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Infinitely many solutions for a mixed
boundary value problem

by GABRIELE BONANNO (Messina)
and ELISABETTA TORNATORE (Palermo)

Abstract. The existence of infinitely rnany solutions for a rnixed boundary value
problern is established. The approach is based on variational rnethods.

1. Introduction. Mixed boundary value problems, as weli as Dirichlet
or Neumann problems, have been wiclely stllcliecl becallse of their applica­
tions to various fielcls of appliecl sciences, as mechanical engineering, control
systems, computer science, economics, artificial or biological neural networks
ancl many others.

In this connection, several existence ancl multiplicity results for solutions
to second orde l' orclinary clifferentialnonlinear equations, with mixecl concli­
tiolls at the encls, have been investigatecl making use of fixecl point theorems,
lower ancl upper solutions anci variationai methocls (see, for instance, [1], [2],
[4], [5], [7], [8]).

The aim of this paper is to establish the existence of infiniteIy many
solutions for mixed bounclary value problems by using a very recent criticaI
points theorem (see Theorem 2.1). Our main result (Theorem 3.1), uncler
ali appropriate osciliatillg behaviour of the nonlinear term, ensures an un­
bounclecl seqllence of sollltions for this type of problem. As an example, wc
present here its special case.

THEOREM 1.1. Let g : IR ---+ IR be a nonnegative continuous function, put

G(ç) = ~~g(t) dt for ali ç E IR and assume

lim inf G\ç) = O, lim Sllp G\ç) = +00.
ç--+oo ç ç--+oo ç
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Then the probiem
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in]O,l[,

{ -u" + u' + u = g(u)u(O) = u'(l) = O,

has a sequence of pairwise distinct classicai soiutions.

The note is arranged as follows. In Section 2, we recall some basi c defini­
tions ami our abstract framework, while Section 3 is dcvotcd to thc existencc
of infinitely l1lany solutions for mixed boundary valuc problcms.

2. Preliminaries. Our main tool to investigate thc existencc of in­
finitely many solutions for l1lixed boundary value problems is the infinitely
many criticai points theorel1l due to B. Ricceri ([6, Thcorem 2.5]). Here, wc
rccall it as givcn in [3].

THEOREM 2.1 (sce [6, Theorcm 2.5] and [3, Theorem 2.1]). Let X be a
refiexive Banach space, P : X -. JR be a continuousiy Giiteaux differentiabie,
coercive and sequentially weakiy iower semicontinuous functionai, IJI:X -. JR

be a sequentially weakiy uppe1' semicontinuous and continuousiy Gliteaux
differentiabie functionai, and .\ be a positive reai pammeter.

Put, for' each T > infx cf>,

. sUPvE<P-l(]-oo,I'[) lJI(v) -1JI(u)mf ------------
lLE<p-l(]-oo,I'[) ,. -p(u)

lim inf <p(T), (5 : = lim inf <p(l').
1'-++00 "-+(infx <P)+

(l)
<p(1'):=

"V.­1'-

One has

(a) F01' every·,. > infx cf>and eve1'Y .\ E ]0, l/<p(1')[, the rest1'iction of the
functionaip -.\IJI to cf>-l (] -00, r[) admits a giobai minimum, which
is a c1'iticai point (iocai minimum) of cf>- .\IJI in X.

(b) lf ì < 00 then, f01' each .\ E ]0, lh[' the following altemative hoids:
either

(b l) cf>- .\IJI possesses a giobai minimum, or
(b2) there is a sequence {Un} of criticai poÙtts (iocai mininw) of

p -.\IJI such that.limn-++ooP(un) = +00.

(c) lf 8 < 00 then, for each .\ E ]0, 1/8[, the following altemative hoids:
either

(cd there is a giobai minim1lm of IJI which is a iocai minim1lm of
cf>- .\IJI, or

(C2) the1'e is a sequence {un} of pai1'wise distinct criticai points (io­
cai minima) of cf>- .\IJI, with limn-++oo cf>(un) = infx cf>,which
weakiy conve1'ges to a giobai minimum of cf>.
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(2)

Now, consider the following lllixed bOllndary value problelll:

{ -(pu')' + 'lu = )..f (t , 1l) in I = ]a, b[,
(RS>.)

u(a) =u'(b) = 0,

where p, q E U1O([a, b]) are such that

Po = cssinfp(t) > 0, 'lo = essinf'l(t) 2: 0,
tE[a,b] tE[a,b]

f : [a, b] x IR -> IR is a Carathéoelory fllnction anel ).. is a positive real
parallletcr.

Put
x

F(t,x) = ~f(t,ç)dç
°

for ali (t, x) E [a, b] x IR. Denote

X = {'Il E W1,2([a, b]) : u(a) = O};

thc llsllal norm in X is dcfincd by

b b 1/2

111l1lx = U1l2(t) dt + ~(n'(t))2 dt) .
a a

For cvery n, v E X, wc define
b b

(n, v) = ~p(t)n'(t)v'(t) dt + ~'l(t)1l(t)v(t) dt.
a a

\Ve observe that (2) elefines an inner prodllCt on X whose corresponding
norlll IS

b b 1/2

Iluli= Up(t)(Il'(t))2dt + ~'l(t)(1l(t))2 dt) .
a a

A Silllplc cOlllplltation shows that the nonn Il . Il is equivalcnt to the llsllal
onc.

A fllnction Il E X is said to bc a weak solution of problem (RS>.) if
b b b

~p(t)Il'(t)V'(t) dt + ~'l(t)n(t)v(t) dt = )..~f(t, u(t))v(t) dt Vv E X.
a a a

Clearly, if f is continuolls, p E C1([a, b]) ancl q E CO([a, b]), then wcak
solutions of (RS>.) are classical solutions.

It is well known that (X, 11·11) is cOlllpactly elllbeeldeel in (CO([a, b]), 11·1100)

and

(3) R-aIlulloo~ -Iluli
Po

VuE X.
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'Ne use the following notations:

Ilplloo = esssupp(t), Ilqlloo= esssupq(t).
tE[a,b] tE[a,b]

In order to study problem (RS)..) , we will use the functionals P, lfJ : X ---f lR
defined by putting

(4)

b

lfJ(u) = ~F(t, u(t)) dt Vu E X.
a

Since P is continuous and convex it is weakly sequentially lower semicon­
tinuous. Moreover P is continuollsly Gateallx differentiablc and its Gateaux
derivative admits a continllous inverse. On the other hand, lfJ is sequentially
weakly upper semicontinuous, Gateaux differentiable with compact deriva-

. tive, one has
b b

p'(u)(v) = ~p(t)u'(t)v'(t) dt + ~q(t)u(t)v(t) dt,
a a

b

1fJ'(u)(v) = ~f(t, u(t))v(t) dt Vv E X,
a

and moreover

p(O) = IfJ(O) = O.

Since a criticai point for the functional P - ÀIfJ is any u E X such that

p'(u)(v) - ÀIfJ'(u) (v) = O Vv E X,

the criticai points for P - ÀIfJ arc exactly thc weak solutions for problcm

(RS)..).
Now, put

(6)

(5)

(9)

(8)

(7)

k = 3po
611pll00+ 2(b - a)21IqII00'

... )b max[xl<'; F(t, x) dt
A = 11m mf iL - ') ,

';-+00 ç

. )~iL+b)/2 F(t, O dt
B=l1msllP ') ,

';->+00 ç

À1 = l 311pll00+ (b - a)211q1100= po
3(b - a) B 2(b - a)kB'

À 2 = ---..!!!2
2(b - a) A

We note that if p = q = l and b - a = l then k = 3/8, and if q = O ancl
p = l then k = 1/2.
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(ii)

(10)

3. Mixed boundary value problerns. Our main result is thc follow­
ing thcorem.

THEOREI\[ 3.1. Assume that

(a+b)/2

(i) ~ F(t, ç) dt 2: O VE, 2: O,
a

.. ): maxlxl::;ç F( t, :z:)dt . )~a+b)/2 F( t, ç) dt
hmmf 2 < khmSllp ---
ç~+oo E, ç~+oo E,

wheTe k is given by (5).

Then, fa T each À E ]À l,À2 [, wheTe À l,À2 aTe given by (8) and (9), the problem
(RSÀ) has a sequence of weak sollltions which is unbollnded in X.

Proof. Our goal is to apply Theorcm 2.1. Consieler the Sobolev space X

and thc operators defined in (4). Pick À E ]À1, À2[.

Let {cn} be a real seqllcncc sllch that lillln~+oo Cn = +00 anel

lim ): maxlçl<c1l F(t, E,) dt
II~+OO 2 = A.CII

Put
po 2

rll= (l )Cn forallnEN.2 ) - a

Taking into accollnt (3), one has IIvlloo ~ CII for all v E X such that IIvl12 ~
2rll. Hence, for all n E N,

. SllPvE<[,-l(]_oor1l[) tJi(v) - tJi(u)
<pCrll) = mf -----'------

ILE<I,-1(]-oo,r1l[) TII - if>(U)

< SllPllvll2<2r1l): F(t, V(t)) dt

rb ( rb< .la max!çl::;c1lF t, E,) dt = 2(b - a) .\a maxlçl::;C1lF(t, E,) dt
- T po c2 .Tl Il

Thcrcfore, since from (ii) onc. has A < 00, we obtain

2(b - CL), := lim inf <p(TII) ~ ---A < 00.
1I~00 po

Now, we claim that the fllnctional lÀ = if>-ÀtJi is llnbollndeel from below.
Let {d,J be a real scqllence sllch that limn~oo dn = +00 anci

. )~a+b)/2 F(t, dll) dt
hm 2 = B.

n~+oo dn
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For all n E N elefine

{ 2dn
()_ -(t - a)Wn t - b - a

dn

if t E [a, (a + b)/2[,

if t E [(a + b)/2, b].

Clearly, wn E X anel

(j2 ( (b-a?)(11) IIWnI12~2b~!a IIplloo+ 3 IIqlloo.

Therefore

(12)

Taking into account (i), we have
b b

(13) ~F(t,wn(t))dt 2: ~ F(t,dn)dt.
a (a+b)/2

Then, for alln E N,

(14)

d~ ( (b-a)2 ) bp(wn) - ÀtJI(wn) ~ b _ a Ilplloo + 3 Ilcllloo - À ~ F(t, dn) dt
(a+b)/2

2 b

dnpo _ À ~ F(t, dn) dt.
(a+b)/2

Now, if B < 00, we fix E E ] 2)..rb~oa)kB' 1[. From (10) there exists vf E N such
that

b

~ F(t, dn) dt > EBd~ Vn > Vf,
(a+b)/2

therefore

(I>(Wn) - ÀtJI(wn) ~ [~(b ~ a)k - ÀEB] d; Vn > Vf,

anel by the choice of E, one has

lirn [p(wn) - ÀtJI(wn)] = -00.n --+ 00

On the other hancl, if B = +00, we fix
poM>-­

2À(b - a)k
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From (lO) there exists vM E N such that
b

( 2J F(t,d/!)dt> Md/!
(a+b)/2

therefore

\:In > VM,

[ PO ] ')cf>(wn) - ÀtJi(w/!) 'S 2(b _ a)k - ÀM d~

anel by the choice of 1\1, one has

lim [(]>(wn)- ÀtJi(w/!)] = -00.n~oo

\:In > VM,

in l = ]a, b[,

Hence, our claim is proveel.
Since ali assumptions of Thcorcm 2.1 are satisficel, thc fnnctional l).. =

. cf>- ÀtJi aelmits a scqnence {Il/!} of criticaI points snch that lim/!~oo Ilun Il =
+00, anel the conci usi on is achieveel .•

Now, wc point ont thc following conseqncnce of Theorem 3.1.

COROLLARY 3.1. Let f : IR --+ IR be a nonnegative continuous function,

q E Cona, b]), p E Cl([a, b]) arul put F(t) = )~f(E,) df, for alt t E IR. Assume
that

. F(E,) k F(E,)
lim inf -2- < - lim snp -2-'
€~+oo f, 2 €-+oo f,

Then, for each À in the interval

] po po [(b - a)2k limsuP€~+oo F(f,)/f,2' 2(b - a)2lim inf€_+oo F(f,)/f,2 ,

the ]J1'Oblem

{ -(pu')' + qu = Àf(ll)u(a) = u'(b) = O,

possesses a sequence of painvise distinct classical solutions.

REr-IARI< 3.1. In Thcorem 3.1 wc can rcplacc f, --+ +00 by f, --+ 0+,
applying in thc proof part (c) of Theorem 2.1 insteael of (b). In this case we
obtain a sequence of pairwise elistinct solutions to the problem (RS)..) which
converges unifonnly to zero ..

Now, consieler the following problem:

(P)..) { -(fiu')' + fu' + qu = Àg(t, u) in l = ]a, bLu(a) = u'(b) = O,

whcre g : [a, b] x IR --+ IR is a continuons fnnction, p E Cl ([a, b]), q, f E
Cona, b]) anel À is a positive parameter. l'vloreover, p is positive, q is non­
negative anel R is a primitive of r/p.
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Put
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x

C(t, x) = ~g(t,~) d~
O

b .__ 2n_!_(n_+_2)_!_+_1
n .- 4(n + I)!

for all (t,;1:) E [a,b] X IR, ami

, 3 mintE[a,b] e-Ilpk = ----------
61le-llplloo + 2(b - a)21Ie-Rqlloo'

- 1 31le-llplloo + (b - a?lle-Hqlloo
À1 = --- b '

3(b - a) limsupç->+oo }(a+b)/2 e-R(t)C(t,~) dt/~2
. -R-

- mllltE[a,b] e p
À2 = .. 'b .

2(b - a) hm lllfç->+oo Lmaxlxl:Sç e-ll(t)C(t, x) dt/e

COROLLARY 3.2. Assume that

(a+b)/2

(i) ~ e-ll(t)C(t,~) dt 2: O V~ 2: O,
a

.... \b nmxlxl<ç e-R(t)C(t, :];) dt ,. }~a+b)/2 e-R(t)C(t, ç) dt
(u) hmlllf·a - 2 <k lnnsup ~ .

ç->+oo ~ ç->+oo ~

Then, fo'T"each À E j), l , ~2 [, the prablem (P>.) possesses a sequence of pai'T"wisc
distinct classical solutions.

Praof. Since the solutions of the problelll

{ -(e-Rpu')' + e-Rqu = Àe-Rg(t, u) in I = ]a, b[,u(a) = u'(b) = O,

are solutions ofthe problem (P>.), the conclusion follows from Theorem 3.1. •

REMARK 3.2. Thcorelll 1.1 in the Introduction immediately follows from
Corollary 3.2.

EXAI\IPLE 3.1. Put

2n!(n + 2)! - 1a .- ------
n .- 4(n + l)!' '

for every n E N, ami define the nonnegative continuous function 9 : IR --. IR

by

!32(n + 1)!2[(n + 1)!2 - n!2]

g(~) = 7r

O

2

1 (n!(n+2))16(n + 1)!2 - ~ - 2

if ~ E UnEN[an, bn],

otherwise.
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By a simplc complltation, wc obtain

l· . f G(ç) O llllllll -2- = ane~-+oo E,

so

Or' f G(ç) 3= unlll -')- < --
ç-+oo E,- 2e(jC+l))

. G(ç)
lun Sllp-2- = 4,
ç-+oo E,

3 . G(E,)
--lun Sllp -2-'

Se( Je + 1)) ~-+oo E,

Hence, from Corollary 3.2, for each À > 1/3, the problclll

{-Il" + 1[/ + Il = Àg(1/) in ]0,1[,1/(0) = Il/( l) = O,

has a scqucncc of pairwisc distinct classical solutions.
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