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Functional principal component analysis of
quantile curves
Analisi in componenti principali funzionali di curve
quantiliche

M. Ruggieri, F. Di Salvo and A. Plaia

Abstract Literature on functional data analysis is mainly focused on estimation of
individuals curves and characterization of average dynamics. The idea underlying
this proposal is to focus attention on other particular features of the distribution of
the observed data, moving from mean functions towards functional quantiles. The
motivating examples are functional data sets that are collections of high frequency
data recorded along time. As quantiles provide information on various aspects of a
time series, we propose a modelling framework for the joint estimation of functional
quantiles, varying along time, and functional principal components, summarizing
some common dynamics shared by the functional quantiles.
Abstract La letteratura sull’analisi di dati funzionali é prevalentemente rivolta
alla modellazione e stima delle singole curve aleatorie e alla caratterizzazione del
momento primo. L’idea di base di questo lavoro é considerare altri aspetti della
distribuzione dei dati osservati, spostando l’attenzione verso i quantili funzion-
ali. La tipologia di dati a cui questa analisi si rivolge é rappresentata da dati ad
alta frequenza osservati nel tempo. Poiché i quantili sintetizzano informazioni sulle
dinamiche temporali di una serie storica, si propone un approccio per la stima
di quantili funzionali, in corrispondenza di diversi valori di probabilitá, e per la
derivazione di componenti principali funzionali che ne riassumano le dinamiche
comuni.

Key words: functional data, nonparametric quantile regression, penalized splines,
functional principal components
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1 Introduction

Let consider high dimensional data observed at discrete times; although we observe
a finite number of measured values, they are often analyzed as if they were defined
in continuous time.

Traditional analysis concerns the conditional distribution at each time point,
while in a functional data analysis (FDA) approach each time series is considered
as a sample generated by a random curve, varying over a continuum; in both cases,
more frequently the goal is the centre of the conditional distribution or a mean func-
tion describing the pattern of the set of functions.

In the univariate regression setting, quantile regression models the quantiles of
the conditional distribution of the response variable; this is a valuable alternative
to the conditional mean, when the interest is in the tails of the distribution or in
presence of model mis-specification (see [4] and [5]). With the increasing demand
of statistical tools for FDA is therefore natural to try to extend the definition and
the estimation of quantile functions for infinite-dimensional data. However the ex-
tension of quantile function to a multivariate setting is not straightforward, because
quantiles are basically defined by ordering values of a random variable. Since there
is no natural order for Rn when n ≥ 2, there is no obvious extension and a number
of efforts has been devoted to this problem in the last years.

Our proposal explore the performance of the multi-way functional principal com-
ponent analysis (FPCA) when functional quantiles of different order are simultane-
ously considered. There are some previous works motivating our idea and in particu-
lar [3] and [1]. An approach on generalized regression quantiles with their synthesis
by means of a small number of principal components is proposed in [3] in a FDA
framework.

Fraiman et al. [1] define directional quantiles and extend a projection-based def-
inition of quantiles to infinite-dimensional Hilbert and Banach spaces; the authors
develop a factor analysis based on principal directions and robust principal direc-
tions. The main results in [1] are based on an intuitive definition of directional
quantiles, indexed by an order α ∈ (0,1) and a direction u in the unit sphere; the
directional quantile describe the behavior of the probability distribution in finite and
infinite-dimensional spaces; principal quantile directions are defined to summarize
their information. Moreover, exploiting the idea of statistical depth, they generalize
the definition of robust principal components for functional data.

In a previous paper [2] , we estimate multivariate functional data by penalized
B-spline; a working covariance matrix is also derived on the basis of coefficients of
the splines, accounting for the main temporal effects; FPCA allow us to project data
variations, observed in multidimensional space, into few dimensions. Due to dimen-
sionality reduction and applying the Karhunen-Loéve decomposition, this method
is also useful for the representation of the random curves in terms of the factor func-
tions.
In the present paper our main purpose is to investigate data by means of FPCA, cap-
turing the tail behaviour of the distributions. The FDA approach is proposed for the
simultaneous estimation of the functional regression quantiles; assuming that quan-
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tiles, estimated at different values of probability, share some common features, they
can be summarized by a small number of functional principal components, identi-
fying the directions along which resuming the most interesting characteristics. The
method is applied to air pollution data from a monitoring network.

2 The Methodology

The α-quantile is defined as the inverse of a cumulative distribution function, given
a real valued random variable X, with distribution Fx:

QX (α) =: Q(FX ,α), in f{x ∈ R : FX (x)≥ α}.
We refer to the situation in which the interest is in the α − th theoretical quantile

of the conditional distribution of X at time t:

QX |t(α|t) =: Q(FX |t ,α). (1)

In this setting the (1) is a time varying function:

QX |t(α|t) = lα(t), (2)

and the estimator is the minimizer of a expected (generally asymmetric) loss
function.

Kato [4] is one of the earlier paper studying functional quantile regression; start-
ing with a linear quantile regression, in which the response is scalar while the covari-
ate is a function, and expanding the covariate and the slope function in terms of their
principal components, the model is transformed into a quantile regression model
with an infinite number of regressors. More recently, in [3] the functional quan-
tiles lα i(t) are estimated nonparametrically; on the basis of the Karhunen-Loéve
decomposition, they may be approximately represented by means of an Empirical
Orthonormal Basis (EOF):

lα i(t) = μ(t)+
H

∑
h=1

ψh(i)ξh(t), (3)

where μ(t) is a mean function and ∑H
h=1 ψh(i)ξ α

h (t) is the reduced rank model
obtained fixing the number H of bases; it is linear combination of principal compo-
nents ψh(i) and eigenfunctions ξh(t).

The authors perform the analysis combining the representation (3) with the esti-
mation procedure of the quantile function, after choosing a proper loss function.

We generalize this approach to the joint estimation of a collection of quantile
functions, defined for a relevant set of probability values, α = [α1,α2, . . .αq], imple-
menting a three-mode FPCA analysis together with a general smoothing approach.

A functional form is presented by means of multidimensional linear smooth func-
tions:
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lα(t) =
K

∑
k=1

θ α
k φk(t), (4)

where: Φ(t) = {φk(t)} is the set of K basis functions and θ α
i =

[
θ α

i,1, . . . ,θ
α
i,K

]
is the

vector of the coefficients.
In order to estimate the K ×N matrix Θ α of parameters, the P-spline (penalized

B-spline) approach is here considered, minimizing the penalized loss function:

PENRSSλ (y) = w(α)I|X −ΦΘ α |T |X −ΦΘ α |+λΘ α HΘ α , (5)

where the elements of vector w(α) = [w1(α), . . . ,wn(α)] : are:

• wi(α) = α , if Xi > αΦiΘ α ;

• wi(α) = (1−α), if Xi ≤ αΦiΘ α .

For details of penalty term λΘ α HΘ α in (5), as well as for the estimation pro-
cedure, we refer to [2]. In this framework, three-mode functional principal quantile
are derived straightforward by decomposition of the variance function, estimated
by a working variance array (referred to N curves, T time units and Q quantiles)
defined in terms of the estimated coefficients (see also [2]). An interesting result is
the decomposition of a random function into two sets: the set of factor scores, one
for each curve, on the basis of all their quantiles, and the set of corresponding factor
loadings, defining the mood of variations.

3 The application

We illustrate the proposed method with an example of PM10 daily time series regis-
tered in one year in N = 59 stations of a monitoring network in California.

In Fig. 1 (a) the set of the N observed curves are represented (gray lines); a
subset of seven curves are selected (coloured lines) in order to highlight the results
of the procedure. In Fig. 1 (b)− ( f ) the estimated quantile functions for different
probability values, from 0.1 to 0.9, synthesize the specific pattern of the respective
curves. Fig. 2 show the projections of the quantile functions in the space of the first
two principal components with proportion of variance explained 0.793 and 0.073;
figures (a)− (e) are the partial scores for each quantile and ( f ) the total scores. We
can observe that the functional principal components retain the most information of
the original curves and curves with similar pattern have similar scores.
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Fig. 1 Observed curves and estimated quantile functionals

4 Conclusion

The FDA approach is proposed for the simultaneous estimation of functional re-
gression quantiles, when the main purpose is capturing the tail behaviour; assum-
ing that quantiles estimated at different values of probability share some common
features, they can be summarized by a small number of functional principal com-
ponents, identifying the directions along which resuming the interesting character-
istics. Some implication and appealing intuitions can be borrowed from approaches
relied on depth measures, in order to construct basic tools for functional data. The
approach has the advantage of further generalization, such as the inclusion of ex-
planatory variables and distributional assumptions. Many consequent applications
of the FPCA in quantile regression are motivated by the Karhunen-Loéve theorem,
by means of which the random curves find convenient representations in terms of
empirical orthogonal functions.
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Fig. 2 Projection of the curves in the space of the first two partial (a)-(e) and total (f) principal
components
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