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Abstract
This study presents a three-dimensional global–local formulation for the prediction of guided wave scattering from dis-
continuities (e.g. defects). The approach chosen utilizes the Semi-Analytical Finite Element method for the ‘‘global’’ por-
tion of the waveguide, and a full Finite Element discretization for the ‘‘local’’ portion of the waveguide containing the
discontinuity. The application of interest is the study of guided wave scattering from transverse head defects in rails.
Theoretical scattering results are impossible to obtain in this case for a wide-frequency range. While three-dimensional
Semi-Analytical Finite Element–Finite Element models for guided wave scattering studies have been used in the past, this
is the only study where guided waves in rails were modeled in a wide-frequency range (up to 180 kHz). A comparison
analysis with a benchmark study of wave reflections from the free end of a cylindrical rod is conducted first. For the case
of the rail, selected case studies of incoming guided modes were chosen, and reflection and transmission spectra are cal-
culated for head defects of various sizes. This kind of results can be utilized to guide and/or interpret ultrasonic guided
wave tests aimed at defect detection or quantification. Finally, parametric studies are conducted to examine more closely
the role of certain operational parameters that are important in this kind of analysis, and specifically the size of the
‘‘local’’ region and the number of guided modes considered. These parametric studies lead to compromises that need to
be struck on the basis of conservation of energy among all wave modes involved.
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Structural health monitoring, ultrasonic testing, ultrasonic guided waves, wave scattering, global–local method, rail
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Introduction

The understanding of scattering behavior of ultrasonic
waves from discontinuities (e.g. defects) in waveguides
is of great importance to both Structural Health
Monitoring and Non-Destructive Testing. Predicting
scattering spectra of a guided wave impinging on a
defect can inform a guided wave test on (1) the selec-
tion of specific mode–frequency combinations that are
sensitive to a specific defect or (2) the identification and
quantification of a defect that is being detected in a
test. Since guided wave structural testing can be done
in either a reflection mode (pulse-echo) or a transmis-
sion mode (through-transmission), it is useful to con-
sider both reflection and transmission scattering
spectra in the analysis.

Hybrid methods have been used to study wave scat-
tering phenomena when theoretical solutions are hard

to obtain due to the complexity of the problem. These
hybrid methods are based on coupling a ‘‘global’’ wave
propagation solution in the region away from the scat-
terer to a ‘‘local’’ wave propagation solution around
the scatterer calculated with either Finite Element (FE)
or Boundary Element (BE) analysis. This kind of
‘‘Global–Local’’ methods have been utilized in the past

1Department of Engineering, University of Palermo, Palermo, Italy
2Department of Aerospace Engineering, San Diego State University (for-

merly with University of California, San Diego), San Diego, CA, USA
3Experimental Mechanics, NDE & SHM Laboratory, University of

California, San Diego, La Jolla, CA, USA

Corresponding author:

Francesco Lanza di Scalea, Experimental Mechanics, NDE & SHM

Laboratory, University of California, San Diego, 9500 Gilman Drive, MC

0085, La Jolla, CA 92093-0085, USA.

Email: flanza@ucsd.edu

uk.sagepub.com/en-gb/journals-permissions
https://doi.org/10.1177/14759217211000863
journals.sagepub.com/home/shm
http://crossmark.crossref.org/dialog/?doi=10.1177%2F14759217211000863&domain=pdf&date_stamp=2021-03-26


for guided wave scattering problems in isotropic
plates,1–7 isotropic lap-shear joints,8 isotropic plates
with welds, cracks and bar-shaped stiffeners,9–11 axi-
symmetric waveguides,12–15 and multilayered composite
panels.16–25 Some of the previous global–local studies
have taken advantage of the computational efficiency
of the Semi-Analytical Finite Element (SAFE)
method26–28 for the ‘‘global’’ portion of the model, and
were applied to scattering studies in axisymmetric
waveguides,28,29 flat composite panels,30,31 and, more
recently, built-up skin-to-stringer composite
assemblies.32

Although many of previous global–local studies were
performed for bi-dimensional problems (plane strain
cases), some studies have proposed extensions of the
SAFE-FE global–local analysis to three-dimensional
(3D) cases. Taweel et al.14 used a 3D global–local analy-
sis to predict wave reflections from free ends of cylin-
ders with arbitrary cross-sections (e.g. circular or
rectangular bar, either isotropic or composite). Bai
et al.33 predicted wave scattering from circumferential
cracks in pipes. Benmeddour et al.28 also employed
SAFE-FE global–local 3D analysis to study wave scat-
tering from axisymmetric cracks and free ends of rods.
Their study, that included propagating and evanescent
modes, considered the fundamental compressional,
flexural, and torsional guided modes in the rod and
included both vertical cracks and oblique cracks.
Baronian et al.29 extended the capabilities of the two-
dimensional (2D) CIVA NDT test simulation platform
to wave scattering in 3D cases using a hybrid SAFE-FE
simulation that also included the transmitting transdu-
cer. This reference gives wave scattering results in rods
and pipes in the presence of non-axisymmetric disconti-
nuities (cracks and corrosion). A related global–local
analysis by Birgersson et al.34 used Spectral Finite
Elements for the ‘‘global part,’’ specifically Super
Spectral Elements (SSEs) for easy connection between
the ‘‘local’’ and the ‘‘global’’ domains. Ryue et al.35

extended the combined FE/SSE method to study semi-
infinite waveguides, specifically rail sections with saw-
cut-like transverse defects probed by guided waves in
the 20–40 kHz frequency range.

This article applies a global–local method using a
3D FE-SAFE approach conceptually similar to the for-
mulation by Benmeddour et al.28 to model guided wave
scattering from transverse defects in the head of a rail
in a quite broad frequency range. Transverse head
defects are the most critical internal flaw in rails,
responsible for many train derailments.36 Ultrasonic
guided wave techniques have been considered for at
least 20 years for rail inspections, and specifically for
the detection of transverse defects.37–53 The global–
local technique presented in this article constitutes an
ideal tool for this application, given the multitude of
guided wave modes propagating in a rail and the com-
plex geometry of the rail waveguide. The wave regime
that is considered includes high frequencies (up to
180 kHz) that have never been examined by global–
local wave studies in rails. Given the complexity of the
guided modes in rails in the broad frequency range con-
sidered, the analysis only includes propagating modes.
The method predicts reflection and transmission spec-
tra for selected wave modes impinging on rail head
defects of various sizes. The results reveal interesting
mode conversions that are proper of each defect.
Finally, parametric studies are conducted to examine
the role of the size of the ‘‘local’’ region and that of the
number of modes considered in the accuracy of the pre-
dictions, that is gauged in terms of energy conservation
principle.

The SAFE-FE global–local method

Let us consider the general 3D scattering case shown in
Figure 1. An incident time harmonic guided wave tra-
veling along the x positive direction in a prismatic
region (global region) is scattered into reflected and

Figure 1. Geometrical representation of the scattering of an incident wave in a waveguide prismatic structure in reflected and
transmitted waves from a local region with geometrical and/or material discontinuities.
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transmitted waves after interacting with a (local) region
with geometrical discontinuities (e.g. build-ups) and/or
structural defects (e.g. cracks and delaminations).

The equilibrium of each part of the structure is guar-
anteed by the Principle of Virtual Work (PVW). The
general weak form for the harmonic elasto-dynamic
case, written considering virtual displacements and
strains, is (in Voigt’s notation)

ð
O

d�eT s dO=

ð
Gt

d�uT t dG�
ð
O

d�uT r €uð Þ dO ð1Þ

where u= ½ ux uy uz �T , t= ½ tx ty tz �T , e =
½ ex ey ez gyz gxz gxy �T , and
s = ½sx sy sz tyz txz txy �T are the displacement,
the traction, the strain and stress vectors, respectively.
All these variables are space and time dependent. In
equation (1), the bar above a letter stands for complex
conjugate, while €u is the acceleration, r is the density,
O is the volume of the medium, and Gt the medium’s
loaded external surface. In this work, body forces and
damping effects are neglected.

In order to model both reflections and transmissions,
the entire domain O is subdivided into one ‘‘local’’
region in the center and two ‘‘global’’ regions on either
side. For the local solution, we refer to common formu-
lations for FE methods. For the global solution, we
refer to the SAFE method as in Bartoli et al.,27 adding
the effect of forces at boundaries.

Considering the scattering case of Figure 1, it can be
assumed that the nodal displacements collected in the
ql B vector and recorded at the left boundary are
obtained as a combination of the nodal displacements
produced by the incident wave and the reflected waves.
The nodal displacements in qr B at the right boundary,
instead, are those of the transmitted waves. Hence

ql B = qincident + qreflected

qr B = qtransmitted

ð2Þ

In the subject case of multimode guided waves, the
incident, reflected and transmitted waves can be
thought of as the superimposition of a finite number
NM of global cross-sectional mode shapes, each ampli-
fied by a participation coefficient having the physical
meaning of the amplitude of the single wave mode.

The incident mode can be modeled by imposed dis-
placements or forces at the source. In this article, a pure
incident mode is generated by imposing the unique
cross-sectional displacement shapes at the relevant fre-
quencies for the chosen mode. The evaluation of the
unique mode shapes is performed by solving an eigen-
problem. If the symbol F is used to represent the gen-
eric mode shape, and the factor e�i v t is omitted for
simplicity, equation (2) is explicitly rewritten as

ql B = F+
inei j+

in ds�xl Bð Þ½ � +
XNM

j = 1

A�j F jð Þ�ei �j�j xl Bð Þ ð3Þ

qr B =
XNM

j = 1

A+
j F jð Þ+ ei j+

j xr Bð Þ ð4Þ

where the superscript ‘‘+ ’’ represents a wave traveling
in the right direction and the superscript ‘‘2’’ a wave
traveling in the left direction. Therefore, F+

in and j+
in are

the mode shape and the wavenumber of the incident
wave (assumed at unity amplitude); A�j , F(j)� , and j�j
are the amplitude, the mode shape, and the wavenum-
ber of the jth reflected mode; and A+

j , F(j)+

, and j+
j are

the amplitude, the mode shape and the wavenumber of
the jth transmitted mode. ds, xl B, and xr B measure
the distances of the source, left boundary, and right
boundary, respectively, from the origin of the reference
system that is set at the center of the local region (see
Figure 1).

Looking at the mechanical counterpart, the consis-
tent nodal force vectors at the two global left and right
boundaries are equal to

F
g
l B =F+

inei j+
in ds�xl Bð Þ½ � +F�D� ð5Þ

F
g
r B =F+D+ ð6Þ

where

D+
j = A+

j ei j+
j xr Bð Þ, D�j = A�j ei �j�j xl Bð Þ,

F6 = F 1ð Þ6 F 2ð Þ6 � � � F jð Þ6 � � � F NMð Þ6
h i ð7Þ

Analytical expressions used to evaluate the F+
in and

F(j)6

vectors are provided in Spada et al.32 Starting from
equation (1) written for the local region, the achievable
equilibrium equations relate forces and displacements
through the matrix S =K‘ � v2M‘

S U‘ =F‘ ð8Þ

where U‘ = ½ (U‘
I )

T
qT

lB qT
rB
�T and F‘ = ½ 0T (� F

g
lB)

T

(� F
g
rB)

T �T , with U‘
I being the unknown displacements

of the inner nodes in the local part.
S contains stiffness (K‘) and mass (M‘) properties,

as a function of frequency. After a static condensation
to the S matrix, the least squares method is applied to
solve for the unknown A�j and A+

j reflected and trans-
mitted amplitudes. In particular, after static condensa-
tion of the S matrix for the elimination of the
unknowns relative to the displacements of the internal
nodes, equation (8) can be replaced by

Z x= b ð9Þ

where

Spada et al. 3



x=
D�

D+

� �

is the vector containing the unknown modal ampli-
tudes, and Z and b are the coefficient matrix and the
constant term, respectively, both containing complex
terms and whose expressions are given in Spada et al.32

The error vector can therefore be defined as

e =Z x� b ð10Þ

The square of the error e2 is obtained by multiplying
the error e with its conjugate transpose �eT

e2 = �eT e = �xT �Z
T � �b

T
� �

Z x� bð Þ

= �xT �Z
T
Z x� �b

T
Z x� �xT �Z

T
b+ �b

T
b

ð11Þ

By minimizing the square of the error for the
unknown x vector, the following equation holds

�Z
T
Z x� �Z

T
b= 0 ð12Þ

which, in the case of a non-singular �Z
T
Z matrix, leads

to the following solution

x= �Z
T
Z

� ��1
�Z

T
b ð13Þ

Once x is known, modal amplitudes are easily evaluated
from the expressions given for D�j and D+

j in equation
(7).

As previously said, the global-local (GL) method
exploits the knowledge of at least NM mode shapes of the
guided waves. These are derived as the (unforced) solu-
tions of the equilibrium equations (Kg � v2 Mg)Ug =Fg

for the global region, which can be particularized as

K1 + i jK2 + j2K3 � v2Mg
� �

M
F = 0 ð14Þ

with M being the number of total degrees of freedom
for the global region mesh.

The stiffness matrices Kj (j = 1, 2, 3) are explicitly
given by Bartoli et al.27 Equation (14) constitutes a gen-
eralized eigenproblem in j and v.

For fixed values of the circular frequency v, the
solution is given in terms of eigenvalues j and eigenvec-
tors F. While the eigenvectors are complex, the
eigenvalues can be pairs of real numbers (6jRe) repre-
senting propagating waves in the 6x directions,
pairs of complex conjugate numbers (6jRe6i jIm) rep-
resenting evanescent waves decaying in the 6x direc-
tions, or pairs of purely imaginary numbers (6i jIm)
representing non-oscillating evanescent waves in the
6x directions.26

The attenuation, phase (cp), and group (cg) velocities
associated with the eigensolutions can be obtained as

att = jIm ð15Þ

cp =
v

jRe

ð16Þ

cg =
∂v

∂j
=

FT
L iK2 + 2 jK3ð ÞFR

2v FT
LM

gFR

ð17Þ

with FL and FR indicating the left and right mode
shapes, respectively.

The knowledge of the velocities for each j � v pair
allows to build the dispersion curves. The soundness of
the proposed GL method can be validated by verifying
the conservation of energy between the incident mode
and the scattered (reflected and transmitted) modes

Ein =
XNM

j = 1

E
jð Þ

Refl + E
jð Þ

Transm

� �
ð18Þ

where Ein, E
(j)
Refl, E

(j)
Transm are the energy fluxes of the inci-

dent wave and of the jth reflected and transmitted
waves, respectively.

The energy flux carried by the propagating mode j in
the n direction over a unit period of time through the
cross-sectional area G can be evaluated as

E jð Þ =

ð
G

P jð Þ: n dG ð19Þ

where

P jð Þ = � 1

2
Re s jð Þ �_u

jð Þ
h i

ð20Þ

is the Poynting vector, with s being the stress tensor in
matrix form notation and �_u being the complex conju-
gate velocity vector.

Considering the particular case of waves traveling in
the x direction, the energy term for the jth mode
becomes

E jð Þ = �
Aj

�� ��2
2

Re i vF jð ÞT �F
jð Þ

h i
ð21Þ

where F(j) and F(j) are the nodal displacements and the
correspondent consistent forces for mode j according to
the adopted FE discretization.

Code validation in a rod waveguide

Free-end mode reflection in a steel cylindrical rod is
considered in this section as a case study for compari-
son with benchmark results for code accuracy valida-
tion. The rod has a radius r = 0.09 m. The material
properties used are the same as in Benmeddour et al.28

The values of Poisson’s ratio, density, and Young’s
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modulus are n = 0:25, r = 7800kg=m3, and E =
231011 Pa, respectively.

Shown in Figure 2(a), a total of 17,940 brick 3D ele-
ments were used to discretize the ‘‘local’’ region, for a
‘‘local’’ rod length l equal to 540 mm. After running
analyses with various length sizes, the results presented
correspond to a length equal to l=2r = 3. This value rep-
resents the minimum ratio between the length of the
local zone and the maximum size of the scatterer, here
equal to the entire cross-section of the waveguide, nec-
essary to minimize the error in the scattered energy.
Specifically, the error is evaluated in the low-frequency
range of the spectra, corresponding to the scattering of
the chosen incident mode alone. This dimensional ratio
allows the evanescent modes to sufficiently attenuate,
since they are not included in the global–local code uti-
lized here. The maximum size of the FEs was
L = 7.8 mm, to satisfy the meshing criterion

lT .b L ð22Þ

where lT is the shear wavelength, using a b greater
than 10 for the entire frequency range considered in the
study. For the ‘‘global’’ region, 260 rectangular ele-
ments were used to discretize the rod’s cross-section.

Figure 2(a) shows the mesh of the free-end geome-
try, and Figure 2(b) shows the group velocity disper-
sion curves from the SAFE analysis. To enable the
comparison with the results by Benmeddour et al.,28

the dimensionless parameter O= v(r=cL) is evaluated
for a frequency range corresponding to 0–33 kHz, with
a frequency step of 100 Hz.

The dispersion curves show the expected flexural
F(n,m), longitudinal L(0,m), and torsional T(0,m)
modes of the rod waveguide, displayed in black for the
flexural modes and in gray for the longitudinal and the
torsional modes. As in some previous studies,54 the

absence of the negative group velocity branch of the
L(0,2) mode in a limited range of frequencies
(O = 1.9–2.1) can be noted (range ‘‘a’’ in Figure 2).
This branch is instead present in other works.28,55 This
difference will be reflected in the scattering results
shown later for this limited frequency range.

The fundamental longitudinal mode L(0,1) and the
flexural mode F(1,1) are chosen as incoming modes to
study the rod free-end reflection behavior. The fre-
quency range for the two incoming modes is selected to
be O = 1.8–2.4 and to O = 0.6–3.3, respectively, to
enable the comparison with Benmeddour et al.28 The
same comparison is also made with respect to Taweel
et al.14 and Gregory and Gladwell56 for L(0,1) and
F(1,1) as incoming modes, respectively. The results
from the proposed SAFE-GL code are depicted in
Figure 3 in terms of the normalized reflected energy.
The circles report the results in the previously men-
tioned studies used for comparison. To be noted, the
symmetry in the reflected modes is respected in both
cases: hence, reflected longitudinal modes only for the
L(0,1) incoming, and reflected flexural modes only for
the F(1,1) incoming.

The different line styles in the plots correspond to
longitudinal scattered modes of increasing radial order.
The results obtained with the proposed model are in
good agreement with the results in Gregory and
Gladwell,56 shown by the circles. The chosen length of
the ‘‘local’’ zone (ratio = 3) produces an error not
higher than 0.05% for the L(0,1) reflected for O \ 1.9,
with respect to l = 180 mm (ratio = 1) resulting in an
error less than 6% and with respect to l = 360 mm
(ratio = 2) resulting in an error less than 3%, confirm-
ing the effect of the scatterer size with respect to the
‘‘local’’ zone length, for the attenuation of the evanes-
cent modes (see section ‘‘Parametric studies’’ for further
studies). The slight mismatch in reflected energy of the

Figure 2. (a) 3D local mesh for the cylindrical rod and (b) group velocity dispersion curves for validation study. Range ‘‘a’’ shows
mode L(0,2) in its negative group velocity range that is not captured by the analysis.
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L(0,1) and L(0,2) modes with the benchmark results is
limited to the frequency range of O= 1:9� 2:1, and it
directly results from the absence of the negative group
velocity branch of the L(0,2) mode previously noted in
the dispersion curves of Figure 2. This normalized
range corresponds to a frequency delta as small as
1.9 kHz at frequencies below ;20 kHz. This domain is
a small subset of the frequency values considered in the
subsequent rail analysis (10–180 kHz), and hence, this
error should not undermine the general results and con-
clusions drawn from the rail case. Moreover, no
absence of modes has been noted in the dispersion
curves extracted for the rail case, compared to previous
literature, indicating no evidence that this frequency
range would be affected by this kind of error in the rail
case (see section ‘‘Results of pristine case (code verifica-
tion)’’). Outside of the negative group velocity L(0,2)
range, the match in reflection spectra for the L(0,1)
incoming mode with the benchmark results in Figure
3(a) is excellent.

Figure 3(b) shows the reflection spectra from the
F(1,1) incoming mode. Again, the different line styles
correspond to flexural modes of increasing radial order
and represent reflected energy only. The chosen length
of the ‘‘local’’ zone (ratio = 3) produces an error not
higher than 1% for the F(1,1) reflected for O \ 1, with
respect to l = 180 mm (ratio = 1) resulting in an error
less than 35% and with respect to l = 360 mm
(ratio = 2) resulting in an error less than 17%. The
plots are also in excellent agreement with the

benchmark results by Taweel et al.14 (circles) through-
out the entire frequency range studied and for all the
modes considered. The following section shows an
additional code validation study in a rail waveguide
section.

Application to railroad tracks

The geometry considered for the case study of guided
wave scattering from internal flaws (cracks) in rails is
shown in Figures 4 and 5. The study considered repre-
sentative incoming wave modes for a ‘‘pristine’’ case
and for four ‘‘damaged’’ cases constituting different
sizes of transverse defects in rails (similar defect cases
considered in the FE study by Bartoli et al.42). The geo-
metrical and elastic properties of the rail considered are
listed in Table 1. The transverse cracks are modeled as

Figure 3. Reflection energy spectra from the rod free-end for (a) L(0,1) incident mode and (b) F(1,1) incident mode (circles are
comparison benchmark results).

Table 1. Properties of the rail section considered in this study.

Density (r) kg/m3 Longitudinal wave velocity (cL) m/s Shear wave velocity (cT) m/s Height 3 width (mm) (136-lb AREMA)

7932 5960 3260 186 3 152

Figure 4. 3D global–local model of guided wave scattering
from head flaws in a rail track.
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a missing slice in the transverse plane of the rail head,
and for sizes of 15%, 50%, 85%, and 100% of rail’s
head cross-sectional area (%H.A.). These defects were
symmetrical with respect to the vertical plane of sym-
metry of the rail (plane xz). Although this configuration
allowed to model half of the rail for symmetry consider-
ation, a full rail was modeled in this study. This was
done to keep the model flexible for future study of non-
symmetrical defects, such as gage corner cracks.

A total of 22,884 wedge 3D isoparametric linear ele-
ments, arranged in 81 columns, were used for the pris-
tine ‘‘local’’ discretization, for a total number of 13,022
‘‘local’’ FE nodes. On the ‘‘global’’ side, for computa-
tional consistency, 284 triangular linear elements were
used to discretize the rail’s cross-section for a total of
182 nodes. Six Gauss points were used for the quadra-
ture of the 3D elements, and three Gauss points for the
2D elements. The maximum size of the elements was
L = 2.5 mm (for a ‘‘local’’ rail length equal to
200 mm), in order to satisfy the meshing criterion in
equation (22). Due to computational limitation in the
RAM, a value of b = 20 satisfies the meshing criterion
up to 66 kHz, while b = 10 suffices up to 132 kHz. A
more stringent criterion would use the smallest guided
mode wavelength. However, the shear wavelength was
chosen in this study to keep mesh discretization at com-
putationally efficient levels given the complexity of the
model. The performance degrades as the frequency
increases, as discussed in the following section. All
analyses were performed in the frequency range of DC-
200 kHz, with steps of 1 kHz, to capture the highly
complex dispersion behavior of this kind of waveguide.
The incoming wave was incident from the left side of
Figure 4, with a wave source distance from the center
of the rail model geometry (origin of the reference sys-
tem) of ds = 1 m.

For all analyses, with the exception of the para-
metric study of section ‘‘Parametric studies’’

(Figures 14 and 15), the total number of propagating
modes considered was 150. In other words, the results
were obtained considering in the code up to 150 modes
(real wavenumbers) that can potentially exist at each of
the frequencies considered. If, at the low frequencies,
less than 150 modes result from the analysis, these will
be the only ones used.

The entire global–local code was written in
MATLAB, using original routines specifically written
for this work for both the local FE analysis and the
global SAFE analysis. All analyses, except for the
results of Figure 16(c) and (d), were run using a Core i7
CPU with 64 GB of RAM. The results of Figure 16(c)
and (d) were obtained using the Comet large memory
node (Intel Xeon E5-2680v3 machine, run on 64 cores,
using a total memory of ;200 GB) on a dedicated
XSEDE cluster of the San Diego Supercomputer
Center (SDSC) at University of California, San Diego
(UCSD).

Results of pristine case (code verification)

A verification of the accuracy of the proposed 3D GL
model was conducted on the pristine rail section. Of
interest here was ensuring the proper generation of the
guided wave dispersion curves and the wave energy
conservation in the scattering process.

From the SAFE portion of the GL code, phase velo-
city and group velocity dispersion curves for the test
rail section were obtained in the DC-200 kHz fre-
quency range. They are shown in Figure 6(a) and (b),
respectively.

Notice that, in these curves, each mode is repre-
sented with a different color. A mode tracking algo-
rithm was employed combining the classical B-
orthogonality method53 with the MAC method.57

These curves show the typical shapes and complexities
that are expected for this case.44,53

Figure 5. 136-lb AREMA. rail section with dimensions (mm), damage cases, and FE discretization. The FEs removed in each damage
case are highlighted.
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For the selection of the incoming modes, cross-
sectional mode shapes were visualized to ensure signifi-
cant interaction with the rail’s head. Also, following
usual rules of thumb of guided wave testing, incoming
modes of interest are those with good excitability and
high group velocities (Figure 6(c)). Since group velocity
changes with frequency, we have chosen to consider
large group velocities at the low frequencies, as shown
in Figure 6. These criteria are quite acceptable since the
first one ensures the possibility of using a common
vertical-type excitation at the top of the railhead (e.g.
laser and PZT transducer), and the second one ensures
easy mode identification in reception (within the multi-
ple modes expected in rails). Symmetric (‘‘axial’’)
modes were considered. Figure 7 shows the out-of-
plane displacements of mode 5, as the shape changes
across the frequency range, represented at 10, 50, 100,
and 150 kHz (Figure 7(a) to (d)). The same is done in
Figure 8 for mode 8.

Figure 9 shows the normalized energy for a pristine
rail, when mode 5 (Figure 9(a)) or mode 8 (Figure 9(b))
is incident in the range 10–180 kHz. In Figure 9(c) and
(d), the numerical errors for a mode 5 incident (Figure
9(c)) or a mode 8 incident (Figure 9(d)) are reported.
Since a pristine rail is considered, the error is defined as
the difference from 1 of the total energy and the trans-
mitted waves, and the difference from 0 of the reflected
waves. The maximum error is below 0.3% for both
incoming modes when the frequency is below 120 kHz.
In the frequency range 120–180 kHz, the error increases
to up to 2.5% for incident mode 5 and up to 0.5% for
incident mode 8. Both plots validate the 3D GL
method, showing satisfactory conservation of energy in
the frequency range considered. A slight mode conver-
sion takes place above 130 kHz when mode 5 is
incident.

Results of damaged rail cases

Figure 10 shows axial mode 5 interacting with the trans-
verse head defects of increasing sizes (15, 50, 85, and
100%H.A.). In particular, scattering spectra (in both
reflection and transmission) are shown for the various
modes that are present in the 10–180 kHz frequency
range considered. The interest in predicting both reflec-
tion and transmission spectra is for applications of
either pulse-echo or through-transmission guided wave
testing.

It is clear from these plots how the defects create sig-
nificant mode conversions: the larger the defect size
(e.g. 15%–50%), the stronger the mode conversion
(30%–75% of the total energy), and the lower the fre-
quency at which mode conversion occurs (the trans-
mitted mode 5 propagating energy substantially
decreases at 20 kHz instead of 50 kHz). This behavior
is expected since larger wavelengths become sensitive to
larger defects. When the defect is as large as 85%H.A.,
most of the wave is reflected (dashed lines). At 50 kHz,
mode 5 couples with mode 29 in particular, with up to
a 60% reflection when the entire rail head is damaged.
This type of results can therefore help selecting appro-
priate mode–frequency combinations for high sensitiv-
ity to head defects and/or assisting to estimate the size
of a defect that is being detected by either a reflection
or a transmission guided wave test. Finally, the plots
show that energy conservation starts breaking down
for frequencies higher than 160 kHz, and in a manner
that becomes more severe with increasing defect size.
This is due to the transfer of energy from modes that
are included in the analysis into modes that are not, as
it will be discussed later.

Figure 11 shows the analogous scattering results in
the case of axial mode 8 used in excitation. In this case,
the wave begins interacting with the head of the rail

Figure 6. Phase velocity (a) and group velocity (b) dispersion curves for the pristine 136-lb AREMA rail from the global–local code
and (c) group velocity dispersion curves isolated for modes 1, 2, 5, and 8.
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Figure 7. Mode 5: out-of-plane displacements ux for mode shape at (a) 10 kHz, (b) 50 kHz, (c) 100 kHz, and (d) 150 kHz.

Figure 8. Mode 8: out-of-plane displacements ux for mode shape at (a) 10 kHz, (b) 50 kHz, (c) 100 kHz, and (d) 150 kHz.
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only at the higher frequencies, since scattering effects
resulting in energy transfer from the incoming wave are
seen mostly above 100 kHz. This could also be antici-
pated by the observation of the mode shapes for
increasing frequency values. While the out-of-plane dis-
placement of mode 5 involves the entire rail head at all
frequencies, as seen in Figure 7(a) to (d), mode 8
mainly interacts with the head either at very low fre-
quencies (Figure 8(a)) or at and above 100 kHz (Figure
8(b)). As with the previous case, scattering effects
increase with increasing defect size. In addition, when
the defect size is at least 50%H.A., scattering also
occurs at lower frequencies (below 20 kHz), with the
effect increasing with defect size.

Parametric studies

This section is devoted to study the influences of (1)
evanescent modes, (2) FE mesh refinement, and (3) the
number of modes included in the analysis. All the para-
metric analyses were conducted in the DC-180 kHz
range, where modes 1 and 2 were added to mode 5.
Mode shapes 1 and 2 are reported in Figure 12. These
modes were flexural horizontal (‘‘anti-symmetric’’).

In the formulation proposed here, only propagating
modes are considered. Evanescent modes are neglected
since their energy vanishes away from the scatterer.
However, this assumption may not be fully satisfied at
the lower frequencies, and especially when the local–
global boundaries at which the reflected/transmitted
energy is computed are not far enough from the scat-
terer for the evanescent modes to have decayed. To fur-
ther evaluate this aspect, a parametric study was
conducted for various distances of boundary-scatterer,
quantified as the physical length of the ‘‘local’’ region
(equal to twice the boundary–scatterer distance given
the geometrical symmetry of the model—see Figure 4).
The defect width was kept the same for all analyses.

For this analysis, mode 1 was chosen as the incom-
ing mode. Figure 13 shows the corresponding scattering
spectra for the 100%H.A. defect, and for three different
lengths of the ‘‘local’’ region: 10 cm (Figure 13(a)),
20 cm (Figure 13(b)), and 40 cm (Figure 13(c)). The
number of elements for the local region discretization is
maintained the same for all the three cases.

As shown in Figure 13(a), when the local–global
boundary is too close to the scatterer, the total wave
energy does not converge to 1 at the lower frequencies
(i.e. below ;15 kHz), because evidently the evanescent

Figure 9. Reflection and transmission energy spectra for (a) mode 5 incident and (b) mode 8 incident in the pristine rail and
corresponding percentages of the numerical errors (c and d).
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modes are still present at these distances. However, as
the boundary moves away from the scatterer (Figure
13(b) and (c)), the total energy at these low frequencies
does converge to 1, indicating the irrelevance of the
evanescent modes at sufficiently large distances. This
effect is important in global–local analysis, and in a cer-
tain way recalls the de Saint-Venant principle of solid
mechanics. The presence of a disturbance (i.e. scatterer)
at a sufficiently large distance from the boundary with
respect to the size of the disturbance itself has a small
effect on the stress distribution at the boundary. In fact,
the results in Figure 13 indicate that a good criterion
for the evanescent modes to disappear (including at low
frequencies) is to place the local–global boundary at a
distance from the scatterer that is larger than two to
three times the maximum dimension of the scatterer
(e.g. 100%H.A. corresponding to 4.5 cm needs at least
13.5 cm boundary–scatterer distance). In this article,
the results are presented for 10 cm boundary–scatterer
distance (ratio = 2.2), or 40 cm total length of the
‘‘local’’ region (ratio = 4.4), for the 18.6 cm height of
the 136-lb AREMA rail. A similar criterion was found
by other researchers in global–local scattering studies
of Lamb waves in plates.3

A second numerical parameter that plays an impor-
tant role when selecting the physical size of the ‘‘local’’
region is the mesh refinement. For a given set of com-
putational resources, the size of the elements used to
discretize the region should be increased as the length
of the model increases. For the results of Figure 13, the
element size in the wave propagation direction was
1.25 mm for the 10 cm case, 2.5 mm for the 20 cm
case, and 5 mm for the 40 cm case. For the larger mod-
els, therefore, the criterion of equation (22) may not be
satisfied for certain modes at the higher frequencies.
This is seen, for example, in the oscillations in energy
spectra in Figure 13(c) at the higher frequencies. A
trade-off will be always required between the size of the
‘‘local’’ region and the discretization refinement that
can be efficiently handled. This trade-off guarantees
that a global–local approach will always be computa-
tionally more efficient than a full-blown FE analysis
(i.e. the ‘‘local’’ region becoming the entire model).

A final aspect that was investigated here is the num-
ber of scattered modes to be included in the analysis.
This aspect is particularly relevant for complex wave-
guides such as a rail, where a multitude of propagating
modes can exist at a given frequency (see Figure 6).

Figure 10. Reflection and transmission energy spectra for mode 5 axial incident mode for transverse rail head defects of increasing
sizes: (a) 15%H.A., (b) 50%H.A., (c) 85%H.A., and (d) 100%H.A.
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Also in this case, a compromise needs to be made
between the number of modes and the computational
accuracy of the scattering phenomenon. A reasonable

criterion for this compromise is to set the acceptable
level of conservation of energy (e.g. the total scattered
energy less than 10% of unity). Figure 14 shows the

Figure 11. Reflection and transmission energy spectra for mode 8 axial incident mode for transverse rail head defects of increasing
sizes: (a) 15%H.A., (b) 50%H.A., (c) 85%H.A., and (d) 100%H.A.

Figure 12. Mode shapes 1 (a) and 2 (b) at 1 kHz.
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improvement in the total wave energy as the number of
modes is increased for mode 5 incoming on the
100%H.A. defect. The results refer to the same 20 cm
‘‘local’’ rail length and incoming mode 5 considered for
results of Figure 10, in the DC-180 kHz frequency
range. The number of modes included ranges from 20
to 150. In all the four analyzed cases, the response is

equal up to 40 kHz, meaning that in this frequency
range, the energy of the incident mode 5 is entirely scat-
tered into the first lower 20 modes. It is also clear that
between DC-40 kHz, the response suffers from the
effect of the evanescent modes, since the distance
damage-boundary is only 10 cm. The inclusion of
higher order modes pushes instead the conservation of

Figure 13. Effect of the length of the ‘‘local’’ region on the scattering results—mode 1 incident on the 100%H.A. defect (a) 10 cm
length, (b) 20 cm length, and (c) 40 cm length.

Figure 14. Effect of the number of modes considered on the scattering results—mode 5 incident on the 100%H.A. rail defect (a)
20 modes, (b) 50 modes, (c) 100 modes, and (d) 150 modes.
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energy to be respected in a wider range (up to 70, 120,
and 160 kHz for 50, 100, and 150 included modes,
respectively). As shown in Figure 15, the trend relating
the number of modes to be included in the analysis and
the maximum frequency for a correct response is linear.

Regarding the last parametric analysis, it can be
concluded that 150 modes are sufficient for a correct
response to be achieved for the entire range of frequen-
cies in our interest, when a mode 5 is incoming. To
demonstrate that the spikes in the DC-40 kHz range
are mainly related to the role of the evanescent modes,
neglected in the analyses, a new 3D GL analysis was
performed on a 40 cm ‘‘local’’ rail length (instead of
20 cm), 2.5 mm element size (as in the previous 20 cm
case so that the number of elements is now doubled),
and considering 150 scattered modes, for the
100%H.A. rail defect case. These results were com-
pared with those obtained for the 20 cm ‘‘local’’ model
and are shown in the following Figure 16. In the figure,
a comparison between results obtained for the incom-
ing mode 2 (Figure 16(a) and (c)) is added to those
obtained for the incoming mode 5 (Figure 16(b) and
(d)). For both modes, the plots confirm how the error
in total energy converging to 1 reduces as the ‘‘local’’
model size increases. Table 2 summarizes the reduction
of the error regarding the energy conservation accuracy
for the first incoming modes.

A good rule of thumb that can be extracted from
these studies is to consider a local length of the rail
equal to at least twice the height of the rail. In this way,
the distance between the position of the damage and
the local boundary has to equal at least the height of
the rail. In fact, the results in Figure 16 (de Saint-
Venant’s equivalent criterion) indicate that a good con-
dition for the evanescent modes to disappear (including
at low frequencies) is to place the local–global bound-
ary at a distance from the scatterer that is roughly
equal or larger than three times the dimension of the
scatterer.

In terms of conservation of energy, instead, it is
important to include a number of modes which ensures
at least 90% of energy to be conserved. For the specific
case of a 136-lb AREMA section, mode 5 is a suitable
incoming wave for rail inspection in terms of head
excitability and group velocity values. If the evaluator
wants to simulate a 100%H.A. defect case, Figure 15
can constitute an instrument to determine a sufficient
number of modes to be included in the analysis in order
to have acceptable results at the desired frequency.

Conclusions

This article has presented a SAFE-FE 3D global–local
model for predicting scattering spectra of ultrasonic
waves from discontinuities (e.g. defects) in waveguide
geometries. The model utilizes the SAFE method to
handle the ‘‘global’’ region away from the scatterer and
a full FE discretization of the ‘‘local’’ region around the
scatterer. This study extends to three dimensions previ-
ous global–local models carried out in two dimensions
(plane strain). This approach is particularly applicable
to complex waveguides for which theoretical scattering
solutions are difficult or impossible to obtain at the fre-
quencies that are useful for guided wave structural test-
ing (;10s–100s kHz). While 3D SAFE-FE models are
not new (as indicated in section ‘‘Introduction’’), this is
the only study where guided waves in rails were mod-
eled in a wide-frequency range (up to 180 kHz).

The application examined is that of guided wave
testing of rails, aimed at detecting transverse defects in
the railhead, notoriously the most relevant internal
flaws in rails. Scattering spectra are presented in both

Table 2. Error of total energy: effect of size of ‘‘local’’ model.

Size of local region (cm) Error (% from ideal unity)

Mode 1 Mode 2 Mode 3 Mode 5

20 12.8 7.2 11.9 23.6
40 2.4 1.4 4.0 11.4

Figure 15. Relation between maximum frequency of the
analyzed range and number of modes included in the analysis for
a mode 5 incident on the 100%H.A. rail defect.
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reflection and transmission for selected modes incoming
on defects of various sizes. Mode conversions are pre-
dicted that are specific to each mode–frequency combi-
nation. There are a multitude of wave mode–frequency
combinations that can be considered in rails, depend-
ing, for example, on the particular wave transduction
method employed and the test mode employed (e.g. in-
motion testing on a moving platform—where the ‘‘gage
length’’ would be short, e.g. 1 foot, or wayside testing
from a stationary system—where the ‘‘gage length’’ can
be longer, e.g. 10s–100s of feet). It is precisely for this
multitude of options that this kind of efficient model is
needed to help (1) selecting specific mode–frequency
combinations particularly sensitive to specific defects
and (2) identifying and quantifying a defect that is being
detected in a test.

The choice of the incoming modes that were selected
in this article for the defect scattering study was based
on large vertical displacement in the rail head (as indi-
cated by the cross-sectional mode shapes) and large
group velocity at the low frequencies. These criteria are
quite acceptable since the first one ensures the possibil-
ity of using a common vertical-type excitation at the
top of the railhead (e.g. laser and PZT transducer), and

the second one ensures easy mode identification in
reception (within the multiple modes expected in rails).
However, both mode shapes and group velocity of
guided waves in rails change with frequency. Although
not done in this article, it is always possible to consider
different incoming modes for different frequency
ranges.

This article also discusses relevant numerical para-
meters that are important in this kind of analysis. In
particular, this study examines the role of the size of
the ‘‘local’’ region to sufficiently minimize the effects of
the evanescent modes. A reasonable criterion is to place
the local–global boundary at a distance from the scat-
terer that is at least equal to the waveguide’s larger
cross-sectional dimension. In addition, studies are pre-
sented on the number of modes considered in the anal-
ysis. It is shown that a compromise must be made in
these aspects using the conservation of total energy as
the guiding criterion.

Clearly, to fully capture the expected results from a
given non-destructive evaluation (NDE) guided wave
test on a rail, one would have to model that specific
case, in terms of incoming wave mode, rail geometry,
and defect of interest. This article presents only a

Figure 16. Scattering spectra for incident mode 2 (a) to (c), and incident mode 5 (b) to (d), for the 100%H.A. rail defect in a 20 cm
‘‘local’’ model (a) and (b), and in a 40 cm ‘‘local’’ model (c) and (d).
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representative subset of test cases, involving guided
modes with high group velocity at the low frequencies
and symmetric transverse head defects. The framework
and results shown here can be easily extended to other
specific test cases that may be of interest to an inspec-
tion practitioner.

It may be worthwhile to focus a follow-up article on
the role of the evanescent modes in this specific case.
This would require considering imaginary wavenum-
bers in the analysis, in the same manner as what done
in Benmeddour et al.28
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