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Abstract: One of the obstacles standing before the biomechanical analysis 

of an ascending thoracic aortic aneurysm (ATAA) is the difficulty in 

obtaining patient-specific material properties. This study aimed to 

evaluate differences on ATAA-related stress predictions resulting from 

the elastostatic analysis based on the optimization of arbitrary material 

properties versus the application of patient-specific material properties 

determined from ex-vivo biaxial testing. Specifically, the elastostatic 

analysis relies the on the fact that, if the aortic wall stress does not 

depend on material properties, the aorta has to be statistically 

determinate. Finite element analysis (FEA) was applied to a group of nine 

patients who underwent both angio-CT imaging to reconstruct ATAA 

anatomies and surgical repair of diseased aorta to collect tissue samples 

for experimental material testing. Tissue samples cut from excised ATAA 

rings were tested under equibiaxial loading conditions to obtain 

experimentally-derived material parameters by fitting stress-strain 

profiles. FEAs were carried out using both optimized and experimentally-

derived material parameters to predict and compare the stress 

distribution using the mean absolute percentage error (MAPE). Although 

physiological strains were below yield point (range of 0.08-0.25), 

elastostatic analysis led to errors on the stress predictions that 

depended on the type of constitutive model (highest MAPE of 0.7545 for 

Yeoh model and 0.7683 for Fung model) and ATAA geometry (lowest MAPE of 

0.0349 for patient P.7). Elastostatic analysis needs better understanding 

of its application for determining aneurysm mechanics, and patient-

specific material parameters are essential for reliable accurate stress 

predictions in ATAAs 
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Reviewer #4 

We thank the reviewer for his or her valuable comments. We have taken these comments into careful 

consideration when preparing the revised manuscript and feel that the critiques led directly to an 

improved submission. We hope that the reviewer agrees. All changes made to the document were 

highlighted in yellow. 

 

Specific comments: 

 

Comment 1. Methods described in references (Joldes et al., 2016; Joldes et al., 2017; Lu et al., 2007b; 

Miller and Lu, 2013) do not assume anywhere statical determinacy. It is the conclusion from the results 

that if stress demonstrably does not depend on the properties, the structure must be statically 

determinate. I suggest re-reading these papers. 

Reply: We thank the reviewer for the clarification on the meaning of “static determinacy”. We therefore 

rewritten the text to avoid confusion. Please see text in the Abstract that is now: 

“Specifically, the elastostatic analysis relies the on the fact that, if the aortic wall stress does not depend 

on material properties, the aorta has to be statistically determinate.” 

Please see text in the Introduction that is now 

“However, if the stress distribution does not depend on material properties, the structure has to be 

statically determinate [22,28]. Under this condition, we can eliminate the need for patient-specific material 

properties and the FEA can be performed with arbitrary material properties because they do not affect the 

resulting wall stress. Several research groups adopted this approach to compute wall stress of abdominal 

[22] and ascending aortic aneurysms [23-26].” 

Please see also similar corrections in the Discussion and Conclusion 

Comment 2. When using linear finite element method, the material does not need to be chosen as very 

stiff, as the method assumes infinitesimal deformations anyway 

Reply: We strictly followed the methodology described by Liu et al 2017 to obtain the “almost-true” stress 

distribution for the numerical optimization. We adopted very stiff material only to find the “almost-true” 

stress as described in the paper by Liu and collborators. Nothing was added in the text if it permitted by 

the reviewer. 

 

 

*Revision Notes
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Comment 3. AAA is a 3D structure in complex 3D stress state. AAA cannot be reasonably modelled as a 

thin-walled structure with assumed no transverse stresses. If you computed just one case with proper 3D 

elements you would see non-negligible variation of stress over the wall thickness. Membrane elements 

are inappropriate. Justifying the use of membrane elements by stating that other groups committed the 

same error is unscientific. 

Reply: We agree with reviewer comment that AAA is a 3D structure but this paper did not study AAA. 

This paper was focused on ascending thoracic aortic aneurysms (ATAA). There are many studies 

suggesting the pathophysiology and mechanics of AAA is different from that of ATAA. Please consider 

that ATAA do not present thrombus so that thickness is 2 mm and mechanics is mainly governed by in 

plane-stress. We agree that transverse stress exist but this component is lower than other in plane stress 

components. Future studies will be performed using brick elements. We agree that AAA can be statically-

determinate structure so that we specified that the findings here reported are restricted to the ascending 

aorta with the following text in the Discussion and Conclusion sections: 

“Although the stress analysis of abdominal aortic aneurysms did not depend on material properties [22], 

the modeling of the ascending aorta as a statically-determinate structure needs further understanding so 

that the role of material properties is still important for realistic and accurate stress predictions” 

“We conclude that the modeling of the ascending aorta as a statically determinate can lead to errors on 

wall stress predictions in patient-specific FEAs since aortic wall stress was found to depend on the type of 

constitutive model and ATAA geometry.”     

Comment 4.Use of explicit dynamics algorithm with unquantified effects of mass scaling is inappropriate. 

Reply: Please consider that mass scaling was applied only at the beginning of the time step. Specifically, 

mass scaling was performed by scaling the masses of the elements whose element stable time 

increments was less than the user-supplied time increment of 1.e-7 so that the element stable time 

increment for these elements becomes equal to the user-supplied time increment. So mass scaling was 

effective only to few elements (and not to the whole aorta). We investigated the effect on mass scaling 

that led to a minor change in the results. The following text was added in the methodology to clarify this 

aspect.  

“Mass scaling was performed by scaling the masses of elements whose stable time increments was less 

than the user-supplied time increment of 1.e-7 s so that the element stable time increment for these 

elements becomes equal to the user-supplied time increment. This approach has a minor effect on the 

stress analysis.” 

Comment 5. It is a well-known fact that residual stresses in arterial tissues are important. Not including 

residual stress in the analysis is not a "study limitation" but rather invalidates the results completely. How 
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to include residual stress is explained e.g. in (Joldes et al., 2018; Polzer et al., 2013). A simple method of 

incorporating residual stress is available in open source code http://bioparr.mech.uwa.edu.au/  

Reply: We agree with the reviewer on the importance of residual stress and will take care of this in future 

studies. Unfortunately, we did not study AAA and the source code here proposed appears to be focused 

only to abdominal aneurysms   

Comment 6. Table 1 presents the measurement results of diameter and wall thickness. In the absence of 

information of measurement errors the reliability of this data in difficult to judge. 

Reply: Please consider the aortic diameter was measured by experienced radiologists while tissue 

measurement by a caliper. Radiologists follow a standard protocol for aortic diameter measurements 

while we agree that the utilization of a caliper is not the best practice for tissue measurements but we 

have an experience of >100 ATAA sample measurements. The following text was added in the “Study 

Limitation”: 

“Caliper-based measurements of tissue thickness can lead to errors which in turn affect aortic wall stress 

predictions.” 

 Comment 7. Figure given in response to Rev 5 (on p. 8) demonstrates the computational methods used 

are erroneous. The stress distributions given in the figure violate simple statics (for a given shape of the 

membrane and given pressure load, one cannot have different tensions…). Also, it is not possible to use 

Fung or Yeoh models with linear elastic analysis. 

I suggest to consider carefully the following references: 

(Biehler et al., 2015; Joldes et al., 2016; Joldes et al., 2017; Joldes et al., 2018; Lu et al., 2007a, b; Miller 

and Lu, 2013; Zelaya et al., 2014) 

Reply: Linear elastic analysis using Fung and Yeoh model can be performed in Abaqus and other FEA by 

considering the effect of geometric nonlinearity as that given by hyperelastic material.  

 

Minor comment: 

This reference, given in support of unproven assertion that ""...peak wall stress has been demonstrated to 

be higher in ruptured compared with non ruptured abdominal aortic aneurysms" is not appropriate. 

"A.K. Venkatasubramaniam, M.J. Fagan, T. Mehta, K.J. Mylankal, B. Ray, G. Kuhan, I.C. Chetter, P.T. 

McCollum, A comparative study of aortic wall stress using finite element analysis for ruptured and 

nonruptured abdominal aortic aneurysms, European Journal of Vascular and Endovascular Surgery, 28 

http://bioparr.mech.uwa.edu.au/
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(2004) 168-176." 

This study did not use patient-specific material properties, patient-specific wall thickness and did not 

include residual stress. It also use unverified method using shell elements. Therefore, the conclusions 

about maximum stress values from this paper cannot be used as a justification that higher stress 

correlates with rupture risk. 

Reply: To avoid confusion, the sentence was rewritten as a follow: 

“These approaches for risk stratification appeared to be promising since peak wall stress can be 

calculated from routinely performed CT scans and may be a better predictor of risk of rupture than aortic 

diameter [13].” 

Please consider that this paper not focused on the justification that higher stress correlates with the 

rupture risk but rather on the role of material properties in FEA of ATAAs. 
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Abstract: One of the obstacles standing before the biomechanical analysis of an ascending 34 

thoracic aortic aneurysm (ATAA) is the difficulty in obtaining patient-specific material properties. 35 

This study aimed to evaluate differences on ATAA-related stress predictions resulting from the 36 

elastostatic analysis based on the optimization of arbitrary material properties versus the 37 

application of patient-specific material properties determined from ex-vivo biaxial testing. 38 

Specifically, the elastostatic analysis relies the on the fact that, if the aortic wall stress does not 39 

depend on material properties, the aorta has to be statistically determinate. Finite element 40 

analysis (FEA) was applied to a group of nine patients who underwent both angio-CT imaging to 41 

reconstruct ATAA anatomies and surgical repair of diseased aorta to collect tissue samples for 42 

experimental material testing. Tissue samples cut from excised ATAA rings were tested under 43 

equibiaxial loading conditions to obtain experimentally-derived material parameters by fitting 44 

stress-strain profiles. FEAs were carried out using both optimized and experimentally-derived 45 

material parameters to predict and compare the stress distribution using the mean absolute 46 

percentage error (MAPE). Although physiological strains were below yield point (range of 0.08-47 

0.25), elastostatic analysis led to errors on the stress predictions that depended on the type of 48 

constitutive model (highest MAPE of 0.7545 for Yeoh model and 0.7683 for Fung model) and 49 

ATAA geometry (lowest MAPE of 0.0349 for patient P.7). Elastostatic analysis needs better 50 

understanding of its application for determining aneurysm mechanics, and patient-specific 51 

material parameters are essential for reliable accurate stress predictions in ATAAs. 52 

 53 

Keywords: ascending aortic aneurysm; inverse approach, material parameters, aortic 54 

aneurysm failure, finite-element analysis  55 

  56 
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INTRODUCTION 57 

A ruptured ascending thoracic aortic aneurysm (ATAA) is considered a surgical emergency 58 

since progressive dilatation is often fatal if this disease is not detected by diagnostic imaging 59 

and managed immediately [1]. Despite being a relatively rare event with an estimated incidence 60 

of 5.0 per 100,000 individuals per year, the risk of fatal complications such as rupture or acute 61 

dissections can be as high as 50% in patients with a large ATAA wall (aortic diameter >50mm) 62 

[2, 3]. The risk over time of ATAA development to a size of 40-45mm in patients with a 63 

congenital bicuspid aortic valve (BAV) versus the morphological normal tricuspid aortic valve 64 

(TAV) is remarkable. Several studies highlighted that 84% of individuals with BAV may develop 65 

aortopathy during the life course [4, 5]. With regards to ATAA, degenerative aneurysms tend to 66 

develop in the mid-ascending aorta and then progress distally and proximally while ATAAs 67 

associated with connective tissue disorders are usually confined to the aortic root [6].   68 

 69 

Although the aortic size criterion can be adjusted to achieve higher patient specificity using the 70 

body surface area or patient height [7], the surgical dilemma still exists because fatal 71 

complications can occur at aortic diameters lower than that dictated by current clinical 72 

guidelines for elective repair of aneurysmal aorta [8]. There is a need to delineate additional 73 

metrics, not based on aortic size, to better identify the risk of ATAA failure. Biomechanical risk 74 

assessments using finite element analysis (FEA) to estimate the wall stress exerted on the 75 

diseased aorta have been proposed in abdominal aortic aneurysms [9] [10] and ATAAs [11, 12]. 76 

These approaches for risk stratification appeared to be promising since peak wall stress can be 77 

calculated from routinely performed CT scans and may be a better predictor of risk of rupture 78 

than aortic diameter [13]. Recently, FEA was combined with machine learning techniques to 79 

study the relationship between shape features and wall stress as risk metric of ATAA, towards 80 

the development of computer-aided-diagnosis [14].  81 

 82 
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FEAs depend on several factors including the aortic geometry, the loading condition induced by 83 

hemodynamic and structural loads and the material properties of aortic wall constituents. 84 

Hemodynamic can be evaluated by computational fluid dynamic [15-18] or in-vivo 4D flow MRI 85 

[19] while tracking algorithms of aortic wall surface detected by dynamic CT [20] or MRI [21] can 86 

be adopted to estimate the ATAA-related structural mechanics. Obtaining material parameters 87 

non-invasively during patient monitoring for preoperative risk estimations represent an important 88 

challenge. However, if the stress distribution does not depend on material properties, the 89 

structure has to be statically determinate [22,28]. Under this condition, we can eliminate the 90 

need for patient-specific material properties and the FEA can be performed with arbitrary 91 

material properties because they do not affect the resulting wall stress. Several research groups 92 

adopted this approach to compute wall stress of abdominal [22] and ascending aortic 93 

aneurysms [23-26].  94 

 95 

In this proof-of-concept, assuming static determinacy for the aorta, we want to know how 96 

different would be the resulting stress distribution on the aneurysm wall if material properties 97 

derived by an elastostatic analysis proposed by Liu et al. [23] are used as compared to FEAs 98 

using patient-specific material properties determined from ex-vivo biaxial testing. If large 99 

differences of stress distributions are observed, one could raise a red flag for further 100 

investigation using this appealing approach. To accomplish this task, we carried out FEAs on 101 

nine patients who underwent both dynamic CT imaging and surgical elective repair of ATAA to 102 

both reconstruct aortic geometries for FEA and collect tissue samples for patient-specific 103 

material property evaluation by the fitting of experimental stress-strain curves. Both an isotropic- 104 

(ie, two-term Yeoh model) and an anisotropic (ie, Fung-exponential model) constitutive 105 

formulation were tested. A stress comparison using the optimal material set versus the 106 

experimentally-derived material set was performed, and results were discussed.  107 

 108 
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METHODS 109 

Study Population  110 

All nine patients included in this investigation had electrocardiogram-gated computed 111 

tomography angiography (ECG-gated CT) for the measurement of the maximum aortic diameter 112 

and then elective surgical repair of dilated aortas at ISMETT IRCCS hospital institution. ECG-113 

gated CT scans were reconstructed to obtain images at both diastolic and systolic cardiac 114 

phases, which were used for the estimation of the diastolic-to-systolic displacement field of the 115 

aortic wall. This displacement field was used as a boundary condition for FEA as previously 116 

described by our group [27]. Aortic valve shape was classified as TAV versus BAV based on 117 

reconstructed images parallel to the aortic valve plane. The presence of the raphe was used to 118 

group BAV morphology according to the fusion of right and left cusps (AP) as well as the fusion 119 

of right and non-coronary cusp (RL). After surgical ATAA repair, excised aortic tissues were 120 

stored in a physiologic solution upon biaxial mechanical testing. Table 1 shows patient 121 

demographic information, pre-operative aortic diameters and thickness measurements. The 122 

study was approved by the local research ethics committee, and all patients signed informed 123 

consent prior enrollment.   124 

 125 

Biaxial Testing  126 

Experimentally-related material properties from aneurysmal tissue samples collected for each 127 

patient were estimated by equibiaxial mechanical testing using an ElectroForce TestBench 128 

system (TA Instrument, Boston, MA). In brief, square specimens (10x10mm) cut form the tissue 129 

region located along the major curvature of the aortic ring were extrapolated. Each specimen 130 

was oriented along longitudinal and circumferential directions of the aortic vessel while sutures 131 

were used to fix specimen edge using surgical staples. Thickness was measured with a caliper 132 

for each sample (see Table 1). Five black markers were placed on the intimal aortic tissue 133 

surface to evaluate engineering strains along testing directions using a digital video 134 
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extensometer placed perpendicular to the testing area. During biaxial loading, the specimen 135 

was sub-merged in 0.9% physiologic saline solution in a bath under controlled temperature of 136 

37oC. A small preload (0.5 grams) was set prior to the displacement-driven testing protocol and, 137 

after preconditioning, a constant speed of 1mm/min was applied to four electromagnetic motors 138 

for loading the specimen under equibiaxial condition. Two 200N load cells were used to record 139 

forces along material directions. Data analysis to obtain stress and strain were calculated as 140 

defined in the constitutive modeling section.  141 

 142 

Constitutive Modeling 143 

FEAs were carried out using two specific classes of materials: a) the isotropic Yeoh material 144 

model in the two-term formulation proposed by Raghavan and Vorp [9] for abdominal aortic 145 

aneurysms, and b) the orthotropic Fung-exponential model that is often used in soft tissue 146 

biomechanics. Both models adopt homogenous, incompressible and hyperplastic description of 147 

ATAA wall mechanics. 148 

 149 

In short, the two-term Yeoh constitutive model relates the stress tenors ( ) in the loaded 150 

specimen to the stretch () through the equation:  151 

             
   

     
   

                       
          

(1)
 

152 

with  are material model parameters indicative of the mechanical properties of the 153 

ATAA wall, and  is equal to the deformed specimen length divided by the original length. 154 

  
S

33
= 0 according to the membrane stress state assumption adopted in our FEA approach.  155 

 156 

The free energy function for the Fung model was: 157 

   
f C( ) =

c
1

F( )

2
exp Q C( )é

ë
ù
û-1é

ë
ù
û           (2)

 158 

  
c

1

Y( )
 and c

2

Y( )



7 

with 
  

c
1

F( )é
ë

ù
û

= F L the material-like parameter ,   C = F
T
F  the right Cauchy-Green strain tensor 159 

while the material-dependent exponent,     , was a quadratic form of Cauchy-Green strain 160 

tensor   C = F
T
F :  161 

   
Q C( ) = a

1
l

1

2 + a
2
l

2

2 + 2a
3
l

1
l

2            (3)
 162 

with 
  
a

1
,a

2
,a

3
 the dimensionless parameter.  163 

 164 

The Cauchy stresses of Fung constitutive formulation are therefore expressed as: 165 

       
   

   
              

       
   

   
              

 

(4 a,b) 

 

Constitutive Material Parameter Estimation 166 

The elastostatic analysis for the evaluation of material constitutive parameters proposed by Liu 167 

et al [23] is based on the main premise for which the stress distribution is statically determinate. 168 

Thus, for a given ATAA deformed configuration (ie, peak of systole) and known loading 169 

condition (ie, the diastolic-to-systolic displacement field), different material parameters and 170 

constitutive models will give nearly the same stress field. In this way, an “almost-true” stress 171 

field at systole can be approximately obtained by an infinitesimal linear elastic model with 172 

sufficiently stiff material parameters. This fact has been theoretically justified by Miller and Lu 173 

[28] and numerically verified by Lu et al. [29] and Joldes et al. [22]. Given the constitutive model 174 

with an initial guess of material parameters (ie,
 

for Yeoh model and   
   

,   ,   ,    175 

for the Fung model), by using the constitutive equations and deformation relationship between 176 

the two loading states, an optimization algorithm allows to find the “true” material parameters 177 

such that the difference between the estimated and “almost-true” stress fields is minimized. 178 

Thus, the objective of the optimization process was to find a set of material descriptors that 179 

  
c

1

Y( )
 and c

2

Y( )
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minimize the difference between the “almost-true” systolic stress,    , and estimated systolic 180 

stress,      , for each element as: 181 

 

 

(5 a,b) 

 

where   is the number of elements used in each model and   is the component index of each 182 

principal stress component. Eq. 1 and Eq. 4 were used for the estimated systolic stress of Yeoh 183 

and Fung models, respectively.   184 

 185 

The optimization was implemented in the mathematical language program, MATLAB (v2018, 186 

Mathworks, MA, USA). Nonlinear least-squares algorithm with trust-region-reflective was used 187 

for the optimization of Yeoh material parameters using 
  
c

1

Y( )
> 0 and c

2

Y( )
> 0 as lower bounds. For 188 

the Fung-exponential form, physically meaningful and plausible material parameters were 189 

obtained by enforcing the convexity of the strain energy function and thus performing 190 

constrained minimization. For planar biaxial loading of soft tissue, strict convexity physically 191 

implies that the projections of the contour of 
 
f C( )on the 

 
l

1
- l

2
plane form a convex surface 192 

[30]. It can be shown that if   
   

  , then Eq. 4 is likely convex if and only if     ,      and 193 

        
      194 

 195 

For the estimation of the “almost-true” systolic stress distribution, we selected a very stiff 196 

material for the aortic wall (E=2x104 GPa and v=0.49) to obtain Cauchy stress. As initial guess 197 

of material descriptors, we used the population-average material properties reported by Pasta et 198 

al. [31]  for the two-term Yeoh model and by Azdani et al. [32] for the Fung model of ATAAs. For 199 
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each optimization procedure, principal stresses were imported in MATALB by postprocessing of 200 

ABAQUS models, and the optimization was done to obtain the optimal material parameters.   201 

 

202 

Computational Study 203 

ECG-gated CT images were used to segment the ATAA wall at both end-diastolic and peak-204 

systolic cardiac phases using the medical imaging software Mimics (Mimics v20, Materialise, 205 

Leuven, BE) [15, 33]. Semi-automatic threshold-based segmentation of aortic lumen allowed us 206 

to obtain a point cloud (resolution of 0.3 mm), which was triangulated to generate a surface 207 

mesh of both diastolic and systolic ATAA geometries. Using an algorithm previously developed 208 

by our group in MATLAB (v2018, Mathworks, MA, USA), the point cloud of the diastolic aortic-209 

luminal surface was projected normally onto the systolic aortic-luminal surface to determine the 210 

displacement field as the Euclidean distance between closest points [15]. The estimated 211 

diastolic-to-systolic displacement field was then implemented as a boundary condition in the 212 

FEA model for estimating wall stresses. 213 

 214 

For each patient, FEAs were developed using the reconstructed ATAA geometry at diastole, 215 

which was meshed with quadrilateral (M3D4R) and triangular (M3D3) membrane elements in 216 

ABAQUS/Explicit (v2018, SIMULIA Inc, Providence, RI). Reduced integration was used for the 217 

4-node quadrilateral membrane element. Grid convergence led to an element size of 0.7mm 218 

(element range of 28,200-37,500) to obtain a reproducible stress analysis of the human thoracic 219 

aorta [34]. Uniform material properties were adopted for the aortic wall while thickness 220 

measured from tissue samples was set for each patient simulation. Distal ends of the 221 

descending aorta and supra-aortic vessels were fixed in all directions. Material fiber direction 222 

was set using multiple cylindrical coordinate systems with origins in the centerline of the 223 

aneurysmal aorta. The ATAA wall was modeled using two constitute formulations to assess the 224 
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role of the isotropic- and anisotropic material behavior on the resulting stress distribution. The 225 

density of the aortic tissue was 1060 kg/m3. In the Abaqus/Explicit solver, ATAA wall mechanics 226 

was modeled as a quasi-static process while the energy was monitored to ensure the ratio of 227 

kinetic energy to internal energy remains less than 10%. Adequate time step was applied while 228 

an element-by-element stable time increment estimate, coupled with a “variable mass scaling 229 

technique,” reduced the computational cost of each simulation. Mass scaling was performed by 230 

scaling the masses of elements whose stable time increments was less than the user-supplied 231 

time increment of 1.e-7 s so that the element stable time increment for these elements becomes 232 

equal to the user-supplied time increment. This approach has a minor effect on the stress 233 

analysis.   234 

 235 

The numerical strategy is here summarized: 236 

1. For the estimation of the “almost-true” stress distribution, the FEA model of each patient 237 

was loaded with a uniform peak systolic pressure distribution of 120mmHg in a very stiff 238 

aortic wall (E=2x104 GPa and v=0.49). This approach led to infinitesimal deformation of 239 

aneurysmal aorta.  240 

2. The resulting “almost-true” stress distribution was adopted to optimize the population-241 

average material descriptors of Yeoh and Fung constitutive relationships. This step 242 

allowed us to find the optimal material parameters specific to a given patient geometry.  243 

3. A second set of simulations was performed using the optimal material properties and 244 

the diastolic-to-systolic displacement field (instead of the uniform pressure distribution) 245 

to find realistic deformation of ATAA wall. 246 

4. A third set of simulations was carried out using the displacement field as the boundary 247 

condition but using the experimental material properties evaluated from ex-vivo material 248 

testing. Then, results were compared to those observed for the second set of 249 

simulations.     250 
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   251 

RESULTS 252 

Experimental biaxial testing 253 

Experimental raw data from equibiaxial testing are shown as Piola-Kirchhoff stress versus 254 

engineering-strain plots for ATAAs in both circumferential and longitudinal directions of 255 

ascending aorta (Figure 1). Most of stress-strain data presented a linear part, related to the 256 

elastic properties of the aneurysmal aortic tissue, followed by an exponential part related to the 257 

collagen fiber recruitment. These parts were separated by the “yield point”, which is more likely 258 

to define the in-vivo stress range. For a given tissue specimen, there was no remarkable 259 

difference of material response between longitudinal and circumferential directions, suggesting 260 

isotropic mechanical behavior for ATAA wall as previously found [31]. Stress-strain data were 261 

successfully fit by both the isotropic and anisotropic constitutive models, and the material 262 

parameters for each patient were estimated (Table 2). Fitting was able to accurately reproduce 263 

the non-linear behavior of experimental data (R2>0.91 in all cases) so that material descriptors 264 

can be considered as determinants of the biomechanical behavior of ATAA wall. After running 265 

the elastostatic optimization analysis, material parameters were found close to those obtained 266 

from the fitting of the experimental stress-strain curves. We observed that even a variation of 267 

10% on the initial guess of the constitutive parameter set did not determine remarkable changes 268 

on the optimal material parameters. 269 

 270 

Strain analysis 271 

Figure 2 shows the distribution of diastolic-to-systolic strain field as well as the experimental 272 

stress-strain curve from biaxial testing of the aortic tissue specimen cut from the same patient. It 273 

can be observed that the range of “true” strain in the circumferential direction is below the yield 274 

strain, which is the value of the strain at yield point before reaching the steep increase in the 275 

stress-strain response of tested aortic tissue specimen. Most of patients experienced low strain 276 
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at CT imaging, except for patients P.6 and P.9 who experience strains remarkably above the 277 

yield strain (Table 3). This can be determined by high blood pressure induced by hypertension, 278 

increased stretch and twist of aortic vessel due to heart beating and local changes of material 279 

properties or tissue thickness, exposing the aneurysmal aorta at greater risk of complications 280 

than other patients. 281 

 282 

“Almost-true” stress computation 283 

The distribution of “almost-true” stress determined by the simple linear-elastic FEA with the stiff 284 

elastic modulus was compared to that obtained at the end of optimization procedure for each 285 

patient simulation. Specifically, the maximum principal stress exerted on the ATAA wall was 286 

used as an indicator of intramural stress of aneurysmal aorta. Figure 3 shows that the stiff ATAA 287 

model had a stress distribution similar to that of Fung model but different from that shown by the 288 

Yeoh model. The mean absolute percentage error (MAPE) was calculated for each patient as a 289 

measure of differences among simulation approaches. For the patient P.1 shown in Figure 3, 290 

the MAPE was nearly 30% between the “almost-true” and Yeoh models and 8.5% between the 291 

“almost-true” and Fung models. For other patient cases, we found errors in the range of 6-18%.  292 

 293 

Biaxial testing of optimal vs experimental material parameters 294 

Optimized material parameters obtained from elastostatic analysis were used to determine the 295 

stress-strain response under equibiaxial loading conditions in a FEA reproducing the 296 

experimental testing of aortic tissue sample. Then, the stress-strain curves were plotted 297 

together with the experimental testing data (see Figure 4). P.2 with small strain field exhibited a 298 

practically equivalent stress-strain response with both experimental and elastostatic material 299 

descriptors. At strain of 14%, P.6 had the largest discrepancy of 24% in stress predictions 300 

between optimized and experimental material descriptors of two-term Yeoh constitutive model.  301 

 302 
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Patient-specific FEA of optimal vs experimental material parameters 303 

Figure 5 illustrates predicted wall stress distributions computed by patient-specific material 304 

descriptors determined from experimental biaxial testing of Yeoh model. Local maxima of wall 305 

stress were mainly placed near the maximum curvature of the ascending aorta, just above the 306 

sino-tubular junction. In a similar way, Figure 6 shows predicted wall stress maps resulting from 307 

the experimentally-based material fitting using the Fung model. It can be observed that stress 308 

distributions are similar among constitutive formulations (ie, Yeoh versus Fung model) when 309 

patient-specific material parameters are adopted.    310 

 311 

Although biaxial testing results of optimal versus experimental material parameters are 312 

encouraging, we found considerable discrepancies for the patient-specific stress predictions 313 

between the optimal material parameter set versus the experimentally-derived set (Figure 7). 314 

The MAPE was calculated for each patient and evinced highly variable differences from patient 315 

to patient and the type of constitutive formulation (see Table 4).      316 

   317 

DISCUSSION 318 

In this study, we exploited the appealing concept of obtaining reasonably and accurate stress 319 

solutions of aneurysm mechanics using an inverse approach static determinacy, and thus 320 

without invoking accurate material descriptors that are hard to know before surgical 321 

management of ATAAs. Assuming static determinacy for the aorta, we optimized population-322 

average material parameters with respect to an “the “almost-true” stress fields obtained with an 323 

infinitesimal linear-elastic model based on a sufficiently stiff Young modulus [23]. The so-324 

recovered material parameters were implemented in FEAs, and then stress distributions of nine 325 

ATAA geometries were compared to those predicted when patient-specific material descriptors 326 

are estimated from the fitting of ex-vivo testing data of aortic tissue specimens collected from 327 

the same patient. We observed that the stress-strain response under equibiaxial loading 328 
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predicted by the elastostatic analysis was consistent to the experimental material behavior if 329 

strain was low (largest difference of 24% at strain of 14%). This was in agreement with findings 330 

documented by Liu et al. [23]. However, the discrepancy on predicted stress distributions was 331 

considerably, depending on the adopted constitutive model and ATAA shape, when FEAs were 332 

performed on patient anatomies. Although the stress analysis of abdominal aortic aneurysms 333 

did not depend on material properties [22], the modeling of the ascending aorta as a statically-334 

determinate structure needs further understanding so that the role of material properties is still 335 

important for realistic and accurate stress predictions.   336 

 337 

Identification of patient-specific material parameters of ATAAs deserves important interest as 338 

FEAs rely on population-average values of material properties for those patients undergoing 339 

close monitoring of the aneurysm size. In risk predictions of aneurysm failure, FEAs based on 340 

patient-specific material descriptors were carried out in very few studies restricted to patients 341 

who underwent elective surgical repair of ATAA wall to derive the material behavior from 342 

uniaxial or bulge inflation tests [11, 12]. The role of material properties in computational growth 343 

and remodeling analyses may be even more remarkable as stress estimations are strongly 344 

dependents on local material changes [35].  345 

 346 

To avoid ex-vivo material testing, inverse approaches allows to estimate material descriptors; 347 

however, inverse analysis involves a complex non-linear problem [36, 37]. Most of inverse 348 

techniques proposed for soft tissue mechanics attempt to minimize a cost function defined by 349 

the difference between a target parameter, which is determined from medical image analysis, 350 

and a candidate parameter estimated from FEA and then iteratively adjusted to tune material 351 

parameters of interest [38]. However, inverse approaches are commonly time consuming due to 352 

continuous interaction with the FEA solver [39]. For the ascending aorta, Trabelsi et al. [38] 353 

proposed an inverse method in which the target variable was the volume variation of the aorta 354 
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measured from ECG-gated CT scans. They assumed a linear relationship between the 355 

constitutive material parameter and the volume of the aortic luminal surface, and then carried 356 

out eight FEA analyses for each patient to build datasets for several CT measurements of ATAA 357 

volume at systole and mid-cardiac phase. The error attributed to this approach was 0.6% on 358 

estimated CT volume and 9.6% on the predicted stress response under equibiaxial test 359 

simulations. In agreement with our findings, the statically determinate inverse approach 360 

proposed by Liu et al. [23] for the Gasser-Holzapfel-Ogden constitutive model demonstrated 361 

comparable biaxial stress-strain curves between elastostatic analyses and experimental tests 362 

estimated in a previous investigation of the same group [11]. In their patient study group, 363 

patient-specific FEAs on ATAA anatomies were not done because of lack of both CT and tissue 364 

data, without quantification of stress changes computed with either experimental or elastostatic-365 

based material parameters.  366 

 367 

Generally, the stress of a deformable body depends not only on its geometry, load and 368 

boundary conditions, but also on the mechanical properties of constituents. One of the 369 

obstacles standing before the biomechanics community is the difficulty in obtaining patient-370 

specific properties of tissues given the absence of a methodology to non-invasively estimate 371 

stress in-vivo. Notwithstanding, there is an emerging interest from several groups in 372 

reformulating computational mechanics in a new paradigm so that computational stress 373 

predictions are weakly sensitive to the variation of mechanical properties when the deformed 374 

configuration is given [28]. This paradigm can apply to non-linear elastic material, because the 375 

stress in such material depends on the relative deformation among two definite configurations. If 376 

one of them is known, the other can be solved from equilibrium, which is dominated by in-plane 377 

stress for thin-walled structure treated as a membrane. From the analysis of ECG-gated CT 378 

images, we observed that strain at deformed configuration bears to the linear-elastic part of the 379 

experimental stress-strain response (see Table 3), thereby supporting in part the static 380 
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determinacy of the aneurysmal wall. In this way, the inverse problem can be directly formulated 381 

using the constitutive law as here presented or shown by other studies [23, 40] and without the 382 

need of a continuous interaction with the FEA solver. Using the Fung model, Miller et al. [28] 383 

investigated the sensitivity of the stress solution with respect to material parameters and 384 

constitutive model in three intracranial aneurysm geometries under static determinacy. The 385 

inverse stress solution was far less sensitive to material description as, for instance, the 100 386 

times increase in the stiffness parameter   of the Fung model led to a 2.9% error in the 387 

maximum principal stress prediction. As compared to abdominal or cerebral aneurysms, the 388 

ascending aorta is cyclically stretched and twisted every heartbeat by determining the presence 389 

of longitudinal and shear stresses in a way that the static equilibrium is not only governed by the 390 

internal pressure. These mechanical forces are also highly dynamic (as systole is approximately 391 

0.33s), thereby determining viscoelastic effects. These factors combined to residual stress likely 392 

occurring in blood vessels can pose several doubts on the modeling of the ascending aorta as 393 

statically-determinate structure.            394 

 395 

The major limitation of this study is that comparisons of stress predictions were carried out 396 

assuming the experimentally-derived material parameters as the true material descriptors of the 397 

ATAA wall, but these can be indeed different from the in-vivo condition. However, there is no 398 

methodology to in-vivo estimate the material behavior so that experimental material parameters 399 

are the most accurate ATAA material descriptors. FEAs were based on homogenous thickness 400 

and material properties for the whole aorta but there exist evidence of regional changes in the 401 

material properties and thickness along the vessel circumference [41] and from the aortic root to 402 

the distal ascending aorta [42]. It should be mentioned that the optimization procedure can be 403 

modified to account for heterogenous thickness and regionally-dependent material properties by 404 

slightly altering the workflow and evaluating the objective function element-by-element. 405 

Disregarding the presence of residual stresses and considering the arterial wall as a 3D 406 
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membrane with uniform thickness can be considered as additional limitations of the current 407 

work. It was assumed that the aortic wall behaves as a membrane with no bending moments or 408 

no through thickness shear, although regions near the branches may not satisfy the membrane 409 

assumption. The orientation of elastic fiber was not considered in FEAs, and this may alter the 410 

stress distribution as demonstrated in a previous study [31]. Caliper-based measurements of 411 

tissue thickness can lead to errors which in turn affect aortic wall stress predictions.     412 

 413 

CONCLUSION 414 

We conclude that the modeling of the ascending aorta as a statically determinate can lead to 415 

errors on wall stress predictions in patient-specific FEAs since aortic wall stress was found to 416 

depend on the type of constitutive model and ATAA geometry. Static determinacy needs better 417 

understanding of its application to determine ascending aortic aneurysm mechanics so that 418 

patient-specific material descriptors as determined by ex-vivo material testing are advocated for 419 

reliable accurate stress predictions of ATAA wall mechanics. 420 
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Figure Legends 555 

Figure 1: Equibiaxial raw stress-strain data for ATAA specimens in (A) circumferential (CIRC) 556 

and (B) longitudinal (LONG) directions; labels indicate specimens obtained from same patient 557 

Figure 2: Representative distribution of circumferential strain for patient P.2 as obtained after 558 

optimization procedure and raw stress-strain data in the circumferential direction showing the 559 

range of strain.   560 

Figure 3: Distribution of “almost-true” stress determined using a very stiff material for the aortic 561 

wall as compared to stress from the optimal material properties for the Yeoh and Fung 562 

constitutive models of P.1   563 

Figure 4: Comparison of stress-strain response curves under equibiaxial loading condition for 564 

three representative patients as modeled with two-term Yeoh constitutive model (top row) and 565 

Fung-exponential model (bottom row) using experimental and optimized material parameters; 566 

dots indicates maximum value of peak systolic strain    567 

Figure 5: Distribution of patients-specific stress as quantified by the maximum principal stress 568 

at peak systole for all patients using the Yeoh constitutive material formulation based on the 569 

fitting of experimental data. 570 

Figure 6: Distribution of patients-specific stress as quantified by the maximum principal stress 571 

at peak systole for all patients using the Fung constitutive material formulation based on the 572 

fitting of experimental data. 573 

Figure 7: Comparisons of stress distribution for P.3 using the material parameters obtained by 574 

the FEA using the statically-determinate optimization procedure versus the FEA using patient-575 

specific material parameters. 576 

  577 

  578 

 579 

  580 
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Table 1: Patient demographic information  581 

Patient ID Age Gender 
Aortic  
Valve 

Type 
Systolic 
Diameter  

(mm) 

Diastolic 
Diameter  

(mm) 

Thickness 
(mm) 

P.1 70 Male BAV AP 52.0 51.2 2.1 
P.2 71 Male TAV / 50.4 50.8 1.9 
P.3 67 Male TAV / 54.8 57.1 2.2 
P.4 56 Male BAV RL 52.4 53.6 1.8 
P.5 58 Male TAV / 42.3 45.2 2.2 
P.6 67 Male TAV / 48.5 49.8 2.8 
P.7 78 Male TAV / 46.5 47.8 2.1 
P.8 63 Female TAV / 54.8 55.8 1.7 
P.9 68 Male TAV / 44.7 45.1 2.3 

 582 

  583 
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Table 2: Constitutive material parameters as obtained by the fitting of experimental biaxial 584 

testing (exp) and by the elastostatic optimization procedure (opt); coefficient of determination 585 

(R2) refer to experimental data  586 

 587 

Patient ID 
Yeoh 

 
Fung 

 
c1

y
 (kPa) c2

y
  (kPa) R

2
  c1

F
 a1 a2 a3 R

2
 

P.1 exp 13.1 147.9 0.990  5.6 6.7 6.6 4.7 0.970 

 opt 21.6 157.5  27.1 13.8 8.7 5.5 

P.2 exp 31.1 42.6 0.990  29.9 32.3 53.2 12.4 0.984 

 opt 38.6 43.1  112.1 8.9 8.2 7.5 

P.3 exp 64.9 134.5 0.980  42.0 15.4 1.0 1.4 0.990 

opt 84.2 35.4  110.0 4.4 15.2 8.2 

P.4 exp 38.4 101.1 0.990  55.8 3.1 10.6 0.1 0.991 

opt 27.0 169.7  6.6 1.2 2.4 0.5 

P.5 exp 75.6 884.0 0.970  14.5 29.2 31.1 1.7 0.982 

opt 50.1 560.0  4.5 12.02 13.1 12.6 

P.6 exp 50.4 75.1 0.998  32.8 8.1 12.7 1.2 0.978 

opt 96.4 42.1  96.8 14.3 12.4 4.8 

P.7 exp 3.8 86.7 0.990  99.7 2.5 3.8 -0.2 0.998 

opt 55.2 32.6  15.9 14.1 15.1 3.0 

P.8 exp 15.4 242.0 0.974  5.8 21.9 20.5 -7.8 0.935 

opt 51.2 480.9  42.1 26.3 26.2 -21.0 

P.9 exp 121.8 446.8 0.968  55.6 11.0 0 0.0 0.914 

opt 163.4 240.7  54.1 14.2 66.1 30.7 

 588 

  589 
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Table 3: Range of strain determined from CT imaging (CIRC) and corresponding yield strain 590 

(yield) extrapolated from stress-strain raw data of biaxial testing.     591 

 592 

 
P.1 P.2 P.3 P.4 P.5 P.6          P.7 P.8 P.9 

 min max min max min max min max min max min max min max min max min max 

CIRC  0.01 0.15 0.01 0.03 0.04 0.15 0.03 0.12 0.02 0.18 0.01 0.16 0.01 0.13 0.05 0.10 0.01 0.13 

yield  0.16 0.24 0.25 0.17 0.15 0.09 0.21 0.17 0.08 

 593 

 594 

 595 

  596 
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Table 4: Mean absolute percentage error (MAPE) of maximum principal stress between 597 

experimentally-derived and optimized material parameters.     598 

 
P.1 P.2 P.3 P.4 P.5 P.6         P.7    P.8 P.9 

Yeoh  0.7105 0.7398 0.7545 0.4520 0.5303 0.7034 0.2138 0.1754 0.3245 

Fung 0.7683 0.1140 0.6022 0.3241 0.7539 0.7130 0.0349 0.2198 0.7034 

 599 

 600 

 601 

 602 
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Abstract: One of the obstacles standing before the biomechanical analysis of an ascending 34 

thoracic aortic aneurysm (ATAA) is the difficulty in obtaining patient-specific material properties. 35 

This study aimed to evaluate differences on ATAA-related stress predictions resulting from the 36 

elastostatic analysis based on the optimization of arbitrary material properties versus the 37 

application of patient-specific material properties determined from ex-vivo biaxial testing. 38 

Specifically, the elastostatic analysis relies the on the fact that, if the aortic wall stress does not 39 

depend on material properties, the aorta has to be statistically determinate. Finite element 40 

analysis (FEA) was applied to a group of nine patients who underwent both angio-CT imaging to 41 

reconstruct ATAA anatomies and surgical repair of diseased aorta to collect tissue samples for 42 

experimental material testing. Tissue samples cut from excised ATAA rings were tested under 43 

equibiaxial loading conditions to obtain experimentally-derived material parameters by fitting 44 

stress-strain profiles. FEAs were carried out using both optimized and experimentally-derived 45 

material parameters to predict and compare the stress distribution using the mean absolute 46 

percentage error (MAPE). Although physiological strains were below yield point (range of 0.08-47 

0.25), elastostatic analysis led to errors on the stress predictions that depended on the type of 48 

constitutive model (highest MAPE of 0.7545 for Yeoh model and 0.7683 for Fung model) and 49 

ATAA geometry (lowest MAPE of 0.0349 for patient P.7). Elastostatic analysis needs better 50 

understanding of its application for determining aneurysm mechanics, and patient-specific 51 

material parameters are essential for reliable accurate stress predictions in ATAAs. 52 

 53 

Keywords: ascending aortic aneurysm; inverse approach, material parameters, aortic 54 

aneurysm failure, finite-element analysis  55 

  56 
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INTRODUCTION 57 

A ruptured ascending thoracic aortic aneurysm (ATAA) is considered a surgical emergency 58 

since progressive dilatation is often fatal if this disease is not detected by diagnostic imaging 59 

and managed immediately [1]. Despite being a relatively rare event with an estimated incidence 60 

of 5.0 per 100,000 individuals per year, the risk of fatal complications such as rupture or acute 61 

dissections can be as high as 50% in patients with a large ATAA wall (aortic diameter >50mm) 62 

[2, 3]. The risk over time of ATAA development to a size of 40-45mm in patients with a 63 

congenital bicuspid aortic valve (BAV) versus the morphological normal tricuspid aortic valve 64 

(TAV) is remarkable. Several studies highlighted that 84% of individuals with BAV may develop 65 

aortopathy during the life course [4, 5]. With regards to ATAA, degenerative aneurysms tend to 66 

develop in the mid-ascending aorta and then progress distally and proximally while ATAAs 67 

associated with connective tissue disorders are usually confined to the aortic root [6].   68 

 69 

Although the aortic size criterion can be adjusted to achieve higher patient specificity using the 70 

body surface area or patient height [7], the surgical dilemma still exists because fatal 71 

complications can occur at aortic diameters lower than that dictated by current clinical 72 

guidelines for elective repair of aneurysmal aorta [8]. There is a need to delineate additional 73 

metrics, not based on aortic size, to better identify the risk of ATAA failure. Biomechanical risk 74 

assessments using finite element analysis (FEA) to estimate the wall stress exerted on the 75 

diseased aorta have been proposed in abdominal aortic aneurysms [9] [10] and ATAAs [11, 12]. 76 

These approaches for risk stratification appeared to be promising since peak wall stress can be 77 

calculated from routinely performed CT scans and may be a better predictor of risk of rupture 78 

than aortic diameter [13]. Recently, FEA was combined with machine learning techniques to 79 

study the relationship between shape features and wall stress as risk metric of ATAA, towards 80 

the development of computer-aided-diagnosis [14].  81 

 82 



4 

FEAs depend on several factors including the aortic geometry, the loading condition induced by 83 

hemodynamic and structural loads and the material properties of aortic wall constituents. 84 

Hemodynamic can be evaluated by computational fluid dynamic [15-18] or in-vivo 4D flow MRI 85 

[19] while tracking algorithms of aortic wall surface detected by dynamic CT [20] or MRI [21] can 86 

be adopted to estimate the ATAA-related structural mechanics. Obtaining material parameters 87 

non-invasively during patient monitoring for preoperative risk estimations represent an important 88 

challenge. However, if the stress distribution does not depend on material properties, the 89 

structure has to be statically determinate [22,28]. Under this condition, we can eliminate the 90 

need for patient-specific material properties and the FEA can be performed with arbitrary 91 

material properties because they do not affect the resulting wall stress. Several research groups 92 

adopted this approach to compute wall stress of abdominal [22] and ascending aortic 93 

aneurysms [23-26].  94 

 95 

In this proof-of-concept, we want to know how different would be the resulting stress distribution 96 

on the aneurysm wall if material properties derived by an elastostatic analysis proposed by Liu 97 

et al. [23] are used as compared to FEAs using patient-specific material properties determined 98 

from ex-vivo biaxial testing. If large differences of stress distributions are observed, one could 99 

raise a red flag for further investigation using this appealing approach. To accomplish this task, 100 

we carried out FEAs on nine patients who underwent both dynamic CT imaging and surgical 101 

elective repair of ATAA to both reconstruct aortic geometries for FEA and collect tissue samples 102 

for patient-specific material property evaluation by the fitting of experimental stress-strain 103 

curves. Both an isotropic- (ie, two-term Yeoh model) and an anisotropic (ie, Fung-exponential 104 

model) constitutive formulation were tested. A stress comparison using the optimal material set 105 

versus the experimentally-derived material set was performed, and results were discussed.  106 

 107 

METHODS 108 
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Study Population  109 

All nine patients included in this investigation had electrocardiogram-gated computed 110 

tomography angiography (ECG-gated CT) for the measurement of the maximum aortic diameter 111 

and then elective surgical repair of dilated aortas at ISMETT IRCCS hospital institution. ECG-112 

gated CT scans were reconstructed to obtain images at both diastolic and systolic cardiac 113 

phases, which were used for the estimation of the diastolic-to-systolic displacement field of the 114 

aortic wall. This displacement field was used as a boundary condition for FEA as previously 115 

described by our group [27]. Aortic valve shape was classified as TAV versus BAV based on 116 

reconstructed images parallel to the aortic valve plane. The presence of the raphe was used to 117 

group BAV morphology according to the fusion of right and left cusps (AP) as well as the fusion 118 

of right and non-coronary cusp (RL). After surgical ATAA repair, excised aortic tissues were 119 

stored in a physiologic solution upon biaxial mechanical testing. Table 1 shows patient 120 

demographic information, pre-operative aortic diameters and thickness measurements. The 121 

study was approved by the local research ethics committee, and all patients signed informed 122 

consent prior enrollment.   123 

 124 

Biaxial Testing  125 

Experimentally-related material properties from aneurysmal tissue samples collected for each 126 

patient were estimated by equibiaxial mechanical testing using an ElectroForce TestBench 127 

system (TA Instrument, Boston, MA). In brief, square specimens (10x10mm) cut form the tissue 128 

region located along the major curvature of the aortic ring were extrapolated. Each specimen 129 

was oriented along longitudinal and circumferential directions of the aortic vessel while sutures 130 

were used to fix specimen edge using surgical staples. Thickness was measured with a caliper 131 

for each sample (see Table 1). Five black markers were placed on the intimal aortic tissue 132 

surface to evaluate engineering strains along testing directions using a digital video 133 

extensometer placed perpendicular to the testing area. During biaxial loading, the specimen 134 
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was sub-merged in 0.9% physiologic saline solution in a bath under controlled temperature of 135 

37oC. A small preload (0.5 grams) was set prior to the displacement-driven testing protocol and, 136 

after preconditioning, a constant speed of 1mm/min was applied to four electromagnetic motors 137 

for loading the specimen under equibiaxial condition. Two 200N load cells were used to record 138 

forces along material directions. Data analysis to obtain stress and strain were calculated as 139 

defined in the constitutive modeling section.  140 

 141 

Constitutive Modeling 142 

FEAs were carried out using two specific classes of materials: a) the isotropic Yeoh material 143 

model in the two-term formulation proposed by Raghavan and Vorp [9] for abdominal aortic 144 

aneurysms, and b) the orthotropic Fung-exponential model that is often used in soft tissue 145 

biomechanics. Both models adopt homogenous, incompressible and hyperplastic description of 146 

ATAA wall mechanics. 147 

 148 

In short, the two-term Yeoh constitutive model relates the stress tenors ( ) in the loaded 149 

specimen to the stretch () through the equation:  150 

             
   

     
   

                       
          

(1)
 

151 

with  are material model parameters indicative of the mechanical properties of the 152 

ATAA wall, and  is equal to the deformed specimen length divided by the original length. 153 

  
S

33
= 0 according to the membrane stress state assumption adopted in our FEA approach.  154 

 155 

The free energy function for the Fung model was: 156 

   
f C( ) =

c
1

F( )

2
exp Q C( )é

ë
ù
û-1é

ë
ù
û           (2)

 157 
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1
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with 
  

c
1

F( )é
ë

ù
û

= F L the material-like parameter ,   C = F
T
F  the right Cauchy-Green strain tensor 158 

while the material-dependent exponent,     , was a quadratic form of Cauchy-Green strain 159 

tensor   C = F
T
F :  160 

   
Q C( ) = a

1
l

1

2 + a
2
l

2

2 + 2a
3
l

1
l

2            (3)
 161 

with 
  
a

1
,a

2
,a

3
 the dimensionless parameter.  162 

 163 

The Cauchy stresses of Fung constitutive formulation are therefore expressed as: 164 

       
   

   
              

       
   

   
              

 

(4 a,b) 

 

Constitutive Material Parameter Estimation 165 

The elastostatic analysis for the evaluation of material constitutive parameters proposed by Liu 166 

et al [23] is based on the main premise for which the stress distribution is statically determinate. 167 

Thus, for a given ATAA deformed configuration (ie, peak of systole) and known loading 168 

condition (ie, the diastolic-to-systolic displacement field), different material parameters and 169 

constitutive models will give nearly the same stress field. In this way, an “almost-true” stress 170 

field at systole can be approximately obtained by an infinitesimal linear elastic model with 171 

sufficiently stiff material parameters. This fact has been theoretically justified by Miller and Lu 172 

[28] and numerically verified by Lu et al. [29] and Joldes et al. [22]. Given the constitutive model 173 

with an initial guess of material parameters (ie,
 

for Yeoh model and   
   

,   ,   ,    174 

for the Fung model), by using the constitutive equations and deformation relationship between 175 

the two loading states, an optimization algorithm allows to find the “true” material parameters 176 

such that the difference between the estimated and “almost-true” stress fields is minimized. 177 

Thus, the objective of the optimization process was to find a set of material descriptors that 178 

  
c

1

Y( )
 and c

2

Y( )
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minimize the difference between the “almost-true” systolic stress,    , and estimated systolic 179 

stress,      , for each element as: 180 

 

 

(5 a,b) 

 

where   is the number of elements used in each model and   is the component index of each 181 

principal stress component. Eq. 1 and Eq. 4 were used for the estimated systolic stress of Yeoh 182 

and Fung models, respectively.   183 

 184 

The optimization was implemented in the mathematical language program, MATLAB (v2018, 185 

Mathworks, MA, USA). Nonlinear least-squares algorithm with trust-region-reflective was used 186 

for the optimization of Yeoh material parameters using 
  
c

1

Y( )
> 0 and c

2

Y( )
> 0 as lower bounds. For 187 

the Fung-exponential form, physically meaningful and plausible material parameters were 188 

obtained by enforcing the convexity of the strain energy function and thus performing 189 

constrained minimization. For planar biaxial loading of soft tissue, strict convexity physically 190 

implies that the projections of the contour of 
 
f C( )on the 

 
l

1
- l

2
plane form a convex surface 191 

[30]. It can be shown that if   
   

  , then Eq. 4 is likely convex if and only if     ,      and 192 

        
      193 

 194 

For the estimation of the “almost-true” systolic stress distribution, we selected a very stiff 195 

material for the aortic wall (E=2x104 GPa and v=0.49) to obtain Cauchy stress. As initial guess 196 

of material descriptors, we used the population-average material properties reported by Pasta et 197 

al. [31]  for the two-term Yeoh model and by Azdani et al. [32] for the Fung model of ATAAs. For 198 



9 

each optimization procedure, principal stresses were imported in MATALB by postprocessing of 199 

ABAQUS models, and the optimization was done to obtain the optimal material parameters.   200 

 

201 

Computational Study 202 

ECG-gated CT images were used to segment the ATAA wall at both end-diastolic and peak-203 

systolic cardiac phases using the medical imaging software Mimics (Mimics v20, Materialise, 204 

Leuven, BE) [15, 33]. Semi-automatic threshold-based segmentation of aortic lumen allowed us 205 

to obtain a point cloud (resolution of 0.3 mm), which was triangulated to generate a surface 206 

mesh of both diastolic and systolic ATAA geometries. Using an algorithm previously developed 207 

by our group in MATLAB (v2018, Mathworks, MA, USA), the point cloud of the diastolic aortic-208 

luminal surface was projected normally onto the systolic aortic-luminal surface to determine the 209 

displacement field as the Euclidean distance between closest points [15]. The estimated 210 

diastolic-to-systolic displacement field was then implemented as a boundary condition in the 211 

FEA model for estimating wall stresses. 212 

 213 

For each patient, FEAs were developed using the reconstructed ATAA geometry at diastole, 214 

which was meshed with quadrilateral (M3D4R) and triangular (M3D3) membrane elements in 215 

ABAQUS/Explicit (v2018, SIMULIA Inc, Providence, RI). Reduced integration was used for the 216 

4-node quadrilateral membrane element. Grid convergence led to an element size of 0.7mm 217 

(element range of 28,200-37,500) to obtain a reproducible stress analysis of the human thoracic 218 

aorta [34]. Uniform material properties were adopted for the aortic wall while thickness 219 

measured from tissue samples was set for each patient simulation. Distal ends of the 220 

descending aorta and supra-aortic vessels were fixed in all directions. Material fiber direction 221 

was set using multiple cylindrical coordinate systems with origins in the centerline of the 222 

aneurysmal aorta. The ATAA wall was modeled using two constitute formulations to assess the 223 
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role of the isotropic- and anisotropic material behavior on the resulting stress distribution. The 224 

density of the aortic tissue was 1060 kg/m3. In the Abaqus/Explicit solver, ATAA wall mechanics 225 

was modeled as a quasi-static process while the energy was monitored to ensure the ratio of 226 

kinetic energy to internal energy remains less than 10%. Adequate time step was applied while 227 

an element-by-element stable time increment estimate, coupled with a “variable mass scaling 228 

technique,” reduced the computational cost of each simulation. Mass scaling was performed by 229 

scaling the masses of elements whose stable time increments was less than the user-supplied 230 

time increment of 1.e-7 s so that the element stable time increment for these elements becomes 231 

equal to the user-supplied time increment. This approach has a minor effect on the stress 232 

analysis.   233 

 234 

The numerical strategy is here summarized: 235 

1. For the estimation of the “almost-true” stress distribution, the FEA model of each patient 236 

was loaded with a uniform peak systolic pressure distribution of 120mmHg in a very stiff 237 

aortic wall (E=2x104 GPa and v=0.49). This approach led to infinitesimal deformation of 238 

aneurysmal aorta.  239 

2. The resulting “almost-true” stress distribution was adopted to optimize the population-240 

average material descriptors of Yeoh and Fung constitutive relationships. This step 241 

allowed us to find the optimal material parameters specific to a given patient geometry.  242 

3. A second set of simulations was performed using the optimal material properties and 243 

the diastolic-to-systolic displacement field (instead of the uniform pressure distribution) 244 

to find realistic deformation of ATAA wall. 245 

4. A third set of simulations was carried out using the displacement field as the boundary 246 

condition but using the experimental material properties evaluated from ex-vivo material 247 

testing. Then, results were compared to those observed for the second set of 248 

simulations.     249 
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   250 

RESULTS 251 

Experimental biaxial testing 252 

Experimental raw data from equibiaxial testing are shown as Piola-Kirchhoff stress versus 253 

engineering-strain plots for ATAAs in both circumferential and longitudinal directions of 254 

ascending aorta (Figure 1). Most of stress-strain data presented a linear part, related to the 255 

elastic properties of the aneurysmal aortic tissue, followed by an exponential part related to the 256 

collagen fiber recruitment. These parts were separated by the “yield point”, which is more likely 257 

to define the in-vivo stress range. For a given tissue specimen, there was no remarkable 258 

difference of material response between longitudinal and circumferential directions, suggesting 259 

isotropic mechanical behavior for ATAA wall as previously found [31]. Stress-strain data were 260 

successfully fit by both the isotropic and anisotropic constitutive models, and the material 261 

parameters for each patient were estimated (Table 2). Fitting was able to accurately reproduce 262 

the non-linear behavior of experimental data (R2>0.91 in all cases) so that material descriptors 263 

can be considered as determinants of the biomechanical behavior of ATAA wall. After running 264 

the elastostatic optimization analysis, material parameters were found close to those obtained 265 

from the fitting of the experimental stress-strain curves. We observed that even a variation of 266 

10% on the initial guess of the constitutive parameter set did not determine remarkable changes 267 

on the optimal material parameters. 268 

 269 

Strain analysis 270 

Figure 2 shows the distribution of diastolic-to-systolic strain field as well as the experimental 271 

stress-strain curve from biaxial testing of the aortic tissue specimen cut from the same patient. It 272 

can be observed that the range of “true” strain in the circumferential direction is below the yield 273 

strain, which is the value of the strain at yield point before reaching the steep increase in the 274 

stress-strain response of tested aortic tissue specimen. Most of patients experienced low strain 275 
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at CT imaging, except for patients P.6 and P.9 who experience strains remarkably above the 276 

yield strain (Table 3). This can be determined by high blood pressure induced by hypertension, 277 

increased stretch and twist of aortic vessel due to heart beating and local changes of material 278 

properties or tissue thickness, exposing the aneurysmal aorta at greater risk of complications 279 

than other patients. 280 

 281 

“Almost-true” stress computation 282 

The distribution of “almost-true” stress determined by the simple linear-elastic FEA with the stiff 283 

elastic modulus was compared to that obtained at the end of optimization procedure for each 284 

patient simulation. Specifically, the maximum principal stress exerted on the ATAA wall was 285 

used as an indicator of intramural stress of aneurysmal aorta. Figure 3 shows that the stiff ATAA 286 

model had a stress distribution similar to that of Fung model but different from that shown by the 287 

Yeoh model. The mean absolute percentage error (MAPE) was calculated for each patient as a 288 

measure of differences among simulation approaches. For the patient P.1 shown in Figure 3, 289 

the MAPE was nearly 30% between the “almost-true” and Yeoh models and 8.5% between the 290 

“almost-true” and Fung models. For other patient cases, we found errors in the range of 6-18%.  291 

 292 

Biaxial testing of optimal vs experimental material parameters 293 

Optimized material parameters obtained from elastostatic analysis were used to determine the 294 

stress-strain response under equibiaxial loading conditions in a FEA reproducing the 295 

experimental testing of aortic tissue sample. Then, the stress-strain curves were plotted 296 

together with the experimental testing data (see Figure 4). P.2 with small strain field exhibited a 297 

practically equivalent stress-strain response with both experimental and elastostatic material 298 

descriptors. At strain of 14%, P.6 had the largest discrepancy of 24% in stress predictions 299 

between optimized and experimental material descriptors of two-term Yeoh constitutive model.  300 

 301 
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Patient-specific FEA of optimal vs experimental material parameters 302 

Figure 5 illustrates predicted wall stress distributions computed by patient-specific material 303 

descriptors determined from experimental biaxial testing of Yeoh model. Local maxima of wall 304 

stress were mainly placed near the maximum curvature of the ascending aorta, just above the 305 

sino-tubular junction. In a similar way, Figure 6 shows predicted wall stress maps resulting from 306 

the experimentally-based material fitting using the Fung model. It can be observed that stress 307 

distributions are similar among constitutive formulations (ie, Yeoh versus Fung model) when 308 

patient-specific material parameters are adopted.    309 

 310 

Although biaxial testing results of optimal versus experimental material parameters are 311 

encouraging, we found considerable discrepancies for the patient-specific stress predictions 312 

between the optimal material parameter set versus the experimentally-derived set (Figure 7). 313 

The MAPE was calculated for each patient and evinced highly variable differences from patient 314 

to patient and the type of constitutive formulation (see Table 4).      315 

   316 

DISCUSSION 317 

In this study, we exploited the appealing concept of obtaining reasonably and accurate stress 318 

solutions of aneurysm mechanics using an inverse approach, and thus without invoking 319 

accurate material descriptors that are hard to know before surgical management of ATAAs. We 320 

optimized population-average material parameters with respect to an “the “almost-true” stress 321 

fields obtained with an infinitesimal linear-elastic model based on a sufficiently stiff Young 322 

modulus [23]. The so-recovered material parameters were implemented in FEAs, and then 323 

stress distributions of nine ATAA geometries were compared to those predicted when patient-324 

specific material descriptors are estimated from the fitting of ex-vivo testing data of aortic tissue 325 

specimens collected from the same patient. We observed that the stress-strain response under 326 

equibiaxial loading predicted by the elastostatic analysis was consistent to the experimental 327 
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material behavior if strain was low (largest difference of 24% at strain of 14%). This was in 328 

agreement with findings documented by Liu et al. [23]. However, the discrepancy on predicted 329 

stress distributions was considerably, depending on the adopted constitutive model and ATAA 330 

shape, when FEAs were performed on patient anatomies. Although the stress analysis of 331 

abdominal aortic aneurysms did not depend on material properties [22], the modeling of the 332 

ascending aorta as a statically-determinate structure needs further understanding so that the 333 

role of material properties is still important for realistic and accurate stress predictions.   334 

 335 

Identification of patient-specific material parameters of ATAAs deserves important interest as 336 

FEAs rely on population-average values of material properties for those patients undergoing 337 

close monitoring of the aneurysm size. In risk predictions of aneurysm failure, FEAs based on 338 

patient-specific material descriptors were carried out in very few studies restricted to patients 339 

who underwent elective surgical repair of ATAA wall to derive the material behavior from 340 

uniaxial or bulge inflation tests [11, 12]. The role of material properties in computational growth 341 

and remodeling analyses may be even more remarkable as stress estimations are strongly 342 

dependents on local material changes [35].  343 

 344 

To avoid ex-vivo material testing, inverse approaches allows to estimate material descriptors; 345 

however, inverse analysis involves a complex non-linear problem [36, 37]. Most of inverse 346 

techniques proposed for soft tissue mechanics attempt to minimize a cost function defined by 347 

the difference between a target parameter, which is determined from medical image analysis, 348 

and a candidate parameter estimated from FEA and then iteratively adjusted to tune material 349 

parameters of interest [38]. However, inverse approaches are commonly time consuming due to 350 

continuous interaction with the FEA solver [39]. For the ascending aorta, Trabelsi et al. [38] 351 

proposed an inverse method in which the target variable was the volume variation of the aorta 352 

measured from ECG-gated CT scans. They assumed a linear relationship between the 353 
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constitutive material parameter and the volume of the aortic luminal surface, and then carried 354 

out eight FEA analyses for each patient to build datasets for several CT measurements of ATAA 355 

volume at systole and mid-cardiac phase. The error attributed to this approach was 0.6% on 356 

estimated CT volume and 9.6% on the predicted stress response under equibiaxial test 357 

simulations. In agreement with our findings, the statically determinate inverse approach 358 

proposed by Liu et al. [23] for the Gasser-Holzapfel-Ogden constitutive model demonstrated 359 

comparable biaxial stress-strain curves between elastostatic analyses and experimental tests 360 

estimated in a previous investigation of the same group [11]. In their patient study group, 361 

patient-specific FEAs on ATAA anatomies were not done because of lack of both CT and tissue 362 

data, without quantification of stress changes computed with either experimental or elastostatic-363 

based material parameters.  364 

 365 

Generally, the stress of a deformable body depends not only on its geometry, load and 366 

boundary conditions, but also on the mechanical properties of constituents. One of the 367 

obstacles standing before the biomechanics community is the difficulty in obtaining patient-368 

specific properties of tissues given the absence of a methodology to non-invasively estimate 369 

stress in-vivo. Notwithstanding, there is an emerging interest from several groups in 370 

reformulating computational mechanics in a new paradigm so that computational stress 371 

predictions are weakly sensitive to the variation of mechanical properties when the deformed 372 

configuration is given [28]. This paradigm can apply to non-linear elastic material, because the 373 

stress in such material depends on the relative deformation among two definite configurations. If 374 

one of them is known, the other can be solved from equilibrium, which is dominated by in-plane 375 

stress for thin-walled structure treated as a membrane. From the analysis of ECG-gated CT 376 

images, we observed that strain at deformed configuration bears to the linear-elastic part of the 377 

experimental stress-strain response (see Table 3), thereby supporting in part the static 378 

determinacy of the aneurysmal wall. In this way, the inverse problem can be directly formulated 379 
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using the constitutive law as here presented or shown by other studies [23, 40] and without the 380 

need of a continuous interaction with the FEA solver. Using the Fung model, Miller et al. [28] 381 

investigated the sensitivity of the stress solution with respect to material parameters and 382 

constitutive model in three intracranial aneurysm geometries under static determinacy. The 383 

inverse stress solution was far less sensitive to material description as, for instance, the 100 384 

times increase in the stiffness parameter   of the Fung model led to a 2.9% error in the 385 

maximum principal stress prediction. As compared to abdominal or cerebral aneurysms, the 386 

ascending aorta is cyclically stretched and twisted every heartbeat by determining the presence 387 

of longitudinal and shear stresses in a way that the static equilibrium is not only governed by the 388 

internal pressure. These mechanical forces are also highly dynamic (as systole is approximately 389 

0.33s), thereby determining viscoelastic effects. These factors combined to residual stress likely 390 

occurring in blood vessels can pose several doubts on the modeling of the ascending aorta as 391 

statically-determinate structure.            392 

 393 

The major limitation of this study is that comparisons of stress predictions were carried out 394 

assuming the experimentally-derived material parameters as the true material descriptors of the 395 

ATAA wall, but these can be indeed different from the in-vivo condition. However, there is no 396 

methodology to in-vivo estimate the material behavior so that experimental material parameters 397 

are the most accurate ATAA material descriptors. FEAs were based on homogenous thickness 398 

and material properties for the whole aorta but there exist evidence of regional changes in the 399 

material properties and thickness along the vessel circumference [41] and from the aortic root to 400 

the distal ascending aorta [42]. It should be mentioned that the optimization procedure can be 401 

modified to account for heterogenous thickness and regionally-dependent material properties by 402 

slightly altering the workflow and evaluating the objective function element-by-element. 403 

Disregarding the presence of residual stresses and considering the arterial wall as a 3D 404 

membrane with uniform thickness can be considered as additional limitations of the current 405 



17 

work. It was assumed that the aortic wall behaves as a membrane with no bending moments or 406 

no through thickness shear, although regions near the branches may not satisfy the membrane 407 

assumption. The orientation of elastic fiber was not considered in FEAs, and this may alter the 408 

stress distribution as demonstrated in a previous study [31]. Caliper-based measurements of 409 

tissue thickness can lead to errors which in turn affect aortic wall stress predictions.     410 

 411 

CONCLUSION 412 

We conclude that the modeling of the ascending aorta as a statically determinate can lead to 413 

errors on wall stress predictions in patient-specific FEAs since aortic wall stress was found to 414 

depend on the type of constitutive model and ATAA geometry. Static determinacy needs better 415 

understanding of its application to determine ascending aortic aneurysm mechanics so that 416 

patient-specific material descriptors as determined by ex-vivo material testing are advocated for 417 

reliable accurate stress predictions of ATAA wall mechanics. 418 
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Figure Legends 553 

Figure 1: Equibiaxial raw stress-strain data for ATAA specimens in (A) circumferential (CIRC) 554 

and (B) longitudinal (LONG) directions; labels indicate specimens obtained from same patient 555 

Figure 2: Representative distribution of circumferential strain for patient P.2 as obtained after 556 

optimization procedure and raw stress-strain data in the circumferential direction showing the 557 

range of strain.   558 

Figure 3: Distribution of “almost-true” stress determined using a very stiff material for the aortic 559 

wall as compared to stress from the optimal material properties for the Yeoh and Fung 560 

constitutive models of P.1   561 

Figure 4: Comparison of stress-strain response curves under equibiaxial loading condition for 562 

three representative patients as modeled with two-term Yeoh constitutive model (top row) and 563 

Fung-exponential model (bottom row) using experimental and optimized material parameters; 564 

dots indicates maximum value of peak systolic strain    565 

Figure 5: Distribution of patients-specific stress as quantified by the maximum principal stress 566 

at peak systole for all patients using the Yeoh constitutive material formulation based on the 567 

fitting of experimental data. 568 

Figure 6: Distribution of patients-specific stress as quantified by the maximum principal stress 569 

at peak systole for all patients using the Fung constitutive material formulation based on the 570 

fitting of experimental data. 571 

Figure 7: Comparisons of stress distribution for P.3 using the material parameters obtained by 572 

the FEA using the statically-determinate optimization procedure versus the FEA using patient-573 

specific material parameters. 574 

  575 

  576 

 577 
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Table 1: Patient demographic information  579 

Patient ID Age Gender 
Aortic  
Valve 

Type 
Systolic 
Diameter  

(mm) 

Diastolic 
Diameter  

(mm) 

Thickness 
(mm) 

P.1 70 Male BAV AP 52.0 51.2 2.1 
P.2 71 Male TAV / 50.4 50.8 1.9 
P.3 67 Male TAV / 54.8 57.1 2.2 
P.4 56 Male BAV RL 52.4 53.6 1.8 
P.5 58 Male TAV / 42.3 45.2 2.2 
P.6 67 Male TAV / 48.5 49.8 2.8 
P.7 78 Male TAV / 46.5 47.8 2.1 
P.8 63 Female TAV / 54.8 55.8 1.7 
P.9 68 Male TAV / 44.7 45.1 2.3 

 580 

  581 



26 

Table 2: Constitutive material parameters as obtained by the fitting of experimental biaxial 582 

testing (exp) and by the elastostatic optimization procedure (opt); coefficient of determination 583 

(R2) refer to experimental data  584 

 585 

Patient ID 
Yeoh 

 
Fung 

 
c1

y
 (kPa) c2

y
  (kPa) R

2
  c1

F
 a1 a2 a3 R

2
 

P.1 exp 13.1 147.9 0.990  5.6 6.7 6.6 4.7 0.970 

 opt 21.6 157.5  27.1 13.8 8.7 5.5 

P.2 exp 31.1 42.6 0.990  29.9 32.3 53.2 12.4 0.984 

 opt 38.6 43.1  112.1 8.9 8.2 7.5 

P.3 exp 64.9 134.5 0.980  42.0 15.4 1.0 1.4 0.990 

opt 84.2 35.4  110.0 4.4 15.2 8.2 

P.4 exp 38.4 101.1 0.990  55.8 3.1 10.6 0.1 0.991 

opt 27.0 169.7  6.6 1.2 2.4 0.5 

P.5 exp 75.6 884.0 0.970  14.5 29.2 31.1 1.7 0.982 

opt 50.1 560.0  4.5 12.02 13.1 12.6 

P.6 exp 50.4 75.1 0.998  32.8 8.1 12.7 1.2 0.978 

opt 96.4 42.1  96.8 14.3 12.4 4.8 

P.7 exp 3.8 86.7 0.990  99.7 2.5 3.8 -0.2 0.998 

opt 55.2 32.6  15.9 14.1 15.1 3.0 

P.8 exp 15.4 242.0 0.974  5.8 21.9 20.5 -7.8 0.935 

opt 51.2 480.9  42.1 26.3 26.2 -21.0 

P.9 exp 121.8 446.8 0.968  55.6 11.0 0 0.0 0.914 

opt 163.4 240.7  54.1 14.2 66.1 30.7 

 586 

  587 
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Table 3: Range of strain determined from CT imaging (CIRC) and corresponding yield strain 588 

(yield) extrapolated from stress-strain raw data of biaxial testing.     589 

 590 

 
P.1 P.2 P.3 P.4 P.5 P.6          P.7 P.8 P.9 

 min max min max min max min max min max min max min max min max min max 

CIRC  0.01 0.15 0.01 0.03 0.04 0.15 0.03 0.12 0.02 0.18 0.01 0.16 0.01 0.13 0.05 0.10 0.01 0.13 

yield  0.16 0.24 0.25 0.17 0.15 0.09 0.21 0.17 0.08 

 591 

 592 

 593 

  594 
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Table 4: Mean absolute percentage error (MAPE) of maximum principal stress between 595 

experimentally-derived and optimized material parameters.     596 

 
P.1 P.2 P.3 P.4 P.5 P.6         P.7    P.8 P.9 

Yeoh  0.7105 0.7398 0.7545 0.4520 0.5303 0.7034 0.2138 0.1754 0.3245 

Fung 0.7683 0.1140 0.6022 0.3241 0.7539 0.7130 0.0349 0.2198 0.7034 

 597 

 598 

 599 

 600 
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