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SINGULAR QUASILINEAR ELLIPTIC SYSTEMS
INVOLVING GRADIENT TERMS

PASQUALE CANDITO, ROBERTO LIVREA, AND ABDELKRIM MOUSSAQOUI

ABSTRACT. In this paper we establish the existence of at least one
smooth positive solution for a singular quasilinear elliptic system in-
volving gradient terms. The approach combines the sub-supersolutions
method and Schauder’s fixed point theorem.

1. INTRODUCTION

Let Q ¢ RY (N >2) be a bounded domain with smooth boundary 99.
We deal with the following quasilinear elliptic system

—Apu = f(z,u,v,Vu, Vo) in Q,
—Ay = g(z,u,v, Vu,Vu) in €,
u,v >0 in Q,
u,v =10 on 012,

(P)

where A, (resp. A,) stands for the p-Laplacian (resp. ¢-Laplacian) differ-
ential operator on Wy () (resp. Wy9(Q)) with 1 < p,q < N.

The nonlinearity terms f(z,u,v, Vu, Vv) and g(x, u, v, Vu, Vv), which are
often expressed as dealing with convection terms, can exhibit singularities
when the variables v and v approach zero.

Specifically, we assume that f, g : ©x (0, +00) x (0, +-00) x RN — (0, 4+-00)
are Carathéodory functions, that is, f(-,s1,s2,&1,&2) and g(-, s1, s2,&1,&2)
are measurable for every (s1,s2,£1,&) € (0,400) x (0, +00) x R?Y while
f(z,+ -+, -) and g(z,-,-,-,) are continuous functions for a.e. = € 2, and are
subjected to the following hypotheses:

H(f) : There exist constants My,mqy > 0 and —1 < a1 < 0 < B1,71,601
with

0<a1+p1<—a1+ 1 <p—1 and max{yi,bh} <p—1,such that

musitsyt < f(@, 51,80, €1,6) < Misihsy' + |G + &,

for a.e. x € Q, for all 51,50 >0 and for all &,& € RY,
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2 PASQUALE CANDITO, ROBERTO LIVREA, AND ABDELKRIM MOUSSAOUI

H(g) : There exist constants My, mg > 0 and —1 < B3 < 0 < g, 72,02 with
0<as+fBr<as—P2<q—1 and max{ys, 02} < q—1,such that

mQS(l)ngz < g(xa 31782751752) < M23?2352 + |€1‘72 + |€2|€27
for a.e. x € Q, for all 1,52 >0 and for all £;,& € RV,

The main interest of this work lies in the dependence of the right hand
side terms on the solution and its gradient. In particular, the presence of the
latter makes nonstandard the applications of some classical tools of nonlinear
analysis to study problem (P), as for instance, sub-super solutions and fixed
point methods. Furthermore, the imposed hypotheses do not guarantee that
the structure of the system is variational. Thus, also variational methods
cannot be applied, at least directly.

Another important aspect of problem (P) is that the convection terms can
exhibit singularities when the variables u and v approach zero. This occurs
under hypotheses H(f) and H(g) where exponents «; and (3 are allowed to
be negative.

Actually, according to our knowledge, singular system (P) was examined
only in [28] where the system is supposed to have a competitive structure.
This means that the nonlinearities f and g are not increasing with respect
to v and wu, respectively. Beside that, the singularities appear in both the
solution and its gradient through some specific growth conditions. It is worth
pointing out that the assumptions imposed therein, precisely (1.2)-(1.5),
are not satisfied for system (P) in our setting. Indeed, our hypotheses are
compatible with the complementary situation called cooperative structure
that is f and g are increasing with respect to v and u, respectively.

The semilinear case (i.e., p = g = 2) for a class of singular systems with
convection terms was examined by Alves, Carriao and Faria [3], and by
Alves and Moussaoui [4], by essentially using the linearity of the principal
part. For singular elliptic systems without gradient terms, we refer to Alves
and Corréa [1], Alves, Corréa and Gongalves [2], Chu, Hai and Shivaji [9], El
Manouni, Perera and Shivaji [13], Ghergu [15, 16], Herndndez, Mancebo and
Vega [19], Montenegro and Suarez [23], Motreanu and Moussaoui [25, 26, 27].

For completeness, on these topics, we mention the pioneering work [5] for
elliptic equations with convection terms and the attractive introduction [11]
on the elliptic systems for p = 2.

Here, d(x) denotes the distance from a point z €  to the boundary 952,
where Q0 = QU 99 is the closure of 2 C RV see (2.1).

Our main result is the following theorem which ensures the existence and
localization of at least one smooth positive solution for the system (P).

Theorem 1. Assume H(f) and H(g) hold. Then problem (P) admits at
least one positive solution (u,v) in C§(Q) x CA(Q) satisfying

(1.1) cod(z) <u(z) < érd(z) and ¢yd(z) < v(z) < éd(x) in Q,

for some positive constants ¢, ¢y, ¢1 and ¢.
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SINGULAR QUASILINEAR SYSTEMS 3

The proof of Theorem 1 is chiefly based on a suitable combination of the
sub-supersolution method together with Schauder’s fixed point Theorem.
However, the sub-supersolution method cannot be directly implemented.

Specifically, the definition of sub-supersolutions pairs for system (P) (see
[8]) seems to be hardly applicable because, a priori, no conclusions can be
drawn on the comparison of the gradient of two comparable functions.

To handle problem (P), first we consider an auxiliary singular system
where the nonlinearities do not involve the gradient of the solutions and for
which, the sub-supersolution method involving singular terms is applicable,
see [20, Theorem 2.1].

Here, we construct the sub and supersolution pair by choosing suitable
functions with an adjustment of adequate constants. Then, focusing on the
rectangle formed by these functions, we prove the existence of a smallest
and a biggest positive solutions of the auxiliary problem (Theorem 2). The
arguments are based on the Hardy-Sobolev inequality, Zorn’s Lemma and
the S -property of the negative p-Laplacian operator on VVO1 P(Q).

Next, we apply Theorem 2 to a second auxiliary system P(., .,),
tion 3, where, roughly speaking, the convention terms are “frozen”.

Thereby, owing to the global gradient estimates (3.6), see also [10, Theo-
rem 3.1], [6, Lemma 1], these allow to define a suitable operator whose fixed
points, obtained via Schauder’s fixed point theorem, are solutions of (P).

For sake of clarity, we mention that a similar approach is adopted for a
single p—Laplacian equation with convention term and without singularity
with respect to the solution in [14], where the Schaefer’s fixed point Theorem
is applied.

The rest of the paper is organized as follows. Section 2 presents auxiliary
results related to sub-supersolutions and extremal solutions. Section 3 deals
with the existence of a smallest positive solution for an auxialiary system.
Section 4 contains the proof of the main result.

see Sec-

2. PRELIMINARY RESULTS

Given 1 < p < +o00, the spaces LP(Q2) and Wol’p(Q) are endowed with the
usual norms ||ull, = ([q |uf? dz)"/? and ||ull1, = (Jo IVul? dz)'/? | respec-
tively. Denote by p/ = p%l and ¢ = qfql. We will also utilize the spaces
C(Q) and C}P () = {u € CYA(Q) : u = 0 on HQ} with 8 € (0,1).

For later use, we denote by A;, and A\, the first eigenvalue of —A, on
W, P(€) and of —A, on W, 4(€2), respectively.

Let ¢1, be the positive normalized eigenfunction of —A, corresponding to
ALp, that is —Apd1p = Mpgl ' in Q, ¢1, =0 on 9Q. Similarly, let ¢,
be the positive normalized eigenfunction of —A, corresponding to A1 4, that

is —Agprq = A,g0], nQ, ¢14=0 on . Denoted with
(2.1) d(x) = d(z,00) = inf |z —y|,for all z € Q,
yeoN
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the strong maximum principle ensures the existence of positive constants [y,
l2, [ and [ such that (see also [17])

(22) llqbl,p(l‘) < le,q(‘r) < lgqbl,p(l‘) for all z € Q,
and
(2.3) ld(x) > ¢1p(x), b1,4(x) > ld(x) for all z € Q.

Throughout the paper, if (u1,v1), (u2,v2) € Wol’p(Q) X Wol’q(Q) are such
that u; < ug and v; < vy a.e. in Q we will write (u1,v1) < (ug,v2) and we
will use the notation

[u1, ug] X [v1,v2] =
={(u,v) € Wol’p(Q) X W&’q(Q) cup <u<wug, v <v <y, ae in Q).
A (weak) solution of (P) is any pair (u,v) € Wol’p(Q) X Wol’q(ﬂ) such that

/]Vu\p_QVchpda::/f(a:,u,v,Vu,Vv)godx,
Q Q

/|Vv|q_2Vvadx:/g(x,u,v,Vu,Vv)wdx,
Q Q

for all (i, 1) € WyP(Q) x Wy U(Q).
We will study auxiliary problems with not convection terms, for this rea-
son let us consider the following quasilinear elliptic problem

—Apu = fi(z,u,v) inQ,
—Agv = fo(x,u,v) in
(Psr.12)) U, vq> 0 in Q,
u,v =20 on 012,
where f; : Q x (0, +00) x (0, +00) = R, i = 1,2, are Carathéodory functions
which can exhibit singularities near zero.
Recall that (u,v), (w,v) € (WLP(Q)NL>®(Q)) x (WH4(Q) N L>(Q)) form
a pair of a sub-supersolution for (P4, ) if (u,v) < (u,?) and

Jo |VulP 2 VuVp d — Jo [1(z,u,w2)p de <0

Jo V|12 VoV da — Jo fo(z,wi,0)Y do <0,

Jo |ValP 2 VaVe dz — Jo f1(z, 1, we)p do >0

[ VT2 VoV do — [, fa2(a, w1, D) dz > 0,
for all (¢,1) € WyP (Q) x Wy (Q) with ¢,¢ > 0 ae. in Q and for all
(w1, w2) € [u,u] X [v,7].
Lemma 1. Let (u;,v;), (T, 0;) € (WHP(Q) N L®(Q)) x (WH4(Q) N L=(Q)),

=17 =1

fori=1,2. Put
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and assume that
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|
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Moreover, suppose that
filw,wi,we) € WH(Q),  folw, wi,w) € WH(Q)

for every (wi,wa) € [u,a] x [v,7] and (u;v,), (@) (i = 1,2) form two

pairs of sub-supersolutions for problem (P, f,)).
Then (u,v), (4,7) € (WLP(Q) N L>®(Q)) x (WH(Q) N L>®(Q)) form also a
pair of sub-supersolution for the problem (Py, p,))-

Proof. Inspired by the proof of [24, Lemma 3], for a fixed € > 0, let us define
the truncation function {.(s) = max{—e, min{s,e}} for s € R. It is shown
in [22] that & (W1 —T2) ™), &((ug —ug)*t) € WHP(Q),

V(T —Ua)™) = (T —U2) ™) V(U1 — T2) ™~
and

VE((ur —up)™) = () — u9) V(g —uy) ™
For any test function ¢ € C}(Q) with ¢ > 0, it holds

(24)  (=Apm, & (T —u2) )e) 2 /Qf1(937U1,@D2)£e((U1 — )" )p du,

(25)  (—Apuy, &((u —up)M)p) < /Qfl(x,ul,@)éa((ul — up) ") da,

for all wq € Wl’q(Q) with v < we < V1, and

(2.6)

(—Apta, (e — &((ur — ) 7))p) > /Qfl(ﬂ%%wz) (e — & (w1 —m)7)) ¢ du,

(2.7)
(~Aptiz, (€ — E((u — ug) ")) < /Q F1 (2119, 10) (2 — (g — u5)™)) @ dz,

for all wy € Wl’q(Q) with vy < ws < 3. On the other hand, using the
monotonicity of the p-Laplacian operator, we get

(=Apur, & (U1 —U2) 7)) + (—Aplz, (€ — & (U1 — u2) 7))
(2.8) < fQ |Vﬂ1‘p_2(Vﬂ1, V@)Rwﬁg((ﬂl — ﬂg)_) dx
+ Jo VTP~ (Vig, Vo)p (¢ — &((@ —12)7)) da

and

(=Apuy, (E((ug —u2) ™)) + (—Apus, £ — E((ug — un) "))
(2.9) > fQ [V P2(Vuy, Vo) rn & ((u — ug)™) da
+ Jo (Vg [P2(Vuy, Vo)rn (6 — (1w — up)™)) d.



10

11

6 PASQUALE CANDITO, ROBERTO LIVREA, AND ABDELKRIM MOUSSAOUI

Then, gathering (2.4) together with (2.6) and (2.5) together with (2.7), by
means of (2.8) and (2.9), one gets

fﬂ |Vﬂl|p_2(VE1, VQO)RN %fs((ﬂl — ﬂg)_) dzx
+fQ IVﬂg‘p72(VE2, VQO)RN (1 — %é}((ﬂl — ﬂ2)7>) dx
> Jo fi(@, 1, wa) 26 (U — W)™ )e da
+ o fi(z, T2, we) (1 = 2&((@ —u2) 7)) ¢ da,
and
Ja [V, [P~2(Vuy, VSO)RN%&((M —uy)") du
+ [o [Vuo P2 (Vuy, Vo)w (1 — 26((wy — up)¥)) da
< Jo File,wy, wa) L ((wy — up) M) da
+fQ fl(xaﬂQa w2> (1 - %56((Q1 - Q2)+)) ¥ d.’L‘,
for all wy € WH4(Q) such that v < we < ¥ a.e. in Q. Passing to the limit
as € — 0 and noticing that

{ %f&((ﬂl —U2)” = X{u<uz}(T)
2&e((uy — uy) T — X{g1>y2}(33)

where x 4 is the characteristic function of the set A, we obtain

[varviaveds > [ fitniene i
Q Q

, a.e.in Qase— 0,

and
/ [VulP*VuVede < / fi(@,u,wa)e da
Q Q
for all p € C1(Q), » > 0 a.e. in Q and for all wy € WH4(Q) within [v, 9] a.e.
in Q.

In the same manner we get

/ Vo1 2VaVy da > / folw, w1, )¢ do
Q Q
and
[ Ve Ve < [ fawnvyvds
Q Q

for all ¥ € CL(2), ¥» > 0 a.e. in Q and for all w; € WHP(Q) within [u, 4]
a.e. in €. Finally, since C1(2) is dense in both W1P(Q) and WH4(Q), we

achieve the desired conclusion. O

Theorem 2. Let (u,v), (@,7) € C(Q)xCL(Q) be a pair of sub-supersolution
(Pt 1)) with u,v > cod(x) in Q for some constant co > 0 and suppose there
exist constants k1,ke > 0 and —1 < a, 8 < 0 such that

(210)  |file.u,0)| < kd(@)® and |fo(z,u,0)] < kod(x)?

a.e. in Q and for every (u,v) € [u,u] x [v,V].
Then problem (P(y, 1,)) has a smallest solution (u*,v*) and a biggest solution
(ut,vT) in C'é’w(ﬁ) X C’é’v(ﬁ) for certain v € (0,1), within [u,a] X [v,v].
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Proof. We only prove the existence of a smallest positive solution (u*,v*) €
Cy7 () x Cy"(Q) within [u, @] x [v,7]. That of a biggest positive solution
within [u, 7] X [v,7] can be carried out in the similar way.

Denote by S the set of all (wy,ws) € [u,a] X [v,?] that are solutions of

(P(f17f2))-

It is well know from [20, Theorem 2.1] that under assumption

(2.10), system (P(y, f,)) has a (positive) solution (u,v) € Céﬁ(ﬁ) X Cé”(ﬁ)
for certain v € (0, 1), located in [u,w] X [v,D]. Thus, S is not empty. More-
over, let (u1,v1), (u2,v2) € S. Since (u,v), (u1,v1) and (u,v), (uz,v2) form
two pairs of sub-supersolution, if we put (4, v) = (min{u, uz}, min{vy, vo}) €
(WP () NL>2(Q)) x (Wy U (Q)NL®(2)), by virtue of Lemma 1, (u,v), (4, 7)
form a pair of sub-supersolution for (P, r,)). Then, owing to [20, Theorem
2.1], there exists a solution of (P, r,)) in ([u, @] N C§(Q)) x ([v, 7] N C§(Q)),
which proves that S is downward directed.

Now, let us consider a chain C'in S. Then there is a sequence {(uy, v)}x>1 C
C such that inf C' = infy>q (ug, vi) (see [12, pag. 336]) and it is not restric-
tive assume {(ug,vy)}r>1 to be decreasing. Hence, if we put (a, ) = inf C,
one has that up — @ and v — 0 a.e. in €2, that is

(2.11)

(8,9) € [u, 7 x [v,7].

Moreover, because (ug,vg) for k > 1 are solutions of (Py, 1,)) we have

(2.12)

and

(2.13)

[Vugllp = /Qf1(f€,Uk,Uk)uk dr < 7<?1/Qd(90)audﬂj

[Vugllg = / fo(@, up, vp vy, do < kz/ d(z)’v da.
Q Q

Since —1 < a, 8 < 0, by virtue of the Hardy-Sobolev inequality (see, e.g.,
[1] or [29]), the last integrals in (2.12) and (2.13) are finite which in turn
imply that {ug} and {vy} are bounded in Wol’p(Q) and Wol’q(Q), respectively.
So, passing to relabelled subsequences and recalling the Rellich embedding

theorem,

(2.14)

we have

(ug, o) = (4, 0) in WyP(Q) x Wy (Q).

Using ¢ = up, — 4 and ¢ = v — 0 as test functions we find that

and

(—Apug, up — @) = [q f1(z, ug, v) (ug — @) do

(—=Agvg,vp — 0) = [ fa(@, ug, vi) (g, — 0) da.

From (2.10) and since (ug,vg) € S for all k£ € N, in view of (2.11) we have

and

(e, ug, o) (u — @) < krd(2)® (up, — @) < 2kad(2)” [[ul

Fola, ug, o) (v — 0) < kad(2)” (v — 0) < kad(2)” 7] -
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Thank’s to [21, Lemmal, f1(z,ug,vr)(ur — @) and fo(x, uk, vg)(vy — ) are
dominated by L'(f2) functions and using the dominated convergence theo-
rem, we obtain

lim (—A —u) = lim (-A —0)=0.

Jm (= Apu, g = @) = im {=Aqvg, v =)
Then the Si-property of —A, and —A, on Wol’p(Q) and Wol’q(Q), respec-
tively, guarantees that

(up, v) — (@, 0) in Wy () x Wy ()

and therefore (1, 9) is a positive solution of problem (Fy, r,)). Consequently,
(4,0) = inf C' belongs to S. Then Zorn’s Lemma can be applied which
provides a minimal element (u*,v*) of S. Furthermore, since S C [u, ] X
[v,7], (2.10) enables us to apply the regularity theory (see [18]) to infer that
(u*,v*) € Cy7 () x Cy(Q2) for some v € (0,1).

The proof is completed by showing that (u*,v*) is the smallest solution
of (P, f,)) in S. To this end, let (u,v) € S. Bearing in mind that S is
downward directed, there is (u,v) € S with ¢ < uv*, v < v* and u < w,
0 < w. Since (u*,v*) is a minimal element of S, it turns out that (u*,v*) =
(i,v) < (u,v). The same reasoning can be used to prove the existence of a
biggest solution (ut,vt) in Cy7(€2) x Cy7(Q), for certain € (0, 1), within
[u, ] x [v,v]. This completes the proof. O

3. AUXILIARY SYSTEM

For every 21, 29 € C3(Q), let us state the auxiliary problem

—Apu = f(x,u,v,Vz,Vze) in Q,

—Agv = g(z,u,v,V21,Vz) in Q,
Zl’ZQ)) u,v >0 in €,

u,v =0 on 0f2.

(P

With the aim of finding pairs of sub-supersolutions of problem (P, .,)),

let us define & and & in C&”B(ﬁ), B € (0,1), as the unique solutions of the
problems

—Ap61 =1 inQ, —As& =1 inQ,
(3.1) { & =0 on 0f) and { &H =0 on 012,

respectively, which are known to satisfy
(3.2) cod(r) < &(x) < erd(z) and cpd(x) < &(x) < dyd(x) in Q,

with constants ¢;, ¢, > 0 (see [7]).
Set

(33) (ﬂa @) = C(glv 62) and (ﬂv Q) = Cil ((bl,p) Qsl,q) 5
where C' > 1 is a constant that will be fixed large enough and denote by

(3.4) M = max{maxq @1, maxo 1,4}
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Obviously, as a consequence of the maximum principle, we have

(3.5) (w,v) > (u,v) in Q for C > 1 large.

Recall from [10, Theorem 3.1], see also [6, Lemma 1], that if hi, hy €
L>(Q) and u € Wol’p(Q), UNS Wol’q(Q) are the weak solutions of problems

—Apu=h; inQ —Ayv=hy inQ
u =0 on 002 ’ v=20 on 052,

there exist positive constants K, = K,(p, N,Q) and K, = K,(¢, N, ) such
that

(36)  [Vuleo < Kl ET and [Volloo < Kqllhall&
Denote by
Ry = max{|[&1flo1e ) 2 Kp} and Ry = max{[[&af| 1 g » Kol

Using the functions in (3.3), we introduce the sets

Ki(C) = {y e U@ iu<y<uim®, |Vyl. < CRi)
and

Ka(C) = {y e CU@ v <y <Tin O, [Vyll < CRa},
which are closed, bounded and convex in C§(€).

Proposition 1. Assume H(f) and H(g). Then, for C > 1 sufficiently large
and for every (21, z2) € K1(C) x K2(C), problem (P, .,)) has a smallest
solution (u*,v")(;, z,) in C’é’v(ﬁ) X C’é"y(ﬁ), for certain v € (0,1), within
[w, @] x [v,7].

Proof. The proof is related to Theorem 2. First, let us prove that

Claim: For every (z1,z2) € K1(C) x Kao(C), (uw,v), (@,v) form a pair of
sub-supersolution for (P(thz)) provided that C is large enough.

Using H(f), H(g), (3.3), (3.4) and (2.2) we get

=

—a1y=B1 (= Ayu) = C--imar=Bu ) gh-lar g

(p—1-a1 —ﬁl))\l pl;ﬁl qb;i’;l*al*ﬁl

o
C-=tmar=B xy 1P NPl =8 <y in Q)

IN N

and

_a2y_ﬂ2(—AqQ) = C_(q_l_OQ_EQ)Alang?:;l_&(ﬁiz@

(0 —1—cro— —1—as—p
C (g—1—a2 Bg))\quS@ ¢t{’q ag— B2
—lamlmaa=f2) )\, 182 Mpa—1me2=F <y in Q,

IS

Q IA
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1 provided that C' > 1 is large enough (such that (3.5) holds too). Then, it is
2 readily seen from H(f) and H(g) that

(3.7) /IVu!p‘2 VuVe < ml/ualvﬁlwsrnl/ualwglso
Q Q Q
S /f(x,U,WQ,v21,v22>g0
Q
3 and
(3.8) /IVvlq_2 VuVy < mz/ua%ﬂwémz/w??vﬁw
Q Q Q

S / g(x7wlaya VZLVZQ)T/J,
Q

o for all (p,9) € WyP (Q) x Wy? (Q) with ¢, > 0 in Q, for all (wy,ws) €
5 WhP(Q) x Whe(Q) satisfying u < wy; <7 and v < wy < ¥ a.e. in Q, and for
6 (Zl,ZQ) EKl(C) X’CQ(C)
Now, taking into account (3.1), (3.2), (3.4), H(f) and H(g), we derive the
estimates

a7 P (~Ayu — (CRy)™ — (CR2)™)

= CmouBigr g P (CPl  (CRy)™ — (CRy)™)

_ criehigreng A [ oD (O RY 4 O R

> O eod(a) = (@) [1 - (0N OTVRY 4 00D Rg)|
> opl-er—fi oo (c’l)_ﬁld(w)_(al+'81) [1 - (Cvl_(p_l)R’lyl + 001—(p—1)R31)}
> M1 in Q

and

a2 P2 (AU — (ORy)? — (OR2)%)
Zcqflfo@*ﬁzcl—a? (06)*52d(x)*(042+ﬁ2) [1 _ (C’YQ*(Q*URYQ 4 092*(Q*1)R32):|
> M5 in (,

7 provided that C' > 1 is sufficiently large. Consequently, it turns out that

v

(3.9) / \Va|P~? VaVe dz / (M@ + |V |1 + V2| ) da
Q Q

v

/(Mlualwgl + V21| + V2| da
Q

v

/ f(l’,ﬂ, 'LUQ,VZl, VZQ)SO dx
Q
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and

(3.10) Vo7 2 VoV dx > /Mg(u%ﬁ2 + V2|2 + |V2o|®2)0 da
Q Q

> / Mo (0§20 4 |V 21|72 4 |V2o|®2)y) d
Q

Z / g(x7w1767 v21,v22)¢ dx
Q

for all (p,7) € Wol’p (Q) x Wol’q (Q) with ¢,% > 0 in Q, for all (wy,ws) €

WP(Q) x Whe(Q) satisfying u < wy <@ and v < wy < ¥ a.e. in Q, and for

(21,22) S ’Cl(C) X ICQ(C)

Putting together (3.7), (3.8), (3.9) and (3.10) we get the Claim.
Furthermore, for every (z1,22) € K1(C) x Ko(C) and for every (u,v) €

[u, 1] X [v,], from H(f), H(g), (3.3), (3.4) and (2.3) we have the estimates

fz,u,v,Vz1, Vzg) < Mju®vPt + |V |1 + |Vz|®
< Myu™vPt + (CRy)™ 4 (CRp)%
(3.11) < MO~ g 1615 + (CR)™ + (CRy)™
< 653, (MO ||| 22 + M= (CRy)™ + M1 (CRa)" )
< Chid(z)* in Q

and

g(x,u,v, V21, Vag) < Mau®2v52 4 | V21|12 + |V 2o|?2

< Moyu®2vP2 + (CRy )™ + (CR»)%
(812) < MO &2 61, + (CRi)™ + (CR)™

< 0% (Moo |l |[52 + MP2(CRy)™ + M~ (CR)"™)

< Cod(z)? in Q,
for some positive constants C; and Cy independent from w, v, z; and zo.
Then, owing to Theorem 2, it follows that if C' > 1 is large enough (according
to the Claim), for every (z1,22) € K1(C) x K2(C) problem (P, .,)) has a
smallest solution (u*,v*),, .,) € Cy7 () x Cy7(Q) for certain v € (0,1),
within [u,u] X [v,v]. This complete the proof. O

Remark 1. We wish explicitly to point out that from the proof of Proposition
1 one can derive an estimate of the largeness of C > 1. In particular, the
choice of C, that first of all is related to (3.5), is crucial for verifying the
Claim and, as a consequence, that for every (z1,z2) € Ki(C) x Ko(C) the
set of the solutions of problem (P, .,)) is nonempty.

In what follows, C > 1 will be assumed large enough such that for any
(z1,22) € K1(C) x K2(C), put

S(er,z0) = {(u,0) € [u,1) x [0,7] : (u,0) € Cg(§2) x Cg(Q) solves (P, )},
then S, .,) # 0.
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Lemma 2. Assume H(f) and H(g
{(#1,n, 22.n)} 15 a sequence in Ki(C
in K1(C) x Ko(C), then for an
S y such that (i, 0n) — (

) old and let C > 1 be large enough. If
) X Ko (C ) such that (21.n, 22.n) — (21, 22)
(U,0) € S, 2, there exists (tn, V) €
,0) in CH(Q) x C(Q).

v
Z1,n,%2,n u

Proof. Fix C' > 1 large enough, put

. My, 138 B PeMa 18 gt 1ias —a
- - CTrymTPT R gTAL 2 S (ORI 0T
p rnax{ b1 ( ) e ( )
and observe that
(3.13) { apput®u(z)P + p(p — 1)d(z)*rTo—=Dp=2 >

Bapizu(w)*2t%27 1+ g — 1)d(z) 2+ lem a2 > g,
v

uniformly in z € Q, for all ¢ > min{u(z),v(x)}, where p; € {my, M;} and

p2 € {ma, M}.
Indeed, from (2.3) and bearing in mind that a; —p + 1 < 0 < /31 one has
that

() semit mae (5) " (5) " e

for all x € Q2. Hence,
_0[1]\41 ¢ a1 —p+1 y(x) B1
—1 \d(x) d(z)

—alMlto‘l Ly(z)P
(p — 1)d(z)or+Pr—(p=1)¢p—2
—aymyt® oy (z)?
(p — 1d(z)or+Pr—(p=1)¢p=2"
for all ¢ > min{u(z),v(z)} and uniformly in Q, so that the first inequality
in (3.13) holds. The second inequality can be verified arguing in analogy.
Here, condition (3.13) guaranties that for all (u,v) € K1(C) x Ko(C) the
functions
(3.14)
ultalv(x)ﬁl _i_'éd(x)m-i-/@l—(10—1)1510—17 ,ugu(x)o‘?tﬂ? +ﬁd($)a2+’82_(q_l)tq_l
are monotone with respect to t > min{u(x),v(x)}.
Let now f, § be the functions defined by

f@,51,82,61,6) = f(x,51,82,1,6) + ﬁd(ﬂf)alwr(pfl)sllj_l

gz, 51, 82,&1,6) = g(x, 51, 82, €1, &) + pd(x)*> 7D 11
for (z,s1,52,&1,&2) € Q x (0,400) x (0, +00) x RV,
Arguing as in (3.11) and (3.12), bearing in mind (3.2) and (3.3), there exist
two positive constants C’l and C’g such that
(3.15)
f(xa u,v, Vyi, va) < C’ld(w)a1> g(.%', u, v, Vyi, VyQ) < éQd(x)BQ
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a.e. in Q, for every (u,v) € [u,u] X [v, 7] and every (y1,y2) € K1(C) x K2(C).
Let us consider now the following differential operators L, : VVO1 Q) —
WP (Q), Ly : Wy () — W14 (Q) defined by

Lp(u) = —Apu + pd(x)* A==y p=2y
for all u € W, (), and
Ly(u) = =Agu + pd(x)*2 P20 D]y|1-2y

for all u € WyY(Q). Observing that p/(a1+81)—p > —p and ¢ (ag+52)—
—q, one can apply [29, Theorem 19.8] (0€2 is assumed to be smooth enough)
in order to obtain

d(z)* =Dy P2y € LP(Q),  d(z)*2tP2— 0D |y|9 2y e L7 (Q),

namely L, and L, are well defined.

A direct computation shows that L, and L, are demicontinuous, coercive
and strictly monotone. Hence, in view of (3.15), one can apply the Minty-
Browder theorem and conclude that for every (u,v) € [u,u] x [v, 7], for every
(y1,92) € K1(C) x K2(C') the problem

Ly(wy) = f(xz,u,v, Vyi,Vyz) in Q,
(P(u,v,y1,y2)) L ( ) f](x’ua%Vylvv?JQ) in Q)
w1, w2 = 0 on 3(2,

admits a unique solution.

At this point fix (z1,22) € K1(C) x Ko(C), (u,v) € 5(21722) and let
{(#1,n, 22,n)} be asequence in K (C') x K2(C') such that (21, 22.n) = (21, 22).
Obviously, (i, ) € S(;, .,) implies that

(3.16) (1, v) is the unique solution of (P 4 2, 2,))-

Fixn € Nand let (w%n, wgm) be the unique solution of the problem (P 2, ,, 2, ,,))-
By H(f) and H(g), since (u,v) € [u,u] X [v,7], using the monotonicity

of the functions introduced in (3.14) and the computations pointed out in

(3.7) and (3.8), it follows that

LP (w(l],n)

mlualvﬂl + pd(x )a1+51 (p—1) yp—1
mlumvbﬁ +ﬁd($)a1+’81 (p— 1)up 1
mlua1vﬁ1 +ﬁd(1‘)a1+51 (p— l)up 1

—Apu+ pd(z)r A= P=D =l = I ()

AV AR AVARRAY/

and similarly, we obtain
Lq(wg,n) = @(:c, w, 0, szn; sz,n)
> A+ pCad () = ().

F(@, 0,0,V 21y Von) = f(@, 1,0, Va1, Vo) 4 pd(x) A= e-Dgp-

1
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The same reasoning can be exploited for assuring that
L (wln) < L,(u) and L (wln) < L,(0).

Accordingly, the weak comparison principle in [30] implies that (w?,n, wgyn) €

[u, U] X [v,7]. Furthermore, from (3.15), by the regularity theory (see [18,
Lemma 3.1]), it follows (w? ,,w§,,) € Cy(©) x Cy"(Q) for some 7 € (0,1),
and, in particular, {(w1n,wz,)} is bounded in Cy™"(Q) x Cy7(€). Then,
since C’é’”(ﬁ) C CL(Q) is compact, there exist a subsequence, denoted by
the same symbol, {(w{,,, w3, )} and (i,d) such that

(3.17) (W] s w3,) = (@) in Cy(Q) x Cg(90).

Hence, passing to the limit in (P2, .2 n))), one has that (a,0) is a so-
lution of the problem (Py .., 2, ) Namely, in view of (3.16), (u,0) = (u,v)
and by the strong convergence (3.17) we infer that

lim (w} ,,,w3,) = (4,9) in C5(2) x C5(9).

n—oo

Now, let (wy ,,, wy,,) be the unique solution of the problem (Pw?,n,w%n,m,mn,n)‘

Following the same argument as before we obtain
(w%,naw%,n) € [ﬂa ﬂ] X [Q, 6]

and
lim (wi,,,w;,) = (i,3) in C5(Q) x C5(Q).

n—oo
Inductively, for each n € N, we construct the sequences {(w’fn,wgn)}k in
C3(Q) x C}(2) as a unique solution of

_Apu - f(x wlfn:L’an 7V’21 TL’V’ZQ TL) ln Q?
(3.18) —Agv = §(z, wlf’nl,w2 V21, Ve ) in Q,

u,v =0 on 0},
such that for each k € N, we have
(w]f7n’w§,n) € [ﬂ; ﬂ] X [Qa ﬁ]

and B B
lim (wf,,, ws,,) = (i,7) in Cy(Q) x C§(9).

n—oo
The task is now to show that {(w’f7n,w§7n)}nk is relatively compact in
C3(Q) x C3(Q). Indeed, bearing in mind that (w]fnl,wéC e w1 x [v,7]
and (21,n, 22,n) € K1(C) x K2(C'), on account of (3.15), one gets
f(x,wfn,wlg,n,zl,n,zzn) < Cld(x)al, g(x,wfn,wé,n,zl,n,zg’n) < CA*gd(ac)’82
for every n, k € N, with C’l, Cy >0 independent from n and k. Applying

[18, Lemma 3.1], {(w} n,w2 n)}n i is bounded in C’ (Q) x Cé’w(ﬁ) and our

task is achieved, being C’O 7(Q2) compactly embedded in C¢(Q). Finally, the
conclusion follows by proceeding analogously to the proof of [14, Lemma
2.5, page 535]. O
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4. PROOF OF THE MAIN RESULT

According to Proposition 1, for C' > 1 large enough, for all (z1,29) €
K1(C)xK2(C), there exists (u*,v*)(;, .,) in Cé’”(ﬁ) X C’é"y(ﬁ) for certain v €
(0,1) that is the smallest solution within [u,u] % [v,V] for system (P, .,))-
Thus, the operator

T Ki(C) x Ka(C) = CL@) x CL@)
(2’17 ZQ) — T(zh 22) = (U*7U*)(21,Z2)

is well defined and clearly the fixed points of the map T are solutions of
problem (P).

Lemma 3. The map T is continuous and compact.

Proof. First, observe that T is compact, namely, taking in mind that /Cy (C') x
K2(C) is bounded with respect to the (CL(Q) x C(2))-topology, for any se-
quence {(21,n, 22.n) }n in K1 (C) x K2(C') one has that (u;,,v}) = T (21,1, 22.n)
is relatively compact in C3(Q) x C3(Q). This follows readily from (3.11)
and (3.12), since (u,v) < (u},vr) < (@,v) in £, Indeed, as in the proof of
Lemma 2, applying [18, Lemma 3.1] one has that {(un,v,)} is bounded in
Cé’“’(ﬁ) X C’é 7(©2) and we can conclude again invoking the compactness of
the embedding Cé’”(ﬁ) — CH(Q).

Let us show that 7 is continuous. Let (21, 22,) — (21, 22) in K1(C) x
K2(C) and put (u},vy) = T(21,n, 22,n). Then, we already know that there
exist a subsequence {(u;, ,v; )}x and an element (u*,v*) € [u,u] x [v,7]
such that

(4.1) (v ) — (u,v%) in CL(Q) x CL(Q).

NEg? "Nk
Passing to the limit in the equations
_Apu;kzk = f(.f, u:kﬂ U:Lk7 vzl,nku sz,nk)v
—Aq’U:k = g(IE, u;kzka U:Lka vzl,nka sz,nk)
one gets that (u*,v*) € S(., .,)-
The proof is completed by showing that (u*,v*) is the smallest solution

of (P(., z,)) Within [u, 7] x [v,7]. Indeed, fix a solution (w1, ws) of (P, .,))
such that (wi,ws) € [u,u] X [v,v]. We can conclude verifying that

(4.2) u <wy, v < ws.
According to Lemma 2, there exists (w1n,w2n) € S(;, ,, 2 ,) Such that
(4.3) (W1, W2,0) — (w1,ws) in C5(Q) x C5(Q) as n — oo.

Then, since (uy, ,v;, ) is the smallest solution in [u, u] x [v, 7] of (F

it is clear that

Zl,nk722,nk))’

* *
o < Wimng, U < W2,ny,

U ne =

for all £ € N. Passing to the limit in the previous inequalities and bearing
in mind (4.1) and (4.3) one directly achieves (4.2). This ends the proof. O
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Lemma 4. T(K1(C) x K2(C)) C K1(C) x Ko(C) provided C > 1 is large
enough.

Proof. For any (21,22) € K1(C) x K2(C), let (u*,v%)(;, ) = T(21,22) be

the smallest solution of (P, ,)) in [u,u] x [v,?]. Then, according to H(f),
H(g), (3.3), (3.2) and (2.3), we get

M (@) @) + [T + [l

Myu™7™ + (CR1)™ + (CRy)™

MyC™ 1 (1d(x))* (¢hd(x))? + (CRy)™ + (CRo)™
MO )P (@) + (CR1)™ + (CRo)
(Kp_lch)p_l

flz,u*,v*,Vz1,Vzo)

IANIACIA N IA

a.e. in ) and, analogously,

g(z,u*,v*,Vz1,Vzo) < My(u*)*? (1}*)62 + V2|2 + |V22\92
< Mou™2v®2 + (CRy)? 4 (CRy)"
< MaC 6|32 67 + (CR1)™ + (CRy) ™
< MO AW + (CR) + (CRa)
< (qulCRg)qfl

a.e. in €, provided that C' > 1 is sufficiently large. Then, using the inequal-
ity in (3.6), it follows that

|Vu*||, < CR; and ||[Vv*| < CRy,
namely (u*,v%)(;, »,) € K1(C) x K2(C). This ends the proof of lemma. [

Now we are in position to prove our main result.

Proof of Theorem 1. On the basis of Lemmas 3 and 4, Schauder’s fixed point
theorem (see, e.g., [31, p. 57]) garantees the existence of (u,v) € K(C); x
K2(C) satistying (u,v) = T (u,v). Taking into account the definition of T,
it turns out that (u,v) € C3(Q) x C}(Q) is a (positive) solution of problem
(P). Since (u,v) € K1(C) x Ko(C), in particular, (u,v) € [u, ] x [v,7] and
on account of (3.3), (3.2) and (2.3), the property (1.1) is fullfield. This
completes the proof. O
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