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Summary

The present paper proposes a formulation for the analysis of delamination and frac-
ture propagation problems at the inter-element interface, with perfect adhesion at the
pre-failure condition and with linear softening at the post-failure regime. The pro-
posed formulation is based on the hybrid equilibrium element (HEE) model, with
stress fields which strongly verify the homogeneous equilibrium equations and inter-
element equilibrium equations. The HEE can easily model high-order stress fields
and can implicitly model the initially rigid behaviour of an extrinsic interface at the
element sides. The interface model is defined as a function of the same degrees of
freedom of the HEE (generalized stresses) and the pre- and post-failure behaviour
of the interface can be modelled without any additional degree of freedom. The pro-
posed formulation is developed for a nine-node triangular hybrid equilibrium element
with quadratic stress fields. The paper also proposes an extrinsic cohesive model,
rigorously developed in the damage mechanics framework.
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1 INTRODUCTION

The mechanical behaviour of brittle and quasi-brittle materials subjected to severe tensile and shear stresses is characterized by
a complex system of irreversible micro-mechanical phenomena such as diffuse damage, micro-cracking and eventually fracture,
which can evolve to material failure and as the ultimate state to the collapse of structural elements. Constitutive modelling of
the nonlinear behaviour of brittle materials can be approached in the framework of continuum damage mechanics or by the
discrete crack model of fracture. The former approach, in order to mantain a well posed formulation and avoid a pathological
mesh dependency, imposes a regularization technique such as gradient or non-local formulations1,2,3, or following a recent
trend, phase-field damage models4,5,6. In continuum damage mechanics the formation and propagation of the crack pattern is
not postulated a priori and is not explicitly modelled. Conversely, discrete crack models are based on explicit modelling of the
separation surface within the material and by the kinematic formulation of discontinuous displacement fields. The discrete crack
can be modelled as a zero-thickness interface element, the simplest formulation and the natural choice for problems with pre-
defined failure surface.More advanced formulations for crack propagation across a pre-existing finite elementmesh are the strong
or embedded discontinuity (EFEM) approaches7,8,9,10 and the eXtended-generalized FEM (XFEM,GFEM)11,12,13,14. The XFEM
is a powerful numerical formulation enabling crack propagation with an arbitrary path without remeshing; it also simplifies
discretization of different bodies joined together along an existing surface, meshing the whole domain with the interface crossing
through the elements15,16. Comparative analysis between EFEM and XFEM is presented by Oliver et al17.
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Discrete crack models are often combined with Cohesive Zone Models (CZM), which describe the Traction Separation Law
(TSL) at the discontinuity surface. The CZMs, initially proposed in the pioneering works of Dugdale18 and Barenblatt19, allow
us to overcome the mathematical issue of the stress singularity ahead of the crack tip of linear elastic fracture mechanics20.
The literature is extremely rich in cohesive interface models, and several points of view have been thoroughly investigated,

such as the following: isotropic and orthotropic cohesive interface models21, coupling damage and plasticity22, different mode
I and mode II fracture energies23,24,25, thermodynamic consistency26,27,28, with smooth transition from cohesive behaviour to
frictional one29,26, under finite displacement conditions23,30 etc. The references cited represent a short and largely incomplete
review of the interface models available in literature. All the cited models assume as elastic the behaviour in the pre-failure
regime, with an active displacement jump between the two edges of the discontinuity surface. Such elastic behaviour allows
one to reproduce the initial reversible behaviour of a finite thickness adhesive layer, condensed to a zero thickness interface,
or represents the approximation of the penalty method applied to keep together the two connected bodies along the joining
surface. Moreover, the penalty methods usually models the closure conditions of a fully debonded interface. The penalty method
introduces an additional and artificial compliance which alters the elastic response, and it can produce pathological traction
oscillations at the crack tip31 with incorrect evaluation of the crack advancement condition.
An effective alternative to the penalty method for the modelling of TSL in the pre-failure regime is proposed in Ref.32, known

as the Hybrid Discontinuous Galerkin (DG) method, and it weakly enforces the displacement continuity at the interface by
application of Nitsche’s method33. When the failure condition is reached, the joining condition is released, switching form the
DG method to the interface formulation with an extrinsic (initially rigid) TSL. This approach ensures a seamless transition from
perfect adhesion to softening behaviour. Nitsche’s method, in the form of DG combined with an extrinsic TSL,is also presented
in Ref.34 for modelling of the interfacial cracking between non-matching meshes, in Ref.35 for debonding between fibre and
matrix in composite materials, and in Refs.36,37 for intergranular degradation and failure in polycrystalline materials, through
the boundary element method.
The DG is applied in Ref.38 for the analysis of interface separation of both the static problem and the dynamic one. The results,

compared to the classic interface formulation, show significant differences in the wave speed, due to the additional compliance
induced by the penalty method in the interface formulation.
The adhesion condition at the interface for a known crack path is strongly enforced in Ref.39 through a mixed formulation,

based on the augmented Lagrangian method. The interface mixed formulation explicitly models separation displacement and
cohesive traction, the latter considered as a Lagrangian variable. The extrinsic rigid-damage TSL is modelled in terms of the
cohesive surface energy density and the crack propagation problem is given in terms of minimisation of a Lagrangian functional.
The problem of non-differentiability of the cohesive energy at the adhesion condition is circumvented thanks to a specific crack
initiation criterion.
The considerable improvement given by the DG method, with respect to the penalty one, is the perfect adhesion, although

applied in a weak form, between the two sides of the interface, without the additional degrees of freedom of the mixed formula-
tion39. By stark contrast, the intrinsic TSL and penalty method produce imperfect adhesion and artificial compliance, with wave
propagation issues.
The advantages afforded by the DG method with extrinsic TSL are fundamental in the formulation proposed in Refs.40,41,

where the dynamic crack propagation on an arbitrary path has been modelled. In Refs.40,41 the interface elements are inserted
at every inter-element boundary and constrained to the adhesion condition by the DG method, as long as the crack initiation
condition is not attained. The crack does not propagate across the elements, like in the XFEM, but propagates at the inter-element
interfaces. Moreover, in Ref.41 fracture and fragmentation are numerically simulated in an effective parallel computational
framework. The main drawback of such formulations is mesh dependency; however, this problem can be mitigated by mesh
refinement. Details of implementation of the DG formulation with CMZs are presented in Ref.42.
Crack propagation at the inter-element interface is also proposed in Refs.43,44, with the same formulation as proposed by39,

but with a continuation method in order to overcome the non-differentiability issue of the cohesive energy at the pre-failure
condition.
The formulation proposed in the present paper can be posed in the same computational framework as that of the papers

cited32,39,41,44 for delamination and fracture propagation analysis at the inter-element interface, with perfect adhesion at the pre-
failure condition and with an extrinsic CZM for the post-failure regime. The novelty of the present paper in the analysis of
fracture propagation at the inter-element interface is the use of an equilibrium-based finite element formulation, which provides
a solution of the elastic problem with a higher order of stress fields, with respect to the classic displacement-based FEM. More-
over, the accuracy of the stress fields strongly verifies the homogeneous equilibrium equations and inter-element equilibrium
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equations45,46,47,48,49,50,51. The stress based formulation, with high order stress fields, represents an effective alternative for the
analysis of fracture propagation, especially if the fracture initiation criterion is defined as a function of the traction components
at the element sides. The proposed formulation is developed for a nine-node triangular hybrid equilibrium element (HEE), with
quadratic stress fields, proposed in Ref.52 for elasto-static analysis of two-dimensional problems. In the present paper, it is shown
that the HEE can implicitly reproduces an extrinsic interface at the element sides and, once the fracture activation condition is
attained, also the cohesive failure of the interface with rigid-damage behaviour. The interface TSL is defined as a function of
the same degrees of freedom of the HEE (generalized stresses) and the pre- and post-failure behaviour of the interface can be
modelled without any additional degree of freedom. The paper proposes an extrinsic TSL, developed in the damage mechanics
framework with rigorous satisfaction of thermodynamic principles.
The paper is organized as follows: the HEE is developed in Section 2. The HEE with an interface embedded at one element

side is proposed in Section 3. The extrinsic TSL with the relevant damage activation condition is presented in Section 4. The
interface full debonding condition is analyses in Section 5. The results of the numerical simulations for delamination and crack
propagation tests are reported in Section 6 and, finally, closing remarks are given in Section 7.

2 DYNAMIC AND STATIC EQUILIBRIUM FORMULATIONS

Let us consider an elastic body occupying the closed region Ω. The body is referred to a Cartesian reference system (x, y) and
is subjected to body force b in Ω, traction t on the free boundary ΓT and imposed displacement u on the constrained boundary
ΓU = Γ ∩ ΓT . The equilibrium formulation belongs to the class of stress-based approaches and the weak form solution of the
elasto-static problem is given as the stationary condition of the complementary energy functional

Πc =
1
2 ∫
Ω

� ∶ D ∶ � dΩ − ∫
ΓU

nT ⋅ � ⋅ u dΓ (1)

where the stress tensor � is assumed to satisfy the domain and boundary equilibrium equations, D is the fourth-order elastic
compliance tensor and n is the unit vector normal to the constrained boundary ΓU .
The static hybrid equilibrium formulation considered in the present paper for the stress-based solution of the elastic two-

dimensional problem follows the same reasoning path as proposed in Ref.52? . The spatial domain is discretized by a set of Ne
non-overlapping triangular subdomains Ωe, with

⋃Ne
e=1Ωe = Ω. The element subdomain boundary Γe = )Ωe is composed of

three sides Γes with s = 1, 2, 3, each of which can lie at the free boundary Γ
e
s ⊂ ΓT , or can lie at the constrained boundary Γ

e
s ⊂ ΓU ,

or can be an internal side between two subdomains Γint ≡ )Ωe1 ∩ )Ωe2, with e1 ≠ e2. The stress fields �e are independently
defined for each finite element and satisfy the equilibrium equation in the element domain (div�e + b = 0 in Ωe)
The inter-element equilibrium condition, at all internal sides, and the boundary equilibrium condition at all free boundary

sides are imposed by the classical hybrid formulation, for which independent displacement fields ues (x) are defined for each
element side Γes, and they are assumed as Lagrangian variables in order to mutually connect adjacent elements or to apply traction
on the free boundary48,53,51. For a triangular finite element discretization, the weak form of the Lagrangian approach gives the
following modified total complementary energy functional:

Πc =
Ne
∑

e=1

⎡

⎢

⎢

⎢

⎣

1
2 ∫
Ωe

�e ∶ D ∶ �e dΩ −
3
∑

s=1

⎛

⎜

⎜

⎜

⎝

∫
Γes

nes ⋅ �
e ⋅ ues dΓ − ∫

Γes∩ΓT

t ⋅ ues dΓ
⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

(2)

with ues = u on Γes ∩ ΓU and nes the outward normal to side Γes.
The stationary conditions of the functionalΠc , with respect to the Lagrangian variable u at the internal side Γint = )Ωe1∩)Ωe2

between elements e1 and e2, gives

∫
Γint

(ne1 ⋅ �e1 + ne2 ⋅ �e2) ⋅ �u dΓ = 0 ∀�u (3)

where the outward normals of the adjacent elements at the inter-element side are ne1 = −ne2 . Equation (3) provides the weak
form of the inter-element equilibrium condition. For a free boundary side Γes = )Ωe∩ΓT the stationary condition of the functional



4

Πc , with respect to the Lagrangian variable ui, gives

∫
Γes

(ne ⋅ �e − t) ⋅ �u dΓ = 0 ∀�u, (4)

which provides the weak form of the boundary equilibrium condition.
The stationary conditions of the functional Πc , with respect to the stress tensor �e on the element Ωe, gives

∫
Ωe

��e ∶ D ∶ �e dΩ − ∫
)Ωe=Γes=1,3

nes ⋅ ��
e ⋅ ues dΓ = 0 ∀��e∕ div ��e = 0 in Ωe, (5)

which gives the principle of complementary virtual work for the triangular domain Ωe subjected to the imposed displacement
ues (Lagrangian variable) at the boundary sides Γes (with s = 1, 3) and with the virtual stress ��e satisfying domain equilibrium
equation for null body forces. Equation (5) provides a weak form of the compatibility condition between elastic strains �e = D ∶
�e and imposed displacement at the boundary sides.

2.1 The hybrid equilibrium element
In hybrid equilibrium formulations the finite element is defined by the element stress fields satisfying the domain equilibrium
equation (??), which does not interpolate nodal degrees of freedom, but is a function of generalized stresses. In the present
paper, the hybrid equilibrium element is developed only for two-dimensional membrane problems with a quadratic stress fields.
Let a triangular finite element of domain Ωe be considered and referred to a local Cartesian reference

(

x1, x2
)

centred at
vertex 1, as shown in Fig. 1. The membrane stress fields are defined by the following quadratic polynomial functions

�1 = a1 + a2x1 + a3x2 + 2a4x1x2 + a5x21 + a6x
2
2 − b1x1, (6)

�2 = a7 + a8x1 + a9x2 + 2a10x1x2 + a11x21 + a5x
2
2 − b2x2, (7)

�12 = a12 − a9x1 − a2x2 − 2a5x1x2 − a10x21 − a4x
2
2, (8)

where, b1 and b2 are components of body force, and terms a1,… , a12 are generalized stress variables. The stress fields of
Eqs.(6-8) implicitly satisfy equilibrium Equation (??) and can be represented in the following Voigt notation

� = S ⋅ a + �0 (9)

where a collects all generalized stress variables and �0 =
[

−b1x1,−b2x2, 0
]T is the particular solution of Eq.(??), due to a

uniform body load, and � =
[

�1, �2, �12
]T .

The inter-element and boundary equilibrium conditions are imposed by a Lagrangian approach, and an independent displace-
ment field, for each element side, is considered as a Lagrangian variable. For the proposed HEE, with the quadratic stress fields
in Eq.(6-8), a quadratic polynomial displacement field, with three independent nodes for every element side, allows the proposed
formulation to strongly verify the inter-element equilibrium condition, with codiffusive stresses �e1 and �e2 through the inter-
element side Γint = )Ωe1 ∩ )Ωe2 . The quadratic HEE is governed by nine nodes, with two geometrically coincident nodes for
each vertex, as represented in Fig.(1). Displacement fields are independently defined at each element side and they are generally
discontinuous. In fact, in the proposed stress-based approach, equilibrium conditions are strongly satisfied, whereas displace-
ment continuity cannot be imposed. By contrast, in displacement-based formulations, displacement continuity is imposed but
tractions at sides are discontinuous between adjacent elements. Similarly, in the DG approach the displacement continuity is
only weakly enforced at all the interface between adjacent elements. The geometry and displacement components of the element
sides Γes with s = 1, 2, 3 are modelled by a classic isoparametric mapping

xsi (�) =
3
∑

r=1
Nr (�)Xm

i , (10)

usi (�) =
3
∑

r=1
Nr (�)Um

i , (11)

where the node number is m = 3 (s − 1) + r; Nr (�) is the rtℎ quadratic shape function in the natural coordinate −1 ≤ � ≤ 1;
Um
i and Xm

i respectively are the displacement component and the Cartesian coordinate of node m. Eq.(11) can be rewritten in
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FIGURE 1 Nine-node hybrid triangular finite element.

matrix notation as
ues (�) = N (�) ⋅ ues, (12)

where N collects the shape functions and ues collects the kinematic degrees of freedom of side Γes.
The complementary energy functional Πc can be written in the discretized form as

Πc =
ne
∑

e=1

[1
2
aTe Ceae − aTe Heue + TTe ue

]

, (13)

where

Ce = ∫
Ωe

STe DSedΩ, (14)

He =
[

he1,h
e
2,h

e
3
]

, (15)

hes = ∫
Γes

STe n
e
s NdΓ, (16)

Te =
[

te1, t
e
2, t

e
3

]

, (17)

tes = ∫
Γes∩ΓT

NT tdΓ, (18)

ue =
[

ue1,u
e
2,u

e
3

]

, (19)

nes =
⎡

⎢

⎢

⎣

nes1 0
0 nes2
nes2 n

e
s1

⎤

⎥

⎥

⎦

. (20)

The degrees of freedom of fixed boundaries Γes ⊂ ΓU are constrained, with assigned value u. The stationary condition of function
Πc in Eq.(13) with respect to the generalized stress vector ae gives the following element equation of the discretized hybrid
equilibrium formulation

)Πc
)ae

= Ceae −Heue = Ceae − he1u
e
1 − he2u

e
2 − he3u

e
3 = 0, (21)

which states the relationship between nodal displacement and generalized stress variables at the element level. The element
nodal force vector can also be written as qe = HT

e ae and the equation of the single hybrid equilibrium element is
[

Ce −He
−HT

e 0

] [

ae
ue

]

=
[

0
−qe

]

(22)

where the compliance matrix Ce is symmetric, positive definite and is not singular, so that it can be inverted and the generalized
stress ae can be condensed out at the element level; that is, mathematically
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ae = Ce
−1Heue (23)

qe = HT
e Ce

−1Heue = Keue (24)

where the matrix Ke = HT
e Ce

−1He is the element stiffness matrix and the HEE can be implemented in a classic displacement-
based finite element code. The drawback of the HEE is the possible presence of well-known spurious kinematic modes, which
must be controlled or restrained by means of different available strategies52,53,54,55.

3 HEE WITH INTERFACE EMBEDDED

The hybrid equilibrium element, with its property of independent displacement fields for each side, is particularly suitable for
modelling of decohesion along an element side, without any additional degree of freedom.

3.1 Elastic interface
In order to simplify the formulation, an elastic interface Γ0 is initially considered inside the two-dimensional elastic domain Ω,
which is divided into a positive part and a negative one, respectively Ω+ and Ω−, as represented in Fig.2a. The elastic behaviour
of the connecting surface Γ0 is modelled by a linear relationship between traction components s = �−n = −�+n and the
separation displacement [[u]] = u+ − u−

[[u]] = Aels, (25)
where �+ and u+ are respectively the stress and displacement of points x ∈ Ω+ ∩ Γ0, �− and u− are respectively the stress and
displacement of points x ∈ Ω− ∩ Γ0 and matrix Ael is the interface compliance diagonal matrix.
The elastic interface introduces an additional elastic strain energy contribution in the complementary energy functional in

Eq.(2) and its spatial discretized form, in Voigt notation, is given as

Πc =
Ne
∑

e=1

⎡

⎢

⎢

⎣

1
2 ∫
Ωe

�Te D �e dΩ +
1
2 ∫
Γe∩Γ0

sTAels dΓ+

−
3
∑

s=1

⎛

⎜

⎜

⎜

⎝

∫
Γes

neTs �
T
e u

e
s dΓ − ∫

Γes∩ΓT

tTues dΓ
⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

(26)

The interface is embedded at the element side and the interface traction can be modelled as a function of the same vector ae of
generalized stress variables as adopted for the stress functions in Eqs.(6-9) of the HEE formulation 1 . For an interface embedded
at the side Γe1 (and for null body force b = 0) traction can be defined in equilibrium with element stress fields as

s (x) = �Tne1 = aTe S
T (x)ne1 with x ∈ Γe1 ⊂ Γ0. (27)

where ne1 is the normal unit vector at the element side Γe1 (outward from the finite element). For the proposed HEE formulation
with embedded elastic interface at element sides the complementary energy functional in Eq.(26) can be written in the following
discretized form

Πc =
ne
∑

e=1

[1
2
aTe

(

Ce + CΓe
)

ae − aTe Heue + TTe ue
]

, (28)

where
CΓe = ∫

Γe1⊂Γ0

STe n
e
1 A

elne1
TSedΓ. (29)

1For a HEE with embedded elastic interface at the boundary sides, the stationary condition of functional Πc with respect to stress �e is defined as: ∫Ωe��
T
e D�

e dΩ −
∫)Ωe n

e
s��

e (ues − [[u]]
)

dΓ = 0 ∀��e∕ div ��e = 0 in Ωe. This equation provides the principle of complementary virtual work for the element domain Ωe subjected
to the imposed displacement ues (Lagrangian variable) and with the elastic separation displacement [[u]] = Ael�enes at the boundary sides (see Fig.3), which gives a weak
form of the compatibility condition between elastic strains �e = D ∶ �e and imposed displacement ues − [[u]] at the boundary sides.
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a) b)

FIGURE 2 a) The elastic domains Ω+ and Ω− joined by the elastic interface Γ0; b) Quadratic hybrid equilibrium element Ωe
with an embedded elastic interface at side Γe1.

is the additional compliance matrix due to the embedded elastic interface. The embedded elastic interface at side Γe1 modifies
the equation of the single HEE, defined in Eq.(22), with the additional interface compliance matrix CΓe and Eq.(22) becomes

[

Ce + CΓe −He
−HT

e 0

] [

ae
ue

]

=
[

0
−qe

]

(30)

and the generalized stress vector and the nodal force vector are given as

ae =
(

Ce + CΓe
)−1Heue (31)

qe = HT
e

(

Ce + CΓe
)−1Heue = Keue, (32)

where the matrix Ke = HT
e

(

Ce + CΓe
)−1He is the stiffness matrix of the HEE with embedded elastic interface.

In the proposed formulation the elastic interface can be embedded at one or more sides of an hybrid equilibrium element
without any additional degrees of freedom, simply considering the additional interface compliancematrixCΓe defined in Eq.(29).

4 HEE WITH EMBEDDED EXTRINSIC INTERFACE

The previous paragraph shows that the introduction of an embedded elastic interface at the element side of an HEE is quite
a simple problem. In the present section, it is shown that the HEE formulation with embedded interface is also particularly
effective for modelling an extrinsic interface, which imposes null separation displacement between the positive and negative
edges of the interface, until the initial damage activation condition is attained. The extrinsic interface with a rigid-damage
cohesive zone model (CZM) has been applied by the use of a discontinuous Galerkin method in Refs.32,41,42,44 for numerical
analysis of delamination phenomena and for analysis of crack propagation. The discontinuous Galerkin method is also proposed
in Ref.34 for interfacial cracking with extrinsic interface combined with non-matching discretization of the domains.
In the present paper the rigid-damage CZM is developed in the rigorous thermodynamic framework of damage mechanics

and the model is based on the following Helmholtz free energy function, defined for a unit of interface surface,

Ψ = 1
2
1 − !
!

[[u]]T kel [[u]] + Ψin (�) (33)

where 0 ≤ ! ≤ 1 is the damage variable; kel is the interface elastic matrix, inverse of compliance matrix Ael defined in Eq.(25);
and Ψin (�) is the internal energy, a function of the internal variable �. In the classic Coleman-Noll procedure the conjugated
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variable can be derived as

Y ∶= −)Ψ
)!

= 1
2!2

[[u]]T kel [[u]] (34)

s ∶= )Ψ
) [[u]]

= 1 − !
!

kel [[u]] (35)

� (�) ∶= −dΨ
d�

= −
)Ψin
)�

(36)

where Y is the energy release rate, s is the interface traction and � (�) is the internal static variable, which governs the interface
softening behaviour.

4.1 Damage activation condition
In the framework of damage mechanics, a thermodynamic consistent formulation analyses the damage activation and evolution
as a function of its conjugated variable Y . The damage activation function is defined as

�d (Y , �) = Y − Y0 − � (�) ≤ 0 (37)

where Y0 is the threshold for the first damage activation, for which the energy release rate Y in Eq.(34) is in an indeterminate
form. In deed, for a perfectly bonded interface, both the damage ! and the separation displacement [[u]] are identically zero.
This difficulty can be overcome if the energy release rate Y is written as a function of the traction instead of the displacement
jump by the substitution of Eq.(35) in Eq.(34), that is

Y = 1
2

1
(1 − !)2

sTAels (38)

and at the perfect bonding condition (! = 0) the energy release rate assumes positive real values.
The proposed CZM is isotropic and produces the same response in the pure opening condition, in the pure sliding one and

for all the mixed mode debonding conditions. Moreover, the two modes are fully coupled in the CZM for the dependence of
the damage activation condition in Eq.37 on the energy release rate Y, which is defined in Eq.34 in terms of the two separation
displacement components (normal and tangential) and in Eq.38 in terms of the traction components. The model could be also
extended to a more general formulation, in order to account for different response in pure modes, by an extrinsic formulation
of the non-associative damage model proposed by the author in Ref.25. The interface elastic stiffness matrix and its inverse are
diagonal and defined as kel = k0I and Aelij = I∕k0 with I being the identity matrix and k0 a stiffness parameter. The isotropic
model produces the traction vector aligned with the separation displacement vector, as represented in Fig.3 for an extrinsic
interface embedded at side Γe11 = )Ωe1 ∩ Γ0 of the element Ωe1.
The energy release rate threshold is defined as

Y0 =
s20
2k0

(39)

where s0 is the interface strength. The interface CZM is fully defined by the following functions of the internal energy and the
relevant internal variable law

 i(�) = Y0

(

u2f∕(uf − ue)

uf (1 − �) + ue�
− �

)

(40)

�(�) = Y0

[

( uf
uf (1 − �) + ue�

)2

− 1

]

(41)

where uf is the separation displacement at the fully debonding condition and ue = s0∕k0. The evolution of damage and of the
internal kinematic variable is governed by the following associative flow rules and loading-unloading conditions

!̇ ∶=
)�
)Y

�̇d = �̇d (42)

�̇ ∶=
)�
)�
�̇d = �̇d (43)

�̇d ≥ 0, ��̇d = 0, �̇�̇d = 0. (44)
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FIGURE 3 Extrinsic interface embedded at side Γe11 = )Ωe1 ∩ Γ0 with isotropic traction separation law.
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FIGURE 4 Bilinear response of the proposed extrinsic interface model with linear unloading-reloading conditions: a) pure
opening mode with unlimited strength in compressive normal traction; b) pure sliding mode.

The proposed extrinsic CZM, with the static variable evolution law in Eq.(41) and the associative flow rules, produces the
bilinear traction separation law represented in Figures 4a,b, with a straight unloading-reloading branch and unlimited strength
in compressive normal traction.
The interface constitutive law and the relevant Helmholtz free energy in Eq.(33) could be defined in terms of traction. However,

the displacement based formulation should be introduced in order to govern the full debonding condition, where the energy
release rate in Eq.(38) would be an indeterminate form and the damage activation condition could not be evaluated.

4.2 Elastic loading step
A hybrid equilibrium element of domainΩe and boundary Γe = )Ωe, with embedded rigid-damage interface at the side Γe1 ⊂ Γ0,
behaves elastically if the damage activation condition in Eq.(37) is negative at all the points of the interface, that ismathematically

� (x) < 0 for x ∈ Γe1. (45)
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The elastic behaviour of the interface is modelled by the traction separation law in Eq.(35) with a constant value of the damage
variable; the additional interface compliance matrix in Eq.(29) assumes the following form

CΓe = ∫
Γe1⊂Γ0

!
1 − !

STe n
e
1 A

elne1
TSedΓ, (46)

and the solution of a loading step with embedded rigid-damage interface can be performed using the element Equation (30)
with the additional compliance matrix in Eq.(46). Moreover, for a fully bonded interface (! (x) = 0 for x ∈ Γe1) the additional
compliance matrix is null

(

CΓe = 0
)

. As a clear consequence, the full bonded condition of the rigid-damage embedded interface
produces a null additional compliance interface matrix, and the behaviour of an HEE with a full bonded extrinsic interface,
embedded at an element side, is modelled by an ordinary hybrid equilibrium element. Moreover, it follows that a full bonded
extrinsic interface can be implicitly considered embedded at every element side, and explicitly modelled only when the damage
activation condition in Eq.(37) is attained. So the additional interface compliance matrix in Eq.(46) has to be considered in
Eq.(30), without activation of specific degrees of freedom.
By contrast, in the classic displacement-based finite element formulation, the initial rigid behaviour of the interface can only

be applied using a specific numerical formulation, such as the discontinuous Galerkin method. On the other hand, the fully
debonded condition is a trivial problem in displacement-based formulation, whereas it requires a specific numerical resolution
strategy for the proposed hybrid equilibrium formulation, which will now be described.

4.3 Damaging loading step
The solution of a loading step involving damage increments requires a specific numerical treatment. The fact is that the solution
of such problem cannot be solved at the single Gauss point level, as is classically done in displacement based formulation.
Actually, it has to be solved for the whole element with the embedded interface. The HEE with the extrinsic interface embedded
at the element side can be considered as a substructure subjected to the imposed displacements at the element sides; its nonlinear
response verifies the equilibrium equations in the element domain Ωe and the consistency condition at the embedded interface.
Moreover, the interface tractions are in equilibrium with the stress fields of the adjacent triangular element and are defined as
functions of the same generalized stress variables collected in the vector ae. Hence increment of damage to a single Gauss point
of the embedded interface modifies the interface traction, and as a consequence it also modifies the elastic solution of the HEE,
the interface tractions at the other Gauss points and the relevant consistency condition.
Let an HEE with embedded extrinsic interface at side Γe1 be considered, with a given displacement vector ue and generalized

stress ae (solution of Eq.(31)). The tractions and displacement jumps at theNG Gauss points (xI ∈ Γe1 with 1 ≤ I ≤ NG) of the
embedded interface respectively are s

(

xI
)

= aTe S
T (xI

)

ne1 and
[[

u
(

xI
)]]

= Aels
(

xI
)

.
If the trial damage consistency condition in Eq.(37) is violated in one or more Gauss points, the solution of the non-

linear problem is given in terms of a set of non-negative damage increments Δ! such that the updated generalized stress
ae = −

(

Ce + CΓe (Δ!)
)−1Heue produces interface tractions and interface displacement jumps which satisfy the damage con-

sistency condition at all the Gauss points. Hereafter the index e of the element and the index 1 of the side will be omitted and
the additional interface compliance matrix can be written by the following Gauss numerical integration

CΓ (Δ!) =
NG
∑

I=1

!I + Δ!I
1 − !I − Δ!I

STI nI A
elnI TSIWI , (47)

where NG is the number of Gauss integration points; Δ! is the vector collecting the NG damage increments; WI = wIJI is
the product of the Gauss point weightwI times the jacobian of the isoparametric interface mapping JI . The damage increments
must satisfy the damage activation condition, the flow rules and the loading-unloading conditions, which can be written at the
Gauss points in the following form:
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�I = YI − Y0 − �
(

�I + Δ�I
)

≤ 0 (48)

YI =
1
2

1
(

1 − !I − Δ!I
)2
sTIA

el
I sI (49)

Δ!I = Δ�I ≥ 0 (50)
�IΔ!I = 0 (51)

Δ�IΔ!I = 0 I = 1,… , NG. (52)

If the trial damage activation condition is violated in a number MG (with 1 ≤ MG ≤ NG) of Gauss points (�J > 0, with
J = 1, ..,MG) the solution of the nonlinear problem is defined by the set of unknown damage increments

Δ!̄ =
[

!1,… , !MG

]T (53)

and the generalized stress vector ā which verify as zero the consistency condition of theMG violated Gauss points and the HEE
equation, written in the following residual form

R (ā,Δ!̄) =
[

C + CΓ
(

Δ̄!
)]

ā −Hu = 0 (54)

� (ā,Δ!̄) =
[

�1W1,… , �MG
WMG

]T = 0 (55)

where the terms WI have been introduced for symmetry reasons. The solution of this nonlinar problem can be achieved by a
classic iterative Newton-Rapson (NR) approach and Equations (54) and (55) can be written as

Ri+1 ≅ Ri + )R
)a
da + )R

)Δ!̄
dΔ!̄ =

= Ri +
[

C + CΓ
]

da +K!dΔ!̄ = 0 (56)

�i+1 ≅ �i + )�
)a
da + )�

)Δ!̄
dΔ!̄ = 0 (57)

where Ri = 0, )R
)a = C + CΓ, K! =

)R
)Δ!̄

=
[

K!1 ,… ,K!MG

]

with

K!J ∶=
)R
)Δ!J

= )CΓ
)Δ!J

a = 1
(

1 − !J − Δ!J
)2
STJ nJ A

el
J sJJJWJ , (58)

Moreover, the derivatives of the vector of the violated consistency conditions are

)ΦJ

)a
= KT

!J
= 1

(

1 − !J − Δ!J
)2
sTJA

el
J n

T
I SIWJ (59)

K�IJ ∶=
)ΦI

)Δ!J
=

[

1
(

1 − !I − Δ!I
)3
sTIA

el
I sI +

−
2Y0u2f

(

uf − ue
)

[

uf
(

1 − !I − Δ!I
)

+ ue
(

!I + Δ!I
)]3

]

�IJ (60)

with I, J = 1,… ,MG and �IJ the Kronecker delta. The set of non linear Equations (56-57), with the position assumed in
Eqs.(58-60), can be rewritten in the following matrix notation

[

C + CΓ K!
KT
! K�

] [

da
dΔ!̄

]

=
[

0
−�i

]

(61)

and the solution of the single Newton-Rapson interation is

dΔ!̄ =
[

KT
!

(

C + CΓ+
)−1K! −K�

]−1
�i (62)
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The damage increments can be updated byΔ!̄i+1 = Δ!̄i+dΔ!̄, whereas the updated generalized stresses are directly evaluated
as

āi+1 = −
(

C + CΓ
(

Δ!̄i+1
))−1Hu, (63)

with a quadratic convergence of the proposed iterative formulation. In the Newton-Rapson iterative procedure the set of active
Gauss points can change: an active point can assume an elastic behaviour with a negative activation function and vice versa.
Hence the set of violated consistency conditions collected in Eq.(55) has to be adapted accordingly.

Remark 1. The term K�IJ defined in Eq.(60) represents the variation of function ΦI due to the increment of damage dΔ!J (for
fixed traction sI ). For a positive value of the damage activation function (�I > 0), this contribution produces negative damage
increment, which is incorrect because of the irreversible nature of the damage variable. Hence at the first iterations, the term
K�II has be neglected in Eq.(60) for correct convergence. Otherwise, the NR problem could converge to a solution with negative
damage increments.

The convergence of the nonlinear consistency condition problem in Eqs.(56, 57) is quite effective as can be observed from the
following numerical example, which reproduces the pure tensile test represented in Fig.5a of a specimen subjected to a uniform
horizontal displacement at the right side (nodes 25, 26, 27). Constrained degrees of freedom (at node 1, 2, 3) are marked in
red and the extrinsic interface Γ0 is embedded at one side of element 4, of nodes 13, 14, 15. The spurious kinematic mode at
the external corner of element 3 is restrained by the approach proposed in Ref.52, that is by a rigid constrain between vertical
degrees of freedom of nodes 18 and 25 in Fig.5a. The two-dimensional problem is performed under plane stress condition with
elastic constitutive moduli E = 10000N∕mm2, � = 0.25 and the interface is defined with fracture energy GI = 1N∕mm and
tensile strength s0 = 2N∕mm2. The pure tensile test produces the bilinear response depicted in Fig.5b in terms of imposed
displacement ux and horizontal force Fx.
After the first damage activation, for ux = 0.04mm, the hybrid equilibrium finite element problem becomes nonlinear and

the convergence graphic of the relevant iterative Newton-Rapson (NR) method, for the loading step of imposed displacement
ux = 0.06mm, is plotted in the Fig.6a in terms of energy deformation ratio Ei∕E1 and in terms of residual norm ratio Ri∕R1,
between the current iteration and the first one.
The inner NR iterative approach defined in Eqs.(56-57) has to be solved for the HEE with embedded interface (element 4),

and for each NR iteration of the overall nonlinear loading step. The convergence diagrams of the inner NR approach are plotted
in Figures 7a,b, for the first iteration (FE NR iter. 1) and for the last iteration (FE NR iter. 8) of the loading step of imposed
displacement ux = 0.06mm. Figure 7a plots the evolution of the modulus of the damage activation function (|

|

�I ||), showing
a convergence in 5-6 iterations. The Fig.7b plots the evolution of the damage variables of the three Gauss points showing the
following: at the first iteration of the global NR method (FE NR iter. 1) three different values of the damage are obtained after
convergence; at the last iterations (FE NR iter. 8) the same value of damage is correctly obtained for all the three Gauss points.
Indeed, the correct solution for a uniform stress field is a uniform damage evolution along the embedded interface. The same
results are obtained for all the nonlinear loading steps.

5 FULL DEBONDING CONDITION

The bilinear response of the pure tensile test depicted in Fig.5b shows that the proposed formulation can also model the full
debonding condition, with null traction at the interface and damage ! = 1. But the full debonding condition (! = 1) cannot
be analysed by the approach proposed in the previous section. In fact, the HEE formulation requires evaluation of the interface
compliance matrix, defined in Eq.(46), which assumes an indeterminate form, even if only one point is fully debonded.
If the full debonding condition is reached in a number 1 ≤ LG ≤ NG of Gauss points (!J = 1, with J = 1, .., LG) of the side

Γē1 = )Ωē ∩ Γ0 of the ē element, the constitutive model imposes null tractions at these points (sJ = 0, with J = 1, .., LG). The
full debonding condition states a linear problem which can be solved by a Lagrangian approach, for which the complementary
energy function in Eq.(28) assumes the following form

Πc =
ne
∑

e=1

[1
2
aTe

(

Ce + CΓe (!)
)

ae − aTe Heue + TTe ue
]

− aTē H̄ē�ē, (64)
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FIGURE 5 Pure tensile test with extrinsic interface embedded at the internal side of nodes 13-15: a) HEE discretization; b)
response in terms of imposed displacement ux and horizontal force Fx.
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FIGURE 6 Convergence diagram of the iterative Newton-Rapson method, for the nonlinear loading step of imposed displace-
ment ux = 0.06mm, in terms of energy deformation ratio Ei∕E1 and residual norm ratio > Ri∕R1, between the current iteration
and the first one.
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FIGURE 7 Convergence diagrams of the inner iterative Newton-Rapson method, for evaluation of the damage increments of
the three Gauss points of the embedded interface, at the first iteration and at the last iteration of the loading step of imposed
displacement ux = 0.06mm: a) evolution of the modulus of the damage activation functions (|

|

�I ||); b) evolution of the damage
variables.

where H̄ē =
[

ST1 n1,… ,STLGnLG
]

and �ē =
[

�1,… , �LG
]T is the vector of Lagrangian variables, which are the separation

displacements between the two edges of the interface at the fully debonded Gauss points �J =
[[

u
(

xJ
)]]

, with xJ ∈ Γē1, J =
1,… , LG.
The stationary conditions of the complementary energy function in Eq.(64) give the following equation for the element ē

⎡

⎢

⎢

⎣

Cē + CΓē (!) −H̄ē −Hē

−H̄T
ē 0 0

−HT
ē 0 0

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

aē
�ē
uē

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

0
0
−qē

⎤

⎥

⎥

⎦

. (65)
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5.1 Elastic loading step
For a loading step, without any damage increment, the vectors aē and �ē can be condensed out of Eq.(65) and the solution for
the HEE with fully debonded interface, can be written as

�ē =
[

H̄T
ē

(

Cē + CΓē
)−1 H̄ē

]−1
H̄T
ē

(

Cē + CΓē
)−1Hē uē (66)

aē =
(

Cē + CΓē
)−1 (H̄ē�ē +Hēuē

)

(67)
qē = HT

ē aē. (68)

Finally, the relevant elastic stiffness matrix is

Kē = HT
ē

(

Cē + CΓē
)−1 H̄ē

[

H̄T
ē

(

Cē + CΓē
)−1 H̄ē

]−1
H̄T
ē

(

Cē + CΓē
)−1Hē+

+HT
ē

(

Cē + CΓē
)−1Hē, (69)

which can be numerically evaluated by simple static condensation of the first two vectors of variables (aē and �ē) to the third
one in Eq.(65).
The proposed approach gives the exact solution of an elastic loading step of an element with an embedded interface which is

fully debonded at some or all of the Gauss integration points.

5.2 Damaging loading step
The full debonding condition in a HEE can be combined with the violation of the damage activation function in other integration
points, which require the evaluation of the relevant increment of the damage variables, for a known nodal displacement vector
uē. This mathematical problem has to be solved for the whole HEE with the embedded interface, and it requires the evaluation
of the damage increment, the generalized stress and the separation displacement, which have to verify together the element
Equation (65), the damage activation function and relevant flow rules in their discrete form in Eqs.(48-52). The index ē is omitted
hereafter.
The damage activation condition is violated in a number MG of Gauss points (�J > 0, with J = 1, ..,MG), with 1 ≤

MG ≤ NG, and the full debonding condition is reached in a number LG of Gauss points (!J = 1, with J = 1, .., LG), with
1 ≤ LG ≤ NG−MG. The two sets of nodes can belong to the same element side or to different sides. The constitutive consistency
condition requires a vector of damage increment Δ!̄, as defined in Eq.(53), generalized stress ā and separation displacement �̄,
which has to verify the vector of violated consistency conditions in the whole interface element �

(

ā, �̄,Δ!̄
)

= 0, defined in
Eq.( 55). This solution also has to verify Eq.(65) of the HEE, for a known nodal displacement vector u, which can be written in
the following residual form

R
(

ā, �̄,Δ!̄
)

=
[

C + CΓ (Δ!̄)
]

ā − H̄�̄ +Hu = 0 (70)

s.t. H̄T ā = 0.

This mathematical problem can be solved by the iterative Newton-Rapson strategy proposed in Section (4.3), which is defined
in the following matrix form

⎡

⎢

⎢

⎣

C + CΓ −H̄ K!

−H̄T 0 0
KT
! 0 K�

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

dā
d�̄
dΔ!̄

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

0
0
−�i

⎤

⎥

⎥

⎦

(71)

The iterative solution of Eq.(71) can be updated by Δ!̄i+1 = Δ!̄i + dΔ!̄, �̄i+1 = �̄i + d�̄, whereas the updated separation
displacements and the updated generalized stress are directly evaluated as

�i+1 =
[

H̄T (C + CΓ
(

Δ!̄i+1
))−1 H̄

]−1
⋅

⋅ H̄T (C + CΓ
(

Δ!̄i+1
))−1H u (72)

āi+1 =
(

C + CΓ
(

Δ!̄i+1
))−1

(

H̄�̄i+1 +Hu
)

, (73)

with quadratic convergence of the proposed iterative formulation.



16

6 NUMERICAL SIMULATION

The formulation developed was implemented in the finite element code FEAP56 for a nine-node triangular HEE with quadratic
stress fields and with extrinsic interface implicitly embedded at all element side, but the interface can activate only at one side
per element. The implementation prevents the double opening of the same interface, that is the opening of the interface for
two adjacent elements at the common side. A binary variable for each node of the mesh saves the information of the interface
activation. When the activation condition is attained at an element side the binary variables of the three nodes are saved as
active, so the activation condition of the adjacent element is not checked and the relevant embedded interface is not opened.
This implementation is capable of analysing problem of delamination and crack propagation at any element side; indeed, if the
interface opening condition is attained at a second side of an element, the same condition will be verified at the side of the
adjacent element, where the crack will propagate. The numerical simulations of a pure mode I delamination test and two crack
propagation tests were performed and the results are presented in the following Sections.

6.1 DCB test
The delamination test is the pure mode I Double Cantilever Beam Test (DCBT) on an end-notched specimen with crack length
a = 50mm, height of the two legs ℎ = 3mm and specimen width b = 20mm. The DCBT with the specimen sizes is represented
in Fig.8. The bulk is modelled as isotropic and linear elastic with Young’s modulus E = 111 900N∕mm2 and Poisson’s ratio
� = 0.2 (standard homogenized parameters for carbon/epoxy compositematerial). The extrinsic interface constitutive parameters
are defined by the fracture energies GI = GII = 1N∕mm and tensile strength s0 = 5N∕mm2.
The analytical solutions of the DCBT is known in literature (see for instance24) and developed in the framework of bending

Beam theory and linear elastic Fracture Mechanics (BFM) and it is given, in terms of imposed displacement u and load P by
the following equations

u = 4a2
√

GI
3Ēℎ3

P = 3ĒI
2a3

u

(74)

with I = bℎ3∕12 and Ē = E under plane stress conditions and Ē = E∕(1 − �2) under plane strain conditions. The proposed
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FIGURE 8 Sizes and geometry of specimen for the double cantilever beam test.

formulation of HEE with embedded interface can be used to model both the delamination surface and the pre-cracked one.
The former surface is modelled as a sound embedded interface, with null initial damage, and the latter one is defined as a fully
damaged embedded interface (with ! = 1), and the positions of the two surfaces are assigned as input conditions. The pre-
cracked surface and the delamination one are not discretized by specific interface elements and additional degrees of freedom,
since for this approach they are actually not required. The results of the delamination test performed by the HEE with embedded
extrinsic interface are compared to the analytical solution and to the results obtained by the formulation proposed in Ref.16, where
the intrinsic interface is kinematically modelled by the eXtended finite element (XFEM) formulation. The intrinsic interface
is modelled with an initial elastic behaviour with elastic stiffness Kn = Kt = 50000N∕mm3. The results are compared in
Fig. 9 in terms of imposed vertical displacement u vs reaction force P , showing perfect matching between the two numerical
solutions (HEE and XFEM). Moreover, the two numerical solutions reproduce the analytical one with good accuracy both in
the descending damaging branch and in the elastic unloading one.
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FIGURE 9 Response of double cantilever beam test, in terms of applied load vs imposed displacement of the analytical solution
(BFM) and two numerical solutions based on HEE with embedded extrinsic interface and XFEM with intrinsic interface.

Motivations of the different responses in the initial elastic branch between the numerical solutions and the analytical one
are well known in literature (see16,57) and are due to the two different delamination conditions, based on the linear elastic
fracture mechanics theory for the analytical solution, with an ideally brittle traction-separation law, whereas in the CZMs the
delamination condition produces a bilinear response with a smooth transition from the elastic behaviour to the fully debonded
one. The maps of stress �x, �y and �xy, obtained by the HEE with embedded interface at four different loading conditions of
imposed displacement u = 5, 10, 15, 20mm, are plotted in the deformed configuration in Figures 10, 11 and 12.
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FIGURE 10Map of normal stress �x [MPa] at the four different loading conditions: u = 5, 10, 15, 20mm.
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FIGURE 11Map of normal stress �y [MPa] at the four different loading conditions: u = 5, 10, 15, 20mm.
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FIGURE 12Map of tangential stress �xy [MPa] at the four different loading conditions: u = 5, 10, 15, 20mm.

6.2 Double-cantilever-beam test with diagonal loads
The second numerical analysis is the quasi-static simulation of the mixed-mode crack propagation problem of the double-
cantilever-beam (DCB) test with diagonal forces. The crack path is not fixed and the crack can develop in any element side
where the tractions components attain the damage activation condition defined in the Section 4.1.
The experimental test is reported in Ref.58 and is also analysed in Ref.59 by smeared crack analysis, and in Refs.60,17 by

strong discontinuity approaches. Geometry and load setting of the experimental test are represented in Fig. 13a, with the plate



19

thickness 50.8 mm. The diagonal forces F1 increase until reaching 3.78 kN and then are kept constant. In the numerical sim-
ulation presented, the wedge forces F2 are modelled as reaction forces of imposed separation displacement, which increases
monotonically. Part of the specimen is discretized with standard Displacement Based finite Elements (DBE) and the zone where
the crack is expected to propagate is discretized with the proposed HEE formulation . The different discretized areas are shown
in Fig.13a. The numerical simulation was performed with the two meshes represented in Figs.13b, c. In HEE the concentrated
force F2 at the upper-right corner generates high stress level and, in order to avoid anomalous crack opening, the elements close
to the corner are assumed as elastic.
The constitutive parameters of the bulk material and extrinsic interface are the following: E = 30500N∕mm2, � = 0.2,

s0 = 2N∕mm2,GI = 0.1N∕mm. The results of the numerical simulations obtained with the two meshes are plotted in the Fig.14
in terms of applied load F2 and crack mouth opening displacement (CMOD). The results are compared with the experimental
data reported in Ref.58 and with the numerical results obtained by the embedded discontinuity finite element formulation and
by the XFEM formulation in Ref.17.
The load-CMOD curves obtained with the two meshes do not show significant differences from each other, and the results fit

the other numerical data (DG and XFEM) and the experimental curve with good approximation.
The results of the numerical simulations are also presented by the maps of the maximum principal stress at the peak loading

condition in the deformed configuration, showing the crack path, in Figures 15 a, b for mesh 1 and mesh 2. The further prop-
agation of the crack obtained with the two meshes is represented in the Figures 16a, d in the deformed configuration, together
with the maps of the maximum principal stress, at the following loading steps of CMOD values Δu = 0.2mm and Δu = 0.4mm.
The crack paths obtained by the numerical simulations with the two meshes are also depicted in Fig.13a and compared with

the experimental crack path, showing a good prediction, even though in the proposed formulation the crack is constrained to
propagate only at the element sides.
A possible improvement of the proposed model, in order to overcome the mesh dependency of the numerical response, could

be simple correction of the mesh geometry ahead of the crack tip, so that an element side is oriented along the maximum
principal stress direction.
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FIGURE 13 Double-cantilever-beam test with diagonal loads: a) sizes, geometry, loading condition and discretization zones;
the experimental crack path and crack paths obtained with the two meshes ; b) mesh 1; c) mesh 2.

6.3 Single-edge notched beam
The third numerical analysis is the quasi-static simulation of the mixed-mode crack propagation problem of the single-edge
notched concrete beam. The results of the experimental tests are given in Ref.61 where the crack path is also numerically predicted
in the framework of linear elastic fracture mechanics. The crack propagation of this problem is also numerically reproduced in
Ref.44, by a discontinuous Galerkin finite element formulation with rigid-cohesive interface model at all the inter-element sides,
and by the XFEM formulation in Ref.62. The model is analysed under plane stress conditions and the load level is governed by
the arclength control of the crack mouth opening displacement (CMOD).
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FIGURE 14 Responses of the numerical simulations of the double-cantilever-beam test with diagonal loads in terms of load
F2 and crack mouth opening displacement (CMOD).
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FIGURE 15 Maps of maximum principal stress �1 [MPa] at the crack tip, in the deformed configuration with the evolution of
the crack, at the peak loading condition for: a) mesh 1; b) mesh 2.

The size and geometry of the specimen (thickness t = 50mm) with boundary and loading conditions are reported in Fig.17,
where the experimental envelope of the crack is also plotted. The left hand side of the specimen is irrelevant from the mechanical
point of view, being subjected to neither loads nor boundaries, and it is neglected in the domain discretization. Moreover, part of
the specimen is discretized with standard displacement-based finite elements and only the zone where the crack is expected to
propagate is discretized with the proposed HEE formulation. The different discretized areas are shown in Fig.17: the NOMESH
area has not been discretized, the DBE area has been discretized with nine-node quadrilateral Displacement Based Element
and the HEE area has been discretized with nine-node triangular hybrid equilibrium element, with extrinsic interface implicitly
embedded at all the element sides. Due to the mesh dependency of the possible cracking paths, the numerical simulation was
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FIGURE 16 Maps of maximum principal stress �1 [MPa], in the deformed configuration with the evolution of the crack,
for: a) mesh 1 for CMOD=Δu = 0.2; b) mesh 2 for CMOD=Δu = 0.2; c) mesh 1 for CMOD=Δu = 0.4; d) mesh 2 for
CMOD=Δu = 0.4.

performed with the four different meshes plotted in the Figs.18 A, D. The four meshes present one finite element with two free
boundary sides (external corner) at the right side of the crack and the relevant spurious kinematic modes have been restrained by
the approach proposed in Ref.52, by a rigid constrain between the vertical (or horizontal) degrees of freedom of the two corner
nodes.
The constitutive parameters of the bulk material and extrinsic interface are: E = 38000N∕mm2, � = 0.18, s0 = 3N∕mm2,

GI = 0.069N∕mm. The results of the numerical simulations obtained with the four meshes are plotted in Fig.19 in terms of
the applied load F and the CMOD. The results are compared with the numerical results obtained by a Discontinuous Galerkin
(DG) finite element formulation in Ref.44, with the numerical results obtained by the XFEM formulation in Ref.62 and with
the experimental envelope reported in Ref.61. The load-CMOD curves obtained with the four meshes do not show significant



22

differences one from each other, and the results fit the other numerical data (DG and XFEM) and the experimental envelope
with good approximation.
The results of the numerical simulations are also represented by the maps of the maximum principal stress at three loading

steps: the peak loading condition and the loading conditions obtained for the CMOD values Δu = 0.2mm and Δu = 0.4mm.
The maps of the maximum principal stress are plotted in the deformed configuration, showing the cracking path, in Figure 20
for mesh A and mesh B, and in Figure 21 for mesh C and mesh D. Figures 20 and 21 show similar maps of stress and similar
cracking paths for the four different meshes.
Finally, the cracking path obtained by the proposed formulation with the four meshes are compared to the experimental crack

envelope of crack trajectories in Fig. 22. Although the four meshes are not extremely fine, the high order stress fields defined
in the proposed formulation, codiffusive at each element side and satisfying the homogeneous equilibrium equations, make it
possible to capture the cracking paths and the overall response with good approximation for all the considered meshes.
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FIGURE 17 Sizes and geometry of specimen of the single-edge notched beam with the different discretization zones. The
experimental envelope of crack trajectories is plotted in the hatched area.

7 CLOSING REMARKS

The paper presents an innovative approach for the modelling of delamination and crack propagation at the inter-element inter-
face of Hybrid Equilibrium Elements. The proposed formulation gives a solution which satisfies the homogeneous equilibrium
equation in the whole domain and it allows one to introduces an extrinsic interface at every element side without any additional
degree of freedom.
The paper also presents an interface extrinsic cohesivemodel, developed in the rigorous thermodynamic framework of damage

mechanics. The proposed model produces a bilinear response with initially rigid behaviour. The damage activation condition of
the extrinsic interface model is based on the tractions and its application is perfectly suitable for use with the high-order stress
field of HEE.
The proposed formulation was implemented in a finite element code and the numerical simulations of one delamination

problem and two crack propagation problems were carried out with different meshes. Although the meshes are not extremely
fine, the high-order stress fields defined in the proposed formulation make it possible to capture the cracking paths and the overall
response with good approximation for all the considered meshes.
The drawbacks of the proposed formulation are the following: firstly, the presence of spurious kinematic modes, but they

are well known and can be controlled or restrained by means of some different approaches; secondly, the damage consistency
condition and evaluation of the damage increments have to be performed for the whole HEE with embedded interface, rather
than for the single integration point. This problem requires the resolution of an inner Newton-Rapson nonlinear problem for
every HEE with damaging interface. However, the additional inner Newton-Raphson procedure has to be performed only for
the few elements in the process zone, whereas pristine elements and full debonded elements behave elastically and without
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FIGURE 18Meshes for the crack propagation analysis of the single-edge notched beam with the zoomed view at the part with
the finest mesh.

any additional degree of freedom. On the contrary, the mixed formulation obliges the use of additional degrees of freedom
(Lagrangian variables) in order to keep connected the independent nodes of all the couples of adjacent elements, for any loading
step, either elastic or with cracking evolution. In DG approach all finite elements are discretized with independent nodes and the
displacement continuity between independent nodes of adjacent elements is weakly enforced, but without additional degrees of
freedom.
Future developments of the proposed model could be correction of the mesh geometry ahead the crack tip so that an element

side is oriented along the maximum principal stress direction, in order to overcome the mesh dependency of the numerical
response in crack propagation problems; the formulation of the HEE for the dynamic analysis of fragmentation problems and
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FIGURE 19 Responses of the numerical simulations of the single-edge notched beam in terms of load F and crack mouth
opening displacement (CMOD).

for correct evaluation of wave speed. Finally, the comparison of computational time between the proposed model and existing
models (mixed model and DG) could be performed.
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APPENDIX

A CONSISTENT ELEMENT STIFFNESS MATRIX

The proposed constitutive law produces a non linear numerical response and it can be effectively implemented in a finite element
code, with quadratic convergence, if the element consistent tangent operator, the derivative of the nodal force vector with respect
to the nodal displacement vector, is correctly defined.
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FIGURE 20 Maps of maximum principal stress �1 [MPa] for mesh A and mesh B, in the deformed configuration with the
evolution of the crack, at the three different loading conditions: the peak loading condition and the loading conditions obtained
for the values of CMOD Δu = 0.2, Δu = 0.4.
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FIGURE 21Maps of maximum principal stress �1 [MPa] for meshes C and D, in the deformed configuration with the evolution
of the crack, at the three different loading conditions: the peak loading condition and the loading conditions obtained for the
values of CMOD Δu = 0.2, Δu = 0.4.
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FIGURE 22 Crack paths obtained by the numerical simulation with the four meshes compared with the experimental crack
path envelope.

The nodal force vector q of a HEE with not fully debonded integration points is defined in Eq.(30) and for an elastic loading
step (� (x) < 0 in Γe ∩ Γ0) the consistent tangent stiffness matrix coincides with the elastic stiffness matrix, that is

Kcs =
dq
du

= Kel = HT
e

(

Ce + CΓe (!)
)−1He. (A1)

For an elastic loading step, the consistent stiffness matrix of a HEE with some fully debonded Gauss points coincides with the
elastic one defined in Eq.(69).
For a nonlinear loading step, let an HEE be considered with the damage activation condition attained inMG integration points,

for which the damage activation function is null at the end of the iterative process described in Section 4.3, that is �I = 0 for
I = 1,… ,MG, or in compact form � = 0. The considered HEE is not subjected to any full debonding condition (! < 1 in
Γe ∩ Γ0) and the residual in Eq.(54) and the nodal force vector can be rewritten in the following incremental form

dR = )R
)a
da + )R

)Δ!̄
dΔ!̄ + )R

)u
du =

=
[

C + CΓ (Δ!̄)
]

da +K!dΔ!̄ −Hdu = 0 (A2)
dq = HT da. (A3)

Moreover, under an increasing loading condition, the loading-unloading constitutive condition of Eq.(52) can be written for the
MG damage active points as

d� = )�
)a
da + )�

)Δ!̄
dΔ!̄ = KT

!da +K�dΔ!̄ = 0 (A4)

where the vector� only collects the damage activation function of the damage active points.
Equations (A2), (A3) and (A4) can be collected in the following matrix notation

⎡

⎢

⎢

⎣

dR
d�
−dq

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

C + CΓ (Δ!̄) K! −H
KT
! K� 0

−HT 0 0

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

da
dΔ!̄
du

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

0
0
−dq

⎤

⎥

⎥

⎦

(A5)

and the consistent stiffness matrix, for an HEE with active damage points and without fully debonded points, can be numerically
obtained by static condensation of the first two blocks of variables, that are da and dΔ!̄, to the third block. The consistent
stiffness matrix is symmetric and defined as

Kcs = HT
[

C + CΓ (Δ!̄) −K!K−1
� KT

!

]−1
H. (A6)

The HEE with fully debonded points and without any damage increment behaves elastically and the relevant stiffness matrix
is defined in Eq.(69). The equation of an HEE with fully debonded points and active damage points is written in residual form
in Eq.(70), and together with the constitutive consistency condition at theMG active Gauss points, that is� = 0, and under the
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relevant loading-unloading constitutive condition d� = 0 defined in Eq.(A4), these equations can be written in the following
incremental form

⎡

⎢

⎢

⎢

⎢

⎣

dR
dR�
d�
−dq

⎤

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎣

C + CΓ (Δ!̄) −H̄ K! −H
−H̄T 0 0 0
KT
! 0 K� 0

−HT 0 0 0

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

da
d�
dΔ!̄
du

⎤

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎣

0
0
0
−dq

⎤

⎥

⎥

⎥

⎥

⎦

. (A7)

Due to the symmetry of the coefficients matrix, the consistent stiffness matrix is symmetric and can be numerically obtained by
static condensation of the first three blocks of variables to the last one.
The Equations (A5) and (A7) suggest that a single NR iterative approach could be adopted and generalized stress a and

displacement u computed at each iteration after updating all damage variable (explicitly for the proposed constitutive law).
Nevertheless, the proposed approach is based on the stationary condition of the complementary energy functional, which is
defined in the space of statically admissible solutions, and the use of the inner NR provides solutions that verify the domain
equilibrium equation for all the elements.
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