. The condition A’(0) = 0 guarantees that limg_,o A’ (\{])

also when |Vu| = 0. Also i4 > 1 guarantees that lim;_, ATt)

A(|Vul) oy € LA(Q) and from (2.8)

= 0 so the integral is defined
+00 so (A23) of [BC| leads to

[ m\m

(Su,v)] < 2 ' A(|Vul) T 9l
Similarly, if C C WOI’A(Q) is such that ||u||W1,A(Q) < M for some My € R then
(0]
/A(A <’W|) )da:</A(|V“’>d <1,
0 2M0 ]Vu\ [¢) M()
SO
A(|Vu \) < 2Mj.
‘ ‘VU| LA(Q)

The continuity is proved in [BC| Proposition 4.1 (take ®(&) = A(|£])).
We conclude the Section recalling the main theorem on peudomonotone operators.

Definition 4.8 A mapping A : X — X* is called

(i) coercive if lim |00 Auu) = 4-00;

[l

(it) pseudomonotone if u, — w and limsup,,_,, (Aup,up —u) < 0 imply that Au, — Au and

(Aup, un) — (Au, u).

Theorem 4.9 (see [CLM, Theorem 2.99|) Let X be a real reflexive Banach space and let A : X —
X* be a bounded, coercive and pseudomonotone operator. Then, for every b € X* the equation
Ax = b has at least solution v € X.

5 Proof of the Main results

This Section is devoted to the proof of the main results. We perturb problem (1.1) with the Nemytskij
operator II defined in (4.19), times a parameter A > 0, truncate f too and formulate an auxiliary
problem associated to (1.1).

(5.1)

—div(A'(|Vul|) |%) + A(u) = Ny(Tu) in Q,
u=0 on 0N).

The solvability of problem (5.1) can be guaranteed provided the parameter A > 0 is sufficiently
large as shown in the following result.
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Theorem 5.1 Let Q be an open set in R™, with n > 2, such that || < co. Let A € C1([0,+0))
be a Young function for which (2.16) holds. Assume that A satisfies (2.23) and (2.27), or (2.28),
and that the Carathéodory function f : Q x R x R™ — R fulfills hypothesis (H). Assume also that
u,w € LA (Q).

Then there exists Ao > 0 such that (5.1) admits a solution whenever X > .

Proof. For all A > 0 consider the operator A, : Wol’A(Q) — (Wol’A(Q))*, defined by
/A’ (IVul]) ﬁ Vvd;c+/\/ m(x,u)vdr — / f(z,Tu, VTu)vdx =
Q Q
(Su+ MIu — Ny o T(u), v) for w,v € WOI’A(Q).
We prove that Ay is well defined, bounded, pseudomonotone and there is A\g > 0 such that A, is
coercive for all A > Ag.

Due to Propositions 4.3, 4.5 and 4.7, A, is well defined, bounded and continuous. To prove that it
is pseudomonotone, we take u € WOI’A(Q), and a sequence {uy} C WOI’A(Q) such that

up —u in Wol’A(Q), and limsup (A (ug), ur —u) < 0.
k—o00

Then u;, — u in L¥(Q) and it is bounded in LA*(Q), so (4.6) and (4.17) allow to write

lim sup (S(ug), up —u) <0.

k—o0

Thus (see [BC]|, Lemma 4.6) u; — w in WOI’A(Q) and consequently

Jim Az (k) = Ax(@)| g4y = 0

o (Ax(ug),ur) = (Ax(u),u), (Ax(ug),v) = (Ax(u),v) for all v € W&’A(Q) and Ay is a pseu-
domonotone operator.
It remains to prove that Ay is coercive for some A > 0. Using (2.4)

‘ / E Qs =20 [ B aqv) e
u>u}
) 2
20 [ BTGV e 2 B Al 204 g
{u<u} 2 Jiu<u<a} A

§2a[ {M} (A val) +E<| ‘))dﬂf+/{u<u}( (‘V“’>+E<| ’>> ]

- {ugugu}( (Vu|) + E <2a|“‘)> iz < 2a/ﬂ(A(\Vu|)+A(Vu|))dq:+

2a/E<|u|>d +/A ul)de + 52 E(Qamax{u|,|u|}>d$'
Q u<u<u paA

Since u, @ € WH4(Q) and A A A AQ near infinity, (2.17) guarantees that [,,(A(|Va]) + A(|Vul))dz <

+00. The assumption E < A, allows to use (2.17) that ensures that [, E (W) dr < 400.

Thus, there exists a constant c3 > 0 such that

(5.2) a/ E~YA(|IVTu]))|uldz < 3 + 2@/ E (’12”) dz + pZA/ A(|Vul)dz for all u € Wol’A(Q).
Q Q Q
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From hypothesis (H) and (5.2)

/ f(z, Tu, VTu)udz| < o(z)u(z)dz| +a / E~YA(|VTu|)udz| <
Q Q

bA
63 <2Clolsglulyag + 5 [ AGTu+2a [ B (1) e,
From the definition of py
(5.4) /QA'(]VU|)\VU| dx > pA/QA(VuDdx for any u € Wol’A(Q),

so, choosing A > a and using (4.20), (5.3), (5.4) and (2.15), we obtain

) | BT gy ~ 2090y gy + 20 @ o B () do -2 -

||u||W017A(Q) HUHWOLA(Q)

for all ”UHWOLA(Q) > 1, and this leads to

fim @
[lull—+o00 ||UHWOLA(Q)

Theorem 4.9 guarantees that, there exists u € W(}’A(Q) such that Ay(u) = 0. Thus
(5.5) /A/ Vu \ Vvdx—t—)\/ m(x,u(x))v(x)de — / f(z,Tu, VTu)vdr = 0.
Q Q

for all v € W (Q). 0

Proof of Theorem 3.6. By Theorem 5.1 there exists a solution u € WOLA(Q) of the truncated
auxiliary problem (5.1) provided A > 0 is sufficiently large. Let us fix such a A and u.
Via comparison arguments we claim that v < @ a.e. in €. First of all we observe that it is not
restrictive to assume that E(t) > 0 for t > 0. Let us use v = (u —u)" € WOI’A(Q) as test function
n (5.5) and (3.3). Then

' — A u u—u)tdr m(u(x))(u —u)tdx .
[ (05 gy = A7 S ) T =) do A [ wute)) () e <0

The convexity of A and (2.5) lead to
/\/ E(u—u)g)\/ E Y E(u—-1u)(u—1)dz <0,
{u>u} {u>u}

and this, together with E(t) > 0 for ¢ > 0, forces u < @ a.e. in . Arguing with v = (v —u)~ €
WOLA(Q) as test function we obtain u > w a.e. in €. Altogether, we can establish for the solution u
of the auxiliary truncated problem (5.1) the enclosure property u € [u,@]. It only remains to confirm
that u € W&’A(Q) is solution of the problem (1.1). Exploiting the inclusion u € [u,u], it follows
from (4.1) and (4.19) that Tu = u and II(u) = 0. Consequently, since w is a solution of (5.1), then
u € WOI’A(Q) becomes a solution of the original problem (1.1). O
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Corollary 5.2 Let Q be an open set in R™, with n > 2, such that |Q] < co. Let A € C1([0,4+0)) be
a Young function for which (2.16) holds. Assume also that A satisfies (2.23) and (2.27), or (2.28).

Let uw and w be a subsolution and a supersolution of problem (1.1), respectively, with u < u a.e. in
Q, u,u € W(}’A(Q), and such that the Carathéodory function [ : Q x R x R™ — R fulfills

(5.6) f(@,5,6)] < plx) + g(Is]) + aB 7 (A(E]) ae. z € Q, all s € [u(x),u(z)], £ €R",

where p € L‘Z"(Q), a, E, are as in Theorem 3.6 and g : [0,+oo[— [0,+00[ is a nondecreasing
Junction such that g(0) = 0 and there exist so, k > 0 such that g(|s|)|s| < An(k|s|) for all |s| > so.
Then problem (P) possesses a nontrivial solution u € Wol’ ().

Proof. Put w := max{|u|, [@|}. We prove that the g(w) € LA"(Q). Using (2.5)
A (7)< A ()« 2 ()
(5.7) A, (9(20)> + A, ((A )~ 1(An(kw))) — A, (9(Z°)> + B(kw) .

Due to |2 < oo and (2.29), the function A, (g(80)> + An(kw) € LY(Q) and this proves that
o(x):=p(x) + gw(z)) € LZ"(Q). Thus the conclusion follows from Theorem 3.6. O

IN

IN

Corollary 5.3 Let Q be an open set in R", with n > 2, such that || < oo and Q € G (717)
Let A € C*([0,+00)) be a Young function for which (2.16) holds. Assume also that A satisfies
(2.23) and (2.27), or (2.28) and that A, € As near infinity. Let u and u be a subsolution and a
supersolution of problem (1.1), respectively, with u < u a.e. in Q, and such that the Carathéodory
Junction f: QxR xR"™ = R fulfills (5.6).

Then problem (P) possesses a nontrivial solution u € I/VOl A(Q)

Proof. Put w := max{|ul,|a|}. We prove that the g(w) € L4#(Q). Unlike the previous corollary
now we can’t use (2.29), due to the lack of information that sub and supersolutions are in Wo AQ).
However, from (2.17), A, (k|w|) € L' () for all w € LA (Q) and a fortiori for all w € WH4(Q), due
0 (2.24). We can now argue as in Corollary 5.2 to achieve the conclusion. O

We are ready for the proof of Theorems 3.2 and 3.3.
Proof of Theorem 3.2. We construct a subsolution u < 0 a.e., u # 0, and show that 7w =0 is a
supersolutlon but not a solution to (1.1). Then, we show that f satlsﬁes (5.6).
Put Gy (¢ fo g1(7)dr, t > 0 and consider the functional J : Wo (Q) — R, defined as

J(u) = / (A(|Vu]) + p1(x)u — Gi(Ju|)) dz  for u € WOI’A(Q).
Q
We prove that J is well defined, weakly lower semicontinuous, coercive and that

58  J(u)v /A’(|v |)W’Vvdx—|—/pl(:r)v(:r)dx—/ggl(u|)signuv(m)d:c

for all u,v € WO1 A(Q) We examine separately the three integrals.
Due to the convexity of A and Proposition 4.7, the functional u — [, A(|Vu|)dz is well defined in
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WOI’A(Q), convex and of class C.
The embedding WOI’A(Q) — LA"(Q) and (2.8) allow to write

(5.9) ’ /Q o1 (2)udz

1,A
< 2|l 1, o 0l a0y < eallullynn g for any u e Wo(9).

Thus the functional u — [, p1(z))udz is well defined in WOI’A(Q), linear and continuous.

Let us consider the functional u — [, G1(|u|)dz, u € WOI’A(Q). For any u € WOI’A(Q) and all z € Q
one has
Gi([ul) < gr(lubful < g1(s0)so + Ak1lul) .

The assumption |[Q| < oo and the Ag condition on A (see (2.17)) lead to
(5.10) g1(s0)s0 + A(ki|u|) € LY(Q) for all u € LA(Q)

and a fortiori for all u € Wol’A(Q). This fact will be used often in the proof. First of all it guaran-
tees that the functional u — [, G1(|u|)dz is well defined in Wol’A(Q). We prove that it is weakly
continuous. Let {ux} be a sequence in Wol’A(Q) weakly converging to u € Wol’A(Q). Due to the

compactness of the embedding WOI’A(Q) — LA(Q) we can find w € LA(Q) such that |uy(z)| < w(x)
for a.e. z € €, all £ € N and, from (5.10), we can apply the Lebesgue theorem to the sequence

{Gr(Jug])}, that is
tim [ Gi(usde = [ Gi(ful)de.
k—4o00 Q Q

This proves the weak continuity of u +— [, G1(|u|)dz, and the weak lower semicontinuity of J. It
remains to calculate its derivative. Let u,v € WOI’A(Q) and A > 0, A < 1. Then

G1(lu+ Av]) = Gi(Jul)

/\ILI& 3 = q1(Jul)signuv a.e.in Q,
and
Gi(fu+ Mof) — Gi((ul)

S ‘ < gi(ful + [v))[v] < g1(lul + o) (jul + |v]) < g1(s0)s0 + A(k(Jul + [v])) .

From (5.10) we can apply the Lebesgue theorem to {Gl(‘uw‘vyfal(l“') }/\ . for A — 0T, and this,
>

together with the regularity properties of the two functionals examined above, leads to (5.8).
To prove the coercivity of J we need the following inequality, that can be found in [BC, Proposition
3.2],

_1
/ Alul)dz < / Alwn ™[O [Vl )da for all w e WIA(Q).
Q Q
_1
Let 7 := kjwy, ”\Q|% Note that 7 < 1.
[euhiz< [ canas [ admfa)
0 {ul<s0} {ul>s0)
(5.11) < G1(M)|9] +/ A(7|Vul)de < G1(M)|Q] + 7'/ A(|Vu|)dzx for all u € Wol’A(Q).
Q Q

Take now u € Wy (), [|ull;y 1.4, > 1 and use (2.15), (5.9) and (5.11)
0

()

J (1= 7) Jo AVal)dz = exllullygr.a ) — Gr (M) ) GO
W_ Wo @) > pa (10— 1) a4k s O
0

||UHW01«A(Q) HUHWOl’A(Q) ||u||W§¢A(Q)
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This proves that J is coercive. Thus it has a global minimum. Let u be a global minimum point for
J. We prove that u # 0. To this end consider a function v € C$(Q), v < 0 and p; (z)v(x) # 0 in Q.

The inequality ﬁgég > (L1>pA holds for ¢; > tg > 0, then for t; = |V, ty = t|Vv|, we have

to
J(tv) < P4 / A(|Vo|)dx +t/ p1(z)vde <0 fort <1,
Q Q

and this proves that J(u) < 0. Using J(—|u|) > J(u) we obtain u < 0 a.e. in Q.
Now we prove that u is a subsolution and u = 0 is a supersolution but not a solution to (1.1). Note
that

/A’ V), Vvdx+/ (o )vdw—i—/le(|u(x)|)v(:r)dx.

Acting with any v € WO’ (Q), v >0, in J’(g)(v) = 0 and using (3.1)
/A’ \Vu| Vvdx /f x,u, Vu)vdr <0,
that is u is a subsolution to (1.1). Using (3.1) and choosing v € Wol’A(Q), v>0

_/f(x,0,0)vdacz/pg(x)vdeO,
Q Q

thus u = 0 is a supersolution to (1.1) and the assumptions on ps guarantees that it is not a solution.
We put p(z) = max{p;(x), i = 1,2}, g(|s|) = max{g:(|s]), i = 1,2} and use (3.1)

|f(@,5,6) < p(x) + g(|s]) + aB 7 (A(€]) for z € Q, s € [u(x),0], £ €R™.

Then f satisfies (5.6) and from Corollary 5.2 problem (1.1) has a nontrivial solution u € VVO1 ’A(Q)
and u € [u, 0]. O

From [Ci2, Theorem 2|, when p1, p2 € L>(Q2) then the same holds also for the solution wu.
Proof of Theorem 3.3. We show that u = 0 is a subsolution but not a solution to (1.1) and
construct a supersolution u > 0 a.e. u #Z 0. Then, we show that f satisfies (5.6).

Using (3.2)
- / f(z,0,0)vdx < / —p2(x)vdr < 0 for all v € WOLA(Q), v >0in Q,
Q Q

thus u = 0 is a subsolution to (1.1) and the condition on ps guarantees that it is not a solution.
Put G (t fo g1(7)dr, t > 0 and consider the functional J : W (Q) — R, defined as

J(u) = / (A(|Vul|) = p1(z)u — G1(Jul)) dx for u € WOI’A(Q).
0
As in Theorem 3.2, we see that J is well defined, weakly lower semicontinuous, coercive and
/ A(|Vul) —Vvdx / p1(z)v(z)dr — / g1(Ju(x)|)signu(z)v(z)dx .
Q Q

Let @ be a global minimum point for J. We prove that w % 0. To this end consider a function
v e CHR), v>0, po(z)v(z) £ 0 in Q.

J(tv) < tPA /QA(|VU(95))dx - t/Qpl(:c)v(:c)dl‘ <0 fort<1,
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and this leads to J(u) < 0. Using J(|u|) > J(u) we obtain @ > 0 a.e. in €.
Now we prove that % is a supersolution to (1.1). Acting with any v € W&’A(Q), v>0,inJ (w)(v) =0
and using the inequality on the right in (3.2)

/A’(]Vu|)vqudx— / f(z,u, Va)vdx > 0
Q [Vl Q

Arguing as in Theorem 3.2 we see that f satisfies (5.6), and problem (1.1) has a nontrivial solution
u € [0,. m
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