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Steering distillation processes through quantum Zeno dynamics
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A quantum system in interaction with a repeatedly measured one undergoes a nonunitary time evolution and
is pushed into a subspace substantially determined by the two-system coupling. The possibility of suitably
modifying such an evolution through quantum Zeno dynanfigs, the generalized quantum Zeno effect
addressing the system toward apriori decided target subspace is illustrated. Applications and their possible
realizations in the context of trapped ions are also discussed.
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I. INTRODUCTION dard description of QND. Indeed, while in the quantum non-

A distillation process, in its essence, is nothing but a sysdémolition measurement approach it is required that the ana-
tematic way of driving a system toward a state nonorthogo!29 ©f the M-S coupling should commute with the slave
nal to its initial condition. in some sense, thus, it often rep-OPServable one is going to measuaesufficient condition to
resents the realization of a projection operator. In recenf€@liz€ a projection ontoAs subspaces in distillation
years, efforts have been made to realize distillation proceSchemes a necessary and sufficient condition on the nonuni-
dures since they might be exploited to prepare and to contrdfy operator descrl.bmg the nonunitary dynamlps abqve
at one’s will the state of a quantum system. In the field of "éntioned may be directly given in order to establish which
quantum technology1,2] covering such research areas assut_)l_sk]pac;etls 9?".‘9 to bﬁ extracted, thatt\;\'ls, fd'lzt'"gd' "
guantum computation, quantum information and quantun"ha € Interest In such a process IS twoloid. n e one

L . . hand, as already mentioned, it allows the realization of ap-
Feleportatlon, itis usually assymed that a des!red state, Wh'aglications in the context of quantum state manipulation and
Is necessary to start a specific quantum manipulation, can K& icyjar quantum state preparation. On the other hand, it

prepared in principle. In reality, however, it is not at all j5 5150 interesting in fundamental physics, describing the be-
trivial and we have to specify explicitly how such a prepa-payior of a physical system when a part of it is repeatedly
ration is actually implemented. Various distillation processesneasured.
have been proposed for this purpose so 1a2]. In this paper we analyze in depth the distillation process
Recently a general strategy of distillation specifically ad-reported in[3], bringing to light the close connection be-
dressed to bipartite systems has been repdB&dThe key  tween the final result of the distillation process and the
idea of this distillation process is to repeatedly measure anaster-slave interaction. In particular, neglecting any envi-
system(here calledmasterand denoted byM) interacting ronment effect, we show that the survival probabilities of the
with another onghere calledslaveand denoted bys) pro-  slave states under the unitary evolution due toNh& inter-
voking a nonunitary evolution which forces the latter towardaction are the crucial elements of this process. We shall
a subspace determined by the spedifieS coupling and by  prove that the higher is such a unitary survival probability,
the results of the master measurements. It occurs with the higher is the probability that the relevant slave state is
probability that expresses the efficiency of the process.  distilled by the process. On the basis of this observation, we
Such a scheme for distillation shares some points wittdemonstrate the possibility of steering distillation processes
guantum nondemolition measureme&@ND) methodg4,5],  using mechanisms of control of survival probability relying
also based on the idea of repeatedly measuring a system am the generalized quantum Zeno effect, i.e., the quantum
interaction with the one we want to observe. It is worth men-Zeno dynamic$9-12] recalled in the following.
tioning that, although the original scope of the QND was to In the next section, we recall the general statement of
measure observabld€iet us denote byAg the generic one  repeated measurement-based distillation following R&f.
related to the nonrepeatedly measured sygtanresponding and show applications in the specific case wherein the master
to the slave in the distillation schemehe procedurébeing is a two-level system. In the third section, we analyze the
nothing but a practical realization of a measurement on th@ature of the distillation and point out its connection with the
slave has the collateral effect of projecting the slave onto ansurvival probabilities related to the unitary evolution induced
eigenspace of the measured observable. Therefore, QNBy the M-S interaction. In the same section, we recall the
provides a way to generate quantum states through éxeir quantum Zeno dynamics and show how to use it for control-
traction from the initial condition of the relevant physical ling such survival probabilities and hence for steering distil-
system(i.e., the slave[6-8]. Despite these similarities be- lation. The realizations of some classes of projection opera-
tween distillation and QND, the formalism introduced in tors in a harmonic-oscillator Hilbert space are reported in the
Ref. [3] allows one to bring to light all the potentialities of case where the master is a few-level system. The realization
such a scheme overcoming restrictions present in the stawf operators projecting in finite or infinite dimensional sub-
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spaces corresponding to finite or infinite ranges of energy is V(7 = p 3
described. In the final section, we discuss and show the pos- () % Nl @
sibility of realizing the method presented, in the context of R

trapped ions, and give some concluding remarks. where{P,} are orthogonal projection operators satisfying the

completeness relatioﬁkﬁk:is, 13 being the slave identity
operator, andy, are complex numbers having moduli in gen-
eral not greater than 1. We shall denote also|qyl) the

In this section, we analyze the behavior of a compounckigenstates correspondingRg, | being indices spanning the

system when a part of it is repeatedly measur_ed. Itis eas”)éventually degenerate eigenspace, so E?Raiz||7k,|><7k,||-
understood that the measurements generally introduce non- Introducing y=max{| %/}, one finds, for large enoug
unitary elements in the time evolution, and provoke the de- Kb ' '

cay of a subsetsubspackof slave states when certain con- WN(7) =~ Ryl ol ddl > WPy (4)
ditions are satisfied. In this circumstance, a projection klnd=y

operator onto a slave subspace is practically realized. The i

required conditions concern the spectrum of the nonunitarfVich may also be cast in the form

operator responsible for the evolution. As will be reported at ~NY Y SN

the end of this section, in the case wherein the master is a W) = Ryl o) ol V'R P ®
two-level system, the relevant nonunitary operator is showiyhere ﬁ::EkM =AWl )P, (and henceRY) is a unitary op-

to be diagonalized and such conditions are explicitly examy 40y acting on the distilled slave subspace corresponding to
ined. Moreover, it is necessary to analyze the relevant SPeGhe projection operator

trum to determine the duration of the unitary interactioe.,

the interval between adjacent measuremeatsd to indi- Pisi= 2> Py (6)
viduate the classes of distillable subspaces. K| nd=y

Il. DISTILLATION PROCESSES

If a unique eigenvalue o¥(7) having modulusy exists and

in addition its eigenspace is nondegenerate, then the distilla-
Consider two interacting systems, referred tonaaster tion procedure realizes just a single-state selection.

(M) andslave(S). Let{|¢)} denote a basis dfl, and{|¢,)} It deserves to be noted that the distillation is a conditional

indicate a basis of. Let us denote byAJ(T):e‘"% the time procedure in the sense that its success depends omea-

) N _ N surement results. More precisely, the master sy<tdn at
evolution operatot#=1) for time 7, H being the compound - ¢5ch measurement act, should be always found in the state

system Hamiltonian. ¢o). Moreover, the procedure substantially realizes a projec-
Perform a measurement of the master state, and assurjgy, operator; hence, if the process is successful, the
that the result ig¢). Let the system evolve for imeunder q|d-be distilled states should be present in the initial slave
H, then perform another measurement of the master, and sgate p,, where the initial state of the compound system is
on N times. Assume that at each step the master system igssumed to bp,® |po){dg|. The joint probability of finding
found in the statggg). In such a case, the compound systemthe master system in its initial staes,) at each step

is subjected to a nonunitary time evolution characterized bXHE:ﬂO(kM), SOEV') being the probability of finding the master in

the operator | o) at thekth measurementends, in the limitN — o and in
the casey=1, to the probability of finding the target sub-

WN(7) = N[ doX ol U(D TN o) bl = Nl o) dol[V(DTV,  space(i.e., the “distillate) into the initial slave stat§17]
(see the Appendix that is,

A. General statement

(1)
N
where [T — Tre{pPaist (7)
k=1
V(7 = <¢0|e'iﬁ7| do) (2)  where Tg is the trace operation over the slave degrees of

freedom.
is a nonunitary operator describing the transformation that The quantity in Eq.(7) expresses the efficiency of the
the slave state undergoes owing to both the time evolutioflistillation process, that is, the success probability of distil-

O(T) and the projection following the successful measure-latior?' In connection With. this point, it is worth remarking
ment act onM. The normalization factol} takes into ac- that in the casey=1 the distillation may be thought of as a

count the probability of findingV in the stateld) N times. S|m_ulat|on of a measurement_act on the slav_e. In fact, |_t
, ~ , projects the system onto a prefixed subspace with a probabil-
'Letus solve the eigenvalue problem relate/te). Since iy, given by the norm of the component of the slave state
this operator is not Hermitian, generally its right and left jiq the distilled subspace.

eigenvalue problems have different solutions. Assume now Incidentally, Eq.(7) explains also the fact that QND may

that it is possible todiagonalizethe operator\?(r) in the  be used in many physical systems, for instance in trapped
standard way13] ions, both as a strategy for generating states and for measur-
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ing slave state populatior{—8|. Indeed, on the one hand coé\'(srv’@ ~0 otherwise, (11)
such processes project the system onto the distilled subspace ) o

with an efficiency given by Eq7) (state generationOn the ~ and hence, choosing, for a prefixedthe pulse arear such
other hand, the master is found in the statg all N times  that for instancerVw=, it is possible to distill all those
with a joint probability which(for large enough\) is equal ~ states belonging to integer-squared multipleg»paind if no
to the population of the target subspace in the initial slavesuch eigenvalues exist, only the state corresponding i®

state, providing a way to measure such populatigmpula- ~ distilled.
tion measuremenis In the context of trapped ions, this result may be used to

realize a wide variety of applications concerning the genera-

tion of states whose Fock statistics involves only Fock states

corresponding to perfect-square numbers, the generation of
In general, the eigenvalue problemdf7) is not trivial, ~common eigenstates of energy and angular momentum, an-

in the sense that the left and right problems are not adjoint tgular momentum Schrédinger cat states, and spl@h

each other. As an example of solvable models, let us consider

the case wherein the master is a two-level systiarmally lIl. CONTROLLING DISTILLATION THROUGH

of spin %), while the slave is a harmonic oscillator. This is QUANTUM ZENO EFFECT

not just an academic example. Indeed, in the context of

trapped ions, it is possible to realize a wide variety of suc

couplings provided the experimental setup is adequately a

justed. In fact, the actions of suitably tuned and polarize

laser fields on the confined atom are responsible for specifi

vibronic couplings(vibronic, i.e., involving both the internal

and center-of-mass motional degrees of freedofithe form

[14-16

B. A case of spin 1/2 as the master

In this section, we explain the connection between the
inal result of the distillation and th®-S interaction, show-

ng that the distilled subspace is generated by those slave
tates which undergo unitary evolutions, in the timehar-
Scterized by the highest survival probability. On the basis of
this fact, we propose to use quantum Zeno effect to control
such survival probabilities. Moreover we show some appli-
cations, in particular the realization of what we call high-,
A low-, and bandpass bosonic filters, i.e., projection operators
H, =&flo, +H.C., ®) on subspaces whose states possess excitation numbers higher

whered, =|+)| (5_=|-)(+|) is the Pauli raisinglowering ~ ©F lower than a quantity, or in a range.

operator, ) being the internal ionic states, aads a posi- _ _ _ N
tive coupling constant related to laser intensities and initial A. Unitary vs nonunitary survival probability

phases. The generic time-independent openﬁta[:ts in the Consider the orthonormal basis of the M-S system
slave Hilbert space, and its specific form is determined oncéy,|)|¢)) =|.1) ®|¢;), and denote by (7)) its evolution

the specific nature of the master-slave interaction is givefq,quced bny(r): |'//kl,j(7')>EO(T)|7’k,|>|¢j>- Therefore, the

[17) o ) evolution operator may be cast in the form
Assume that the mastéM) is initially in the state|+),
hence starting with the density operator U(r) = > |t (DY m I [(B]. (12)
A A kilj
P=py, @[+ X+, 9

Since \7(7)E<¢O|O(T)|¢o>:Ek,l7’k|7k,|><7k,||a we obtain

(o] tha o) =wn)). This means that U(7)|yn,|¢o)
g_\"!on(T)elgn(T”?’naD ® |¢O> + 2j;éozm,ch,mq(7')|7’m,q> ® |¢j>,
@n(7) being the relevant survival probability related 4q
through y,= \pn(7)€4(?. Therefore one immediately finds

p, being the initial slave state. Let the system evolve unde

the action of the Hamiltoniaﬁiv (M-S interaction for time
7, and then measure the internal ionic state. Assume the sy:
tem is found in|+), and then let again the system evolve in

accordance Witrh:lu for another timer, and measure the fer-

mionic state finding it in+), and so onN times. vin=> & | [ 13
Under these assumptions, the system undergoes the non- (7 HE,' Vonlm) Yl (13
unitary evolution essentially described by tNéh power of » . . . )
the nonunitary operator Such a decomposition gives a precise physical meaning to
i the moduli of the eigenvalues a&f(7) and shows that the
V(7) = (+]e o7 +) = coge 7V QO ). (100  distilled (preservelislave stategcorresponding to higher ei-

genvalue moduli are those undergoing unitary evolutions
Such an explicit expression provides a very useful insight fofbetween two measurement gctshich do not induce(or
forecasting the result of a distillation based upon interactiongnduce smaller abandon of the initial master statkfp) in
of the form(8). Indeed, denoting by and |wy the eigen-  favor of the others¢), j #0. In other words, in order to be
values and eigenstates of the operddd™, it is possible to  distilled, the statdy,,!)|¢) should not undergdgor should
distill a class of eigenstates simply by adjusting the pulsgindergo less than the other stateansitions to states with

areaer. In fact, for large enough, it turns out that different master statdg/y,,q)|¢;), j # 0. On the basis of this
_ _ comment, each statg,,|) may be thought of as a “channel”
cofemwy = (- D)W if erfor =1, of probability loss, which may be opened or closed depend-
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ing on the specific features f(7). If the channel is closed 9l E4 71 = (gle™=41g)? = cos(|| ), (17)
the relevant state is preserved, otherwise it is going to b

lost the unperturbed dynamics being restored.

Let us summarize this phenomenology. The four-level
B. Quantum Zeno dynamics to control unitary survival system under scrutiny performs Rabi oscillations between
probability: A toy model the two lowest stateghose coupled by)) when A=I"=0.

The survival probability of a physical system undergoingSuch @ dynamical regime corresponds to the unperturbed
a unitary time evolution may be changed using controllimé evolution. AsA is made nonvanishing, the dynamics
mechanisms substantially relying on the dynamical quanturRecomes more and more complicated until the condition
Zeno effect, i.e., quantum Zeno dynam[@.l_‘]_] To better |A|>|Q| is reached. In such a situation, the dynamlCS of the
understand this fact, let us temporarily leave our originalowest level is frozen, and this is just the continuous mea-
physical problem and consider a three-level system, assungurement quantum Zeno effect already recalled. Anas
ing that its dynamics is governed by the tridiagonal Hamil-also adjusted as a nonvanishing coupling constant, an unex-
tonian pected phenomenon does happenTagrows up, the effect
due to the strong coupling. between the second and the

0* Q0o third levels becomes relatively weaker and weaker, up to the
2= 0 A (14)  point, identified by the conditiof'|>|A|, wherein the origi-
0 A" O nal Rabi oscillations are completely restored. In agreement

with Refs.[10,18, one can interpref andI" couplings as

Q) being the coupling constant between the ground state an@ontinuous” measurements so that it is possible to give the
the first excited statdg) and|e,), respectively, andA being ~ following metaphorical statement: “a watched pot never
the coupling constant between the first and the second e oils” (|A[>Q, T'=0) but “a watched cook can freely watch
cited levels(je;) and (e,), respectively. We shall consider @ boiling pot”(|A|>Q], [T|>|A[) [10]. _ _

the dynamics in the regim&=0 as theunperturbedone, and In passing, we mention the fact that thierarchical chain

it is straightforward to prove that it corresponds to Rabi os-Of interactions in principle may bextended(with further
cillations betweeng) and|e;). The second excited stalte) rings), maintaining the same substantial features: the last ring
is stationary. The introduction of the second coupling0  Of the chain is able to destroy the effects of the previous one
gives rise to a modified regime, known Zsno dynamics depending on how_the relevant coupling stre_ngths compare
such that for|A|>|Q| the dynamics of the ground state is t© each other. For instance we could add a fifth level and a
hindered. More in detail, assuming that the system starts ifPurth coupling involving the fourth and fifth levels. In this

the statelg), the relevant survival probability is given by ~ Way, we obtain a X5 tridiagonal matrix. In concomitance
) ) ) with an increase of the fourth coupling strength, the hinder-
IA[2+1]0)f cos(wr)]

ing of inhibition given by the third couplingl’) is hindered.
A2+ 10

9ol Ea, 7] = |(gle"=57g)? = {

(195 C. Low-, high-, and bandpass bosonic filters
i —./ 2 2
with w=|Q[2+[A[% - , _ Let us now come back to our original framework and
Looking at this formula it is easy to see that in the regimecopsiger the case when the master system is a three-level
|A|>Q), the probability approaches unitys=~1, meaning  gystem and the slave is a harmonic oscillator. Assume that

that the unperturbed dynamics is hindered by the action ofj,o unitaryM-S evolution is induced by the Hamiltonian
the A coupling which may be interpreted as a measurement

coupling. Indeed the transitions frofg,) to |e,) produce in ﬁA:Q[fgl(éTé)éP|el><g| +H.c]+A[fiaa'a)ade,) (e
; P q
some sense a way to measure the population of Iyl
[10-12, putting this behavior in the framework of quantum +H.cl, (18

Zeno effect. Apart from philosophical and semantical discusWherep and q are integer numbers related to the specific
sions, the effect of the secorfstrond coupling is to hinder  chgice of the laser frequencidsidebands Q and A the
the dynamics due to the first coupling. , (rea) coupling constantsy the harmonic-oscillator annihila-
The scheme may be generalized, assuming, for examplgg, operatorhere the notation is such tha= A" for posi-
that a third excited levele;) coupled with the second exists, e s), while |g), |ey), and|e,) are the three atomic states

as expressed by the Hamiltonian effectively involved in the dynamics. Finally the functions
0 O 0 O (assumed to be real, for notational simpli@tiﬁg1 andfé2 are
O 0 A O introduced.
EdQAD=|l o A 0 T (16) Consider the unitary evolution due t, in Eq. (18) in
o 0 o the special regimé\=0 andp=0. Then the repeated detec-

tions of the atomic statég) lead to the standard quantum
nondemolition measurements, by which it is possible to ex-
It has been shown that, in the regifi@>|A|, the hindering tract, i.e., distill, a number state for instance in the context of
effect due to the\ coupling is cancelefil0,18. In fact, we trapped ions and cavity QE[5,7]. More in detail, denoting
have by |n) the harmonic-oscillator Fock states, the effective non-

032102-4



STEERING DISTILLATION PROCESSES THROUGH PHYSICAL REVIEW A 71, 032102(2005

unitary evolution operator acting upon the vibrational state is ~ g1
given by V() = 2 co QfgH(n) 7] In)(n|
n=0
1 . |An|2 + |Qn|2005(wn7')
Viso() = <g|e Hi-lg) = cog 01§(aa) 7] +2 ol (22
e ViV LR g O
=2 cod QfF(n)7]n)(n|. (19)  with w,=V|A|*+|Q,[%. The operator is diagonal in the Fock
= basis.

In the dynamical regime characterized Ay (), p=0, if

R we assume thaﬁz(n q) # 0 for all Fock states and that the
Since in this case the Fock states are eigenstateémpfwe  functions fg, féz are of the same order, an inequality,)|
have |y,,1):=|n). It is possible to choose=r, such that >|Q,| hoIdsD n If the measurement interval is not fine
Qf3(n) 7= Assuming that fon=, f(n) andf3'(N) are  tuned, i.e.,7# q- , (1" 1-;"_)1 integerk, where 7. (k) sat-
incommensurable, the eigenvectoh ® |g), and it only is ISerSQfgl(j) k)—kw all Fock states with an eXC|tat|on num-
preserved by the distillation proceduteod Q' (n)7:1|=1),  ber less tharm are eliminated in the course of repeated mea-
while all the others are partially destroyed at each masters;rements, hence realizing the projecter=f-iin)(n|, that
state detectlom|co{Qfgl(n)rn]|<1 for n#n)). In the con- is, a high-pass filter:
text of trapped ions a similar approach is used to realize

guantum nondemolition measuremeffis7]. large N, 971

In the case of positive (p>0), it is possible to realize V(N — 1- 2 InXnl. (23
what is called a low-pass bosonic filter. In fact, one easily
obtains We mention that in principle also a bandpass filter is re-

alizable by considering a four-level system as the master. In
fact, the Hamiltonian

p-1 o
Va=o(7) = 2 Inxn| + 2 codQyrInn], (20) Har = Q[F3(a'2)aPley) (gl + H.c] + A[fiA@'8)ae ) ey
n=0 n=

+H.c]+I[f%a'a)a|e;)(e,| + H.cl, (24)

with p=0 and positivey andr, yields, for|T'|>|A|> ||, the

with Q, Qfgl(n p)yn!/ (n-p)!. UnlessQ,, 7=l for anyn nonunitary operator

and integet, one realizes the prolecté}ﬁ_é|n><n| that filters
those bosonic states characterized by excitation numbers o1
lower thanp. In the context of trapped ions, a strategy based Var(n) = E_ cog Qg (n)7in)(n|
on a coupling of the form in Eq.18) with p=1 is used to n=0
realize the so-called resolved sideband cooli®d 4].
Consider now the effect of the freezing agent, i.e., assume >
that A # 0. In this case the total Hamiltonia#, is substan- i
tially characterized by the three-dimensional invariant sub- ” N
spaces{|n)®|g),|n-p)®|e,),|n-p-aq)®|e,)}, wherein the + 2 codQfg () rlinxn. (25
operator may be represented as>a3block of the form n=ar
The third sum in Eq(25) involves just cogf3(n)7] be-
cause in the subspace generated{jpy,n=q+r,...,%} the

q-1

S + [0 Pc0d w0y 7)

[ Af? + €22

X

0 O, 0 unperturbed dynamics is restored due to the action of the
E.=Q, 0 Al (21)  third couplingT',, (T[> |Ay[>[Qy)). Such a condition holds
0 AL 0 only in the subspaces wherein the third couplingfiective
n that is, forn=q+r; indeed otherwisé™,=0.
Under the assumption
with Q,=0QfF(n-p)n!/(n-p)! as before and\,=Afn 7 XA 7-“01, é‘ir A9, (26)

-p-q)\(n-p)!/ (n-p-q)!. Of course, depending op and

g, which are assumed to be non-negative here, there cou
exist also invariant doublets and singlets. For instance, in ~ largeN 071

correspondence to—p<0 there are singlets, while ifi—-p [VA’F(T)]N — > [n)Xn. 27

=0 andn-p-g<0 there are doublets. =

A It is straightforward to evaluate the nonunitary operator Although the condition in Eq(26) may seem too strong,
V) =(gleMr7g). In particular, in the casp=0 (previously it actually is not. In fact, taking account of the fact that
analyzed in the absence of a freezing aganid positiveq, in practical situations, for instance in trapped ions and in
we obtain cavity QED, one deals with bosonic states with a finite

e obtain a bandpass filter
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number of excitations, it would be sufficient to considerdition |A|>|Q)| yields the inequalityA,| > |Q,|, making pos-
the condition up to a large but finite number sible the realization of the high-pass filter.
norEd, 9, Tg?l, Tgi)r,_,, ,T(ﬁ")_ In conclusion, in this paper we have addressed the general
problem of how to project a quantum system in a prefixed
subspace, or, in other words, we have described a way to
IV. APPLICATIONS IN TRAPPED IONS realiz_e fche_action of a projection operator. We have utilized
AND CONCLUDING REMARKS the distillation approgch based upon repeated measurements
on a part of a bipartite systef@]. Moreover we have taken
Some of the applications reported in the previous sectionaccount of the possibility of exploiting the generalized quan-
may be realized in the context of trapped ions. As is welltum Zeno effect, or quantum Zeno dynamics, as a control
known, a time-dependent quadrupolar electric field is able tegnechanism of the two-subsystem-interaction determining the
confine a charged particle, providing an effective quadraticarget subspace. Our main result is therefore that the pres-
potential that induces a harmonic motift9,20. When the  ence of such a control mechanism transforms the original
confined particle is an ion, the complete result is a compoundistillation process into driven distillation This allows the
system possessing both fermionic and bosonic degrees efalization of what we have called high-, low-, and bandpass
freedom, the first ones describing the internal motion of thebosonic filters, that is, the realization of projection operators
electrons with respect to the atomic nucleus, the second ones subspaces whose states possess excitation numbers higher
describing the ion center-of-mass motion. In most of the exor lower than a quantity, or in a range, respectively.
periments, only a few atomic states are really involved in the Concerning the efficiency of the process, we stress the
dynamics and a single vibrational mode is considered. Folfact that the distillation here reported through all the appli-
lowing Ref. [21], it is possible to realize an experimental cations considere(bsatisfying the conditiony=1) practically
setup which involves, in the dynamics, only the following realizes(simulate$ a measurement on the slave projecting
three atomic levels ofBe": |g):=[°S,,,F=1,m=1), |e;)  the slave system onto a subspace with a probability, given by
=12y, F=2,me=2), |ep):=|’S,;,,F=2,me=1), using a Eq. (7), which is just the probability of finding the target
magnetic field of 1 mT to obtain the useful level splittings slave subspace in the initial slave state. Therefore, the effi-
[w(ey) —w(e)) =100 MHz, w(e;)-w(g)=1 GHz|, and ex- ciency of the procedure is not improved since it is intrinsi-
ploiting the auxiliary IevelzPl,z, F=2,m:-=2) to realize Ra- cally related to the initial condition of the system. Our analy-
man coupling schemes. sis has indeed the merit of providing a more transparent
Consider now the action of two effectivie.e., imple-  understanding of the process, clarifying the relation with the
mented via Raman schemeéasers, one tuned to thgth red  survival probabilities, and hence the possibility of governing
sideband of the atomic transitidg) — |e,), and the other to it.

the gth red sideband of the atomic transiti®) — |e,). The We conclude by emphasizing that the method and the idea

relevant interaction-picture Hamiltonian in the rotating wavepresented in this paper are general and exploitable in differ-

approximation is given by15,21] ent physical contexts for both fundamental and technological
research.

H, = Q[f (73, ny)aPler)(g] + H.c]+ A[f4(a'a, 7) & e (e
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_ P2 s
© n2=o(n+8)! LIl 29 APPENDIX: EFFICIENCY
whereL'(7?) are Laguerre polynomials and are such that In this appendix we prove the limit expressed by Eq).
for very small Lamb-Dicke parametefthe so-called Lamb- Assume that the system is prepared, for simplicity, in the
Dicke limit (LDL)], they almost approach unity, while for Pure state|yo)=[¢)(¢o), [¢) being the initial slave state.
larger values ofy they exhibit a strong nonlinearity in the The probability of finding the master system |if) after
variable @4, and possess some zeros. In the LDL, the conihe unitary M-S interaction is p(lM):II<¢o|e“HT|¢O>||2
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= ||\7(7)|<p>||% wherel -[[>=(:|-)|? denotes the relevant Hilbert
space norm. The collapsed state igs)=(1/Vgp,)

X[V(T)|¢>]|¢0>. After the unitary  interaction
and measurement one obtaing)" = lI{¢le ™Myl

next

=(WeMIP@IEIR  and  [g)=(1p)"pl")
X[V2(7)|¢)]| 0. "

In general the probability ™ is given by

M _ = i\ 2
oW = V(7)) (A1)
" MMM
and the statéy,,) reads as
1 R
i) = ;VW@)M’O}- (A2)
\’KOE)M)@(lM>' . 'XOEM)

From Eq.(Al) it follows that

PHYSICAL REVIEW A 71, 032102(2005

N N-1
[T =" T1 o = 1VN(D 12, (A3)
k=1 k=1

Considering large enougN, corresponding to Whicﬁ/N(T)
— YWRNP,is [compare with Eq(5)], we easily obtain

N
[ToM™ =~ NI Pysl)?
k=1

(A4)

which in the casey=1 expresses the same content as that of
Eq. (7).

The result is of course the same as Et).even if we start
with a nonpure state.
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