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Abstract

We show how the notion of pseudo-bosons, originally introduced as operators acting on
some Hilbert space, can be extended to a distributional settings. In doing so, we are
able to construct a rather general framework to deal with generalized eigenvectors of the
multiplication and of the derivation operators. Connections with the quantum damped

harmonic oscillator are also briefly considered.



I Introduction

In recent years pseudo-bosonic operators, [1], have been used to rewrite some non self-adjoint
Hamiltonian H in terms of generalized (and, again, non self-adjoint) number operators. In
this way, eigenvalues and eigenvectors of H, and of its adjoint H, can be constructed using
ladder operators acting on two different non zero vectors of the Hilbert space, the vacua of the
theory. Some applications of these operators can be found in references [1]-[8]. Pseudo-bosons
are defined as operators acting on some dense domain in a given Hilbert space. Recently, in
connection with the quantum damped harmonic oscillator, [9], it has been shown that some kind
of pseudo-bosons can be also used, at least formally, to diagonalize the Bateman Hamiltonian
Hpg of the system, similarly to what other authors have done along the years. The point is
that, being Hp non bounded from below, the existence of a real vacuum (i.e., a vector in the
Hilbert space) is not guaranteed at all. In fact, in [9] no such a vector is found, contrarily to
what the authors in [10] and [11] claim. On the other hand, in [9] it is shown that a vacuum
of the annihilation pseudo-bosonic operator can only be found in a distributional sense. This
motivates our present analysis: in this paper we will discuss what happens if two operators a
and b, originally defined on a Hilbert space H satisfies, in a suitable sense, the commutation
relation [a,b] = 1. Here 1 is the identity operator on H. Notice that this situation extends
that of ordinary bosons, which is recovered if b = af, and that of pseudo-bosons, for which it
is assumed that a dense subspace of H exists, D, which is left invariant by the action of a,
b, and of their (Hilbert-)adjoints a™ and b. In this paper the relevant aspect is that this set
D C H is replaced by a set of distributions, and that the biorthogonality of the eigenstates of
the two adjoint number operators, see [1], will be replaced by a weak biorthogonality, i.e. by a
biorthogonality between distributions which, of course, should be properly defined.

The paper is organized as follows: in Section II we review some standard results for ordinary
D-pseudo bosons. In Section IIT we discuss a simple quantum mechanical system which, thought
involving formal D-pseudo bosons, does not satisfy any of the standard assumptions discussed
in Section II. In Section IV we introduce the notion of weak pseudo-bosons (wpbs in the
following) and we study some of their properties. Section V is devoted to some preliminary
considerations on the connections between wpbs and the quantum damped harmonic oscillators.

Our conclusions are given in Section VI.



II "D-pseudo bosons

In this section we briefly review some known facts on D-pseudo bosons, to fix the notation and
to better put later in evidence their differences with the wpbs.

Let ‘H be a given Hilbert space with scalar product (.,.) and related norm ||.||. Let a and
b be two operators on H, with domains D(a) C H and D(b) C H respectively, a' and b' their
adjoint, and D be a dense subspace of H such that a*D C D and V¥*D C D, where with 2% we
indicate x or zf. Of course, D C D(a*) and D C D(V*).

Definition 1 The operators (a,b) are D-pseudo bosonic if, for all f € D, we have

abf—baf=1f. (2.1)

When b = af, this is simply the canonical commutation relation (CCR) for ordinary bosons.
However, when the CCR is replaced by (2.1), the situation changes, becoming mathematically
more interesting. In particular, it is useful to assume the following:

Assumption D-pb 1.— there exists a non-zero gy € D such that a pg = 0.

Assumption D-pb 2.— there exists a non-zero ¥, € D such that bf ¥, = 0.

It is obvious that, since D is stable under the action of b and af, in particular, g € D>®(b) :=
M=o D(VF) and ¥y € D>®(a'), so that the vectors

b" !
n— — — 5 —Fa

n > 0, can be defined and they all belong to D. Then, they also belong to the domains of af,

T, = M, (2.2)

b* and N*, where N = ba. We see that, from a practical point of view, D is the natural space
to work with and, in this sense, it is even more relevant than H. Let’s put Fg = {¥,, n > 0}

and F, = {¢,, n > 0}. It is simple to deduce the following lowering and raising relations:

bon = vVn + lo,, n >0,
apo =0, ap, =N, 1, n>1, (2.3)
all, = vn+ 1V, 4, n >0, .

bT‘II() = 0, bT\I/n == \/H\I/n_l, n Z 17

as well as the eigenvalue equations N¢, = ny, and NTW, = nU,, n > 0. In particular, as a
consequence of these two last equations, if we choose the normalization of ¢y and ¥, in such a
way (po, Vo) = 1, we deduce that

(@ns Yim) = nm, (2.4)
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for all n,m > 0. Hence Fy and F, are biorthogonal. It is easy to see that, if b = at, then
vn = ¥,, so that biorthogonality is replaced by a simpler orthonormality. Moreover, the
relations in (2.3) collapse, and only one number operator exists, since in this case N = NT.

The analogy with ordinary bosons suggests us to consider the following:

Assumption D-pb 3.— F, is a basis for H.

This is equivalent to requiring that Fy is a basis for H as well, [12]. However, several
physical models show that F, is not always a basis for H, but it is still complete in H. For

this reason we adopt the following weaker version of Assumption D-pb 3, [1]:
Assumption D-pbw 3.— For some subspace G dense in H, F, and Fy are G-quasi bases.

This means that, for all f and ¢ in G,

(f,9) = (00) (Wnyg) =D (f, ) (0n, 9) (2.5)

n>0 n>0

which can be seen as a weak form of the resolution of the identity, restricted to G. Of course,
if f € G is orthogonal to all the ¢,,’s, or to all the ¥,,’s, then (2.5) implies that f = 0. Hence
F, and Fy are complete in G, [13].

The families F, and Fy can be used to introduce two densely defined operators S, and Sy

via their action respectively on Fy and F:
S@\Pn = ©¥n, S\If@n = \Ilbfm (26)

for all n, which also imply that ¥,, = (S¢ S,)¥,, and ¢, = (S, Sy)pn, for all n. Of course,
these equalities can be extended to the linear spans of the ¢,’s, £, and of the ¥,,’s, Ly. This
means that, for instance, Sy S,f = f and S, Sgg = g for all f € Ly and g € L,. With a
little abuse of language we could say that S, is the inverse of Sy. In fact, this is not always
so, due to the fact that the two operators are, in general, unbounded and defined on different
dense subsets of H. However, there exist conditions, [1], in which we can prove that Sy = S, L
This is the case, for instance, when F, and Fy are Riesz bases. Quite often one writes these

operators in a bra-ket form:
Se = len><enl,  Sy=> |¥,><T,] (2.7)

where (|f){(f])g = (f,g) f, for all f,g € H. These expressions may likely be only formal,

since the series are not necessarily convergent in the uniform topology, as it happens when the



operators S, and Sy are unbounded. Again, this is not what happens if 7, and Fy are Riesz
bases. In this case, we call our D-pseudo bosons regular.
We end this short review by noticing that S, and Sy give rise to interesting intertwining

relations between N and NT:
SyNg=N'Syg and NS, f=S,N'f, (2.8)

f € Ly and g € L,. This is related to the fact that the eigenvalues of, say, N and NT, coincide
and that their eigenvectors are connected by the operators S, and Sy, in agreement with what
is known on intertwining operators, [14, 15].

Many more results and examples on D-quasi bosons can be found in [1].

III Weak pseudo bosons: a first appearance

Let us consider the following operators defined on H = L2(R): @f(z) = zf(z), (Dg)(z) =
¢ (z), the derivative of g(z), for all f(z) € D(z) = {h(z) € L*R) : zh(z) € L*(R} and
g(z) € D(D) = {h(z) € L2(R : W(z) € L2(R}. Of course, the set of test functions S(R)
is a subset of both sets above: S(R) C D(z) N D(D). The adjoints of Z and D in H are
it =& Dt = —D. We have [D, z]f(z) = f(z), for all f(z) € S(R). This suggests that & and
D could be thought as S(R)-pseudo bosons, since they satisfy Definition 1 and since S(R) is
stable under their action, and the action of their adjoints. However, if we look for the vacua
of a = D and b = &, we easily find that ¢g(z) = 1 and ¢o(x) = d(z), with a suitable choice of
the normalizations. It is clear, therefore, that neither ¢o(x) nor ¢y(z) belong to S(R). And,
more than this, they not even belong to £?(R). Nonetheless, it is interesting to see what can
be recovered of the framework proposed in Section II, or if it can be extended, and how.

First of all, let us check if equation (2.2) still makes some sense. We have

pr " (aT>n (_1)n

n(T) = r) = , n(T) = T) = 5(”)95, 3.1
for all n = 0,1,2,3,.... Here (" (z) is the n-th weak derivative of the Dirac delta function.
We can check that ¢, (x), ¥, (z) € S'(R), the set of the tempered distributions, [16], that is the

continuous linear functional on S(R). This suggests to consider a' and b as linear operators

acting on S'(R). This is possible since the action of & and D can be extended outside £2(R),
to S&'(R), which is stable under the action of these operators. In other words: a,b,a’ and b all

map S’(R) into itself. For this reason, we can further extend the pseudo-bosonic commutation
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relation, originally defined as [D, z|f(x) = f(z), for all f(z) € S(R), to the space of tempered
distributions:

[a, bl () = o(2), (3.2)
for all p(x) € S'(R).

From (3.1) it is clear that b and a' act as raising operators, respectively on the sets Fo =

{n(@)} and Fy = {¢n(2)}:
bor(x) = VE + Lo (@), "y (r) = VE + 1y (), (3.3)
k=0,1,2,3,.... Equation (3.2) implies that b" and a act as lowering operators on these sets:
agpr(z) = Vhpr (2), D) = Vi (), (3.4)

k = 0,1,2,3,..., with the understanding that agpy(x) = bf¢yy(x) = 0. It is now clear that,
calling N = ba = 2D, Ngy(z) = kog(z), for all k = 0,1,2,3,.... This is because Ngy(z) =
blapr(x)) = VEbpe_1(x) = kg (x). But the same result can also be found directly:

.k S o
Nop(x) =2 D =7 = = kop(x).
prlv) = 8D T =8 = = g = henla)
The distributions ¢, (z) are also (generalized) eigenstates of a number-like operator. In fact,

calling NT = a'b, and using formulas (3.3) and (3.4), one proves that Nty (z) = kiy(z).
Again, this can be checked explicitly by computing

Ny (z) = —Di% 5™ () = (—1)”+1(x5(") () = ny(x),

n!
since the weak derivative of z6(™ () can be easily computed and we have (26 (z))’ = —né™ (z)
for all n =0,1,2,3,.... Summarizing, we have that
New(z) = kor(z), Ny () = ki (x), (3.5)

forall k =0,1,2,3,.... This formula, together with (3.3) and (3.4), reflect the analogous results
listed in Section II suggesting, therefore, that a similar framework can be extended from the
Hilbert space £2(R) to the set of tempered distributions. The next step consists in checking, if
possible, the biorthogonality of the sets F, and Fy, and their basis properties, if any. In other
words, we are interested in understanding whether equations (2.4) and (2.5), or some similar

expressions, can be deduced for our families of tempered distributions.



First of all we notice that the biorthogonality of F, and F, would be guaranteed if each
on(x) and 1, (x) were ordinary functions, at least if NT is the standard adjoint of N. None of
these requirements is satisfied here: we have already seen that ¢, (z) and ¢, (z) do not belong
to L2(R), and NT = a'b' is only the formal adjoint of N, due to the nature of our operators.
Nevertheless, as we will show next, F, and F;, are, indeed, biorthogonal. This property, in fact,
can be deduced from what is discussed in some papers and books dealing with distributions,
see [17, 18, 19] for instance. Here we give our own proof, which is useful to fix, in our context
and for future convenience, the general meaning of biorthogonality for distributions.

First we observe that the scalar product between two good functions, for instance f(z), g(x) €
S(R), can be written in terms of a convolution between f(z) and the function j(z) = g(—z):
(f,9) = (f *§)(0). Following [20], in [21] this approach was used in a quantum mechanical set-
tings, to extend the ordinary scalar product of £L%(R) to two Dirac delta functions. In the same
way we define the scalar product between two elements F(x),G(z) € S'(R) as the following
convolution:

(F,G) = (F % G)(0), (3.6)

whenever this convolution exists. This existence issue is discussed in [20]. As we will see, this
will not be a problem for us. In order to compute (F,G), it is necessary to compute (F * G)[f],
f(z) € S(R), and this can be computed by using the equality’ (F % G)[f] = (F,G * f).

In our situation we have F(z) = 2" and G(r) = 6" (x), n,m = 0,1,2,3,.... Hence
(G f)(z) = [0 (y)f(z —y)dy = ™) (x), where f(™)(z) is the ordinary m-th derivative of

the test function f(z). Then we have

Fr Ol = (FGxf) = [ Foif™@)de= [ o @I g = (aym / 0 ) de,

R dz™ dz™
Since
0 ifm>n
dmz" .
=< nl ifm=n
dx™ . B )
=] " if m <n,
we conclude that
0 ifm>n
(F*@)[f] =2 (=1)"n! [, f(z)dx iftm=n

(_1)m(n+;n)! fR "™ f(x) dx if m <mn,

1We stress once more that (F x G)[f] is not always defined, but there exist useful situations when it is. This
is the case when (F, G * f) exists. It is maybe useful to stress that (F % G)[f] represents the action of (F *G)(x)
on the function f(x).



from which we deduce that

0 itm>n
(FxG)(z)={ (=1)"n! ifm=mn
(—1)’”#;1)!1:"_7" if m <n,

and therefore that (F * G)(0) = (—1)"n!6,,,,. Hence,

(@, Ym) = On.m (3.7)

as claimed before. Notice that our original choice of normalization for ¢g(x) and ¢(x) guar-

antees the biorthonormality (and not only the biorthogonality) of the families F, and F.

It is clear that it makes no sense to check if F, or F,, or both, are bases or D-quasi bases.
This is because none of the ¢, (x) and ¥, (x) even belongs to £2(R). However, the pair (F,, Fy)
can still be used to expand a certain class of functions, those which admit expansion in Taylor

series. In fact we have

n:O —

for all f(z) admitting this kind of expansion. However, if we invert the role of F,, and F,, the

result is more complicated:

Z 4'0”’ " Z n| n 5(n( )
n=0 n=0 ’

This is, in principle, an infinite series of derivatives of delta of the kind appearing in some
literature on distributions, see [18, 19] for instance. Series of this kind sometimes are called
dual Taylor series. 1t is known that the series does not define in general an element of D'(R), a
distribution, (hence it cannot define a tempered distribution) except when the number of non
zero moments of f(x), (z™, f), is finite. In this particular situation the series above returns a
finite sum, and the result of this sum is indeed a tempered distribution.

This preliminary analysis shows that the pair (F,, ) obeys what we can call a weak basis
property, but only for very special functions or distributions. What we will do next is to check
if, and for which objects, a formula like that in (2.5) can be written. In this perspective, let us

introduce the following set of functions:
D = LY(R) N L>(R) N A(R), (3.8)
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where A(R) is the set of entire real analytic functions, which admit expansion in Taylor series,
convergent everywhere in C. Of course D contains many functions of S(R), but not all.

Let now f(z),g(z) € D, and let us consider the following sequence of functions: Ry(z) =
flx) SN, g(nT)!(O) 2. Tt is clear, first of all, that Ry (z) converges to f(z) g(z) almost everywhere
(a.e.) in R. Of course, it also converges with respect to stronger topologies, but this is not

relevant for us. The second useful property is that Ry (z) can be estimated as follows:

|By ()] < R(x) = [f(2)[(M + [|gllso), (3.9)

for some fixed M > 0 and for all N large enough. It is clear that R(z) € L'(R). To prove the

estimate in (3.9) it is enough to observe that, a.e. in z,

N o)
Ry (2)] < /() ( S IO g + |g<x>r) < (@) (M + gle),

g(n)(o) xn

where M surely exists (independently of x) due to the uniform convergence of ijzo —

to g(z). Then we can apply the Lebesgue dominated convergence theorem to conclude that

hm RN dm—/f r)dr = (f,g).

Incidentally we observe that, since f,g € D, | {f,9) | < |[f|l1]lg]lcc, Which ensures that (f,g) is
well defined. Now,

o

(f.9) ZEQARN(x)dx= :L,g ) (f,a" =Z n, foam (6, g) =

=" (f.en) (Wn,9) -

In a similar way we can also check that, for the same f(x) and g(x),

o0

(f,9) =Y (fs0n) (#n:9) -

n=0

Hence we conclude that (F,, F,) are D-quasi bases. It should be stressed that it is not clear
if D is dense or not in H, but this is not very relevant in the present context, where the role
of the Hilbert space is only marginal. Moreover, there are also distributions which satisfy (half
of) formula (2.5). For instance, if f(x) = ZkMzo arYr(x) for some complex ay and fixed M, the



equality (f,g) = > = (f,¢n) (¥n, g) is automatically satisfied, while it is not even clear that
> o (f,n) (pn, g) is convergent. Similarly, if we take g(z) = Zf:o brr () for some complex
br and fixed L, (f,g) = > ooy (f.¢n) (¥n,g) is true, while "> o (f, ) (¢n, g) could be not
even convergent.

In analogy with what we have done in Section II, we can use F, and F, to introduce two

operators, S, and Sy, which we formally write, for the moment, as in (2.7):
Se= Y lon><@nl,  Sy=)_ [tn><tul (3.10)

We have seen that these operators have interesting properties, and it makes sense to understand
if they can be extended, and in which sense, to the present distributional context.

First of all, we introduce the following subsets of S'(R):
D(S,) ={F(z) € §'(R) : (S,F)(z) € S'(R)}
and
D(Sy) = {F(z) € S'(R) : (SypF)(z) € §'(R)}.

We call these sets the generalized domains of S, and Sy, respectively. It is easy to see that

L, C D(Sy) and Ly, € D(S,) and that S, : L, = L, while Sy, : £, = L. In particular we

©
have
N N N N
Se (Z Ck%) = ch%, Sy (Z Ck‘Pk) = chwk, (3.11)
k=0 k=0 k=0 k=0
as well as
SpSyF = F, SyS,G =G, (3.12)
and
NS,G = S,N'G,  N'S,F = SyNF, (3.13)

for F(z) € L,, G(x) € Ly. Furthermore, it is possible to see that £, # D(S,). In fact,
for F' to belong to D(S,), it is sufficient that the series >~ (@n, F) @n(x) = Y 07 o™,
ay, = # (x™, F), converges. For instance, if F'(z) is equal to 1 for z € [0, 1] and zero otherwise,
the series converges for all x € R, even if F/(z) ¢ L.

We end this section by noticing that those in (3.13) are not the only intertwining relations
we can deduce for our operators. In fact, simple computations show that the following relations
also hold:

SpaF =b'S,F,  SybF =a'S,F,

10



forall Fe Ll

0, and

S,alG =bS,G,  SHG =aS,G,

for all G € L. These formulas can be rewritten as follows:
aF = S,b'S,F, bF = S,a'SyF,  a'G = SybS,G, b'G = S,aS,G, (3.14)

for all F € L, and G € L. In the language of [22], for instance, the operators a and b’ could
be called Sy-conjugate.

IV  Weak pseudo bosons: general settings

Having in mind the results of the previous section, we introduce here a definition which extends
that of Section II. First we consider two operators a and b which, together with their adjoints
a' and b', map a certain dense subset of H, D, into itself. Further we assume that a and b
can be extended to larger set, £ D H, which is again stable under their action, and under the

action of their adjoints.

Definition 2 The operators a and b are weak £-pseudo bosonic if
[a,b] F = F, (4.1)

for all F € £. When the role of £ is clear we will simply call a and b weak pseudo bosonic

operators.

As in Section II, the commutator in (4.1) is just the starting point to construct an interesting
mathematical framework. This is exactly what we will do now, trying to rewrite the results
deduced in the previous section in an abstract form. In particular, the following two assumptions
reflect Assumptions D-pb 1 and D-pb 2:

Assumption £-wpb 1.— there exists a non-zero gy € £ such that a pg = 0.
Assumption £-wpb 2.— there exists a non-zero ¥, € £ such that b’ ¥, = 0.
As before, the invariance of £ under the action of the operators a, b, o™ and b implies that

0o € D®(b) := Mo D(b*) and ¥y € D>(a’), in the sense of generalized domains, so that the

vectors ] ]
.~ n - T
©On N b" o, U, : ma Uy, (4.2)
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n > 0, can be defined and they all belong to £. This is, in fact, what equation (3.1) shows,
identifying £ with S’(R). Defining now the sets Fy, = {1, n > 0} and F, = {¢,, n > 0}, from
(4.1) and from the definition in (4.2) we easily deduce the same raising and lowering relations
as in (2.3), together with the eigenvalue equations N¢,, = ny, and NTW¥, = n¥,, n > 0, where,
once more, N is identified with a'b. It is natural to assume now that, with a suitable choice

of the normalization of ¢y and Wy, (g, V) = 1, then

<§0n7 \I/m> - 5n,m; (43)

for all n,m > 0. This means that Fy and F, are requested to be biorthonormal, with respect
to a bilinear form (.,.) which extends the ordinary scalar product to £. This is exactly what we
have found in Section III, where (.,.) was extended to S'(R) using convolution of distributions.

Of course, it makes not much sense to require any strong version of the basis property for
Fy or F,, in general. This is evident from our results in Section III. What seems natural to
require is that a set C C &£ exists, sufficiently large?, such that

o0 o0

<Fv G> = <F7 77Z)n> <90m G> = <F7 §0n> <"7Z)na G> ’ (44)

n=0 n=0
for all F,G € C. In particular, in the previous section, C was identified with the set in (3.8),
which contains all the test functions which admit power expansion. A pragmatic view to C
is that it should contains all those (generalized) functions which are somehow interesting for
us. Of course, this will depend on the particular (physical or mathematical) system we are
investigating.

As in Section III, we use F, and Fy to introduce two operators, S, and Sy, as follows: let
D(S,) ={Fe&: S,Fet}, D(Sy) ={F(z) € £: SuF € E}.

These are, see Section III, the generalized domains of S, and Sy, respectively. All the properties
found in the previous section are recovered: L, C D(Sy), Ly € D(S,), S, : Ly — L, and
Sy : L, — Ly. In particular we have

N N N N
s, (z w) CSapn S (z @> S (45)
k=0 k=0 k=0 k=0

as well as

S,5,F=F,  S,8,G =G, (4.6)

20f course, from a mathematical side, this is not really a good requirement, since we are not defining the set

C, but we are only requiring that it consists of ”sufficiently many” functions.
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and

NS,G = S,N'G,  N'S,F=S,NF. (4.7)
Moreover
aF = S,b'SyF, bF=5S,a'SyF, a'G=S8,bS,G, bG=5,aS,G, (4.8)

for all F € £, and G € L,. Once again, following [1], the operators a and b' could be called
Sy-conjugate. A deeper investigation of these similarities conditions in the distributional sense

could be interesting and it is in progress.

V  Connection with the damped harmonic oscillator, pre-

liminary results

In this section, using the analysis described in [9], we show how a rigorous treatment of the
quantized version of the system described by the Bateman lagrangian, [23], suggests the use of
wpbs.

The Bateman lagrangian is
L =maiy + %(aﬁy — 1y) — kxy, (5.1)

which returns the equations mx + v 4+ kx = 0 and my — vy + ky = 0, where m,y and k are
the physical positive quantities of the oscillator. The first equation is associated to the damped
harmonic oscillator (DHO), while the second to a virtual amplified oscillator, which gain what

is lost by the first. The conjugate momenta are

oL . oL e
px:%:my—iy, Pyza—y:m:c+§y7
and the corresponding classical Hamiltonian is
L 1 g 7
H = poi+pyg— L= —ppy+ 5 - (ypy — 2pz) + (k - R) y. (5.2)
By introducing the new variables z; and x5 through
1 1
x = E(zl + z5), y = —2(:v1 — ), (5.3)
L and H can be written as follows:
L= "0~ ) + Lasin — m1) — (2} — )
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and

1 vo\2 1 v \2 k
R (O D L)
om p1— 5% 5 P2 = 5t + 2(5171 3)
oL vy oL v k 72
where p; = Ere =mz + §x2 and py = e = may — §x1. We introduce next w? = — — e
T T2 m m

which we assume here to be strictly positive®. We can rewrite H as follows:

1 1 1 1 v
H= (%p% + §mw2m?) — <%p§ + §mw2x§> - %(plmg + poq). (5.4)

Following [10] we impose the following canonical quantization rules between z; and py:
[z, pk] = 16,1, working in unit & = 1. Here 1 is the identity operator. This is equivalent to

the choice in [24]. Ladder operators can now be easily introduced:

mw . 1
ap = ”Txk—i_“/%mupk’ (5.5)

k = 1,2. These are bosonic operators since they satisfy the canonical commutation rules:

[a;, aL] =0, 1. In terms of these operators the quantum version of the Hamiltonian H in (5.4)
can be written as
vy
H=w <a];a1 — a£a2> + I <a1a2 - a{aé) (5.6)
Following [10], it is possible to rewrite H in a diagonal form by introducing
1 t 1 t
Al = E(al - a2)a AQ = E(—al + ag), (57)
as well as
I,y 1 t
Bl = E( 1 + (12), BQ = E(CL] + CLQ). (58)
These operators satisty the following requirements:
[Aj7Bk] = 0; 1L, (5.9)

with B; # A}L-, 7 =1,2. In fact, in terms of these operators, H can now be written as follows:

vy
H=w (BlAl — BQAQ) + %(BlAl -+ BQAQ + I].) s (510)

which only depends on the pseudo-bosonic number operators N; = B;A;. The next proposition,

proven in [9] shows why wpbs are useful to deal with the DHO.

3The case w? < 0 is considered in [9], where it is also stated that the case w? = 0 must be analysed with

different techniques.
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Proposition 3 There is no non-zero function poo(x1,x2) satisfying

Aipoo(z1, x2) = Aspgo(x1, 22) = 0.

Also, there is no non-zero function oo(x1, o) satisfying
Bitoo(z1, %) = Bibgo(21, 2) = 0.

The key of the proof, see [9], is that the solution of Ajpgo(x1,z2) = Aspeo(1, x2) = 0 must
be of the form @go(21, 22) = ad(x1—a2), @ € C. Analogously, Bl (x1, 22) = Bltbo(w1, 22) = 0
only if Yoo (21, 22) = Bd(z1 + 22), B € C.

The situation is completely analogous to that described in Section III. The only difference is
that we are here forced to consider a two-dimensional version of wpbs. This is almost automatic,

and no extra problem is expected. A full analysis of this connection will be undertaken soon.

VI Conclusions

Motivated by a recent result on the DHO we have introduced here a particular version of pseudo-
bosons, which we have called weak since it is naturally defined in the space of distributions.
We have shown what can be extended to this new situation, and we have analyzed in detail
the weak pseudo-bosonic operators arising from the position and from the space derivative
operators, which do not admit any square-integrable vacuum. We have shown that a similar
framework as the one constructed for D-pseudo bosons can be found also for wpbs. However,
some of the good properties we had in the first case, are not guaranteed for these last operators.
In particular, we don’t know if the (generalized) eigenstates ¢,, and v, are, or are not, quasi
bases on some dense domain in H. However, at least in the concrete example considered in this
paper, they turn out to be quasi-bases in a rather large space of functions (and distributions).

The next step of our research will be to carry on the analysis of the DHO in terms of wpbs,
and to see if other dissipative systems can be successfully described using these (or related)

operators.
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