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Abstract—The Interior Permanent Magnet Synchronous 

machine (IPMSM) conventional mathematical model is 

generally employed to investigate and simulate the IPMSM 

control and drive system behaviour. However, magnetic 

nonlinearities and spatial harmonics have a substantial 

influence on the IPMSM electromagnetic behaviour and 

performances. In order to simulate the IPMSM real 

electromagnetic behaviour, this paper describes an 

enhanced mathematical model that takes into account the 

saturation, cross-coupling and spatial harmonics effects. 
This model has been implemented in Matlab

®
/Simulink 

environment where the electric and magnetic parameters 

are derived from FEA investigations and implemented by 

the use of lookup tables. The high fidelity of the proposed 

IPMSM Simulink model is validated by the results of the 

FEA investigations carried out. 

Keywords—Finite element analysis (FEA); interior 

permanent magnet synchronous machine (IPMSM); 

saturation; cross-coupling; spatial harmonics. 

I.  INTRODUCTION  

In the last decade, it has been detected an increasing 
trend in the automotive [1]-[2] aerospace [3]-[4] and 
marine industry [5]-[6] of the adoption of IPMSMs drives 
due to their peculiarity features, such as high power 
factor, high torque density and high efficiency. In order to 
obtain electric drives with high performances, particular 
attention is addressed to the design of innovative control 
algorithm for IPMSM a [7]-[11]. Therefore, in order to 
evaluate the effectiveness and the performances of 
electrical machine control algorithms, during the design 
phase, the simulation study represents a fundamental 
phase. For this purpose, the IPMSM conventional 

mathematical model is commonly used. This model is 
based on idealized hypotheses that involves in the absence 
of self-saturation, cross-coupling, iron core losses, 
temperature effects and spatial harmonics in phase 
voltages. However, nonlinearity and temperature effects 
have a substantial impact on the IPMSM performances. 
The conventional IPMSM mathematical model in dq-
reference frame may be unreliable in predicting the 
performances of saturated machines [12]-[14]. The 
parameters of the dq-axes model vary nonlinearly, 
depending on the operating conditions that change the 
level of saturation and magnetic field distribution in the 
motor. The self and cross magnetic saturation have a 
substantial influence on the dq-axes inductances. In 
addition, the anisotropy magnetic behaviour of IPMSMs 
not only determines a nonlinear relationship between the 
electromagnetic torque and the stator current components 
due the presence of reluctance torque, but also generates 
to greater level of spatial harmonics in phase voltages due 
to the inherently large variation in the magnetic energy 
with the rotor position [15]. Since traction motors for 
automotive applications are designed to work in the field 
weakening region and they operate in highly nonlinear 
conditions, a high fidelity IPMSM model can be of great 
aid for the design of innovative control strategies and for 
the evaluation of their performances.  

This paper proposes an enhanced mathematical model 
of the IPMSM that take into account simultaneously the 
magnetic saturation, cross-coupling and spatial harmonics 
effects. The paper is structured as follows: Section II 
describes the conventional IPMSM mathematical model, 
Section III describes the proposed enhanced IPMSM 
mathematical model, Section IV the characterization of 
IPMSM under study in FE environment and Section V the 
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implementation of the mentioned enhanced mathematical 
model in Simulink environment and its validation.  

II. IPMSM CONVENTIONAL MATHEMATICAL MODEL 

The conventional approach to modelling the IPMSM is 
based on the following voltage, flux and torque equations:  
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where vd, vq are the dq-axes voltages, id, iq are the dq-
axes currents, R is the stator winding resistance, Ld, Lq are 
the dq-axes inductances, p is the number of pole pairs, ωe 
is the electrical angular speed, λdPM is the permanent 
magnet flux linkage, λd, λq are the dq-axes flux linkages 
and Tem is the electromagnetic torque. In literature, several 
modelling approaches, that take into account the 
saturation effects, have been proposed [15]-[18]. These 
IPMSM modelling approaches only captures the effects of 
the fundamental harmonic components. 

III. IPMSM ENHANCED MATHEMATICAL MODEL  

The dq-axes flux linkages λd and λq are functions of the 
dq-axes currents id, iq, since the currents are the main 
source of flux linkages in the IPMSM, and the cross-
saturation between the d-axis and q-axis is inevitably 
present due to the imperfect construction symmetry of the 
machine. The spatial harmonics are present also due to the 
slotting effects and this phenomena is a function of the 
rotor mechanical position θm. In order to take into account 
the effect of saturation, cross-coupling and spatial 
harmonics effects it is necessary to define λd and λq as 
functions of the dq-axes currents id, iq and the mechanical 
rotor position θm (or the electrical rotor position θe), as 
shown in [12], [15] and [19]. The voltage equations of a 
three-phase IPMSM in dq reference frame are: 
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The dq-axes flux linkages λd and λq are functions of 
time and, in an equivalent manner when the rotor speed is 
different than zero, they can be expressed as: 
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where λdi and λqi are the dq-axes flux linkages 
produced by the stator currents excitation and λdPM and 
λqPM are dq-axes flux linkages produced by the permanent 
magnet (PMs), respectively. Employing the total 
differential theorem to expand the derivative terms in 
relationships (6) and (7), the following equations can be 
derived: 
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where Ldd
inc

 and Lqq
inc

 are the self-incremental 
inductances, Ldq

inc
 and Lqd

inc
 are the mutual-incremental 

inductances between the d-axis and q-axis and ωm is the 
mechanical rotor angular speed (ωe=pωm). The 
incremental inductances can be defined as the slope of the 
tangent at the magnetization curve operating point. In 
particular, the incremental inductance can be calculated 
by Linc=ꝺλ/ꝺi, whereas the apparent inductances can be 
calculated by Lapp= λ/I [13]. In order to obtain the values 
of the apparent and incremental inductances, the IPMSM 
dq-axes flux linkages must be evaluated for several 
working conditions by fixing the current values. This 
requires a large number of experimental investigations on 
the IPMSM under test or a large number of finite-element 
analysis (FEA) simulations. Since the dq-axes flux 
linkages are nonlinear functions of dq-axes currents, 
consequently the apparent and incremental inductances 
are also nonlinear functions of dq-axes currents. In steady 
state condition, the dq-axes flux linkages equations (8) 
and (9) can be expanded in the following way: 
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where λdd is the d-axis flux linkage produced by d-axis 
current, λdq is the d-axis flux linkage produced by q-axis 
current, the λqq is the q-axis flux linkage produced by q-
axis current and the λqd is the q-axis flux linkage produced 
by d-axis current. The dq-axes flux linkages λd and λq can 
be expressed by the use of apparent inductances with the 
following relationships: 
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where Ldd
app

 and Lqq
app

 are the self-apparent 
inductances, Ldq

app
 and Lqd

app
 are the mutual-apparent 

inductances between the d-axis and q-axis. It is possible 
to define the apparent inductances matrix as: 
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This matrix can be simplified with a mathematical 
adjustment and the following non-coupled apparent 
inductances are defined as: 
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where Ld
app

 and Lq
app

 are the dq-axes non-coupled 
apparent inductances. The calculation of the dq-axes non-
coupled apparent inductances are easier than of the 
apparent inductances quantity present in (19) because they 
require only the values of the dq-axes flux linkages 
produced by the stator currents excitation λdi and λqi and 
not of each component of dq-axes flux linkages. In detail, 
the dq-axes non-coupled apparent inductances can be 
determined with the following relationships: 

d

mqddi

mqd

app

d
i

ii
iiL

),,(
),,(


   (20) 

q

mqdqi

mqd

app

q
i

ii
iiL

),,(
),,(


   (21) 

The dq-axes flux linkages can be defined with the 
following relationships: 
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Therefore, the IPMSM voltage equations that take into 
account the saturation, cross-coupling and spatial 
harmonics effects are: 
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In detail, it is possible to see that incremental 
inductances define the dynamic behaviour of IPMSM. 
While the apparent inductances define the amount of the 
dq-axes flux linkages at specific dq-axes currents values 
and, consequently, the dq-axes motional induced voltages 
due to flux linkage moving at steady-state conditions. 
Generically the flux linkage λqPM presents a very low 
value and can be neglected. 

The torque equation of IPMSM considering the 
saturation, cross-coupling, and spatial harmonics effects 
can be derived from the power relationships in dq-
reference frame. In this study the iron and mechanical 
losses are considered absent, while the temperature and 
the energy stored in the PMs are considered constant. The 
input power in dq-reference frame is: 
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where Pdq1 is the copper power loss, Pdq2 is the power 
associated with the stored energy in the magnetic field, 
and Pdq3 is the mechanical power. Since it is assumed that 
no zero sequence currents exists in the system (star 
connected machine), the zero sequence power is equal to 
zero. Therefore, the mechanical power of the IPMSM is: 
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The electromagnetic torque can be calculated with the 
following relationship: 
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Replacing the flux linkage equations (22) and (23) in 
the torque equation (28), the derived torque equation is: 
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where the torque component Tem1 is similar respect the 
torque equation of the conventional modelling approach 
and, since the apparent inductance are functions of id, iq 
and θm, Tem1 represents the mainly average torque of 
IPMSM plus some ripple torque component. Instead, the 
torque component Tem2 is an additional ripple torque 
component of IPMSM due by the variation of dq-axes 
flux linkages with the rotor position θm. 

IV. IPMSM UNDER STUDY AND ITS CHARACTERIZATION  

In order to validate the effectiveness of the proposed 
enhanced IPMSM mathematical model, a three phase 
IPMSM with tangentially magnetization is considered and 
simulated in FEA software. The cross-sectional view of 
the IPMSM is shown in Fig. 1. The IPMSM main 

electrical, mechanical and geometrical data are 
summarized in Table 1. The iron pack magnetic material 
is a 0.5 mm wide laminated sheet of type M330-50A 
while the PMs are made by SMCo-18 MGOe. The SMCo-
18 MGOe magnets B-H curves are shown in Fig. 2. 

 
Fig. 1 Cross-section of IPMSM under test. 

 

 
Fig. 2 B-H curves of SMCo-18 MGOe PMs. 

 

TABLE 1 ELECTRICAL AND MECHANICAL DATA OF THE IPMSM 

UNDER TEST. 

Quantity Value 

Power [kW] 0.8 

Rated current [A] 3.6  

Nominal Speed [rpm] 4000  

Maximum Speed [rpm] 6000  

Nr. of pole pairs 3 

Nr. of phases 3 

Nominal torque [Nm] 1.8 

Peak torque [Nm] 9.2 

Nr. of stator slot 27 

Axial stator length [mm] 59  

External stator diameter [mm] 81  

Inner stator diameter [mm] 49.6  

External rotor diameter [mm] 48  

Inner rotor diameter [mm] 19  
 

The goal of the FEA investigations concerns the 
determination of flux and torque mapping of IPMSM 
under test. The dq-axes flux linkages λd, λq and 
electromagnetic torque Tem mapping are obtained by 
varying the quantities id, iq and θe in the range [-7.5 A-7.5 



A], [0 A-7.5 A] and [0°-360°], respectively. Negative 
values of the q-axis current iq are not taken into account 
because this IPMSM is used only for motor operation. 
The id, iq and θe samples in the FE calculations are 30, 16 
and 49, respectively, and the total number of FEA 
simulations carried out are 23250. The dq-axes flux 
linkages values, in each FEA simulations, are obtained 
from the flux linkage in abc-reference frame with the dqo 
Park transformation. By way of example, the dq-axes flux 
linkages and the electromagnetic torque maps as function 
of dq-axes currents at 0° rotor electrical position are 
shown in Fig. 3-Fig. 5, respectively.  

 
Fig. 3 d-axis flux linkage map at 0° rotor electrical position. 

 

 
Fig. 4 q-axis flux linkage map at 0° rotor electrical position. 

 

 
Fig. 5 Torque map at 0° rotor electrical position. 

 

 
Fig. 6 d-axis flux linkage variation with rotor electrical position at 

id=-5A and iq=4.5A. 

 
Fig. 7 q-axis flux linkage variation with rotor electrical position at 

id=-5A and iq=4.5A. 

 
Fig. 8 Electromagnetic torque variation with rotor electrical position 

at id=-5A and iq=4.5A. 

 

Moreover, the variation of dq-axes flux linkages and 
torque as a function of the rotor electrical position for 
fixed values of dq-axes currents (id=-5A, iq=4.5A) are 
reported in Fig. 6-Fig. 8, respectively. The magnetic 
saturation effect can be observed in the q-axis flux linkage 
map (Fig. 4) and the spatial harmonics are evident in the 
Fig. 6-Fig. 8. 

V. SIMULINK MODEL AND VALIDATION 

The proposed enhanced mathematical model has been 
implemented in Matlab

®
/Simulink environment and 

validated by means of several FEA simulations carried 
out. The implementation of the proposed mathematical 
model in Simulink environment can be very useful since it 
allows to evaluate the electromagnetic behaviour of the 
IPMSM in various operating conditions with much 
smaller computational times than those required for 
simulations in the FEA environment. Moreover, a high 
fidelity model of the IPMSM implemented in Simulink 
environment is of considerable utility for control purpose. 
In the first analysis, the fidelity of the IPMSM 
conventional modelling approach with the FEA results 
has been investigated and described below. Subsequently 
the validation of the proposed enhanced IPMSM 
mathematical model is presented and discussed. 

A. IPMSM conventional mathematical model 

The IPMSM conventional mathematical model 
(CMM) employs constant value of the electrical and 
magnetic parameters. These values are calculated as the 
mean value in the investigated current range and they are 
reported in Table 2. 

 



TABLE 2 CMM PARAMETERS VALUES 

Parameter Value 

PM flux linkage λdPM  [Wb] 0.0913 

d-axis inductance Ld [H] 0.0088  

q-axis inductance Lq [H] 0.0125  

Stator resistance R [Ω] 2.21 
 

Starting from this quantities values, the dq-axes flux 
linkages and the electromagnetic torque are calculated 
with the equations (3-5) and compared with the dq-axes 
flux linkages and the electromagnetic torque obtained in 
FEA simulations at the same dq-axes currents values. In 
order to investigate the fidelity of the CMM of the 
IPMSM at steady state condition, the following 
percentage error quantities are defined: 
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where λd-FEA, λq-FEA and Tem-FEA are the dq-axes flux 
linkage and the electromagnetic torque mean values 
evaluated in FEA investigations, while λd-CMM, λq-CMM  and 
Tem-CMM are the dq-axes flux linkage and the 
electromagnetic torque mean values evaluated with the 
IPMSM conventional mathematical model. The d-axis 
flux linkage error map, q-axis flux linkage error map and 
the torque error map are reported in Fig. 9-Fig. 11, 
respectively. It is possible to observe that d-axis flux error 
values decreases as the d-axis current decreases or in the 
weakening flux operating points, the q-axis flux error 
values decreases as the q-axis current increases. Whereas 
the torque error map present a nonlinear trend. In 
addition, the absolute maximum percentage error value 
detected for each quantity of interest are reported in Table 
3.  

 
Fig. 9 d-axis flux error map of the IPMSM conventional 

mathematical model. 

 
Fig. 10 q-axis flux error map of the IPMSM conventional 

mathematical model. 

 
Fig. 11 Torque error map of the IPMSM conventional mathematical 

model. 
 

TABLE 3 ABSOLUTE MAXIMUM PERCENTAGE ERROR VALUES 

Quantity Value 

Absolute maximum errλd CMM% 7.01 % 

Absolute maximum errλq CMM% 12.35 %  

Absolute maximum errTem CMM% 2.5 % 
 

Therefore, from the analysis carried  out, it is possible 
to observe that the IPMSM conventional mathematical 
modelling approach predicts in accurate way the 
quantities of interest at low values of the dq-axes current 
where the magnetic behaviour of the machine is almost 
linear and its use is not suitable in the IPMSM flux 
weakening operating region where the machine can be 
operates at high saturation level. 

B. IPMSM enhanced mathematical model 

The proposed IPMSM enhanced mathematical model 
has been implemented in Matlab

®
/Simulink environment 

and its schematic representation is reported in Fig. 12. In 
detail, the schematic representation considers also the 
mechanical equation reported below: 

dt

d
jFTT m

mLem


   (39) 

where TL is the load torque, F is the viscous friction 
coefficient and j is the inertia moment. The values of the 
dq-axes non-coupled apparent inductances, the dq-axes 
incremental inductances, the dq-axes flux linkage 
produced by the PMs and of the dq-axes flux linkages 
derivative terms, obtained by the characterization carried 
out in FEA environment, are implemented as lookup 
tables (LUT). 
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Fig. 12 Schematic representation of the IPMSM enhanced mathematical model. 

High number of representative operating points with 
different speed and load conditions are investigated for 
validation purpose. In detail, a field oriented control drive 
system with the proposed IPMSM enhanced model is 
simulated for each working points of interest and the 
current waveforms are extracted and used as input 
quantities in the current FE model at the same speed 
condition. Two operating points at nominal speed are 
showed and discussed. In the first case under study, the 
IPMSM operates at 4000 rpm, 0.4103 Nm which 
correspond d- and q-axis current mean values equal to 0 A 
and 1 A, respectively. The comparison between the 
waveforms of the quantities of interest detected with the 
proposed Simulink model and the FE model, such as the 
input dq-axes currents, the electromagnetic torque and the 
input dq-axes voltages are reported in Fig. 13-Fig. 16, 
respectively. The electromagnetic torque waveforms 
predicted by the proposed enhanced mathematical 
Simulink model and FE model are almost coincident. 
Similar results are obtained for the dq-axes voltages 
waveforms where a slightly difference is detected on the 
d-axis voltages mean values. This results can be 
associated to the fact that in FEA environment, the dq-
axes induced voltages are calculated from the derivatives 
of flux linkages and the accuracy depends on the size of 
the transient steps.  

 

 
Fig. 13 dq-axes currents comparison at 4000 rpm, 0.41 Nm. 

 
Fig. 14 Electromagnetic torques comparison at 4000 rpm, 0.41 Nm. 

 

 
Fig. 15 d-axis voltages comparison at 4000 rpm, 0.41 Nm. 

 

 
Fig. 16 q-axis voltages comparison at 4000 rpm, 0.41 Nm. 

 

The second case under study considers a IPMSM 
operating point in the weakening flux operating region 
where the IPMSM operates at 4000 rpm, 2.3145 Nm 
which correspond d- and q-axis current mean values equal 



to -3 A and 5 A, respectively. The comparison between 
the input dq-axes currents waveforms, the electromagnetic 
torque waveforms and the input dq-axes voltages 
waveforms predicted with the with the proposed Simulink 
model and the FE model are reported in Fig. 17-Fig. 20, 
respectively. 

 

 
Fig. 17 dq-axes currents comparison at 4000 rpm, 2.31 Nm. 

 

 
Fig. 18 Electromagnetic torques comparison at 4000 rpm, 2.31 Nm. 

 

 
Fig. 19 d-axis voltages comparison at 4000 rpm, 2.31Nm. 

 

 
Fig. 20 q-axis voltages comparison at 4000 rpm, 2.31Nm. 

 

In this case of study a slightly difference is detected on 
the electromagnetic torque waveforms but not in the mean 
values. Similar results are obtained for the dq-axes 
voltages waveforms. These results can be to associated to 
the size of the transient step of the  FEA simulations but 

they can considered satisfactory for the validation 
purpose. Similar results have been obtained in the other 
representative operating points of the IPMSM. 

VI. CONCLUSION 

The paper presents an enhanced mathematical 
modelling approach of the IPMSMs. The proposed 
model allows to predict all significant effects associated 
to the saturation, cross-coupling and spatial harmonics 
phenomena. In detail, the proposed IPMSM enhanced 
mathematical model has been implemented in 
Matlab

®
/Simulink environments and validated by means 

several FEA simulations. The results obtained 
demonstrate as the proposed model present a high 
fidelity and computational efficient behaviour and it can 
be of considerable help for the design, development of 
innovative control algorithms and for the evaluation of 
the drive performances. In the future works we will try 
to perform an experimental validation of the proposed 
modelling approach and extend this modelling approach 
considering the effects due to the presence of the iron 
losses and the presence of zero sequence components. 
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