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ABSTRACT 

In the last few years, electrical power generation is moving from a centralized 

generation towards distributed generation including on-site Renewable Energy Sources 

(RESs). In order to overcome RES related issues, as intermittent and fluctuating power, 

storage elements are included in the on-site generation system. The interaction between 

distributed generator (DG) units including RES, storage and front-end power converters 

should be carefully modeled in order to analyze the power system stability. An accurate 

modeling of DGs is required.  

In this thesis, a new modeling approach has been proposed for the inverter-based DGs 

based on the concept of electrostatic synchronous machines. Detailed mathematical 

expressions have been provided to model the inverter-based DGs. The equivalence 

between the proposed model and the conventional small-signal model of inverter-based 

DGs has been clearly stated based on the duality concept. According to the proposed 

model, each inverter can be replaced by its equivalent electrostatic machine model and the 

analysis of the whole microgrid can be performed. A performance comparison between 

the proposed model and the small-signal model of the VSIs has been carried out. Time 

domain simulation results showed a perfect matching between the two models and thus, 

validate the proposed modeling approach. As a result, the analysis of large and small-

signal stability of microgrids with multi inverter-based DG can be performed by exploiting 

the swing equation of virtual electrostatic synchronous generators. 

A modified nonlinear droop control method for three-phase VSI DGs working on 

islanded LV microgrid has been proposed. The nonlinear droop regulation is based on off-

line minimum distribution losses Optimal Power Flow with a new plug-and-play 



XVI 

implementation technique, which has been established by constructing a lookup table for 

the optimized P vs. f droop slope of the VSI DG with the highest power capacity. 

A comparison between the conventional droop and the proposed nonlinear droop 

regulation has been carried out. Time domain simulation results showed the advantages 

of the nonlinear droop regulation method in terms of the distribution line power losses 

mitigation as well as enhancing the transient response of the system variables. 

 

Keywords: Distributed Generators, Voltage Source Inverters, Electrostatic Synchronous 

Machines, Microgrids, Islanded microgrids, nonlinear droop control, minimum losses 

operation, Optimal Power Flow. 

 



 

1 

Chapter 1 INTRODUCTION 

1.1 Research background 

The demands for reducing the impact of traditional electric utilities on the environment 

and the need of on-site power generation has opened the doors for exploiting renewable 

energy sources and Distributed Generators (DGs) in order to meet the growth of electric 

power demands and emphasize the quality, reliability and stability of power systems. This 

has introduced the term DGs and Microgrid (MG). According to the U.S. Department of 

Energy Microgrid Exchange Group, Microgrid is defined as “A group of interconnected 

loads and distributed energy resources within clearly defined electrical boundaries that 

acts as a single controllable entity with respect to the grid. A microgrid can connect and 

disconnect from the grid to enable it to operate in both grid-connected or island mode.” 

[1]. 

In general, there are many different sources for traditional distributed power 

generation like coal, oil, fuel cell, natural gas … etc. As mentioned before, the increasing 

demand for electrical energy will have a negative impact on the environment and will 

cause depletion of the traditional energy sources. Moreover, the expansion of the electric 

network to meet the growth of energy demand, especially for those loads which are far 

away from the main electric utilities is expensive and will increase the transmission and 

distribution losses. A plausible solution for this problem that is widely used now a days 

can be obtained by adopting Micrgrids with DERs (such as wind power, solar thermal, 

solar PV) located near the loads [2]–[5]. 

Microgrids with DERs have many advantages such as reducing the cost of the 

electrical energy, increasing the system reliability and power quality, providing local 

voltage support [1]–[10]. However, implementing DERs and DGs into microgrids have 
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many technical issues and challenging problems [11]. Some of these technical issues that 

should be taken into consideration during the design and implementation of DGs in 

microgrids are synchronization, restoration, protection, operating mode (On-grid and 

Islanded mode), and power management, quality and control. 

In general, Microgrids are flexible electrical distribution networks that can be operated 

in on-grid or islanded mode including various forms of renewable energy sources. DGs 

are connected to the grid by means of power electronic switches and are controlled by 

smart control systems. The basic microgrid architecture is shown in Fig. 1.1 [4], [5]. 

Microgrid with renewable energy sources appears to be a practical solution to provide 

electrical power at local level. 

 

Fig. 1.1: Basic scheme of a Microgrid [4], [5]. 
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The DG units which form a microgrid should follow the international regulations in 

order to meet the requirements and standards. Different classifications and standards for 

DGs interconnection are listed in [7] and [8]. The performance and control of DGs in a 

microgrid system depends on the electrical features of the microgrid. The main parameter 

that should be taken into account during the design and implementation of DGs controllers 

is the transmission line ratio, R/X. The transmission and distribution lines have different 

resistance and reactance values depending on the operating voltage level. Starting from 

low-, medium- and high-voltage line, the typical line parameters are listed in Table 1.1 

[8]. The droop controlled inverters will act differently according to R/X ratio. 

Table 1.1: Typical line parameter for different Microgrids [8]. 

Type of Line R (Ω/km) X (Ω/km) R/X 

Low-Voltage 0.642 0.083 7.7 

Medium-Voltage 0.161 0.190 0.85 

High-Voltage 0.06 0.191 0.31 

 

On the other hand, the increased usage of these kind of distributed generators without 

a robust control strategy will negatively affect the stability of the microgrid. Thus, a 

hierarchical control structure ranging from zero to three control levels can be 

implemented. These control levels have been summarized in [12], [13] and are listed as 

follow: 

 Level 0 (Inner control loops): The inner control loops works on the regulation of 

the output voltage and current of each module to maintain the stability of system. 

 Level 1 (Primary control): The most popular control method used in this level is 

the Droop Control and it is acting at the scale of milliseconds. The aim of droop 

control is tuning the output voltage and frequency of the inverter while operating 

in on-grid or islanded mode in microgrids, this will allow DGs to share average 
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and reactive power demanded by the load without the need for a complex 

communication system between multi-inverters microgrid systems. 

 Level 2 (Secondary control): This level is implemented to ensure that the electrical 

parameters of DGs in MGs are within the boundaries and acting at the scale of 

seconds. 

 Level 3 (Tertiary control): This level concerns about the coordination of 

microgrids in on-grid operating mode and controls the power flow between the 

MG and the grid network. This level is acting on the scale of tens of minutes or 

hours. 

The unpredictability and fluctuation of DERs is one of the challenging problems 

appears in microgrids and when the microgrid is operated in islanded mode, the voltage 

and frequency became the main electrical parameters to be controlled in order to achieve 

an optimal power sharing between the DGs [14]–[16]. Such power sharing could be 

carried out at different regulation levels, starting from the tertiary control level to the 

secondary and primary control levels (the latter is also called droop regulation). 

1.2 Literature Review 

Nowadays, there is an increased use of Inverter-Based DGs. This work focuses on the 

modeling of inverter-based DGs and their control techniques. The main purpose of 

modeling the inverter-based DGs operating in a microgrid is studying the performance of 

this kid of DGs in terms of enhancing the transient stability and keeping the voltage and 

frequency variation within the boundary limits.  

The frequency and voltage stability is defined as the ability to maintain these quantities 

at acceptable range after an occurrence of disturbance [17]–[21]. In other words; the 

frequency and voltage should remain bounded by a percentage of nominal value. The 
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challenge question is: how fast the system will respond to this sudden change of frequency 

and voltage and keep them within the nominal values?  

Moreover; it should be noticed that if the Microgrid characteristics is changed, then 

the dynamics of the system will change accordingly. Most of the researches in the field of 

microgrid dynamics, stability and control are based on different case studies with different 

characteristics, scenarios, assumptions and simplifications.  

Recently, lots of research efforts are being exerted in modeling the inverter-based DGs 

in order to analyze their dynamics and their effect on the power grid or microgrids. The 

goal of all these different models is to investigate the stability of the power systems. 

In [22], a small signal model of multiple inverters has been established in order to 

determine the small-signal stability and predicting the dynamic response of the microgrid. 

The model is based on nonlinear equations and then linearized around a steady state 

operating points. The average value modeling technique is used in [23], this model of the 

voltage source inverter (VSI) consists of three dependent-voltage sources for each phase 

and they are being controlled by the modulation index. The aim of this modeling approach 

is covering the control behavior of the inverters to be used in protection studies. Different 

small-signal modeling approaches of inverters, filters, Phase-locked loop, line parameters 

are founded in [24]–[29]. 

On the other hand, in [30]–[35], a control scheme has been developed based on 

synchronous generator theory in order to force the inverter to operate as a synchronous 

generator (Synchronverters). This has the advantage of covering the dynamics of the 

inverter-based DGs and thus investigate the stability of the power system by using the 

same methodology and theory of the traditional synchronous generators. The key point of 

the approach is that the controller of the VSI DG should be modelled according to the SG 

theory so yet it does not include an equivalent model of the VSI itself. 
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A Virtual Synchronous Generator (VSG) control is an alternative approach to study 

the stability of inverter-based DGs by forcing the inverter to behave like a synchronous 

generator [36]–[42]. The inverter is properly controlled to mimic a synchronous generator, 

thus supporting the power system stability. This can be achieved by using the consolidated 

theory and algorithms already implemented for synchronous generators to analyze the 

power system stability. The swing equation of conventional synchronous generators is 

exploited to be used in VSG by introducing a virtual inertia from energy storage. 

In [36], an adaptive inertia is introduced in a VSG control scheme to improve dynamic 

performances in terms of enhancing the frequency tracking and damping frequency 

oscillations. In [37] a damping oscillation scheme based on VSG is implemented for 

distributed generators. Differences between the VSG and the Droop control schemes are 

analyzed in [42]. Small signal models under both control schemes are developed and 

compared to investigate effects on the stability analysis and on the dynamic response 

under load disturbances.  

The main difference between the VSG and Synchronverters is that the VSG depends 

on tracking the voltage and current of the grid at the PCC and the swing equation of 

traditional synchronous generators is used in VSG by introducing a virtual inertia to the 

inverter [31]. 

A time-varying transformer concept as an equivalent model of power inverters is 

found in [43]. The model consists of time-varying transformers, voltage and current 

sources, inductors, capacitors and resistors. The problem is that this modeling approach is 

complicated to be used in stability analysis or even in the analysis of power flow of a 

microgrid. 

In [44], [45], an equivalent model of an inverter-based DG has been established based 

on the Electrostatic Synchronous Generator concept. This model concerns with the 
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dynamics of the dc link and the disturbance of the RESs. A sharp separation between the 

DC and AC side of the DG is achieved thus simplifying the analysis of the interaction 

between DGs. The model parameters depend on the value of the modulation index which 

is preset assuming a steady state operation of the inverter. In this way, the inverter model 

will operate as plug-and-play system. The advantage of this modeling approach is the 

possibility of studying the small and large signal stability of microgrids composed of 

inverter-based DGs by exploiting the swing equation of electrostatic synchronous 

generators as done in [46]. 

The main concern about the equivalent model of three-phase VSI based on 

electrostatic synchronous machine concept derived in [44], [45] is that the duality exists 

between electrostatic and electromagnetic machines as stated in the field theory. Thus, the 

equivalent model of VSI should be reconstructed based on the duality concept. The mutual 

capacitance between the virtual rotor and stator circuits in the model derived in [44], [45] 

has been modeled in series and hence the separation between the field voltage and the 

stator voltage is impossible. 

Droop control method is the most popular method that is used to ensure exact power 

sharing and stability of voltage and frequency in microgrids. In the literature, linear 

(conventional), nonlinear and dynamic droop control methods have been studied and 

analyzed. Recent studies about droop control of inverter-based DGs in microgrid systems 

focused on improving the stability of microgrids [47]–[51]. 

A scheme for controlling parallel connected inverters based on linear droop control in 

a stand-alone AC supply system is presented in [50], the system doesn’t need 

communication of control signals between the inverters since the variables were measured 

locally. 
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In [51], the influence of a sudden load change on the voltage and frequency 

oscillations has been studied. A direct current vector control with the conventional droop 

control has been implemented in order to improve the voltage and frequency stability. 

Conventional droop control is considered as a primary controller with main 

functionality of ensuring power sharing among DGs by regulating the voltage and 

frequency of each DGs in which are called grid forming units [52]–[60].  

In [53], a new control method of parallel inverters operating in an islanded grid or 

connected to an infinite power bus is described. Based on the linear droop regulation, R/X 

ratio has been considered during the design of the droop regulation. Frequency and voltage 

control are achieved without any communication between inverters. 

In [52], the fluctuation of RES has been considered during the design of the droop 

control. As the output power of RES varies; output powers of the inverters remain 

balanced. Thus, a power offset has been added to the active power of the DGs as a 

compensating technique without the need of communication means between DGs. 

While conventional droop control is simply constructed by constant droop 

coefficients, in [61], [62], a nonlinear droop control where the frequency and voltage 

droop relations are changed as a function of the optimized output power for power sharing 

among DGs is fully described. This provides an indirect optimization among different 

DGs in the network and finds a solution to minimize operating costs. The nonlinear droop 

control is also mentioned in the reference materials [63]–[66]. 

It is possible to use the no-load voltage and no-load frequency as dynamic signals to 

regulate the output power of each DG unit, this method is considered as an expansion of 

the linear droop control and it is well known as Dynamic droop control. In [67], [68], an 

improved droop control method with automatic master to correct the voltage regulation is 

presented.  
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The dynamic droop control is also used in [69] to regulate the active power flow to 

reduce the fuel cost of DGs. The proposed method uses a communication infrastructure 

between DGs in order to achieve the objectives of the optimization process. A cost 

optimization based on a dynamic power sharing method is mentioned in [70], where a 

linear unit commitment strategy based on a frequency droop scheme is solved to determine 

the amount of power that each generator should put into the power bus. However, results 

are just concentrated on the power sharing issue, without considering frequency 

conditions. 

1.3 Thesis motivation and objectives 

The main objective of this thesis is devoted to solve some problems regarding the 

modeling of Inverter-Based Distributed Generators using the concept of Electrostatic 

Synchronous Machines. Such a model is helpful in stability analysis of microgrids. The 

thesis focuses in Islanded operation of microgrids with inverter-based DGs. A simplified 

inner control loop architecture is used for the inverters by adopting voltage control loop 

only. 

The need for minimizing the distribution losses in LV microgrids is a significant issue 

to meet the increasing power demand. The application of nonlinear Droop control of DGs 

in terms of minimizing the power losses in distribution lines in LV islanded microgrid has 

been studied. 

More specifically, the main objective of this thesis can be summarized as follow: 

 Design a three-phase VSI with LC low pass filter to be used as an interface 

between a storage system and the microgrid. 

 Developing the dq model of the three-phase VSI with the LC filter and deriving 

the voltage transfer function for balanced linear loads. 
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 Designing a voltage controller composed of a phase-lead compensator with 

large phase margin to regulate the three-phase VSI output voltage and 

frequency. The design process depends on the dq components of the measured 

voltage obtained by transforming the abc quantities into dq reference frame 

using original Park Transformation. 

 Implementing a test microgrid and applying the designed voltage controller to 

the three-phase VSI working on that microgrid under different loading 

conditions in MATLAB/Simulink environment. 

 Explaining the basic construction of the proposed virtual three-phase 

Electrostatic Synchronous Generator with single and double field circuit. This 

type of generators is used as a foundation for the modeling approach of three-

phase VSIs. 

 Explaining the basic principle of operation of electrostatic synchronous 

generators with the help of electrostatic theory in order to derive the self- and 

mutual capacitance which form the core of the modeling process. 

 Solving the problems founded in the literature regarding the modeling of three-

phase VSI DGs using the concept of electrostatic synchronous generators by 

developing the dq model of the proposed generator and exploring the 

equivalence between it and the small-signal model of the three-phase VSI by 

exploiting the concept of duality. 

 Developing a test system in MATLAB/Simulink environment to verify the 

proposed modeling approach and highlighting the importance of the proposed 

model in the field of studying the stability of microgrids. 
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 Designing conventional droop control loops as a primary regulation method 

for parallel operation of three-phase VSI DGs working on the same microgrid 

and without using any communication means between the DG units. 

 Proposing a modified primary regulation technique based on nonlinear droop 

control for three-phase VSI DGs by employing off-line minimum distribution 

losses Optimal Power Flow with a new plug-and-play implementation 

technique. 

 Applying the conventional and the proposed nonlinear droop regulation on LV 

islanded test microgrid with two three-phase VSI DGs and comparing the time 

domain results between the two methods in MATLAB/Simulink environment. 

1.4 Thesis Outline 

This thesis consists of five chapters organized as follow: 

 Chapter 1: Introduction 

This chapter describes the research background, literature review, motivation, 

objectives and the structure of this thesis. 

 Chapter 2: Design and control of Three-phase Voltage Source Inverter 

This chapter contains the design of three-phase VSI with A 2nd order LC low pass 

filter to be used as an interface between storage system and local loads and 

operating in on-grid and islanded mode. The dq model of the inverter has been 

derived in order to design the voltage controller. The voltage controller is a phase-

lead compensator with three stages. The performance of the VSI under different 

loading conditions and with different operating mode has been verified using 

MATLAB/Simulink. 
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 Chapter 3: Electrostatic Synchronous Machines concept 

In this chapter introduces the fundamental of Electrostatic machines. A modified 

mathematical model of the three-phase VSI using the concept of three-phase 

electrostatic synchronous generator (ESG) is developed. The construction and 

operation of the three-phase ESG is described in detail. The electrostatic 

generator’s phase coordinate model with self and mutual time-varying capacitance 

that depends on the rotor position are explained and derived. The ESG dq model 

is derived and the equivalence between the proposed mathematical model and the 

dq model of the VSI is discussed. Time-domain performance comparison between 

the proposed mathematical model and the dq model of the inverter has been 

verified in MATLAB/Simulink environment. 

 Chapter 4: Nonlinear droop Control of VSI DGs in LV Islanded Microgrids 

This chapter focuses on the parallel operation of DGs in LV islanded microgrids. 

An improved non-linear primary regulation method with a new implementation 

technique is proposed for Inverter-Based distributed generators. The new primary 

regulation is driven by minimum losses Optimal Power Flow (OPF) for 

microgrids. A microgrid system is constructed as a case study and a time-domain 

simulation is carried out under different scenarios to verify the effectiveness of the 

proposed implementation technique. 

 Chapter 5: Conclusions and future work 

This chapter provides a summary of the achievements of this thesis and gives some 

future recommendations for possible extension to this research. 
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Chapter 2 Design and control of Three-phase Voltage Source Inverter 

The increasing demands of electrical energy, the spread of renewable energy sources and 

with the improvements and reliability of power electronic devises opened the door for 

VSIs to be widely used as DGs. In this chapter, A 20 kVA, 220/380 V, 50 Hz three-phase 

VSI has been designed to be used as an interface between storage system and local loads 

or to be connected to the electric grid. A sinusoidal Pulse-Width Modulation (SPWM) has 

been used with a triangular carrier signal of 6 kHz. A 2nd order LC low pass filter is then 

used in order to minimize the switching harmonics. The performance of the VSI has been 

verified using MATLAB/Simulink. 

2.1 Three-phase VSI with output LC low pass filter 

DC to AC converters, or simply called Inverters, and with the huge developments in 

Power Electronics and semiconductor devices in line with different and improved 

converter techniques made the inverters to play the main role in the distributed power 

generation systems. In general, CD/ AC converters can be categorized into two particular 

categories; Current Source Inverters (CSI) and Voltage Source Inverters (VSI). CSIs have 

an independent control of the output current and its output voltage depends on the load 

connected to this CSI. On the other hand, VSIs have an independent control of the output 

voltage [71].  

In this thesis, where a microgrid system is under study, the converter used is the VSI 

as the output voltage of this kind of converters have to be controlled independently. The 

first case study to be analyzed and designed is the modeling of VSI with LC filter 

supplying a local three-phase load. A voltage controller has been designed in order to 
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regulate the output voltage of the inverter under balanced linear loads. Fig. 2.1 shows the 

schematic of a three phase VSI with LC filter supplying a local load. 

 

Fig. 2.1: Three-phase VSI with LC filter and linear balanced three-phase load. 

2.1.1 Sinusoidal Pulse Width Modulation SPWM 

The gating signals generated by SPWM are used to switch on and off the IGBTs, 

shown in Fig. 2.1. There are three sinusoidal reference signals Vra, Vrb and Vrc shifted by 

120o from each other and with the same amplitude Ar and frequency fr. The amplitude and 

the frequency of the three sinusoidal reference signals are variable and being compared 

with a triangular wave signal Vt which has a fixed amplitude and frequency, At and ft, 

respectively. This will provide the gating signals for (S1, S4), (S3, S6) and (S5, S2), 

respectively as shown in Fig. 2.2. 

The switching frequency (fsw) of the inverter is chosen to be 6 kHz, the amplitude of 

the triangular wave signal At is 1 volt, so, the modulation index should be less than or 

equal to 1. 

 

Fig. 2.2: Gating circuit of SPWM VSI. 
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2.1.2 The 2nd order low pass filter 

Integrating VSIs in DGs without considering the harmonics injected to the grid will 

create severe problems in the microgrid systems. The solution to this problem is 

connecting a low pass filter between the VSI and the microgrid. There are different 

topologies for the low pass filters which are commonly used in distributed generation 

systems, namely, L-, LC- and LCL-filters [72]–[75]. 

The filter topology adopted in this thesis is a 2nd order LC low pass filter. As the 

selected switching frequency is 6 kHz; the cut-off frequency (fLCF) of the LC filter is 

selected to be 100 Hz in such a way that the filter will be able to attenuate the low order 

harmonics of the output voltage of the inverter. This means that the capacitance value 

should be increased while decreasing the inductance value. On the other hand, increasing 

the switching frequency will decrease the inverter’s efficiency. A trade-off design should 

be solved between the overall losses, cost and size [73], [75].  

The values of Lf and Cf where set according to (2.1) [75]. 

 
𝑓𝐿𝐶𝐹 =

1

2𝜋√𝐿𝑓𝐶𝑓

 (2.1) 

If Cf = 1500 µF and fLCF is 100Hz, then according to (2.1) the value of Lf is 1.6 mH. 

Here the inductor has an equivalent series resistance rL of 0.5 ohm and it is much greater 

than the equivalent series resistance of the capacitor rC. The latter will be ignored for the 

sake of simplicity. 

2.1.3 Selection of the DC bus voltage magnitude  

In case of using sinusoidal PWM controlled inverters, the relationship between the DC 

bus voltage and the output line voltage of the VSI in the linear region is [71]: 

 
𝑉𝐷𝐶 =

2√2

√3

𝑉𝐿𝑖𝑛𝑒,𝑟𝑚𝑠

𝑚𝑎
 (2.2) 
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The line to line voltage of the VSI is assumed to vary within ± 10% of its nominal 

value and the modulation index (ma) is smaller than or equal to 1. According to this; the 

DC bus voltage can be calculated using (2.2).  

The output line voltage of the VSI is 380 V, and in order to keep the SPWM in the 

liner region, the maximum output line voltage of the inverter which is equal to 418 V 

should be obtained when the modulation index ma equals 0.8 and thus the DC bus voltage 

is equal to 853.76 V. One can chose ma = 0.9 at the maximum line voltage and 

consequently the DC bus voltage will equal to 800 V. In this work, a 900V DC bus voltage 

is selected. The DC bus (or storage system) has been considered as a constant DC voltage 

source in this thesis. 

2.2 Three phase VSI modeling in dq0 coordinates for balanced linear loads 

The power system needs to be transformed from abc coordinates into dq0 coordinates 

in order to deal with DC components. These DC components will be used as inputs to the 

voltage controller.  

Considering balanced linear loads, and from Fig. 2.1, writing the KVL equation: 

 
−𝐸𝑎 + 𝐿𝑓

𝑑

𝑑𝑡
𝑖𝐿𝑎 + 𝑟𝐿𝑖𝐿𝑎 + 𝑉𝑜𝑎 = 0 

−𝐸𝑏 + 𝐿𝑓

𝑑

𝑑𝑡
𝑖𝐿𝑏 + 𝑟𝐿𝑖𝐿𝑏 + 𝑉𝑜𝑏 = 0 

−𝐸𝑐 + 𝐿𝑓

𝑑

𝑑𝑡
𝑖𝐿𝑐 + 𝑟𝐿𝑖𝐿𝑐 + 𝑉𝑜𝑐 = 0 

(2.3) 

Rearranging the above equation and writing it in matrix form; 

 
𝐿𝑓

𝑑

𝑑𝑡
[

𝑖𝐿𝑎

𝑖𝐿𝑏

𝑖𝐿𝑐

] = [

𝐸𝑎

𝐸𝑏

𝐸𝑐

] − 𝑟𝐿 [

𝑖𝐿𝑎

𝑖𝐿𝑏

𝑖𝐿𝑐

] − [

𝑉𝑜𝑎

𝑉𝑜𝑏

𝑉𝑜𝑐

] (2.4) 

dividing by Lf, then: 

 𝑑

𝑑𝑡
[

𝑖𝐿𝑎

𝑖𝐿𝑏

𝑖𝐿𝑐

] =
1

𝐿𝑓
[

𝐸𝑎

𝐸𝑏

𝐸𝑐

] −
𝑟𝐿
𝐿𝑓

[

𝑖𝐿𝑎

𝑖𝐿𝑏

𝑖𝐿𝑐

] −
1

𝐿𝑓
[

𝑉𝑜𝑎

𝑉𝑜𝑏

𝑉𝑜𝑐

] (2.5) 

Now, writing the KCL equations and taking into account that rC has been neglected: 
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 𝑖𝐿𝑎 = 𝑖𝑐𝑎 + 𝑖𝑜𝑎 

𝑖𝐿𝑏 = 𝑖𝑐𝑏 + 𝑖𝑜𝑏  

𝑖𝐿𝑐 = 𝑖𝑐𝑐 + 𝑖𝑜𝑐  

(2.6) 

rewriting (2.6) in terms of the output voltage of the inverter: 

 
[

𝑖𝐿𝑎

𝑖𝐿𝑏

𝑖𝐿𝑐

] = 𝐶𝑓

𝑑

𝑑𝑡
[

𝑉𝑜𝑎

𝑉𝑜𝑏

𝑉𝑜𝑐

] +
1

𝑍𝑙𝑜𝑎𝑑
[

𝑉𝑜𝑎

𝑉𝑜𝑏

𝑉𝑜𝑐

] (2.7) 

rearranging (2.7); 

 𝑑

𝑑𝑡
[

𝑉𝑜𝑎

𝑉𝑜𝑏

𝑉𝑜𝑐

] =
1

𝐶𝑓
[

𝑖𝐿𝑎

𝑖𝐿𝑏

𝑖𝐿𝑐

] −
1

𝐶𝑓𝑍𝑙𝑜𝑎𝑑
[

𝑉𝑜𝑎

𝑉𝑜𝑏

𝑉𝑜𝑐

] (2.8) 

In order to obtain the dq equivalent circuit of the VSI, abc to dq transformation is 

applied by using the original Parks Transformation matrix. The original Parks 

transformation in which the q-axis is leading the d-axis by 90o is used, as shown in Fig. 2.3. 

 

𝑋𝑑𝑞0 =
2

3

[
 
 
 
 
 𝑐𝑜𝑠(𝜔𝑡) 𝑐𝑜𝑠 (𝜔𝑡 −

2𝜋

3
) 𝑐𝑜𝑠 (𝜔𝑡 +

2𝜋

3
)

−𝑠𝑖𝑛(𝜔𝑡) −𝑠𝑖𝑛 (𝜔𝑡 −
2𝜋

3
) −𝑠𝑖𝑛 (𝜔𝑡 +

2𝜋

3
)

1
2⁄

1
2⁄

1
2⁄ ]

 
 
 
 
 

𝑋𝑎𝑏𝑐  (2.9) 

Since a balanced three-phase system is considered, the zero-axis component is null. 

By applying abc to dq reference frame transformation (2.9) on (2.5) and (2.8), (2.10) and 

(2.11) are obtained.  

 
[
𝐸𝑑

𝐸𝑞
] = [

𝑉𝑜𝑑

𝑉𝑜𝑞
] + 𝑟𝐿 [

𝐼𝐿𝑑

𝐼𝐿𝑞
] + 𝐿𝑓

𝑑

𝑑𝑡
[
𝐼𝐿𝑑

𝐼𝐿𝑞
] + [

−𝜔𝐿𝑓𝐼𝐿𝑞

𝜔𝐿𝑓𝐼𝐿𝑑
] (2.10) 

 
[
𝐼𝐿𝑑

𝐼𝐿𝑞
] = 𝐶𝑓

𝑑

𝑑𝑡
[
𝑉𝑜𝑑

𝑉𝑜𝑞
] +

1

𝑍𝑙𝑜𝑎𝑑
[
𝑉𝑜𝑑

𝑉𝑜𝑞
] + [

−𝜔𝐶𝑓𝑉𝑜𝑞

𝜔𝐶𝑓𝑉𝑜𝑑
] (2.11) 

 

Fig. 2.3 Relationship between the dq and abc quantities. 
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Now, the dq equivalent circuit of a three phase VSI is shown in Fig. 2.4. 

 

Fig. 2.4: The dq Equivalent circuit of three phase VSI with LC filter. 

2.3 The voltage controller design 

The bode diagram of the transfer function Vod/Ed and Voq/Eq have been obtained in 

order to design the voltage controller. Depending on equations (2.10) and (2.11) and 

adding a load ZL between the terminals Vod and Voq, the equations of the system in s-

domain are as follow: 

 𝑠𝐼𝐿𝑑(𝑠) =  1 𝐿𝑓[(𝐸𝑑(𝑠) − 𝑉𝑜𝑑(𝑠)) − 𝑟𝐿𝐼𝐿𝑑(𝑠) + 𝜔𝐿𝑓𝐼𝐿𝑞(𝑠)]⁄  

𝑠𝐼𝐿𝑞(𝑠) =  1 𝐿𝑓 [(𝐸𝑞(𝑠) − 𝑉𝑜𝑞(𝑠)) − 𝑟𝐿𝐼𝐿𝑞(𝑠) − 𝜔𝐿𝑓𝐼𝐿𝑑(𝑠)]⁄  
(2.12) 

and 

 
𝑠𝑉𝑜𝑑(𝑠) =  1 𝐶𝑓 [𝐼𝐿𝑑(𝑠) −

1

𝑍𝐿
𝑉𝑜𝑑(𝑠) + 𝜔𝐶𝑓𝑉𝑜𝑞(𝑠)]⁄  

𝑠𝑉𝑜𝑞(𝑠) =  1 𝐶𝑓 [𝐼𝐿𝑞(𝑠) −
1

𝑍𝐿
𝑉𝑜𝑞(𝑠) + 𝜔𝐶𝑓𝑉𝑜𝑑(𝑠)]⁄  

(2.13) 

The general block diagram in s-domain is obtained as shown in Fig. 2.5.   

Now, if the coupling between the d- and q-axis has been neglected, the general block 

diagram can be reduced into a simple one, while the open-loop transfer function is: 

 

𝐺𝑒(𝑠) =  

1
𝐿𝑓𝐶𝑓

⁄

(𝑠 +
𝑟𝐿
𝐿𝑓

) (𝑠 +
1

𝑍𝐿𝐶𝑓
)

 (2.14) 

which is equivalent for both the d- and q-axis.  
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Fig. 2.5: s-Domain Block Diagram of the three-phase VSI 

The reduced block diagram is shown in Fig. 2.6. In order to compensate the 

assumption of neglecting the coupling between the d- and q-axis, a phase-lead 

compensator of three stages with large phase margin has been designed. 

 

Fig. 2.6: Reduced block diagram of the three-phase VSI. 

Assuming a unity power factor load, or resistive load, we can see the response of the 

system Vod(s)/Ed(s) and Voq(s)/Eq(s) under different loading conditions. The loads has been 

chosen to be a very light loads, which corresponds to 10 W output power of the three-
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phase VSI, a 50% loading (10 kW) and full load condition (20 kW). Table 2.1 shows the 

values of different loading conditions of the three-phase VSI. 

Table 2.1: Loading conditions of the VSI 

VSI output Power (%) Load (Ω) 

0.05% 14520 

50% 14.52 

100% 7.26 

 

The bode diagram of the three loading conditions are shown in Fig. 2.7. It is clear from 

Fig. 2.7 that under light load the damping of the system is very large which will have 

oscillatory and very poor transient response. The voltage controller should be designed 

according the worst loading condition (light load) in order to get fast and good transient 

response and zero steady-state error. 

Looking at the bode diagram of the light load condition in Fig. 2.8, a new cross-over 

frequency (fx) will be selected to be 300 Hz, or 1885 rad/sec as shown in Fig. 2.8. At this 

frequency, a controller of type phase-lead compensator will be designed such that the new 

minimum phase margin (PM) has to be 60o. The phase at the new cross-over frequency is 

-169o, which means that the phase margin of the uncompensated system at fx is 11o. 

 

Fig. 2.7: Bode diagram of the closed-loop transfer function with different loading conditions 
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Fig. 2.8: Bode plot of the system under light  load condition. 

Before designing the phase-lead compensator, the system type should be increased 

because the system has no pole at the origin (Type 0) as seen in (2.15) which is the closed-

loop transfer functions Vod(s)/Ed(s) and Voq(s)/Eq(s), namely Ge(s): 

 
𝐺𝑒(𝑠) =

416666.67 (s + 312.5) (s + 0.04591)

(s + 312.5) (s + 0.04591) (𝑠2  +  312.5s +  4.167 ∗ 105)
 (2.15) 

In order to increase the system type, an integrator (1/s) will be added to the phase-lead 

compensator and thus the steady-state error will be zero for a unit step input. The phase-

lead compensator will have three stages and the final transfer function of the voltage 

controller is as follow: 

 
𝐺𝐶(𝑠) = (

𝐾

𝑠
)(

𝑠 𝑍𝐶 + 1⁄

𝑠 𝑃𝐶 + 1⁄
)

3

 (2.16) 

where K=1025, ZC=794.6 and PC=5034.2 

Under light load condition, the bode diagram of the open-loop system Ge(s)*Gc(s) is 

shown in Fig. 2.9. It is clear form this figure that under the new chosen cross-over 

frequency, the phase margin has been increased to 60.1o such that making the system 

dynamic less oscillatory. Moreover, under full-load, the system response keeps the phase 

margin as required as shown in Fig. 2.10. This means that the response speed under 
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different loading conditions are the same, meaning that the voltage controller has been 

well designed.  

 

Fig. 2.9: Bode plot of the open-loop transfer function of the system under light load condition. 

 

Fig. 2.10: Bode plot of the open-loop transfer function of the system under Full-load condition. 

It should be noticed from Fig. 2.9 and Fig. 2.10 that the gain at switching frequency, 

fsw, is about -50 dB, this gain is large enough to eliminate the harmonics of the output 

voltage of the inverter. 

The next step is to design the three-phase VSI by MATLAB/Simulink and verify the 

response using the designed voltage controller. 
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2.4 Performance of the VSI under linear balanced loads in steady state 

The performance of the three-phase VSI has been done by using MATLAB/Simulink. 

A balanced linear loads with different values has been applied. The inverter’s rating is 20 

kVA and it is operating at stand-alone with variable loading conditions. The output 

frequency of the inverter under this case is constant and equal to 50 Hz as well as the 

output voltage which is 311.13 V peak value, or 220 V rms. Two loading conditions has 

been chosen in order to check the performance of the inverter: full load condition (20 kW) 

and very light load (the worst condition of 10 W) in order to verify the voltage controller 

performance and check if the inverter will be able to regulate the output voltage. Fig. 2.11 

show the schematic of the system under test. 

 

Fig. 2.11: Simulink model of three-phase VSI feeding local load. 

The output current and voltage of inverter (after the LC filter) are measured and being 

sent to the control system block shown in Fig. 2.11. The control system has three blocks 

as shown in Fig. 2.12 . 

The first block in the control system block is the Voltage reference generator. The 

input of the voltage reference generator are the operating frequency and the output voltage 

required for the VSI. This block uses a phase-looked loop in order to detect the frequency 

and the phase angle of the grid voltage when the VSI is being connected to the grid as will 

be shown later. At this time, the input voltage and frequency of the phase-locked loop 
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(PLL) block are constants. The PLL then generates reference three-phase voltages with 

the desired amplitude and frequency. These voltages are then transformed into two 

component in synchronous rotating reference frame using Park transform as shown in 

Fig. 2.13. The d-axis voltage Vd equals the peak value of the VSI output voltage while the 

q-axis voltage Vq equals zero. 

 

Fig. 2.12: Control System of the three-phase VSI 

 

Fig. 2.13: Voltage reference generator block: 

The second block inside the control system is the active and reactive power 

measurement in which the measured output voltage and current of the VSI are input to 

this block. Here the VSI is feeding a local load directly so this block provides only the 
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output power and reactive power of the VSI. The third block is the voltage controller in 

which the reference d- and q-axis voltages provided by the voltage reference generator 

block are being compared with the measured values and being controlled through the 

controller described in (2.16). 

Finally, the output of the voltage controller block will be transformed back into abc 

reference frame to be used as three sinusoidal reference signals for the sinusoidal pulse 

width modulation generator (PWM) block to control the switching state of VSI. 

The first test is done under 20 kW load, the inverter output voltage and current are 

shown in Fig. 2.14.  

 

Fig. 2.14 Output voltage and current of the VSI feeding 20 kW load. 

It is obvious from the simulation results that the inverter is able to regulate the output 

voltage and frequency under linear full load condition. The output voltage has a good 

sinusoidal shape as well as the output current as shown in Fig. 2.14. The output frequency 

is 50 Hz as required. 

The output average power and reactive power are shown in Fig. 2.15. 
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Fig. 2.15 Output average and reactive power of the VSI feeding 20 kW load. 

It should be mentioned that inverter has been subjected to a sudden load change, since 

the load applied to the inverter has been changed from 0% to 100% of the rated power. 

The output power of the inverter as shown in Fig. 2.15 has a small settling time that does 

not exceed 0.015 seconds and the percentage overshoot does not exceed 39%. This verifies 

the perfect functionality of the proposed voltage controller. 

Now, taking into account the worst loading condition, a very light load with a value 

of 10 W has been connected to the inverter with the same voltage controller used in the 

previous case. The output performance of the inverter are shown in the next figures. 

 

Fig. 2.16 Output voltage and current of the VSI feeding 10 W load. 



2.4 Performance of the VSI under linear balanced loads in steady state 

 

27 

 

Fig. 2.17 Output average and reactive power of the VSI feeding 10 W load. 

It is clear from Fig. 2.16 and Fig. 2.17 that the inverter’s performance under light load 

condition is also presenting a good power quality with a good transient response. In 

Fig. 2.16, the output voltage and current have a good sinusoidal shape and the output 

frequency of the inverter is 50 Hz as expected. 

The output power of the inverter as shown in Fig. 2.17 has a small settling time the 

same as in the previous case, it does not exceed 0.015 seconds and the percentage 

overshoot is approximately 41%. This verifies the perfect functionality of the proposed 

voltage controller under very light loading condition. 

The final test of the VSI will be the operation under different loading conditions. The 

loading sequence of the system under test is as follow:  

1- From 0.0-0.1 sec.: The load is 300 W and 0 kVAR 

2-  From 0.1-0.2 sec.: The load is 6 kW and 0 kVAR 

3- From 0.2-0.35 sec.: The load is 16 kW and 3 kVAR 

The output voltage, current, average power and reactive power are shown in the 

following figures. 
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Fig. 2.18: Output voltage and current of the three-phase VSI under different loading conditions. 

 

Fig. 2.19: Output average power of the three-phase VSI under different loading conditions. 

 

Fig. 2.20: Output reactive power of the three-phase VSI under different loading conditions. 
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As seen from Fig. 2.18, the output voltage and current were kept in a perfect sinusoidal 

shape under all the loading conditions the inverter was subjected to. Moreover, the output 

average power and reactive power shown in Fig. 2.19 and Fig. 2.20 have fast transient 

response and very low percentage overshoot although the inverter has been subjected to a 

reactive load after 0.2 seconds. 

The next step of the research, the VSI with the voltage controller will be operated 

under a droop-base active and reactive power loops such that it will be connected to a 

distribution grid without any communication means. 

2.5 Performance of the VSI connected to a stiff grid under linear balanced 

loads in steady state 

Now the operation of a droop controlled inverter connected to a stiff grid through a 

distribution line has been tested. The distribution line has R/X ratio equal to 7.7 since we 

are working with a low-voltage network or mini-grid [8]. The stiff grid has been 

considered as a constant voltage source with a constant magnitude (380 VL-L) and 

frequency (50 Hz).   

The schematic of the on-grid operation of droop controlled VSI is shown in Fig. 2.21.  

 

Fig. 2.21: Parallel Operation of the VSI with a stiff grid. 

The inverter presents an output LC filter and a local load and connected to the grid 

through a feeder. The inverter’s output voltage and current are measured in order to 
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calculate the output average and reactive power of the inverter which represents the outer 

loop.  The droop curves will provide the reference voltage and frequency.  

The “Voltage Reference Generator” block will converts the voltage and frequency 

references from droop controllers into a three-phase balanced signal with the required 

frequency which will be converted into dq reference frame again. Then these voltage 

references in dq are compared to the actual dq voltages measured across the filter 

capacitors and they will be regulated by the voltage controller described in (2.16).  

Fig. 2.22 shows the schematic of the outer and inner control loops of the VSI. The 

reference Eabc-ref will be compared with the triangular carrier signal in order to generate 

the PWM signals for the inverter. 

 

Fig. 2.22: Outer loop (droop control loop) and inner loop (voltage control loop) of the VSI 

The droop equations could be written as follows [12], [13], [47], [52], [53], [58], [59]; 

 𝑃 =
𝜔𝑛𝐿 − 𝜔𝑟𝑒𝑓

𝑚𝑃
 (2.17) 

 
𝑄 =

𝑉𝑛𝐿 − 𝑉𝑟𝑒𝑓

𝑛𝑄
 (2.18) 

where,  

• ωref and Vref are the angular frequency and voltage magnitude references, 

respectively.  

• ωnL and VnL are the no-load angular frequency and voltage, respectively. 

• mP and nQ are the active and reactive droop slopes, respectively. 
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• P and Q are the output active and reactive power, respectively.  

Synchronous generators as a distributed generator widely adopt the droop control 

technique. To ensure a safe parallel operation of multi VSI DGs in the microgrid, and an 

accurate power sharing among DGs according the power ratings of each DG to cover the 

power demand, and to ensure that all DGs are working under the same frequency; the P 

vs. f droop loop should be adopted [60].  

On the other hand, Q vs. V droop loop is important if the distribution line impedance 

between the DGs and loads was not identical. Different line impedance between DGs and 

loads will allow a circulation current to flow between the DGs and the function of Q vs. 

V droop loop is minimizing this circulation currents [60]. 

Fig. 2.23 shows the droop controller of the VSI. Note that the low-pass filter is used 

in order to filter the instantaneous P and Q and to slow down their variations. This will 

make the outer loop slower than the inner loop as required. In this case, the reactive power 

controller is disabled and the inverter is working under constant output power and voltage 

during the on-grid operation. The coupling between the active and reactive power in LV 

microgrid is obvious. The no-load frequency (fnl) is 51 Hz and the no-load voltage (Vnl) is 

311 V. 

 

Fig. 2.23: Droop curve, P vs. f and Q vs. V 

The simulation of the above mentioned system is carried out. Taking into account that 

a 10 kW load is being connected directly to the output of the VSI and the system has been 
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tested under two scenarios. The first scenario, from 0-0.5 sec, the inverter is operating in 

parallel with the grid (on-grid operation). The second one, from 0.5-1 sec, the grid has 

been disconnected and the inverter is operating under stand-alone mode (Islanded mode). 

Table 2.2 lists the parameters of the system under test. 

Table 2.2: system parameters 

Parameter Value 

Vgrid 380 VL-L 

fgrid 50 Hz 

mP -5*10-5 

nQ 0 

fnl 51 Hz 

vnl 311 V (Peak value) 

RLine 0.3210 Ω 

XLine 0.0415 Ω 

PLoad 10 kW 

 

The following figures show the simulation results of the system.  

In Fig. 2.24, and during the first half second, the output power of the inverter is 20 

kW, which is the full load capacity of the inverter even though the local load is 10 kW. 

This is because the inverter is connected to the grid and the output frequency of the 

inverter should match the grid frequency as the PLL detects the operating frequency of 

the grid which is 50 Hz. During the design of the droop curve, 50 Hz is corresponding to 

the rated power of the inverter (20 kW).  

After disconnecting the grid (after 0.5 seconds), the output power of the inverter will 

drop into 10 kW which is the power demanded by the local load. The inverters output 

reactive power is shown in Fig. 2.25. 

It should be noticed that during the transition between the on-grid to islanded mode 

operation, the output average power presents a high overshoot value as seen in Fig. 2.24. 

A solution can be found by modifying the inner control loop and it can be achieved by 

adding a current control loop after the voltage controller. This will have the advantage of 

having a smooth transition between the on-grid and Islanded modes and overcomes the 
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problem of having high overshoot in the output power of the inverter. Because the thesis 

focuses on Islanded microgrids, a simple voltage controller has been adopted as an inner 

control loop of the VSIs. 

 

Fig. 2.24: Inverter output active power (W) 

 

Fig. 2.25: Inverter output reactive power (VAR) 

The output d- and q-axis current of the inverter is shown in Fig. 2.26. It is very clear 

from this figure that the high overshoot value in the output power of the inverter is mainly 

contributed by overshoot in the d-axis current and adopting the current control loop will 

solve this issue. 
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Fig. 2.26: Inverter output d- and q-axis currents (A) 

The output frequency of the inverter under this configuration is shown in Fig. 2.27. 

As mentioned before, when the inverter was operating under on-grid mode, the inverter 

output frequency was 50 Hz (the grid frequency) and after disconnecting the grid, the 

output frequency of the inverter has been increased to 50.5 Hz. This is the basic operation 

of the P vs. f droop curve. Increasing the load leads to decrease the output frequency and 

vice versa. 

 

Fig. 2.27: Inverter output frequency (Hz) 
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It is quite interesting to mention that when the inverter was operating under on-grid 

mode, the output power of the inverter was 20 kW (the nominal power) while the local 

load is 10 kW. In this case, the VSI is transporting power to the grid.  

If there were two or more VSI DGs with different power ratings operating on the same 

microgrid under the proposed configuration, and under the on-grid operation mode, the 

output power of each DG will be the nominal power of the individual VSI DG. The droop 

controller of each DG should be designed according to the power ratings of each inverter. 
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Chapter 3 Electrostatic Synchronous Machines concept 

In this chapter, a modified method of modeling the three-phase VSI using the concept of 

three-phase electrostatic synchronous generator (ESG) is developed. The construction 

and operation of the three-phase ESG is described in detail. The dq equivalent model is 

derived. The concept of mutual capacitance between the stator and the rotor is explained 

in order to understand how to implement this mutual capacitance during the modeling. 

The electrostatic generator’s phase coordinate model, or the phase-variable model with 

self and mutual time-varying capacitances that depends on the rotor position is explained. 

Then, the dq model has been derived in order to get rid of the time-varying capacitance 

which make the modeling and analysis easier. The assumptions used for simplifying the 

modeling of three-phase ESG are explained. 

3.1 Construction and operation of Three-Phase Electrostatic Synchronous 

Generators 

As conventional three-phase Synchronous Generators, the three-phase ESGs are 

composed of a rotor and a stator, and each of them has two parallel plates facing each 

other and thus forming a capacitor and working under high vacuum. In conventional 

synchronous machines, electromagnetism plays the main rule of their operation while 

electrostatic is used to describe the operation of electrostatic machines with capacitors. 

As shown in Fig. 3.1, the field plates are located on the outside virtual shaft of the 

rotor. The field plates are fed with a direct voltage source, namely the field voltage Vf. 

This direct voltage source will produce an electric field. The left plate of the field in 

Fig. 3.1 always holds a positive charge as it is connected to the positive terminal of Vf 

while the right plate holds a negative charge (connected to the negative terminal of Vf).  
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Fig. 3.1: Construction of three-phase ESG. 

The stator plates (inner plates) a-a’, b-b’ and c-c’ shown in Fig. 3.1 are distributed in 

the space and shifted by 120o from each other and thus forming three-phase capacitors. 

The field plates are rotating at synchronous speed ωr and thus creating a rotating electric 

field. As the rotor rotates at synchronous speed, the rotating electric field will induce 

alternating charges on the stator plates. These inner plates will hold an electric charge (Q).  

3.2 The Phase-Variable model of Three-Phase Electrostatic Generators 

The phase-variable model of the ESG is formed by a set of three stator circuits, which 

are coupled with the rotor circuit through the rotation of the rotor. The rotor electric field 

is always aligned with the d-axis as shown in Fig. 3.2. The stator and the rotor are 

electrically coupled with each other.  

For the sake of simplicity, the following assumptions have been considered: 

1- Both the rotor and stator plates were considered as parallel plane plates. This 

is shown in Fig. 3.3.  

2- Both the rotor and stator plates have the same cross sectional area A. 

3- The displacement between plates are as shown in Fig. 3.3. 
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Fig. 3.2: Field plates with the a-phase of ESG. (a) alignment of the rotor field with the d-axis. (b) 

θr=π/2. (c)θr=π. 

 

Fig. 3.3: Geometry of the rotor and stator capacitor. 

When the outer plates (rotor plates) are connected to a DC voltage source, then each 

plate will hold a charge according to the polarity of the terminal it is connected to, this 
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will establish an electric field traveling from the positive to the negative terminal. As the 

stator plates are subjected to this electric field, by induction, they will hold an electric 

charge with the order as described in Fig. 3.4.  

It is clear from Fig. 3.4 that there is a mutual capacitance between the rotor and the 

stator (inner and outer plates). This mutual capacitance is in series with the stator self-

capacitance [76]–[82].  As the rotor rotates, for example, as shown in in Fig. 3.2 (a), self 

and mutual capacitance will change according to the rotor position θr. This is because the 

effective cross sectional area will decrease with respect to the d- and q-axis (Ad and Aq, 

respectively). This concept is helpful in deriving the equivalent model of the ESG. When 

the rotor rotates by 90o (Fig. 3.2 (b)), the rotor electric field does not pass through the 

stator plates and thus both the self and mutual capacitance will be zero. The last case is 

Fig. 3.2 (c), when the rotor rotates by 180o, then the self and mutual stator capacitors will 

hold a negative charge as an effect of reversing the direction of the rotor electric field. 

 

Fig. 3.4: Electric field distribution in ESG 

Fig. 3.5 shows the phase-variable model of the three-phase ESG. After the basic 

operation of the ESG has been explained, the self and mutual capacitance can be derived 

in the following subsections.  
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Fig. 3.5: Phase-Variable model of the ESG. 

3.2.1 Self-Capacitance of stator plates 

In order to calculate the self-capacitance of each phase of the ESG, we will consider 

the electrostatic effect of just the a-phase voltage established in the stator. As mentioned 

before, the d-axis is aligned with the rotor electric field Ef, and thus, the electric field 

components of phase a along the d- and q-axis with the help of Fig. 3.6 are: 

 𝐸𝑎 = 𝐸𝑎𝑑 𝑐𝑜𝑠 𝜃𝑟 − 𝐸𝑎𝑞 𝑠𝑖𝑛 𝜃𝑟 (3.1) 

and taking into consideration that  

 ∆𝑉 = 𝑑𝐸 (3.2) 

 𝑄 = 𝜖𝑜𝐴 𝐸 (3.3) 

where ΔV is the voltage difference across the capacitor (V), d is the distance between the 

plates (m), E is the Electric field. (V/m), Q is the electric charge (C - coulomb), εo is the 

permittivity of free space, which is equal to 8.854*10-12 F/m and A is the cross sectional 

area of the plates (m2). 

Another assumption has been made which is neglecting the fringing effect and 

assuming a uniform electric field. All the electric field will travel from the +ve plate to 

the –ve one without any losses. 
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Fig. 3.6: Electric field components of the a-phase along the dq axis. 

The electric charge on a-phase is: 

𝑄𝑎𝑎 = 𝜖𝑜𝐴 𝐸𝑎 

         = 𝜖𝑜(𝐴𝑑 𝐸𝑎𝑑 cos 𝜃𝑟 − 𝐴𝑞𝐸𝑎𝑞 sin 𝜃𝑟) 

         =
𝜖𝑜

𝑑𝑠
(𝐴𝑑  𝑉𝑎𝑑 cos 𝜃𝑟 − 𝐴𝑞𝑉𝑎𝑞 sin𝜃𝑟) 

         =
𝜖𝑜

𝑑𝑠
𝑉𝑎(𝐴𝑑 cos2 𝜃𝑟 + 𝐴𝑞 sin2 𝜃𝑟) 

         =
𝜖𝑜

𝑑𝑠
𝑉𝑎 (

𝐴𝑑

2
[1 + cos(2𝜃𝑟)] −

𝐴𝑞

2
[1 − cos(2𝜃𝑟)]) 

where Ad and Aq are the effective plate area under d- and q-axis, respectively. Now Qaa is 

as follow: 

 
𝑄𝑎𝑎 = [

1

2

𝜖𝑜(𝐴𝑑 + 𝐴𝑞)

𝑑𝑠
+

1

2

𝜖𝑜(𝐴𝑑 − 𝐴𝑞)

𝑑𝑠
cos(2𝜃𝑟)] 𝑉𝑎 (3.4) 

which means that the self-capacitance Caa of phase a is: 

 
𝐶𝑎𝑎 = [

1

2

𝜖𝑜(𝐴𝑑 + 𝐴𝑞)

𝑑𝑠
+

1

2

𝜖𝑜(𝐴𝑑 − 𝐴𝑞)

𝑑𝑠
cos(2𝜃𝑟)] (3.5) 

or; 

 
𝐶𝑎𝑎 = [

𝐶𝑚𝑎𝑥 + 𝐶𝑚𝑖𝑛

2
+

𝐶𝑚𝑎𝑥 − 𝐶𝑚𝑖𝑛

2
cos(2𝜃𝑟)] (3.6) 

where  𝐶𝑚𝑎𝑥 =
𝜖𝑜𝐴𝑑

𝑑𝑠
 and 𝐶𝑚𝑖𝑛 =

𝜖𝑜𝐴𝑞

𝑑𝑠
  . 

Writing the self-capacitance in a simpler form: 

 𝐶𝑎𝑎 = 𝐶𝑜 + 𝐶1 𝑐𝑜𝑠 2𝜃𝑟 (3.7) 
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where Co=(Cmax+Cmin)/2 and C1=(Cmax-Cmin)/2. The b- and c-phase self-capacitance Cbb 

and Ccc are similar that of Caa but with θr is replaced by (θr - 2π/3) and (θr + 2π/3), 

respectively. 

 
𝐶𝑏𝑏 = 𝐶𝑜 + 𝐶1 cos2 (𝜃𝑟 −

2𝜋

3
) (3.8) 

 
𝐶𝑐𝑐 = 𝐶𝑜 + 𝐶1 𝑐𝑜𝑠 2 (𝜃𝑟 −

2𝜋

3
) (3.9) 

It is clear from (3.7), (3.8) and (3.9) that the stator self-capacitance is time-varying, or 

in other words, depends on the rotor position. The leakage capacitance will be excluded 

in the modeling for the sake of simplicity and the virtual ESG is assumed to be ideal. 

3.2.2 Mutual Capacitance between stator phases 

Now the charges from the a-phase due to the electric fields Ead and Eaq transferred to 

b-phase plates that is 2π/3 ahead is: 

   𝑄𝑏𝑎 = 𝑄𝑎𝑏 =
𝜖𝑜

𝑑𝑠
𝑉𝑎(𝐴𝑑 cos𝜃𝑟 cos(𝜃𝑟 − 2π

3⁄ ) − 𝐴𝑞 sin𝜃𝑟 sin(𝜃𝑟 − 2π
3⁄ )) (3.10) 

Simplifying (3.10) yields to: 

 
𝑄𝑏𝑎 = [−

𝜖𝑜(𝐴𝑑 + 𝐴𝑞)

4𝑑𝑠
+

𝜖𝑜(𝐴𝑑 − 𝐴𝑞)

2𝑑𝑠
cos(2𝜃𝑟 − 2𝜋

3⁄ )] (3.11) 

which means that the mutual capacitance between the a- and b-phase is: 

 
𝐶𝑏𝑎 = 𝐶𝑎𝑏 = −

𝐶𝑜

2
+ 𝐶1 𝑐𝑜𝑠 2(𝜃𝑟 − 𝜋

3⁄ ) (3.12) 

and those of a-c and b-c are: 

 
𝐶𝑎𝑐 = 𝐶𝑐𝑎 = −

𝐶𝑜

2
+ 𝐶1 𝑐𝑜𝑠 2(𝜃𝑟 + 𝜋

3⁄ ) (3.13) 

 
𝐶𝑏𝑐 = 𝐶𝑐𝑏 = −

𝐶𝑜

2
+ 𝐶1 𝑐𝑜𝑠 2𝜃𝑟 (3.14) 

3.2.3 Mutual Capacitance between the stator and the rotor plates 

With the help of Fig. 3.4 and Fig. 3.7, the q-axis component of the rotor electric field 

(Efq) is always zero because the d-axis is aligned with the rotor electric field. The voltage 

difference between the outer plates (rotor plates) is the field voltage Vf. Then it is clear 
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that the mutual capacitance between the rotor and the stator is modeled in series between 

them, and because of the symmetry of the plate displacements it is easy to find this mutual 

capacitance. 

Starting from the potential difference: 

 ∆𝑉𝑡𝑜𝑡 = 𝑉𝑓 = ∆𝑉1 + ∆𝑉2 + ∆𝑉3 (3.15) 

Here ΔVtot equals the field voltage Vf and the potential difference between the rotor 

and the stator is: 

 ∆𝑉𝑓−𝑎 = ∆𝑉1 + ∆𝑉3 (3.16) 

 

Fig. 3.7: Electric field components of the rotor plates along the a-axis 

So, we can find the equivalent mutual capacitance between the rotor and the stator 

according to the following notes: 

1- The mutual capacitance is calculated when the field voltage is applied and without 

loading the ESG. 

2- The mutual capacitance on both sides and the self-capacitance of the stator share 

the same charge as they are in series. 

3- Each capacitor will have different potential according to the spacing between the 

plates. But the mutual capacitance on both sides have the same displacement 

between the rotor and the stator plates which means that the capacitance values are 

equal.   
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According to the third point, the mutual capacitance on both sides will have the same 

potential difference, so we can start from that point and after redrawing Fig. 3.4 as seen 

in Fig. 3.8; the mutual capacitance between the rotor and the stator can be calculated as 

follow: 

 𝑄𝑓𝑎 = 𝐶𝑀1∆𝑉1 = 𝐶𝑎𝑎∆𝑉2 = 𝐶𝑀2∆𝑉3 (3.17) 

Where CM1 is the first mutual capacitance between plates 1 and 2, and CM2 is the 

second mutual capacitance between plates 3 and 4.  As seen in (3.17), the mutual 

capacitance will induce a current in the stator circuit as a response to the voltage change 

between the rotor and stator; ΔV1 and ΔV3, respectively. This is why it has to be modeled 

in series between the rotor and the stator circuits.  

Rewriting (3.17) in terms of the electric field vectors: 

 𝑄𝑓𝑎 = 𝜖𝑜𝐴𝐸1→2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ (3.18) 

The last term in (3.23) is half of the total electric field between the rotor and the stator, 

so (3.23) becomes: 

 
𝑄𝑓𝑎 = 𝜖𝑜𝐴 (

1

2
𝐸𝑓𝑎
⃗⃗ ⃗⃗ ⃗⃗ ) (3.19) 

Remembering that Efq equals zero, and the relationship between Efa and ΔVfa is: 

 ∆𝑉𝑓𝑎 = ∆𝑉1 + ∆𝑉3 

 
          =

𝑑𝑓 − 𝑑𝑠

2
𝐸1→2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ +

𝑑𝑓 − 𝑑𝑠

2
𝐸3→4
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗  

 
          =

𝑑𝑓 − 𝑑𝑠

2
(𝐸1→2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ + 𝐸3→4

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗)  

 
          =

𝑑𝑓 − 𝑑𝑠

2
(𝐸𝑓𝑎
⃗⃗ ⃗⃗ ⃗⃗ )  

then: 

 
𝑄𝑓𝑎 = (

𝜖𝑜𝐴𝑑

𝑑𝑓 − 𝑑𝑠
cos 𝜃𝑟)∆𝑉𝑓𝑎 (3.20) 

So, we can conclude that the equivalent mutual capacitance between the rotor and the 

stator is: 
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Fig. 3.8: Mutual capacitance between the rotor and stator plates. 

 
𝐶𝑀𝑓−𝑎 =

𝜖𝑜𝐴𝑑

(𝑑𝑓 − 𝑑𝑠)
cos 𝜃𝑟 (3.21) 

In (3.21), CMf-a is the equivalent of the series mutual capacitance between the rotor 

and the stator plates. Since they have the same value and they are in series, then CMf-a is 

half of CM1 or CM2.  This mutual capacitance varies with the rotor position. The mutual 

capacitance between the rotor and the b- and c-phase are similar to that of CMf-a but with 

θr is replaced by (θr - 2π/3) and (θr + 2π/3), respectively. For simplicity, we will define 

the mutual capacitance as follow: 

 𝐶𝑀𝑓−𝑎 = 𝐶𝑀 cos 𝜃𝑟 (3.22) 

 𝐶𝑀𝑓−𝑏 = 𝐶𝑀 𝑐𝑜𝑠(𝜃𝑟 − 2π 3⁄ ) (3.23) 

 𝐶𝑀𝑓−𝑐 = 𝐶𝑀 𝑐𝑜𝑠(𝜃𝑟 + 2π 3⁄ ) (3.24) 

where: 

 
𝐶𝑀 =

𝜖𝑜𝐴𝑑

(𝑑𝑓 − 𝑑𝑠)
 (3.25) 

Finally, the self-capacitance of the rotor plates (which is aligned with the d-axis) can 

be defined as follow: 

 
𝐶𝑟𝑟 =

𝜖𝑜𝐴

𝑑𝑓
 (3.26) 

where Crr is always constant and does not depend on the rotor position. 
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3.3 The dq model of Three-Phase Electrostatic Generators 

As seen in deriving the mutual and self-capacitance of the three-phase ESG, these 

capacitances are time-variant and changing with the rotation of the rotor. Transforming 

the abc quantities into d-q will cancel the dependence of these capacitances with the rotor 

position. Moreover, as it will be seen, it will cancel the mutual capacitance between the 

stator plates. The d-q model will transform the equations of the stator and the rotor into 

dq reference frame in which the d-axis of the reference frame is aligned with the rotor 

electric field. This means that dq transformation should be applied to the stator phase 

quantities only. 

The transformation used is the conventional Park transformation described in (2.9) 

and will be rewritten here as follow: 

 

[𝑇𝑑𝑞𝑜] =
2

3
[

cos 𝜃𝑟 𝑐𝑜𝑠(𝜃𝑟 − 2π 3⁄ ) 𝑐𝑜𝑠(𝜃𝑟 + 2π 3⁄ )

− sin 𝜃𝑟 −sin(𝜃𝑟 − 2π 3⁄ ) −sin(𝜃𝑟 + 2π 3⁄ )
1

2

1

2

1

2

] (3.27) 

and its inverse is: 

 

[𝑇−1
𝑑𝑞𝑜] = [

cos𝜃𝑟 −sin𝜃𝑟 1

𝑐𝑜𝑠(𝜃𝑟 − 2π 3⁄ ) −sin(𝜃𝑟 − 2π 3⁄ ) 1

𝑐𝑜𝑠(𝜃𝑟 + 2π 3⁄ ) −sin(𝜃𝑟 + 2π 3⁄ ) 1
] (3.28) 

The derivative of the rotor angle θr is the rotor speed ωr, i.e. ωr = d/dt θr, and it should 

be noticed that the Park transformation multiplied by the derivative of its inverse equals 

to: 

 
[𝑇𝑑𝑞𝑜]

𝑑

𝑑𝑡
[𝑇−1

𝑑𝑞𝑜] = [
0 −𝜔𝑟 0
𝜔𝑟 0 0
0 0 0

] (3.29) 

also, transforming from abc to dq0 is: 

 
[
𝑑
𝑞
0
] = [𝑇𝑑𝑞𝑜] [

𝑎
𝑏
𝑐
] (3.30) 

and from dq0 to abc is: 
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[
𝑎
𝑏
𝑐
] = [𝑇−1

𝑑𝑞𝑜] [
𝑑
𝑞
0
] (3.31) 

Now the self and mutual capacitance derived in the previous section will be rewritten 

in a matrix form as follow: 

 
[𝐶𝑠𝑠(𝜃𝑟)] = [

𝐶𝑎𝑎 𝐶𝑎𝑏 𝐶𝑎𝑐

𝐶𝑏𝑎 𝐶𝑏𝑏 𝐶𝑏𝑐

𝐶𝑐𝑎 𝐶𝑐𝑏 𝐶𝑐𝑐

] (3.32) 

 

[𝐶𝑠𝑟(𝜃𝑟)] = [

𝐶𝑀𝑓−𝑎

𝐶𝑀𝑓−𝑏

𝐶𝑀𝑓−𝑐

] (3.33) 

Let us consider that the stator resistance are equal such that ra = rb = rc = rs. Now the 

current equations of the stator can be arranged into the following form: 

 

[
 
 
 
1

𝑟𝑠⁄ 0 0

0 1
𝑟𝑠⁄ 0

0 0 1
𝑟𝑠⁄ ]

 
 
 

[

𝑣𝑎

𝑣𝑏

𝑣𝑐

] + [

𝑖𝑎
𝑖𝑏
𝑖𝑐

] =
𝑑

𝑑𝑡
[

𝑄𝑎

𝑄𝑏

𝑄𝑐

] (3.34) 

and the equation for the stator charges is: 

 

[

𝑄𝑎

𝑄𝑏

𝑄𝑐

] = −[𝐶𝑠𝑠(𝜃𝑟)] [

𝑣𝑎

𝑣𝑏

𝑣𝑐

] + [

𝑉𝑓 − 𝑣𝑎 0 0

0 𝑉𝑓 − 𝑣𝑏 0

0 0 𝑉𝑓 − 𝑣𝑐

] [𝐶𝑠𝑟(𝜃𝑟)] (3.35) 

Adopting the same methodology, the current equations of the rotor can be arranged 

into the following form: 

 
𝑖𝑓 =

1

𝑟𝑓
𝑉𝑓 +

𝑑

𝑑𝑡
𝑄𝑓 (3.36) 

In this type of generators, there is only one field circuit in the d-axis, so the rotor 

charge equation is: 

 𝑄𝑓 = 𝐶𝑀𝑓−𝑎(𝑉𝑓 − 𝑣𝑎)+𝐶𝑀𝑓−𝑏(𝑉𝑓 − 𝑣𝑏) + 𝐶𝑀𝑓−𝑐(𝑉𝑓 − 𝑣𝑐) + 𝐶𝑟𝑟𝑉𝑓 (3.37) 

It should be noticed that the available charges on the field plates will be the same 

charges available in the mutual capacitance between the rotor and stator plates. 

The transformation of the stator capacitance matrix is as follow: 
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[𝑇𝑑𝑞𝑜][𝐶𝑠𝑠(𝜃𝑟)][𝑇
−1

𝑑𝑞𝑜] =

[
 
 
 
 
3

2
(𝐶𝑜 + 𝐶1) 0 0

0
3

2
(𝐶𝑜 − 𝐶1) 0

0 0 0]
 
 
 
 

 (3.38) 

and the transformation of the mutual capacitance matrix is as follow:  

 
[𝑇𝑑𝑞𝑜][𝐶𝑠𝑟(𝜃𝑟)] = [

𝐶𝑀

0
0

] (3.39) 

and the transformation of the electric charge derivative is as follow: 

 

[𝑇𝑑𝑞𝑜]
𝑑

𝑑𝑡
[

𝑄𝑎

𝑄𝑏

𝑄𝑐

] = [
0 −𝜔𝑟 0
𝜔𝑟 0 0
0 0 0

] [

𝑄𝑑

𝑄𝑞

𝑄0

] +
𝑑

𝑑𝑡
[

𝑄𝑑

𝑄𝑞

𝑄0

] (3.40) 

where: 

 
𝑄𝑑 = −

3

2
(𝐶0 + 𝐶1)𝑉𝑑 + 𝐶𝑀(𝑉𝑓 − 𝑉𝑑) (3.41) 

 
𝑄𝑞 = −

3

2
(𝐶0 − 𝐶1)𝑉𝑞 (3.42) 

Now, defining a new capacitance in the d- and q-axis as follow: 

 
𝐶𝑑 =

3

2
(𝐶0 + 𝐶1) (3.43) 

 
𝐶𝑞 =

3

2
(𝐶0 − 𝐶1) (3.44) 

So, (3.41) and (3.42) could be rewritten as follow: 

 𝑄𝑑 = −𝐶𝑑𝑉𝑑 + 𝐶𝑀(𝑉𝑓 − 𝑉𝑑) (3.45) 

 𝑄𝑞 = −𝐶𝑞𝑉𝑞 (3.46) 

The stator equations are: 

 

[
 
 
 
1

𝑟𝑠⁄ 0 0

0 1
𝑟𝑠⁄ 0

0 0 1
𝑟𝑠⁄ ]

 
 
 

[

𝑉𝑑

𝑉𝑞
𝑉0

] + [

𝐼𝑑
𝐼𝑞
𝐼0

] = [
0 −𝜔𝑟 0
𝜔𝑟 0 0
0 0 0

] [

𝑄𝑑

𝑄𝑞

𝑄0

] +
𝑑

𝑑𝑡
[

𝑄𝑑

𝑄𝑞

𝑄0

] (3.47) 

The d-axis stator current is: 

 
𝐼𝑑 = −

𝑉𝑑

𝑟𝑠
+ 𝜔𝑟𝐶𝑞𝑉𝑞 − 𝐶𝑑

𝑑

𝑑𝑡
𝑉𝑑 + 𝐶𝑀

𝑑

𝑑𝑡
(𝑉𝑓 − 𝑉𝑑) (3.48) 

The q-axis stator current is: 

 
𝐼𝑞 = −

𝑉𝑞
𝑟𝑠

− 𝜔𝑟𝐶𝑑𝑉𝑑 + 𝜔𝑟𝐶𝑀(𝑉𝑓 − 𝑉𝑑) − 𝐶𝑞

𝑑

𝑑𝑡
𝑉𝑞 (3.49) 

The circuit representation of this type of generators is shown in Fig. 3.9.  
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Fig. 3.9: dq representation of ESG. 

3.4 Three-Phase ESG with double field circuits 

In order eliminate the effect of unequal stator effective plate’s area in the d- and q-

axis (Ad and Aq) as shown in the previous sections, the ESG can be reconstructed with 

double field circuits, one is aligned with the d-axis and the other is aligned with the q-

axis. This is explained in Fig. 3.10. In this case, the effective area of the stator plates under 

d- and q-axis will be the same, so Ad = Aq = As. Under this configuration, Co in (3.7) will 

become: 

 
𝐶𝑜 =

𝜖𝑜𝐴𝑠

𝑑𝑠
 (3.50) 

Thus the stator self-capacitance equations can be rewritten as follow: 

 𝐶𝑎𝑎 = 𝐶𝑏𝑏 = 𝐶𝑐𝑐 = 𝐶𝑜 (3.51) 

and for the stator mutual capacitance equations: 

 
𝐶𝑎𝑏 = 𝐶𝑏𝑎 = 𝐶𝑏𝑐 = 𝐶𝑐𝑏 = 𝐶𝑎𝑐 = 𝐶𝑐𝑎 = −

𝐶𝑜

2
 (3.52) 

Under this configuration, it is clear that the self- and mutual capacitances of the stator 

plates are time-invariant as described in (3.51) and (3.52). The equations of the mutual 

capacitance between the rotor and the stator plates along the d-axis are as follow: 
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Fig. 3.10: ESG with double field circuit. 

 

 𝐶𝑀𝑓𝑑−𝑎 = 𝐶𝑀𝑑 𝑐𝑜𝑠 𝜃𝑟 (3.53) 

 𝐶𝑀𝑓𝑑−𝑏 = 𝐶𝑀𝑑 𝑐𝑜𝑠(𝜃𝑟 − 2𝜋 3⁄ ) (3.54) 

 𝐶𝑀𝑓𝑑−𝑐 = 𝐶𝑀𝑑 𝑐𝑜𝑠(𝜃𝑟 + 2𝜋 3⁄ ) (3.55) 

And for the mutual capacitance between the rotor and the stator plates along the q-axis 

are as follow: 

 𝐶𝑀𝑓𝑞−𝑎 = −𝐶𝑀𝑞 𝑠𝑖𝑛 𝜃𝑟 (3.56) 

 𝐶𝑀𝑓𝑞−𝑏 = −𝐶𝑀𝑞 𝑠𝑖𝑛(𝜃𝑟 − 2𝜋 3⁄ ) (3.57) 

 𝐶𝑀𝑓𝑞−𝑐 = −𝐶𝑀𝑞 𝑠𝑖𝑛(𝜃𝑟 + 2𝜋 3⁄ ) (3.58) 

where  

 
𝐶𝑀𝑑 =

𝜖𝑜𝐴𝑠

𝑑𝑓𝑑 − 𝑑𝑠
 (3.59) 

and 

 
𝐶𝑀𝑞 =

𝜖𝑜𝐴𝑠

𝑑𝑓𝑞 − 𝑑𝑠
 (3.60) 

And for the field self-capacitance: 

 
𝐶𝑓𝑑 =

𝜖𝑜𝐴𝑓

𝑑𝑓𝑑
 (3.61) 

 
𝐶𝑓𝑞 =

𝜖𝑜𝐴𝑓

𝑑𝑓𝑞
 (3.62) 

The transformation of the capacitance matrices into dq coordinates are as follow: 
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[𝑇𝑑𝑞𝑜][𝐶𝑠𝑠][𝑇
−1

𝑑𝑞𝑜] =

[
 
 
 
 
3

2
𝐶𝑜 0 0

0
3

2
𝐶𝑜 0

0 0 0]
 
 
 
 

 (3.63) 

 
[𝑇𝑑𝑞𝑜][𝐶𝑟𝑠(𝜃𝑟)] = [

𝐶𝑀𝑑 0
0 𝐶𝑀𝑞

0 0

] (3.64) 

As has been done before, defining a new stator capacitance in the d- and q-axis as 

follow: 

 
𝐶𝑑 = 𝐶𝑞 =

3

2
𝐶𝑜 (3.65) 

The electric charge in the d- and q-axis are as follow: 

 𝑄𝑑 = −𝐶𝑑𝑉𝑑 + 𝐶𝑀𝑑(𝑉𝑓𝑑 − 𝑉𝑑) (3.66) 

 𝑄𝑞 = −𝐶𝑞𝑉𝑞 + 𝐶𝑀𝑞(𝑉𝑓𝑞 − 𝑉𝑞) (3.67) 

Writing the d- and q-axis stator currents using (3.47) but with the redefined stator 

charges in (3.66) and (3.67): 

 
𝐼𝑑 = −

𝑉𝑑

𝑟𝑠
+ 𝜔𝑟𝐶𝑞𝑉𝑞 − 𝜔𝑟𝐶𝑀𝑞(𝑉𝑓𝑞 − 𝑉𝑞) − 𝐶𝑑

𝑑

𝑑𝑡
𝑉𝑑 + 𝐶𝑀𝑑

𝑑

𝑑𝑡
(𝑉𝑓𝑑 − 𝑉𝑑) (3.68) 

 
𝐼𝑞 = −

𝑉𝑞
𝑟𝑠

− 𝜔𝑟𝐶𝑑𝑉𝑑 + 𝜔𝑟𝐶𝑀𝑑(𝑉𝑓𝑑 − 𝑉𝑑) − 𝐶𝑞

𝑑

𝑑𝑡
𝑉𝑞 + 𝐶𝑀𝑞

𝑑

𝑑𝑡
(𝑉𝑓𝑞 − 𝑉𝑞) (3.69) 

The circuit representation of the above mentioned equations are shown in Fig. 3.11.  

 

Fig. 3.11: dq representation of double field ESG. 
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Now, the simplification of the dq model shown in Fig. 3.11 can be achieved by 

rearranging (3.68) and (3.69) and taking into consideration that the field voltages in d- and 

q-axis are constants and thus their derivatives will be null, the stator current equations 

become: 

 
𝐼𝑑 = −

𝑉𝑑

𝑟𝑠
+ 𝜔𝑟(𝐶𝑞 + 𝐶𝑀𝑞)𝑉𝑞 − 𝜔𝑟𝐶𝑀𝑞𝑉𝑓𝑞 − (𝐶𝑑 + 𝐶𝑀𝑑)

𝑑

𝑑𝑡
𝑉𝑑 (3.70) 

 
𝐼𝑞 = −

𝑉𝑞
𝑟𝑠

− 𝜔𝑟(𝐶𝑑 + 𝐶𝑀𝑑)𝑉𝑑 + 𝜔𝑟𝐶𝑀𝑑𝑉𝑓𝑑 − (𝐶𝑞 + 𝐶𝑀𝑞)
𝑑

𝑑𝑡
𝑉𝑞 (3.71) 

The circuit representation of (3.70) and (3.71) is shown in Fig. 3.12. 

 

Fig. 3.12: Simplified dq circuit representation of ESG with double field circuits. 

 

3.5 Equivalence between the inverter small-signal model and the ESG dq 

circuit 

 This work aims to promote a novel modeling approach of power inverters based on 

the electrostatic synchronous machine concept. If an equivalent machine model is 

implemented, large and small signal stability of single machine connected to infinite bus 

and multi-machine modeling approach can be easily implemented to analyze the stability 

of any microgrid with inverter-based distributed generators [83]. 

An intrinsic duality is founded between the ESG and the VSI with its inductive filter 

shown in Fig. 3.13. In ESG, the power transfer is due to charge transfer and, consequently, 
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a capacitive structure in a parallel configuration is expected. The control feedback network 

acts on the field voltage magnitude to control the output voltages. On the other side, in the 

power inverter the power transfer is achieved by the power switches. The duty cycle of 

switches is properly adjusted to control the output power. The rotor speed of the virtual 

ESG is the operating frequency of the power inverter. An inductive AC side circuit is 

expected [83].  

 

Fig. 3.13: Small-signal model of the power inverter with L-filter in the dq reference frame [83]. 

The duality is kept in the modeling approach. The machine stator circuit is expected 

to be the dual of the power inverter model. The modeling approach reinforces the intrinsic 

duality. The inverter based DG can be modelled by a dual circuit representing a virtual 

electrostatic synchronous generator. Because of the duality, the output power perfectly 

match and therefore the swing equation can be exploited in parallel with the steady state 

equivalent model derived in [82] to analyze the stability of microgrids with inverter-based 

DGs [46].  

As long as the duality is concerned, the homogeneity of the network should be 

carefully addressed. The proposed modeling approach can be successfully applied in 

homogeneous microgrids. If several inverter-based DGs are interconnected, each DG can 

be replaced by its dual equivalent machine small signal model and thus the analysis of the 

whole network can be carried out.  
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Since a duality concept is applied, voltage signals of the machine model match the 

current signals of the power inverter and vice versa. Consequently, according to the 

conventional principle of duality, the duality equations should be considered in terms of 

numerical values and not measurement units. Duality equations are given by: 

 𝜔𝑟 = 𝜔 

𝑣𝑓𝑞 = −
𝑑𝑑𝑉𝑑𝑐

𝜔𝑟𝐶𝑀
 

𝑣𝑓𝑑 =
𝑑𝑞𝑉𝑑𝑐

𝜔𝑟𝐶𝑀
 

𝐶 + 𝐶𝑀 = 𝐿𝑓𝑖𝑙𝑡𝑒𝑟 

𝑟𝑠 =
1

𝑟𝑓𝑖𝑙𝑡𝑒𝑟
 

(3.72) 

According to the previous discussion, the electrical power and torque can be simply 

derived based on (3.47) such that: 

 
𝑃𝑡 =

3

2
(𝑉𝑑𝐼𝑑 + 𝑉𝑞𝐼𝑞) +

1

3
𝑉0𝐼0 (3.73) 

where the 0-channel is null in (3.73). The d- and q-axis currents can be obtained from 

(3.47) and they can be rewritten in the following form for convenience: 

 
𝐼𝑑 =

𝑑

𝑑𝑡
𝑄𝑑 − 𝑄𝑞𝜔𝑟 −

𝑉𝑑

𝑟𝑠
 

(3.74) 
 

𝐼𝑞 =
𝑑

𝑑𝑡
𝑄𝑞 + 𝑄𝑑𝜔𝑟 −

𝑉𝑞

𝑟𝑠
 

where Qd and Qq are the stator charges for the double-field ESG. The expression of the 

power transferred from the rotor to the stator of the ESG is then: 

 
𝑃𝑡 =

3

2
[(𝑉𝑑

𝑑

𝑑𝑡
𝑄𝑑 + 𝑉𝑞

𝑑

𝑑𝑡
𝑄𝑞) + (𝑉𝑞𝑄𝑑 − 𝑉𝑑𝑄𝑞)𝜔𝑟 − (

𝑉𝑑
2

𝑟𝑠
+

𝑉𝑞
2

𝑟𝑠
)] (3.75) 

The first term in (3.75) represents the rate of change of the stator electric energy 

(transformer action), the second term represents the power transferred from the rotor to 

the stator Pe (motion action). Finally, the last term represents the power losses in the ESG. 

Now the virtual air-gap torque Te can be simply obtained from the second term of (3.75) 

after dividing Pe by the rotor speed ωr as follow: 
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𝑇𝑒 =

3

2
[𝑉𝑞𝑄𝑑 − 𝑉𝑑𝑄𝑞] (3.76) 

The swing equation of traditional SGs can be exploited for ESGs. After transforming 

all the model parameters into pu system, the equivalence between the kinetic energy of 

conventional SGs and the stored energy in the mutual capacitance of ESG can be founded. 

The droop control filter is used to determine the inertial and the damping of ESG [46]. 

3.6 Performance comparison between the VSI dq equivalent circuit and the 

ESG model 

In the simulation setup, the small signal model of the power inverter shown in Fig. 3.13 

and the dq equivalent model of the ESG shown in Fig. 3.12 are implemented. abc to dq0 

transformation is applied to the duty cycle signals da, db and dc generated by the PWM 

comparator and thus generating dd and dq signals. Duty cycle signals in the dq reference 

frame feeds the dq equivalent models of both the inverter and the ESG. Voltage signals of 

the ESG (Vd and Vq) are compared to current signals Id and Iq of the small-signal power 

inverter model. As shown by simulation results, matching between ESG voltage signals 

and inverter current signals is achieved and thus validating the proposed modeling 

approach. It should be mentioned that a negative reactive power is expected for the ESG 

model. During the simulation; the ESG output reactive power has been inverted to 

illustrate the equivalence between both models. 

The configuration of the microgrid system used in this test has two buses as shown in 

Fig. 3.14. The system and the inverter parameters are the same one used in chapter 2 and 

listed in Table 2.2. The 20 kVA three-phase VSI is feeding a constant local load (Load 1) 

of 5 kW. Load 2 is variable and it is connected to the inverter through a distribution line.  

The simulation are carried out with two different cases as described below: 

 The first case: from 0-0.2 seconds 
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The inverter in operating under stand-alone mode with Load 1 = 5 kW and 

Load 2 = 5 kW. 

 The second case: from 0.35-0.7 seconds 

The inverter in operating under stand-alone mode with Load 1 = 5 kW and 

Load 2 = 15 kW. 

 

Fig. 3.14: LV Islanded microgrid test system. 

Fig. 3.15 shows the output average power of the small signal model of the power 

inverter and the dq equivalent model of the ESG. The output reactive power of the small 

signal model of the inverter and the dq equivalent model of the ESG is shown in Fig. 3.16. 

 

Fig. 3.15: Output average power of the small signal model of the inverter and the dq equivalent circuit 

of the ESG. 

From 0 to 0.2 second in Fig. 3.15, the inverter and the ESG are feeding a constant 

local load of 5 kW and another load of 5 kW connected to the inverter through a 
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distribution line. The net load power demand in this case is 10 kW. The overshoot and 

settling time of the output power of the inverter are acceptable.  

 

Fig. 3.16: Output reactive power of the small signal model of the inverter and the dq equivalent 

circuit of the ESG. 

After increasing load 2 to 15 kW (from 0.2-0.4 seconds), the output power of the 

inverter has been increased as the total demanded power by the loads in this case is equal 

to 20 kW. In both cases, the VSI output power is slightly greater than the demanded power 

because of the power losses in the distribution line. Before 0.2 seconds, the power losses 

in the distribution line is around 50 W and after that, the power losses has been increased 

to 500 W. the output power of the VSI is 2.5% greater than its nominal power (20 kVA). 

This should be taken into account when choosing the power ratings of the IGBTs of the 

power inverter. A perfect matching between the output average and reactive power of both 

models is achieved.  

It should be mentioned that the output reactive power shown in Fig. 3.16 is very small 

compared with the average power since both loads are resistive loads and all the reactive 

power is being consumed by the distribution line reactance XLine. 



Chapter 3 Electrostatic Synchronous Machines concept 

 

58 

Fig. 3.17 shows a comparison between the ESG d-axis voltage signal Vd and the 

inverter small signal d-axis current signal Id. The comparison between the ESG q-axis 

voltage signal Vq and the inverter small signal q-axis current signal Iq is shown in Fig. 3.18. 

Simulated waveforms perfectly overlap thus validating the proposed modeling approach 

which based on the duality concept. 

 

Fig. 3.17: A comparison of simulated waveforms of d-axis components of the small signal model of 

both the ESG and the power inverter. 

 

Fig. 3.18: A comparison of simulated waveforms of q-axis components of the small signal model of 

both the ESG and the power inverter. 
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Finally, the output frequency of the small signal model of the inverter and the dq 

equivalent model of the ESG is shown in Fig. 3.19. 

 

Fig. 3.19: Output frequency of ESG and the power inverter models. 

As seen from Fig. 3.19, the no-load frequency of the inverter and the ESG is 51 Hz, 

which is the initial frequency the inverter will start from. From 0 to 0.2 seconds, the 

inverter and the ESG are feeding two loads with total demanded power of 10 kW. 

According to the P vs. f droop controller, this power is corresponding to an output 

frequency of 50.5 Hz which match thee actual output frequency of the inverter and the 

ESG. 

The P vs. f droop controller has been designed to deliver the nominal power (20 kW) 

at rated frequency (50 Hz). As seen from Fig. 3.19, and after 0.2 seconds, and as Load 2 

has been increased to 15 kW, total demanded power by the loads increased to 20 kW. This 

power is corresponding to an output frequency of 50 Hz. the output frequency of the 

inverter has been decreased to 49.973 Hz as expected from the droop controller.  

The reason why the output power of the inverter is not accurately 50 Hz is because of 

the power losses in the distribution line which has been considered as load to the power 

inverter. An offset power can be added to the droop controller in order to compensate for 
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the power losses in the distribution line but this requires to know accurately the parameters 

of the distribution line which is practically difficult. 

3.7 Steady-state equivalent circuit of ESG 

The steady-state model of the ESG can be obtained by eliminating all the time 

derivative terms from (3.70) and (3.71), where all the stator and the rotor quantities are 

constants. Assuming balanced steady-state conditions, the stator current equations 

become: 

 
𝐼𝑑 = −

𝑉𝑑

𝑟𝑠
+ 𝜔𝑟(𝐶𝑞 + 𝐶𝑀𝑞)𝑉𝑞 − 𝜔𝑟𝐶𝑀𝑞𝑉𝑓𝑞 (3.77) 

 
𝐼𝑞 = −

𝑉𝑞

𝑟𝑠
− 𝜔𝑟(𝐶𝑑 + 𝐶𝑀𝑑)𝑉𝑑 + 𝜔𝑟𝐶𝑀𝑑𝑉𝑓𝑑 (3.78) 

The field voltage (Vf), the stator voltage (Vt) and the stator current (It) can be written 

in phasor form as follow: 

 𝑽𝒇 = 𝑉𝑓𝑑 + 𝑗𝑉𝑓𝑞 

(3.79) 𝑽𝒕 = 𝑉𝑑 + 𝑗𝑉𝑞 

𝑰𝒕 = 𝐼𝑑 + 𝑗𝐼𝑞 

Assume Cd=Cq=Cs and CMd=CMq=CM, starting from the stator current It by combining 

(3.77) and (3.78) and replacing each term 1/(ωrC) by its corresponding reactance XC, then: 

 
𝑰𝒕 =

𝑽𝒇

−𝑗𝑋𝐶𝑀
−

𝑽𝒕

−𝑗(𝑋𝐶𝑠 + 𝑋𝐶𝑀)
−

𝑽𝒕

𝑟𝑠
 (3.80) 

The steady-state equivalent circuit is shown in Fig. 3.20. 

 

Fig. 3.20: Steady-State Equivalent circuit of ESG. 
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According to (3.72), the field voltage can be written as follow: 

 
𝑽𝒇 =

𝑉𝑑𝑐

𝜔𝑟𝐶𝑀
(𝑑𝑞 − 𝑗𝑑𝑑) (3.81) 

The system configuration for analyzing the performance of the steady-state model of 

ESG is the same one shown in Fig. 3.14. The inverter in operating under stand-alone mode 

with Load 1 = 5 kW and Load 2 = 5 kW. Table 3.1 lists the simulation parameters used 

for the test. 

Table 3.1: Simulation parameters of the steady-state model of the ESG. 

Parameter Value 

Vdc 900 V 

ωr 317.3 rad/sec 

rs 2 Ω 

CM 0.8*10-3 F 

Cs 0.8*10-3 F 

dd 0.095 

dq 0.28 

PLoad1 5 kW 

PLoad2 5 kW 

 

It should be mentioned that the steady-state model of the ESG doesn’t take into 

account the voltage controller dynamics. The d and q components of the modulation index, 

dd and dq, have been considered constant in this case, and their steady-state values (listed 

in Table 3.1) were obtained from the first simulation case in the previous section.  

The following figures show the performance comparison of the steady-state model of 

the ESG and the small-signal model of the VSI (shown in Fig. 3.13). 

As shown in Fig. 3.21 and Fig. 3.22, during the steady-state, the output average and 

reactive power perfectly match and the small signal model of the  inverter (as well as the 

dq model of  the ESG) covers the dynamics of the VSI during the transients while the 

steady-state model of the ESG doesn’t. 
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Fig. 3.21: Output average power of the small signal model of the inverter and the steady-state model 

of the ESG. 

 

 

Fig. 3.22: Output reactive power of the small signal model of the inverter and the steady-state model 

of the ESG. 

Fig. 3.23 shows a comparison between the ESG steady-state model d-axis voltage 

signal Vd and the inverter small signal d-axis current signal Id. The comparison between 

the ESG steady-state model q-axis voltage signal Vq and the inverter small signal q-axis 

current signal Iq is shown in Fig. 3.24. 
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Fig. 3.23: A comparison of simulated waveforms of d-axis components of the small signal model of 

the inverter and the steady-state model of the ESG. 

 

 

Fig. 3.24: A comparison of simulated waveforms of q-axis components of the small signal model of 

the inverter and the steady-state model of the ESG. 

It is clear from Fig. 3.23 and Fig. 3.24 that the simulated waveforms in steady-state 

perfectly overlap thus validating the proposed modeling approach. 

In this chapter, a modeling approach of an inverter-based distributed generator based 

on the concept of electrostatic synchronous machine has been presented. In multiple 

Inverter-Based DGs microgrid, each DG can be replaced by its dual equivalent machine 
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thus the analysis of the whole network can be carried out. Parameters of the equivalent 

machine model have been derived on the basis of duality equations. Consequently, power 

matching is achieved allowing the analysis of the microgrid stability by exploiting the 

swing equation of the virtual ESG.  

By applying an outer power control loop to the Inverter-Based generator, the model 

parameters which describe the inertial and damping values of the DG can be easily 

determined. As shown by simulation results, matching has been achieved, thus validating 

the modeling approach. 
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Chapter 4 Nonlinear droop Control of VSI DGs in LV Islanded 

Microgrids 

This chapter focuses on the parallel operation of VSI DGs in LV islanded microgrids. An 

improved primary regulation method with a new implementation technique is proposed 

for Inverter-Based distributed generators. A droop control method with changing slope 

under frequency constrained operation, is proposed as a new primary regulation driven 

by minimum losses Optimal Power Flow (OPF) for microgrids. It is well known that 

power flow can provide infinite solutions if the generators have not fixed output. Optimal 

power flow solves this problem providing a unique solution for each loading condition. 

Such unique solution, when loads and lines are modelled as frequency dependent 

components also comprises the operating frequency. With the new implementation 

technique, an off-line minimum losses OPF has been utilized to extract a lookup table for 

the composition of the droop curves with plug-and-play functionality. The following 

sections show different case studies with the implementation of the proposed technique. 

4.1 Configuration of the Low-Voltage Islanded Microgrid under test 

In order to analyze the effect of the new primary regulation method on the power 

sharing and the operating frequency of the distributed generators, a LV islanded microgrid 

test system has been developed, consisting of four buses with two Inverter-Based DGs 

feeding two loads located at different buses as shown in Fig. 4.1. The system has three 

symmetrical distribution lines with R/X ratio equals to 7.7 as listed in Table 4.1.  

The first VSI (DG1) has a maximum power capacity of 30 kVA, while the second VSI 

(DG2) has a maximum power capacity of 20 kVA and both DGs has a minimum power 

factor of 0.8.  



4.1 Configuration of the Low-Voltage Islanded Microgrid under test 

 

66 

 

Fig. 4.1: LV microgrid test system. 
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Table 4.1: Electric features of 4-Bus system 

Branch R (pu) X (pu) R/X Imax (pu) 

1-3 0.22229917 0.02873961 7.7 0.5396 

2-4 0.22229917 0.02873961 7.7 0.5396 

3-4 0.22229917 0.02873961 7.7 0.5396 

VABase=100 kVA; VL-L Base=380 V, ZBase=1.444 Ω, fBase=50 Hz. 

The next section explain the construction of the P vs. f and Q vs. V droop control of 

the three-phase VSI DGs which are working in parallel on the same microgrid. 

4.2 Construction of the Droop Curves 

After the power ratings of each DG have been specified, the slope of the droop curves 

can be easily designed after setting the frequency and voltage constraints. For this 

particular islanded microgrid; the frequency must be within ±0.02 pu, or ±1 Hz of 50 Hz 

and the voltage must be within ±0.04 pu or ±8.776 Vrms.  

In order to ensure the stability of the system and forcing DG1 and DG2 to operate with 

the same frequency in steady state, both DGs should have the same no-load frequency and 

voltage, i.e. they should have the same fmax and Vmax as shown in Fig. 4.2. Moreover, the 

droop controllers should be designed in such a way that the output power does not exceed 

the ratings of DG1 and DG2 and ensuring that each DG is sharing power in the microgrid 

proportionally to the rated power of each DG unit. This can be accomplished using the 

following equation [60]: 

 𝑚𝑃1𝑃𝐷𝐺1 = 𝑚𝑃2𝑃𝐷𝐺2 (4.1) 

where mP1 and mP2 are the slopes of the P vs. f curves of the DG1 and DG2, respectively. 

The same can be applied for Q vs. V for both DGs as follow: 

 𝑛𝑄1𝑄𝐷𝐺1 = 𝑛𝑄2𝑄𝐷𝐺2 (4.2) 

where nQ1 and nQ2 are the slopes of the Q vs. V curves of the DG1 and DG2, respectively. 
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Fig. 4.2: Droop curves of DG1 and DG2. 

As listed in Table 4.1, the LV microgrid under test has R/X ratio equals to 7.7, which 

means that the distribution line impedance is mainly resistive. Thus P vs. f and Q vs. V 

droops can be used for LV microgrids but the coupling between P and Q will be significant 

[8], [20]. This coupling can be terminated by using Virtual Impedance technique [84]–

[87] or adopting P vs. V and Q vs. f droops [88]. In this thesis, P vs. f and Q vs. V droops 

have been used without discussing the coupling issue. 

If the maximum output average power of DG1 and DG2 has been considered as 30 kW 

and 20 kW, respectively; then the maximum output reactive power of each DG can be 

easily calculated by taking into account that the minimum power factor of each DG is 0.8, 

then: 

 
𝑄𝐷𝐺1,𝑚𝑎𝑥 = √(𝑆1,𝑚𝑎𝑥)

2
− (𝑃𝐹𝑚𝑖𝑛 ∗ 𝑃𝐷𝐺1,𝑚𝑎𝑥)

2
 (4.3) 

and for DG2: 

 
𝑄𝐷𝐺2,𝑚𝑎𝑥 = √(𝑆2,𝑚𝑎𝑥)

2
− (𝑃𝐹𝑚𝑖𝑛 ∗ 𝑃𝐷𝐺2,𝑚𝑎𝑥)

2
 (4.4) 

where S1,max and S2,max is the maximum apparent power of DG1 and DG2, respectively. 

PFmin is the minimum Power Factor of each inverter. So, QDG1,max and QDG2,max are 18 

kVAR and 12 kVAR, respectively. 

The droop curves slopes mP1 and nQ1 for the first inverter, DG1, are as follow: 



Chapter 4 Nonlinear droop Control of VSI DGs in LV Islanded Microgrids 

 

69 

 
𝑚𝑃1 =

∆𝑓

∆𝑃𝐷𝐺1
= −

2

30 ∗ 103
= −6.7 ∗ 10−5 𝐻𝑧 𝑊⁄  (4.5) 

 
𝑛𝑄1 =

∆𝑉

∆𝑄𝐷𝐺1
= −

24.8215

18 ∗ 103
= −1.379 ∗ 10−3 𝑉 𝑉𝐴𝑅⁄  (4.6) 

and those for the second inverter, DG2, are as follow: 

 
𝑚𝑃2 =

∆𝑓

∆𝑃𝐷𝐺2
= −

2

20 ∗ 103
= −1 ∗ 10−4 𝐻𝑧 𝑊⁄  (4.7) 

 
𝑛𝑄2 =

∆𝑉

∆𝑄𝐷𝐺2
= −

24.8215

12 ∗ 103
= −2.068 ∗ 10−3 𝑉 𝑉𝐴𝑅⁄  (4.8) 

The aforementioned equations of the conventional droop control of Inverter-Based 

DGs and its performance will be compared with the new regulation method in terms of 

minimum distribution lines power losses. 

4.3 Nonlinear Droop control for minimum power losses  

As explained in the previous sections in standard linear droop control method, the 

active power variation of generators always stays proportional to its rated power. As 

shown in Fig. 4.2, the variation of load leads to a slight change of the operating frequency 

fx and the system regain the stability at the new operating frequency. The conventional 

linear droop control is very simple and reliable, but conventional droop control cannot 

provide optimized operating points to minimize the power losses in distribution lines. 

A nonlinear droop control is proposed for inverter-based DGs in islanded microgrids, 

which is an expansion of the linear droop control. DG1 in Fig. 4.1 will use the nonlinear 

droop control or modified droop control while DG2 will be controlled by the conventional 

droop control. The active power droop slope mP1 of DG1 which is chosen optimally 

according to the limitations of output power and frequency will run in the range [mP1_min; 

mP1_max].  
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The OPF finds for each loading condition a minimum loss operating state, or the 

optimized mP1. The minimum loss operating state comprising system’s frequency and the 

droop parameters. The constraints of the OPF is as follow [89]–[91]: 

 𝑃𝐷𝐺1 + 𝑃𝐷𝐺2 = 𝑃𝐿1 + 𝑃𝐿2 + ∑𝑃𝐿𝑜𝑠𝑠 

(4.9) 

 𝑚𝑃1_𝑚𝑖𝑛 ≤ 𝑚𝑃1 ≤ 𝑚𝑃1_𝑚𝑎𝑥 

 𝑃𝐷𝐺1_𝑚𝑖𝑛 ≤ 𝑃𝐷𝐺1 ≤ 𝑃𝐷𝐺1_𝑚𝑎𝑥 

 𝑓𝑚𝑖𝑛 ≤ 𝑓 ≤ 𝑓𝑚𝑎𝑥 

 𝐼𝐿𝑖𝑛𝑒 ≤ 𝐼𝐿𝑖𝑛𝑒_𝑚𝑎𝑥 

where PL1 and PL2 are the loads at Bus 3 and 4, respectively. PLoss is the power losses 

in the distribution lines, mP1_min and mP1_max are the minimum and maximum droop 

coefficient for P vs. f of DG1, respectively. PDG1_min and PDG1_max are the minimum and 

maximum output power of DG1, respectively. ILine and ILine_max are the distribution line 

current and the maximum allowable distribution line current, respectively. 

It should be mentioned that the OPF has been solved for frequency dependent loads 

[89], [90]. The modified droop curve is generated by changing the load at Bus 3 (Load 1) 

in the microgrid and assessing through the OPF the relevant value of mP1, which is here 

considered as the only adjustable parameter producing a new power sharing among 

generators. The droop parameter of DG2 mP2 is constant (Table 4.2) and the load at Bus 4 

(Load 2) is constant as listed in appendix A and B. The range of the slope of the droop 

control P vs. f of DG1 is: 

 −12.5 × 10−5 ≤ 𝑚𝑃1 ≤ −6.7 × 10−5 (4.10) 

4.4 Case study  

To analyze the effect of the controller parameters on the power sharing of generators, 

the system shown in Fig. 4.1 is considered. DG1 has power supply capacity ranging from 

0 to 30kW, DG2 has power supply capacity ranging from 0 to 20kW. The performance of 
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the system under conventional droop control (parameters are listed in Table 4.2) will be 

compared with the performance of the same system under the modified nonlinear droop 

control (Optimized) and with the same loading conditions.  

For this test microgrid, the load at bus 4 (Load 2) is constant and equal to 10 kW with 

0.98 PF. The load at Bus 3 (Load 1) is considered to be variable and ranging from 10 kW 

to 24 kW with different power factors ranging from 0.85 to 0.98. The construction of the 

tables listed in Appendix A has been done by changing the active power of Load 1 by 2 

kW at every step and considering different power factors (0.85, 0.90 and 0.98). The power, 

reactive power, frequency, voltage, current and power losses for the test system are listed 

in Appendix A.  

Table 4.2: System and control parameters of Conventional Droop control 

 DG1 DG2 

Pmax (kW) 30 20 

Qmax (kVAR) 18 12 

fmin (Hz) 49 49 

fmax (Hz) 51 51 

VL-Lmin (V) 364.8 364.8 

VL-Lmax (V) 395.2 395.2 

mP (Hz/W) -6.7*10-5 -10-4 

nQ (V/VAR) -1.379*10-3 -2.068*10-3 

 

The nonlinear droop curve is built by changing Load 1 at bus 3 in the same way of the 

conventional droop control and assessing through the OPF the relevant value mP1. Here, 

only P vs. f curve of the DG1 is being optimized while DG2 is being controlled by the 

conventional droop control with constant slope (mP2= -10-4). The new value of mP1 is 

considered as the only adjustable parameter producing a new power sharing among DG1 

and DG2. The power, reactive power, frequency, voltage, current and power losses for the 

proposed nonlinear droop control are listed in the tables found in Appendix B.  
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As shown from the results obtained from OPF, the power losses in the distribution 

lines have been reduced and meeting the frequency constraint for all cases. Moreover, the 

operating frequency of DG1 and DG2 are the same under all cases.  

Next, time-domain simulation of the microgrid under test with a new implementation 

technique of the nonlinear droop control (with variable mP1) is done in 

MATLAB/Simulink environment. 

4.4.1 Time-Domain Simulation of the Case Study 

By using MATLAB/Simulink environment; the LV microgrid has been built, as 

shown in Fig. 4.1. The idea of implementing the optimized slope of the P vs. f droop curve 

obtained from tables listed in Appendix B is shown in Fig. 4.3. A lookup table has been 

used instead of adopting on-line OPF analysis. This has the advantage of speeding up the 

simulation time and practically enhancing the transient response of the system. 

The first column of the lookup table shown in Fig. 4.3 contains the output average 

power of DG1 and the second column represent the corresponding output frequency for 

each loading condition with different power factors. The lookup table uses a linear 

interpolation method between points. Next subsection shows the simulation results of the 

proposed technique. 

 

Fig. 4.3: Implementation of the Modified Droop controller of DG1. 
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4.4.2 Performance verification under 0.85 PF of Load 1 

Four different cases of Load 1 were considered for the LV microgrid under study. The 

first set of outputs has been obtained when Load 1 PF is 0.85 and setting the values of 

Load 1 as 12, 16, 20 and 24 kW consequently every 0.1 seconds.  

The output average power at each bus for both the conventional droop control and the 

modified droop control are shown in Fig. 4.4 and Fig. 4.5, respectively. The output power 

matches the results listed in appendixes A and B. Moreover, the system presents a good 

and fast transient response for loads variation. 

The first remark on the output power of the conventional and modified droop 

regulation is that the power at the load buses (Bus 3 and 4) are identical in both cases. The 

output power of DG1 (at Bus 1) has been reduced in the case of using the modified droop 

regulation of DG1 as a result of the optimization process. On the other hand, the output 

power of DG2 (Bus 2) has been increased automatically in order to compensate for the 

reduction of the DG1 output power. 

 

Fig. 4.4: Output average power at each bus of the conventional droop control (Load 1 PF = 0.85). 
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Fig. 4.5: Output average power at each bus of the Modified droop control (Load 1 PF=0.85). 

Furthermore, it is obvious from Fig. 4.4 and Fig. 4.5 that the overshoot in the output 

power of DG1 has been reduced as a result of using the modified droop regulation. 

The objective of the work is to minimize the power losses at the distribution lines. 

Fig. 4.6 shows the power losses for both methods. 

As expected, power losses have been reduced when using the modified droop control. 

It should be mentioned that the power ratings of DGs used in the test microgrid have a 

maximum power rating of 30 kW. In other microgrids, the power ratings of DGs may 

reach tens or hundreds of MW [3]–[5], where the distribution losses become significant. 

This is why the distribution line power losses in this particular test system has a limited 

benefits. 

On the other hand, the OPF process has to find the values of mP1 which corresponds 

to the minimum power losses and taking into account current limitations in distribution 

lines as listed in Table 4.1. Moreover; the frequency constraint is a sensitive parameter in 

the optimization process. DGs working on the same microgrid should have the same 

operating frequency and this frequency should be maintained within the required limits. 
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Fig. 4.6: Distribution lines power losses for conventional and modified droop control of DG1 (Load 1 

PF=0.85). 

Fig. 4.7 shows the output frequency of each inverter under conventional and modified 

droop control. The output frequency remains within the range [fmin; fmax] and in both cases, 

DG1 and DG2 are operating with the same frequency, consequently, the stability of the 

system is ensured. Another remark about the output frequency noticed from Fig. 4.7 is the 

fast transient response achieved in both cases. This validates the perfect functionality of 

the designed voltage controller (phase-lead compensator). 

 

Fig. 4.7: Output frequency of DGs for conventional and modified droop control (Load 1 PF=0.85). 
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It should be mentioned that one of the factors which affect the calculation of the 

optimized droop slope is the frequency limitation or frequency constraint which has 

considered during the minimum power losses OPF process. The range of frequency, or Δf 

is 2 Hz and thus the range of mP1 is limited. 

Fig. 4.8 to Fig. 4.10 shows Phase-a distribution line current for each line under 

conventional and modified droop control.  

 

Fig. 4.8: Phase-a Line1-3 current (Load 1 PF=0.85). 

 

Fig. 4.9: Phase-a Line3-4 current (Load 1 PF=0.85). 
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Fig. 4.10: Phase-a Line2-4 current (Load 1 PF=0.85). 

It is clear from Fig. 4.8 that the distribution line current Line1-3 in the case of modified 

droop regulation is less than that of the conventional droop. This explains the overshoot 

reduction in the output power of DG1 even without constructing a current regulation in 

the inner control loop of the DG1. 

4.4.3 Performance verification under 0.98 PF of Load 1 

Adopting the same methodology in the previous subsection, the PF of the load at bus 

3 is increased to 0.98 and the loads 12, 16, 20 and 24 kW are consecutively applied every 

0.1 seconds. 

Fig. 4.11 and Fig. 4.12 show the output power at each bus of the conventional and 

modified droop regulation, respectively. Similarly to the previous case, the output power 

of the conventional and modified droop regulation at the load buses are identical in both 

cases and the output power of DG1 has been reduced in the case of using the modified 

droop regulation. The output power of DG2 has been automatically increased to cover the 

power demanded by the loads. As expected, the overshoot in the output power of DG1 has 

been reduced in the case of modified droop regulation. 
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Fig. 4.11: Output average power at each bus of the conventional droop control (Load 1 PF = 0.98). 

 

Fig. 4.12: Output average power at each bus of the Modified droop control (Load 1 PF=0.98). 

Under 0.98 PF of Load 1, the proposed modified droop control has minimized the 

power losses in distribution lines as shown in Fig. 4.13. Additionally, in both cases, the 

output frequency of each inverter under conventional and modified droop control remains 

within the preset range [fmin; fmax] and both of them has identical output frequency as 

shown in Fig. 4.14. 
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Fig. 4.13: Distribution lines power losses for conventional and modified droop control of DG1 (Load 

1 PF=0.98). 

 

Fig. 4.14: Output frequency of DGs for conventional and modified droop control of DG1 (Load 1 

PF=0.98). 

The phase-a distribution line currents for each line under conventional and modified 

droop regulation with 0.98 PF of Load 1 are shown in Fig. 4.15 to Fig. 4.17. Again, the 

distribution line current Line1-3 in the case of modified droop regulation is less than that 

of the conventional droop as shown in Fig. 4.15.  
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Fig. 4.15: Phase-a Line1-3 current (Load 1 PF=0.98). 

 

Fig. 4.16: Phase-a Line3-4 current (Load 1 PF=0.98). 

 

Fig. 4.17: Phase-a Line2-4 current (Load 1 PF=0.98). 
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A Comparison between the power losses for the first case when Load 1 PF was 0.85 

(Fig. 4.6) and the case of 0.98 PF of Load 1(Fig. 4.13) is performed. Improving the power 

factor is one way of reducing power losses in distribution lines. The comparison of the 

power losses between conventional and modified droop control under different PF of 

Load 1 is shown in Fig. 4.18 and Fig. 4.19. It is clear that the power losses in distribution 

lines has been reduced by increasing the PF of Load 1. 

 

Fig. 4.18: Distribution lines power losses under different PF of Load 1 (Modified Droop). 

 

Fig. 4.19: Distribution lines power losses under different PF of Load 1 (Conventional Droop). 



4.4 Case study 

 

82 

The next step for testing the proposed nonlinear droop control consists of imposing 

different values of Load 1 with different PF values which have not being considered 

during the optimization process. 

4.4.4 Performance verification under different loading conditions 

As a final test of the proposed modified droop control, the load at bus 3 will have some 

different values than those listed in appendix A and B. Table 4.3 lists four different loading 

conditions while Load 2 at bus 4 has been kept constant as in the previous sections. The 

same control parameters which are listed in Table 4.2 have been adopted.  

Table 4.3: Loading Parameters of Load 1. 

Load 1 Average Power (W) PF 

0.0 – 0.1 sec 10000 0.98 

0.1 – 0.2 sec 11200 0.95 

0.2 – 0.3 sec 16000 0.85 

0.3 – 0.4 sec 21000 0.80 

 

From Table 4.3, the first loading condition (from 0.0 to 0.1 sec) and the third one (0.2 

to 0.3 sec) have the same average power and power factor in which have been considered 

during the OPF calculation for constructing the droop curves. From 0.1 to 0.2 sec, Load 1 

has a new average power (11200 W) with a new power factor (0.95) as well as the last 

loading condition (21000 W with 0.80 PF). These new loading conditions have not been 

considered during the construction of the droop curves and they will be imposed on the 

system in order to validate the functionality of the proposed technique. 

Fig. 4.20 and Fig. 4.21 shows the output average power at each bus for conventional 

and modified droop control. In both cases, the system presets a good transient response 

for load variation. 
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Fig. 4.20: Output average power at each bus of the conventional droop control. 

 

Fig. 4.21: Output average power at each bus of the Modified droop control. 

The output frequency of each DGs under conventional and modified droop control is 

shown in Fig. 4.22. As expected, the output frequency of each inverter under conventional 

and modified droop control remains within the limits and in both cases, DG1 and DG2 are 

operating with the same frequency and thus, the P vs. f droop control is working properly. 

The transient response of the output frequency including the overshoot is acceptable and 

this also validates the functionality of the designed inner control loop. 
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Fig. 4.22: Output frequency of DGs for conventional and modified droop control of DG1. 

The objective of the proposed modified droop has been achieved, meaning that the 

power losses at the distribution lines have been minimized. Fig. 4.23 shows the power 

losses for both methods, and as expected, the power losses have been enhanced when 

using the modified droop control and by imposing different loading conditions which have 

not been considered during the construction of the droop curves. This validates the 

minimum power losses OPF method. 

 

Fig. 4.23: Distribution lines power losses for conventional and modified droop control of DG1. 
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To summarize the results; the outcomes of time-domain simulations with the new 

implementation technique are compared with the results obtained from the minimum 

power losses OPF (listed in the appendixes) to prove the functionality and stability of the 

new approach. Different loading conditions have been applied in LV Islanded microgrid 

system. In the longer term, the approach is devoted to eliminate higher level controls and 

simplify the overall architecture. 
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Chapter 5 Conclusions and future work 

5.1 Conclusion 

In this thesis, a simple architecture of the inner control loop for VSI DGs has been 

designed which based on a simple phase-lead compensator of three stages with high phase 

margin in order to regulate the output voltage and frequency of the DG units. The voltage 

controller design process was based on frequency domain analysis with the help of bode 

diagrams to achieve a zero steady-state error and with acceptable transient response of the 

controlled variables. Time domain simulation under different loading conditions and 

different microgrid architecture has been carried out to validate the functionality of the 

designed controller. The work was more concentrated with islanded mode operation of 

LV microgrids. 

The main objective of this thesis as stated precisely in the first chapter is concerned 

with the modeling of inverter-based DGs based on electrostatic synchronous machine 

concept. 

A new modeling approach has been proposed for the inverter-based DGs based on the 

concept of electrostatic synchronous machines. The model has been constructed starting 

from the basic construction and principle of operation of electrostatic synchronous 

generators which based on electrostatic theories. A detailed mathematical expressions 

have been provided to accurately model the inverter-based DGs. The equivalence between 

the proposed model and the conventional small-signal model of inverter-based DGs, based 

on the duality concept, has been clearly stated. 

According to the proposed model, each inverter can be replaced by its equivalent 

electrostatic machine model and the analysis of the whole microgrid can be performed in 

dq reference frame. A performance comparison between the proposed model and the 
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small-signal model of the VSIs has been carried out. Time domain simulation results 

carried out in MATLAB/Simulink environment presented a perfect matching between the 

two models thus validating the proposed modeling approach. As a result, the analysis of 

large and small-signal stability of microgrids with multi inverter-based DG can be 

performed by exploiting the swing equation of virtual electrostatic synchronous 

generators as being commonly done with the conventional synchronous generators. 

Finally, a modified nonlinear droop control method for three-phase VSI DGs working 

on islanded LV microgrid has been proposed. The nonlinear droop regulation was based 

on off-line minimum distribution losses Optimal Power Flow with a new plug-and-play 

implementation technique, which has been established by constructing a lookup table for 

the optimized P vs. f droop slope of the VSI DG with the highest power capacity. 

A comparison between the conventional droop and the proposed nonlinear droop 

regulation has been carried out in MATLAB/Simulink environment. Time domain 

simulation results show the superiority of the nonlinear droop regulation method in terms 

of mitigation the distribution line power losses as well as the transient response of the 

system variables. 

5.2 Future Work 

Apart from the advantages of the proposed models and techniques, there is still margin 

for further developments and investigations. Some of the future research directions are 

listed below: 

 Study of the performance of the inner control loop of VSIs by employing voltage 

and current control loops and inspection of the possibility of improving the droop 

controllers used in this thesis to achieve a smooth transition between on-grid and 

off-grid operation. 
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 Adoption of Virtual Impedance loop to overcome the problem of average and 

reactive power coupling that appears in LV microgrid where the distribution line 

impedance is mainly resistive. 

 Investigation of the chance of applying the proposed ESG model of VSIs for 

heterogeneous microgrids which include different types of DGs. Moreover, study 

the microgrids stability with the proposed ESG model by exploiting the swing 

equation. 

 Extension of the nonlinear droop control proposed in chapter 3 in larger systems 

and with higher power ratings of DG units. 

 Investigation of the advantages of expanding the nonlinear droop regulation in 

terms of minimizing the power losses in distribution lines by considering Q vs. V 

optimization in line with the optimization of P vs. f droop. 
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APPENDIX A 

A1: Results by conventional droop control method at 0.85 PF of Load 1. 

 P0load (pu) Q0load (pu)    

 L1(pu) L2(pu) L1(pu) L2(pu) PF-load1 PF-load2 Plosses 

1 0.1000 0.1000 0.0620 0.0203 0.85 0.98 0.0057 

2 0.1200 0.1000 0.0744 0.0203 0.85 0.98 0.007 

3 0.1400 0.1000 0.0868 0.0203 0.85 0.98 0.0085 

4 0.1600 0.1000 0.0992 0.0203 0.85 0.98 0.0102 

5 0.1800 0.1000 0.1116 0.0203 0.85 0.98 0.0121 

6 0.2000 0.1000 0.1239 0.0203 0.85 0.98 0.0143 

7 0.2200 0.1000 0.1363 0.0203 0.85 0.98 0.0167 

8 0.2400 0.1000 0.1487 0.0203 0.85 0.98 0.0193 

 

 

  DG1 DG2 

  PG1/pu QG1/pu f1/pu PG2/pu QG2/pu f2/pu 

1 0.1238 0.0385 1.0035 0.0826 0.0442 1.0035 

2 0.1364 0.0469 1.0018 0.091 0.0485 1.0018 

3 0.1491 0.0554 1.0001 0.0994 0.0528 1.0001 

4 0.1619 0.0639 0.9984 0.1079 0.0571 0.9984 

5 0.1747 0.0724 0.9967 0.1165 0.0615 0.9967 

6 0.1877 0.081 0.995 0.1251 0.0658 0.995 

7 0.2007 0.0896 0.9932 0.1338 0.0702 0.9932 

8 0.2139 0.0983 0.9915 0.1426 0.0746 0.9915 

 

 

  LOAD BUS 3&4 

  PL1/pu PL2/pu QL1/pu QL2/pu 

1 0.1003 0.1003 0.0618 0.0202 

2 0.1202 0.1002 0.0742 0.0203 

3 0.14 0.1 0.0868 0.0203 

4 0.1597 0.0998 0.0993 0.0203 

5 0.1794 0.0997 0.1119 0.0204 

6 0.199 0.0995 0.1246 0.0204 

7 0.2185 0.0993 0.1373 0.0204 

8 0.238 0.0991 0.15 0.0205 
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  V1/pu V2/pu V3/pu V4/pu I13 I24 I34 

1 1.0229 1.0105 0.9949 0.9911 0.1268 0.0927 0.0311 

2 1.0191 1.0077 0.9881 0.9863 0.1416 0.1023 0.0306 

3 1.0154 1.0048 0.9812 0.9814 0.1566 0.112 0.0329 

4 1.0116 1.0019 0.9743 0.9764 0.172 0.1219 0.0375 

5 1.0078 0.999 0.9673 0.9714 0.1877 0.1318 0.0438 

6 1.004 0.9961 0.9602 0.9664 0.2036 0.1419 0.0513 

7 1.0002 0.9932 0.9531 0.9613 0.2198 0.1521 0.0595 

8 0.9963 0.9902 0.9459 0.9561 0.2362 0.1625 0.0683 

 

 

A2: Results by conventional droop control method at 0.9 PF of Load 1. 

    P0load (pu)    Q0load (pu)       

  L1(pu) L2(pu) L1(pu) L2(pu) PF-load1 PF-load2 Plosses 

1 0.1 0.1 0.048432 0.020306 0.9 0.98 0.0054 

2 0.12 0.1 0.058119 0.020306 0.9 0.98 0.0065 

3 0.14 0.1 0.067805 0.020306 0.9 0.98 0.0079 

4 0.16 0.1 0.077492 0.020306 0.9 0.98 0.0094 

5 0.18 0.1 0.087178 0.020306 0.9 0.98 0.0111 

6 0.2 0.1 0.096864 0.020306 0.9 0.98 0.013 

7 0.22 0.1 0.106551 0.020306 0.9 0.98 0.0151 

8 0.24 0.1 0.116237 0.020306 0.9 0.98 0.0173 

 

 

  DG1 DG2 

  PG1/pu QG1/pu f1/pu PG2/pu QG2/pu f2/pu 

1 0.1236 0.0304 1.0035 0.0824 0.0388 1.0035 

2 0.1362 0.0371 1.0018 0.0908 0.042 1.0018 

3 0.1487 0.0439 1.0002 0.0992 0.0452 1.0002 

4 0.1614 0.0507 0.9985 0.1076 0.0484 0.9985 

5 0.1741 0.0576 0.9968 0.1161 0.0517 0.9968 

6 0.1869 0.0645 0.9951 0.1246 0.0549 0.9951 

7 0.1998 0.0714 0.9934 0.1332 0.0582 0.9934 

8 0.2127 0.0784 0.9916 0.1418 0.0615 0.9916 
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  LOAD BUS 3&4 

  PL1/pu PL2/pu QL1/pu QL2/pu 

1 0.1004 0.1004 0.0483 0.0202 

2 0.1202 0.1002 0.058 0.0203 

3 0.14 0.1 0.0678 0.0203 

4 0.1598 0.0998 0.0776 0.0203 

5 0.1794 0.0997 0.0875 0.0204 

6 0.199 0.0995 0.0973 0.0204 

7 0.2185 0.0993 0.1073 0.0204 

8 0.238 0.0992 0.1172 0.0205 

 

  V1/pu V2/pu V3/pu V4/pu I13 I24 I34 

1 1.0265 1.0141 0.9989 0.995 0.124 0.0898 0.0271 

2 1.0235 1.012 0.9929 0.9909 0.1379 0.0988 0.0246 

3 1.0205 1.0099 0.9869 0.9868 0.152 0.1079 0.0251 

4 1.0175 1.0077 0.9808 0.9826 0.1663 0.1171 0.0286 

5 1.0144 1.0056 0.9747 0.9785 0.1808 0.1263 0.0341 

6 1.0113 1.0034 0.9685 0.9742 0.1955 0.1357 0.041 

7 1.0083 1.0012 0.9622 0.97 0.2104 0.1452 0.0487 

8 1.0052 0.999 0.9559 0.9657 0.2255 0.1547 0.0569 

 

 

A3: Results by conventional droop control method at 0.98 PF of Load 1. 

 

    P0load (pu)    Q0load (pu)       

  L1(pu) L2(pu) L1(pu) L2(pu) PF-load1 PF-load2 Plosses 

1 0.1 0.1 0.020306 0.020306 0.98 0.98 0.0049 

2 0.12 0.1 0.024367 0.020306 0.98 0.98 0.0059 

3 0.14 0.1 0.028428 0.020306 0.98 0.98 0.007 

4 0.16 0.1 0.032489 0.020306 0.98 0.98 0.0082 

5 0.18 0.1 0.036551 0.020306 0.98 0.98 0.0096 

6 0.2 0.1 0.040612 0.020306 0.98 0.98 0.0111 

7 0.22 0.1 0.044673 0.020306 0.98 0.98 0.0128 

8 0.24 0.1 0.048734 0.020306 0.98 0.98 0.0146 
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  DG1 DG2 

  PG1/pu QG1/pu f1/pu PG2/pu QG2/pu f2/pu 

1 0.1234 0.0135 1.0036 0.0822 0.0276 1.0036 

2 0.1358 0.0168 1.0019 0.0905 0.0285 1.0019 

3 0.1482 0.0202 1.0002 0.0988 0.0295 1.0002 

4 0.1607 0.0235 0.9986 0.1071 0.0304 0.9986 

5 0.1732 0.0269 0.9969 0.1155 0.0314 0.9969 

6 0.1858 0.0303 0.9952 0.1239 0.0324 0.9952 

7 0.1984 0.0337 0.9935 0.1323 0.0334 0.9935 

8 0.2111 0.0371 0.9919 0.1407 0.0344 0.9919 

 

 

  LOAD BUS 3&4 

  PL1/pu PL2/pu QL1/pu QL2/pu 

1 0.1004 0.1004 0.0202 0.0202 

2 0.1202 0.1002 0.0243 0.0203 

3 0.14 0.1 0.0284 0.0203 

4 0.1598 0.0999 0.0325 0.0203 

5 0.1794 0.0997 0.0367 0.0204 

6 0.199 0.0995 0.0408 0.0204 

7 0.2186 0.0994 0.045 0.0204 

8 0.238 0.0992 0.0491 0.0205 

 

 

  V1/pu V2/pu V3/pu V4/pu I13 I24 I34 

1 1.034 1.0216 1.0071 1.0029 0.12 0.0849 0.0209 

2 1.0325 1.021 1.0028 1.0005 0.1325 0.093 0.0141 

3 1.031 1.0204 0.9985 0.998 0.1451 0.1011 0.0096 

4 1.0296 1.0197 0.9942 0.9955 0.1578 0.1092 0.0108 

5 1.0281 1.0191 0.9898 0.993 0.1705 0.1174 0.0167 

6 1.0265 1.0184 0.9855 0.9905 0.1834 0.1257 0.024 

7 1.025 1.0178 0.9811 0.9879 0.1964 0.1341 0.0319 

8 1.0235 1.0171 0.9766 0.9854 0.2094 0.1424 0.04 
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APPENDIX B 

B1: Results by nonlinear droop control method at 0.85 PF of Load 1. 

 

    P0load (pu)    Q0load (pu)       

  L1(pu) L2(pu) L1(pu) L2(pu) PF-load1 PF-load2 Plosses 

1 0.100000 0.100000 0.061974 0.020306 0.85 0.98 0.0053 

2 0.120000 0.100000 0.074369 0.020306 0.85 0.98 0.0066 

3 0.140000 0.100000 0.086764 0.020306 0.85 0.98 0.0082 

4 0.160000 0.100000 0.099159 0.020306 0.85 0.98 0.0099 

5 0.180000 0.100000 0.111554 0.020306 0.85 0.98 0.0118 

6 0.200000 0.100000 0.123949 0.020306 0.85 0.98 0.014 

7 0.220000 0.100000 0.136344 0.020306 0.85 0.98 0.0164 

8 0.240000 0.100000 0.148739 0.020306 0.85 0.98 0.0191 

 

  DG1 DG2 

  PG1/pu QG1/pu f1/pu PG2/pu QG2/pu f2/pu 

1 0.1018 0.0502 0.9993 0.1034 0.0328 0.9993 

2 0.1154 0.0581 0.9978 0.1108 0.0376 0.9978 

3 0.1288 0.0662 0.9963 0.1185 0.0424 0.9963 

4 0.1425 0.0742 0.9948 0.1261 0.0472 0.9948 

5 0.1561 0.0823 0.9932 0.1338 0.052 0.9932 

6 0.1703 0.0902 0.9918 0.1412 0.057 0.9918 

7 0.1837 0.0987 0.9901 0.1496 0.0616 0.9901 

8 0.1972 0.1072 0.9884 0.1579 0.0662 0.9884 

 

 

  LOAD BUS 3&4 

  PL1/pu PL2/pu QL1/pu QL2/pu 

1 0.0999 0.0999 0.062 0.0203 

2 0.1197 0.0998 0.0745 0.0203 

3 0.1395 0.0996 0.0871 0.0204 

4 0.1592 0.0995 0.0997 0.0204 

5 0.1788 0.0993 0.1123 0.0204 

6 0.1984 0.0992 0.125 0.0205 

7 0.2178 0.099 0.1377 0.0205 

8 0.2372 0.0988 0.1505 0.0205 
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  V1/pu V2/pu V3/pu V4/pu I13 I24 I34 

1 1.0177 1.0181 0.9941 0.9946 0.1115 0.1066 0.0123 

2 1.0142 1.0149 0.9873 0.9896 0.1274 0.1153 0.0189 

3 1.0106 1.0118 0.9804 0.9845 0.1433 0.1244 0.0269 

4 1.007 1.0085 0.9735 0.9794 0.1595 0.1335 0.0354 

5 1.0034 1.0054 0.9666 0.9743 0.1759 0.1428 0.0442 

6 0.9999 1.002 0.9596 0.9691 0.1928 0.152 0.0531 

7 0.9961 0.9989 0.9524 0.9639 0.2094 0.1619 0.0625 

8 0.9923 0.9958 0.9452 0.9587 0.2262 0.172 0.0721 

 

 

B2: Results by nonlinear droop control method at 0.9 PF of Load 1. 

 

    P0load (pu)    Q0load (pu)       

  L1(pu) L2(pu) L1(pu) L2(pu) PF-load1 PF-load2 Plosses 

1 0.1000000 0.1000000 0.0484322 0.0203059 0.9 0.98 0.005 

2 0.1200000 0.1000000 0.0581187 0.0203059 0.9 0.98 0.0062 

3 0.1400000 0.1000000 0.0678051 0.0203059 0.9 0.98 0.0076 

4 0.1600000 0.1000000 0.0774915 0.0203059 0.9 0.98 0.0091 

5 0.1800000 0.1000000 0.0871780 0.0203059 0.9 0.98 0.0108 

6 0.2000000 0.1000000 0.0968644 0.0203059 0.9 0.98 0.0127 

7 0.2200000 0.1000000 0.1065509 0.0203059 0.9 0.98 0.0148 

8 0.2400000 0.1000000 0.1162373 0.0203059 0.9 0.98 0.0172 

 

 

  DG1 DG2 

  PG1/pu QG1/pu f1/pu PG2/pu QG2/pu f2/pu 

1 0.102 0.0418 0.9994 0.1029 0.0276 0.9994 

2 0.1155 0.048 0.998 0.1102 0.0314 0.998 

3 0.129 0.0543 0.9965 0.1177 0.0351 0.9965 

4 0.1427 0.0606 0.995 0.1251 0.0389 0.995 

5 0.1561 0.0671 0.9934 0.1329 0.0425 0.9934 

6 0.1699 0.0734 0.9919 0.1405 0.0463 0.9919 

7 0.1835 0.08 0.9903 0.1483 0.05 0.9903 

8 0.1974 0.0864 0.9888 0.1559 0.0539 0.9888 
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  LOAD BUS 3&4 

  PL1/pu PL2/pu QL1/pu QL2/pu 

1 0.0999 0.0999 0.0485 0.0203 

2 0.1198 0.0998 0.0582 0.0203 

3 0.1395 0.0996 0.068 0.0204 

4 0.1592 0.0995 0.0779 0.0204 

5 0.1788 0.0993 0.0878 0.0204 

6 0.1984 0.0992 0.0976 0.0205 

7 0.2179 0.099 0.1076 0.0205 

8 0.2373 0.0989 0.1175 0.0205 

 

 

  V1/pu V2/pu V3/pu V4/pu I13 I24 I34 

1 1.0214 1.0216 0.9981 0.9984 0.1079 0.1043 0.007 

2 1.0187 1.0191 0.9921 0.9941 0.1228 0.1125 0.0132 

3 1.0159 1.0166 0.9861 0.9899 0.1378 0.1209 0.0208 

4 1.0131 1.0141 0.9801 0.9856 0.153 0.1292 0.0288 

5 1.0102 1.0116 0.974 0.9813 0.1682 0.1379 0.0371 

6 1.0074 1.0091 0.9678 0.9769 0.1837 0.1466 0.0454 

7 1.0045 1.0066 0.9616 0.9725 0.1993 0.1554 0.054 

8 1.0016 1.0041 0.9554 0.9681 0.2152 0.1643 0.0625 

 

 

B3: Results by nonlinear droop control method at 0.98 PF of Load 1. 

 

    P0load (pu)    Q0load (pu)       

  L1(pu) L2(pu) L1(pu) L2(pu) PF-load1 PF-load2 Plosses 

1 0.100000 0.100000 0.020306 0.020306 0.98 0.98 0.0046 

2 0.120000 0.100000 0.024367 0.020306 0.98 0.98 0.0056 

3 0.140000 0.100000 0.028428 0.020306 0.98 0.98 0.0067 

4 0.160000 0.100000 0.032489 0.020306 0.98 0.98 0.008 

5 0.180000 0.100000 0.036551 0.020306 0.98 0.98 0.0094 

6 0.200000 0.100000 0.040612 0.020306 0.98 0.98 0.0109 

7 0.220000 0.100000 0.044673 0.020306 0.98 0.98 0.0126 

8 0.240000 0.100000 0.048734 0.020306 0.98 0.98 0.0145 
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  DG1 DG2 

  PG1/pu QG1/pu f1/pu PG2/pu QG2/pu f2/pu 

1 0.102 0.0246 0.9995 0.1025 0.0166 0.9995 

2 0.1157 0.0272 0.9981 0.1094 0.0183 0.9981 

3 0.1296 0.0298 0.9967 0.1163 0.02 0.9967 

4 0.1431 0.0325 0.9953 0.1236 0.0215 0.9953 

5 0.1566 0.0354 0.9938 0.1311 0.023 0.9938 

6 0.17 0.0384 0.9923 0.1387 0.0244 0.9923 

7 0.184 0.041 0.9909 0.1457 0.0262 0.9909 

8 0.1966 0.0445 0.9892 0.1542 0.0271 0.9892 

 

 

  LOAD BUS 3&4 

  PL1/pu PL2/pu QL1/pu QL2/pu 

1 0.0999 0.0999 0.0203 0.0203 

2 0.1198 0.0998 0.0244 0.0203 

3 0.1395 0.0997 0.0285 0.0204 

4 0.1592 0.0995 0.0326 0.0204 

5 0.1789 0.0994 0.0368 0.0204 

6 0.1985 0.0992 0.0409 0.0205 

7 0.218 0.0991 0.0451 0.0205 

8 0.2374 0.0989 0.0493 0.0205 

 

 

  V1/pu V2/pu V3/pu V4/pu I13 I24 I34 

1 1.0291 1.0289 1.0064 1.0063 0.1019 0.1009 0.004 

2 1.0279 1.0278 1.0021 1.0036 0.1156 0.108 0.0074 

3 1.0268 1.0267 0.9979 1.0009 0.1295 0.115 0.0137 

4 1.0255 1.0256 0.9936 0.9983 0.1431 0.1224 0.0208 

5 1.0243 1.0247 0.9893 0.9956 0.1567 0.1299 0.0282 

6 1.0229 1.0237 0.9849 0.9929 0.1703 0.1375 0.0356 

7 1.0218 1.0226 0.9806 0.9901 0.1845 0.1448 0.0427 

8 1.0202 1.0219 0.9761 0.9876 0.1975 0.1532 0.0511 
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