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Abstract: In this paper we study radial solutions for the following equation
Au(x) + f(u(x), |x|) =0,

where x € R", n > 2, f is subcritical for » small and u large and supercritical for r
large and u small, with respect to the Sobolev critical exponent 2* = ,,zTnz The solutions
are classified and characterized by their asymptotic behaviour and nodal properties.
In an appropriate super-linear setting, we give an asymptotic condition sufficient to
guarantee the existence of at least one ground state with fast decay with exactly j zeroes
for any j > 0. Under the same assumptions, we also find uncountably many ground
states with slow decay, singular ground states with fast decay and singular ground states
with slow decay, all of them with exactly j zeroes. Our approach, based on Fowler
transformation and invariant manifold theory, enables us to deal with a wide family
of potentials allowing spatial inhomogeneity and a quite general dependence on u. In
particular, for the Matukuma-type potential, we show a kind of structural stability.

1. Introduction
In this paper we focus on radial solutions for Laplacian equations of the form
Au(x) + f(u(x), |x]) =0, (1.1)

where x € R", n > 2, f is a suitable locally Lipschitz continuous function, satisfying
f(0,r) =0, super-linear in u. Since we just deal with radial solutions, we set r = |x|
and we consider the equivalent singular O.D.E.

@ "N + fu,nrt =0, re(0,00), (1.2)
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where, abusing the notation, we have setu(r) = u(x) for |x| = r,and where “’ ” denotes
the differentiation with respect to r. We are concerned with the study of asymptotic
behaviour and nodal properties of the solutions to equation (1.2). The interest in equations
of the family (1.2) started long ago from nonlinearities f of the form

flu,r)y= k(r)u|u|q_2, q > 2, (1.3)

where k is a differentiable positive function. The structure of solutions to this class of
equations has been intensively studied in the literature, see e.g. [1,5,6,13,16,20,26,28,
30,32,39-42] and references therein.

It has been shown that, under very weak assumptions, solutions of (1.2) exhibit
two behaviors as r — 0 and as r — oo. Namely, u(r) may be a regular solution,
ie,, u(0) = d # 0 and u'(0) = 0, or a singular solution, i.e., lim,_ou(r) = +o0;
similarly, u(r) may be a fast decay solution, i.e., 1i111,_>c,<)bt(;");"’1_2 =L # 0, ora slow
decay solution, i.e., limr_wou(r)r”’2 = #£o00. We remark that, in many situations, it is
possible to specify in more detail the behavior of singular and slow decay solutions: e.g.,

ifk(r) = cr®, 8 > =2,¢ > 0, then u(r)rf%82 — Casr — Qorasr — +oorespectively,
where C is a computable constant (for more details, see Sect. 2, and [1,13,16,17], among
others).

Solutions of (1.2) are classified as ground states (G.S.) and singular ground states
(S.G.S.). By G.S. we mean a regular solution u(r) defined for any » > 0 such that
lim,_ oo u(r) = 0, while a S.G.S is a singular solution u(r) which is defined for any
r > 0and goes to 0 as r — +o0.

It is well known that the structure of positive solutions of (1.2) changes drastically
when the exponent ¢ in (1.3) passes through some critical values related to the behaviour
of the function k, due to the interaction between the exponent and the asymptotic behavior
of k. In particular, when £ is a constant, the critical value is given by the Sobolev critical
exponent 2* := nzTnz’ while if k(r) = r, it becomes 25 =2 If%’; = % +2*. Such a
phenomenon is better explained and incorporated in a more general framework by the
introduction of the concept of natural dimension, see e.g. [37]. A further critical value
which is relevant for the asymptotic behaviour of singular solutions is 2, := % In
this paper we are interested in nonlinearities f which are subcritical for u large and r
small, and supercritical for # small and r large.

The prototypical nonlinearity we are interested in is (1.3), where k(r) > 0, k(r)
differentiable for » > 0 and such that

k(r) = Arf +o(*) atr =0 andk(r) = Brl +o(r') at r = oo, (1.4)

for suitable values of the powers [, s. We also devote our attention to the study of the
following classes of nonlinearities:

_ ulu| =2, i ju] > 1,
flu,r)y=k(r) x [u|u|‘72_2, flul <1, (1.5)
with g1, g2 > 2,
G2
Flur) = ko(ry 42" (1L6)
1+ ki(r)|ul

withgy > 1, g2 — g1 > 2, and
Fu,r) = ki (rulul® ™ + ko (r)ulu| 22, (1.7)

2> [22.0[2546] B[R [t foppen i s
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Nodal Solutions for Supercritical Laplace Equations

with g1, g> > 2. In all the cases (1.5), (1.6) and (1.7), we assume that the functions k, k;
satisfy (1.4), and some further conditions.

The aim of this paper consists in completing the analysis performed in [16] (see
also [5,7,20,42]) with information concerning the nodal properties of solutions. Our
main result, Theorem 2.4, gives sufficient conditions to have the following structure for
positive and nodal solutions.

Mix Let u(r, d) be the regular solution of (1.2) satisfying the initial condition
u0)=d >0, u'(0) = 0.

Then, there is a sequence 0 = dy < dj <d) <df <dpy <dj <--- <d; <
d}* — 400 as j — +00, such that u(r, d;f) are G.S. with fast decay with exactly
J non-degenerate zeroes. In particular, u(r, dj) is a positive G.S. with fast decay.
Moreover, u(r, d) is a positive G.S. with s.d. for any d € (0, da‘), while u(r,d) is a
G.S. with s.d. with exactly j non-degenerate zeroes whenever d € (d;, d}k), for any
j=1

Let v(r, L) be the fast decay solution of (1.2) such that

lim v(r, L)r" 2 = L.
r—0o0

Then, there is an increasing sequence 0 = Lo < Lj < Ly < L} < Ly < L} <
-+ <Lj< Lj — 400 as j — +00, such that v(r, L}’f) are G.S. with fast decay with
exactly j non-degenerate zeroes. Moreover, v(r, L) is a positive S.G.S. with f.d. for
any L € (0, LE;), while v(r, L) is a S.G.S. with f.d. with exactly j non-degenerate
zeroes whenever L € (L, L;‘.), for any j > 1.

For any k > 0 there are uncountably many singular solutions u (r) of (1.2) which
have slow decay and have exactly k non-degenerate zeroes. In particular, there are
uncountably many positive S.G.S. with slow decay ug(r).

We emphasize that with the same argument we can obviously obtain the symmetric case,
i.e. regular nodal solutions # with negative initial data, and fast decay nodal solutions v
which are negative for r large.

In the case of potentials of the form (1.3), we choose the powers in order to handle
nonlinearities which are supercritical for r large and subcritical for r small. A particularly
relevant example is given by the so called Matukuma equation (cf., among others [34,
35]), which finds application in astrophysics (u represents the gravitational potential in
a globular cluster), i.e.,

1 -2
k(r)y= ———, where —2<a< n—(q—Z*) <b<n—-2)(qg—2,). (1.8)
rd +rb 2

Potentials of type (1.3) are the most studied in the literature: in [42], the authors proved
the structure result, but just for positive and regular solutions; this result was extended
to the p-Laplace case in [20], and then completed by the analysis of positive singular
solutions in [16].

It is worth noticing that Yanagida in [39], using the monotonicity properties of the
first zero R(d) of the solution u(r, d), proved the following theorem (we became aware
of this paper just after this article was completed).
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Theorem A. [39] Consider (1.2) with f satisfying (1.3), (1.4)andl < %(q —2%) <s.

Assume that ~ ,f;ﬁr)) is decreasing, but not identically constant. Then, all the regular or

fast decay solutions of (1.2) have a structure of type Mix, d;‘.‘ =djy1 and Lj = Lj1,
forany j > 0.

Note that Theorem A applies e.g. to the case (1.8). Observe, moreover, that in [39]
singular solutions are not considered; their analysis has been recently improved in [6,
Theorem 1.2], proving the existence of singular-fast decay solutions and of singular-
slow decay solutions, which are positive or have one zero, but with the restriction s <
qg(n—2)—n.

Here, we extend the result to singular-slow decay solutions with any number of zeroes.
We further restrict the range of s by imposing s < (n — 2)(¢ — 2); such a requirement
allows us to improve the estimates on the asymptotic behaviour of singular solutions.
A further relevant contribution we provide in this paper consists in proving the nodal

result without any monotonicity condition on r,’{‘(g), although we get d;‘.‘ < dj+1 and

L <L j+l-

’ Since we just assume the asymptotic conditions (1.4), we can interpret our contribu-
tion as the following structural stability result:
Consider f satisfying (1.3) withk(r) = ki (r)+ko(r), where k1 (r) is as in Theorem A, and
ko (r) is a nonnegative function such that ky(r) = 0 for any r € ([0, 1/M]U[M, +00)),
for a certain M > 0. Then, all the solutions of (1.2) have a structure of type Mix.

So, roughly speaking, perturbations do not affect the existence result of Theorem A
for positive and nodal solutions, but they may affect the “uniqueness” of these nodal
solutions.

We wish to remark that also in the papers [28,31,41] no monotonicity condition is
required to get nodal solutions to (1.2) under potentials of the form (1.3). More precisely,
under an asymptotic condition of type (1.4), the authors of these papers obtain regular-
fast decay solutions to (1.2), but no information concerning slow decay or singular
solutions is furnished.

Following [6], we denote by 7 (u) := fR" f(u(x), |x|)dx the so called total curvature
associated with u, which is relevant for associated problems in differential geometry.
According to [11, Remark 1.4], it is worth stressing that, in the range of parameters
considered, 7 (u) is finite whenever u has fast decay, independently of the behaviour of
u (either regular or singular) at r = 0. Thus, singular solutions are “physical”. However,
7T (u) is infinite if u has slow decay. An analogous phenomenon occurs in the Matukuma
equation: in this context 7 (u) represents the total mass (cf., among others [34,35]).

In case of potentials of the form (1.5) and (1.6), we choose the powers in order to
deal with nonlinearities, which are supercritical for # small and subcritical for u large,
with respect to the Sobolev critical exponent 2*. In this setting, we quote [7] and [10],
dealing with the autonomous case, where the part of Mix concerning positive solutions is
proved. Our work completes this analysis by studying the nodal properties and allowing
spatial dependence.

This paper has been inspired by [16], which introduces a unifying approach able to
handle simultaneously nonlinearities of the form (1.3), (1.5), (1.6) and (1.7). In fact, in
[16] structure Mix is obtained, but just for positive solutions, in the more general p-
Laplace context. Here, we extend the analysis to nodal solutions, maintaining the main
assumptions on the potentials, but we restrict to the classical Laplace case to clarify the
argument and to avoid some major technical difficulties (arising especially in the p > 2
case).

2> [22.0[2546] B[R [t foppen i s
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Nodal Solutions for Supercritical Laplace Equations

We now state the following consequence of our main Theorem (2.4).

Corollary 1.2. Let us define A(q) := %(q —2%Yandn(q) := (n—2)(qg —24). Assume
either that
1. fis of type (1.3), g > 2, k satisfies (1.4) where A, B > 0, =2 <[ < A(g) < s <

n(q).
2. fisoftype (1.5), q1, q2 > 2, k satisfies (1.4), where A, B > 0, s, > =2, A(q1) <

s < n(qr), andl < A(q2).
3. fisoftype (1.6), q1 > 1, g2 — q1 > 2, k; satisfy

ki(r) = Air’ +o(r) atr =0 and ki(r) = Bir' +o(r') atr = o0, (1.9)

where A;, B > 0 foreveryi € {1,2}, 1 > =2, sp — 51 > =2,

-2 2+1
2> L2 ) < Era (1.10)
q1 q —2
Mgz —q1) <s2—s1 <n(g2—q1), b <i@q2). (1.11)

4. fisof type (1.7), q1 > 2, g2 > 2, k; satisfies (1.9), where A;, B; > 0, s;,1[; > =2
foreveryi € {1,2} and

max {A(q1) — s1; M(q2) — s2} < 0 < min {A(q1) —I1; A(q2) — D2}, (1.12)
max {n(q1) — s1; n(g2) — s2} > 0. (1.13)

Assume further that all the functions k, k; defined above are positive and Lipschitz
forr > 0, then all the solutions of (1.2) have a structure of type Mix.

The meaning of the restrictions on the parameters /, [;, s, s;, q, g; will be shortly clarified
at Remark 4.1.

Summing up, we propose a unified approach which allows us to deal with the case
where f is subcritical for u large and r small, and supercritical for # small and r large,
so that the change on the criticality of the potential may be due either to the dependence
on u or to the dependence on |x|, or to a mixture of both. In this way, we complete
the literature regarding nonlinearities f of the form (1.3) with a discussion of nodal
singular solutions, and we improve the literature regarding nonlinearities f of the form
(1.5), (1.6) and (1.7) with the entire study of nodal solutions (compare, in particular,
with [6,7,16,39]), and by weakening the assumptions on f.

Concerning the methods, in this paper we use Fowler transformation to convert (1.2) to
anon-autonomous two-dimensional and to an autonomous three-dimensional dynamical
system (cf. (2.2) and (2.6)—(2.7) below, respectively), which can be treated by means of
invariant manifold theory. Multiplicity results arise by combining these techniques with
the notion of rotation or winding number (cf. (3.5) below). We observe that similar
approaches have been followed, among others, in [27] and [2], where multiplicity of
solutions have been achieved for suitable autonomous problems of the form (1.1).

We complete the paper with a brief analysis of the critical case

J
—2
fur) =Y e uul 2 =0, & =" -2 (L14)
i=1

The idea to include this case originated from [6], devoted to the study of (1.2)—(1.3),
involving critical nonlinearities as well as nonlinearities that are supercritical for r large
and subcritical for » small. We extend the comparison with [6] by treating also the critical
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case. Even in the general setting (1.14), we can draw all the trajectories and establish
a correspondence between initial values and associated finite total curvature, extending
Theorem 1.1 in [6]. In particular, by Fowler transformation we easily get the following
result:

Remark 1.3. Assume f as in (1.14), then all the regular solutions are positive, and the
total curvature 7 (d) := 7 (u(r, d)) satisfies

T(d) :=/ Flulx, d), |x)dx =d~'T(1).
Rn

In particular, for any 7 > 0 there is a unique d = % suchthat 7(d) =T.
Moreover, if d # dj there is a unique intersection R(d) between u(r, d) and u(r, dp),
and limg_,9 R(d) = +00, limg_, +o R(d) = 0, R(d) is monotone decreasing.

Restricting to the critical situation considered in [6] with nonlinearities of the form
flu,r)y = c1r51u|u|q1_2, we notice that the solutions of (1.2) are explicitly known
(even in the p-Laplace context), see e.g. [15] for the case §; = 0. Concerning the case
81 # 0, it can be reduced to the §; = 0 case, by applying the natural dimension change
of variable, see [37].

Throughout the paper, we assume that 0 € N.

The paper is organized as follows: in Sect. 2 we introduce Fowler transformation
to convert Eq. (1.2) into a system, we review some basic facts concerning the new
formulation of our problem and we state the general result Theorem 2.4; in Sect. 3 we
prove Theorem 2.4; in Sect. 4 we deduce Corollary 1.2 from Theorem 2.4 and we prove
Remark 1.3.

2. Basic Results on Fowler Transformation

We devote the first part of this Section to introduce a change of variables known as
Fowler transformation, see [12], which allows to pass from (1.2) to a two-dimensional
dynamical system. Let us define

o,
(=2
xi=u(r)yr® y=u' et r=e. 2.1)

o = vi=oq—m-=2), [>2

The new variables x;, y; differ from the given ones u, u’ in the presence of weight terms,
which will help us to determine the asymptotic behaviors. Applying (2.1), we can rewrite
(1.2) as the following two-dimensional system

X\ [l X] 0
(y'z) N (0 J/z) (yz) " (—gl(Xz,t))’ 22)

9

which is as smooth as g;. Here and later stands for %, and

g(x, 1) i= f(xexp(—ayt), exp(t))e " (2.3)

We begin our discussion reviewing some well known facts concerning the 7-independent
case g;(x, 1) = g;(x). In particular, we consider f(u, r) = rlulu|?=?, with g > 2 and
8 > —2:1n this case,

q+é

=22 = sl =xkl

2> [22.0[2546] B[R [t foppen i s
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s0 (2.2) is autonomous, and we have removed the singularity in r from (1.2). Note that
if § =0, then! = gq.

Using invariant manifold theory [13,14,17], we see that if / > 2., the origin of (2.2)
admits an unstable manifold M* and a stable manifold M*.

Remark 2.1. In the origin the unstable manifold M is tangent to the x-axis, while the
stable manifold M is tangent to the line y = —(n — 2)x.

The manifold M* (and M?) is split by the origin in two connected components: one
which leaves the origin and enters x > 0, say M":* (respectively M**), and the other
that enters x < 0, say M" ~ (respectively M* 7).

Furthermore, there are a unique critical point P* = (P}, Py+ )inthe x > 0semiplane,

and a unique one in the x < 0 semiplane, say P~ = (P, P;"); they are both stable if
[ > 2*, unstable if 2, < [ < 2* and centers if [ = 2*.

Remark 2.2. Assume that g;(x, 1) = x|x|q_2. Denote by X;(¢; 7, Q) = (x;(t; 7, Q),
yi(t; T, Q)) the trajectory of (2.2) satisfying the initial condition X;(t) = Q € R2. Let
u(r) be the corresponding solution of (1.2), then

u(r) is aregular solution <— Q € M",
u(r) is a fast decay solution <= Q € M°.

Moreover, if @ € M"*, then u(0) = d > 0, while if @ € M*~, thend < 0; similarly,
if @ € M**, then limr_mou(r)r"’2 =L > 0,whileif Q € M5, then L < Q.

Using the Pohozaev identity, see e.g. [ 13, 14], it can be shown that the phase portrait is as
in Fig. 1 when g;(x, t) = x|x|?~2. From the picture, we can classify completely positive
and nodal solutions. As observed in [14], stable and unstable manifolds exhibit the same
features sketched in Fig. 1, whenever g;(x, t) is t-independent, i.e. g;(x, t) = g;(x), and
satisfies the following super-linear condition:

Gy gi(x) is a locally Lipschitz function such that xg;(x) > 0 for x # 0, &;(x) =
g1(x)/x is decreasing for x < 0 and increasing for x > 0, and satisfies &;(0) = 0,
lim|x|_>oo @1()6) = Q.

Remark 2.3. We observe that in [13,14] the whole analysis is developed just for M*-*
and MS*. However, if g;(x) is odd as in Remark 2.2 (i.e. f(u, r) is odd in «), then M“
and M* are symmetric with respect to the origin, e.g. if @ € M"*, then —Q € M"-—,
and analogously for M*. If g; is not odd but satisfies Gy, it is trivial to check that M*~
is a slight deformation of M*~ = {—Q | Q@ € M**}, and similarly for M*-~.

We are now interested in describing the structure of the set of solutions of the gen-
eral non-autonomous Eq. (2.2). We emphasize that our approach is based on the fact
that (2.2) is locally Lipschitz continuous, and, in this setting, invariant manifold theory
tools can be used. However, we wish to remark that, in absence of Lipschitz continuity
assumptions, the results concerning positive solutions can still be proved using a more
technical dynamical approach relying on Wazewski’s principle, see [16], or using a com-
pletely different approach, as the one adopted in [20]. However, in [20] the nonlinearities
considered are just of type (1.3) and there is no discussion concerning singular solutions.

In order to extend the concept of stable and unstable manifolds and to present our main
result, we introduce further assumptions which establish an asymptotic relation between
the given non-autonomous problem and suitable autonomous ones (cf. [14,16,18] for
similar assumptions).
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Fig. 1. Sketch of the phase portrait of (2.2), when g;(x, ) is t-independent and satisfies G¢. The unstable
manifolds M are the red solid lines, the stable manifolds M* are the blue dashed lines, apart from the critical
case where they coincide and they are represented by a solid magenta line. In the critical case we have also
represented some further dashed and green trajectories corresponding to S.G.S. with slow decay (levels of
negative H) and to sign changing solutions (levels of positive H) (colour figure online)

G1 There is [ > 2 such that g;(x, ) satisfies G for any ¢ € R.

G, There is [, > 2, such that for any x > 0 the function g;, (x, ) converges to a
t-independent function 8, ®(x) # 0 as t — —o0, uniformly on compact intervals.
The function gl:"o(x) satisfies Gy.

Moreover, g, (x, t) is differentiable in ¢ in a neighbourhood of t = —oo, for any x,
and there is @ > 0 such that lim;_, _ o, e~ @' % g, (x, 1) =0.

G There is [y > 2, such that for any x > 0 the function g; (x,t) converges to a
t-independent function g;:"o (x) # 0 ast — 400, uniformly on compact intervals.
The function gltoo (x) satisfies Gy.

Moreover, g, (x, t) is differentiable in ¢ in a neighbourhood of ¢+ = 400, for any x,
and there is & > 0 such that lim;_, o, €™’ % g1 (x,1) =0.

We emphasize that if G1 holds for a certain/ > 2, then it holds for any L > 2 (see [14]).
Now we are ready to state the main result of the paper.

Theorem 2.4. Assume that uf (u,r) > 0 foru # 0 and f(0,r) = 0, with f(u,r)
locally Lipschitz in u € R and differentiable in r € (0, +00). Suppose that there exists
a continuous function h : [0, +00) > [0, +00) such that

X a X
/ a—f(u,r)du Sh(r)/ fu,r)ydu V(x,r) € R x (0, +00). 2.4)
0 r 0
Moreover, assume that G1, Gy and Gg hold with
2. <1, <2F <. (2.5)

Then, all the solutions of (1.2) have a structure of type Mix.
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Nodal Solutions for Supercritical Laplace Equations

In particular, our system has a subcritical autonomous behaviour as ¢ tends to —oo and a
supercritical autonomous behaviour as ¢ tends to +oo. We are able to draw the picture of
the phase portraits in the asymptotic autonomous cases. The key idea to prove the result
is to overlap and intersect in a suitable way stable and unstable manifolds.

Remark 2.5. Assumption (2.4) is a well-known condition ensuring the continuability of
the solutions of any Cauchy problem associated with (1.2) in » > 0. The proof of the
global continuability result is based on an appropriate energy estimate combined with
the Gronwall’s Lemma (cf., among others [4]).

According to [8] and [36, Sect. 2.1], we point out that both the differentiability
condition in the variable r and assumption (2.4) can be omitted in case of nonlinearities of
the form f(u, r) := k(r)G'(u), where k is a positive and Lipschitz function in [0, +00),
and G € C'(R) with infr G > —oco. An analogous remark holds true for nonlinearities
of the form (1.6), and it can be deduced by the approximation procedure developed in
[36, Sect. 2.1]. This justifies the absence of assumption (2.4) in Corollary 1.2.

Assume the validity of condition G in the rest of the paper.
We now focus on the study of the properties of the two-dimensional system (2.2). Inspired
by [2,18,27], we rewrite (2.2) as an equivalent three-dimensional autonomous system,
adding the variable 7 = ¢®":

Xy, a, 1 0 X1, 0
).)Iu = 0 Vi, 0 i, + —&l, (-xlu 5 %) . (26)
Z 0 0 @ z 0

Observe that all the trajectories converge to the z = 0 plane as t — —o0, so (2.6) is
useful to investigate the asymptotic behavior in the past. If we assume G, the origin
admits a two-dimensional unstable manifold denoted by W*. From standard argument

of dynamical system theory, we see that the set W[: (r) = WtN{z = e”"}isa
one-dimensional manifold, for any ¢ € R. Note that Wl’:(—oo) = WtnNniz =0}
coincides with the unstable manifold M* of the autonomous system (2.2) with [ = [,
and g, (x, 1) = gl;"o(x).

Similarly, we add to (2.2) the variable £ = ¢~ ®" and we get

).C[j (){[Ar 1 0 'xls O
=10 wn 0 v, |+~ (u,, —2L). (2.7)
¢ 0 0 —w e 0

Since all the trajectories of (2.7) converge to the { = 0 plane as t — +o0, (2.7) will
provide information on the asymptotic behavior of trajectories in the future. When Gy
holds, the origin admits a two-dimensional stable manifold denoted by W¥. For any
T € R, ny (1) = WS N{¢ = e @7} is a one-dimensional manifold. Observe that

Wli (+00) := WS N {¢ = 0} coincides with the stable manifold M* of the autonomous
system (2.2) with [ = [; and g (x,1) = gZ:OO x).
Let W/ (v) and W' (7) be such that W () = W' () x {z(t)} and W} (r) = W} (7) x

{¢()}.
Since g(0, r) = 0 by assumption, the z-axis (0, 0, z) belongs to both W* and W¥.

Dispatch: 28/12/2015 | Journal: Commun. Math. Phys.
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Remark 2.6. We remark that Wl’: (T) (respectively Wzi (T)) depends continuouslyon 7' €
[—o0, +00) (respectively on T € (—o0, +00]), see [23,26]. Indeed, if Wl’: (T) (respec-
tively Wl‘i(T)) intersects transversally a line L in a point Q(7T') for T € [—00, +00)
(respectively for T € (—o0, +00]), then there is a neighbourhood I/ of T such that
WI’Z (7) (respectively Wl‘i (1)) intersects L in a point Q(t) for any v € I, and Q(7) is
continuous, see [26].

Remark 2.1 admits an extension to the non-autonomous case. From standard argument
in invariant manifold theory, we know that in the origin W¥ is tangent to the plane y = 0,
while W* is tangent to the plane y = —(n — 2)x. However, we can get more with a
construction involving exponential dichotomy, developed in [23], see also [14]. Denote
by x;(t; T, Q) = (xi(t; T, Q), yi(t; T, Q)) the trajectory of (2.2) satisfying the initial
condition x;(t) = Q € R2,
Lemma 2.7. Assume G, and Gy, then Wl‘; (1) is tangent to the line y = 0, while Wl‘i (1)
is tangent to the line y = —(n — 2)x, forany T € R.

Proof. Assume G, and Gy, and set
w'(0) == {Q | lim_x;,(t::7. @)= (0. 0)}
w(t) :={Q | tl_l)ngo x; (t; 7, Q) = (0,0)}. (2.8)

It can be proved that w” () and w®(r) are one-dimensional manifolds, since g, (x, t)
and g, (x, t) are uniformly continuous for ¢ < 7 and forr > 7, respectively, see [23,24].
In fact, from G, and G4 we deduce that the manifold Wl‘: (7) coincides with the manifold
w"(7) defined in (2.8), and Wfs () coincides with w® (1), for any T € R. Moreover, from
G1 we know that g;, (x, 1) = o(x) uniformly for r < 0, and g, (x, t) = o(x) uniformly
for t > 0, thus w"(7) is tangent to the line y = 0, while w*®(t) is tangent to the line
y = —(n — 2)x, for any T € R. Hence, the thesis follows. 0O

In order to understand the mutual position of W¥* and W* at a fixed instant 7, we
introduce the manifolds:

Wi(r) = (Ri= Qe ™) e R? | Q € Wyi(D)),

Wi (1) == {Q := R )" e R* | R € W} (D)} (2.9)
As in the autonomous case, the origin splits W;'(7) (and W/ (7)) in two components, say
W/ (1) which leaves the origin and enters x > 0 (respectively W;"*(t)), and W, ™ ()

which leaves the origin and enters x < 0 (resp. Wls’f(t)), for ! =1,, ;. Similarly, we

denote by W** and W% — (respectively W** and W*> ™) the two components in which
the z-axis divides W¥ (resp. W*®). From [14,17,18], we are able to extend Remark 2.2
to the non-autonomous case:

Lemma 2.8. Consider the trajectory x;,(t; T, Q) of (2.2) with | = I, and the corre-
sponding trajectory x; (t; T, R) of (2.2) with | = ;. Then, R = Q e~ (W —U)T [t
u(r) be the corresponding solution of (1.2). Assume Gy, and Gy, then

u(r) is a regular solution <— Q € Wl': (t)orR € WZ:(‘L'),
u(r) is a fast decay solution <= R € Wli (t)or Q € Wli (7).
Moreover, u(0)=d > 0iff Q € WlZ’Jr(r), andd < 0iff @ € W;"™ (v); lim, _, pout (r)r" 2
=L>0ifRe W (v),and L <0 iff R € W™ (2).
Dispatch: 28/12/2015 | Journal: Commun. Math. Phys.
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We complete the discussion of the correspondences between (1.2) and (2.2) with the
analysis of singular and slow decay solutions, based on standard invariant manifold
theory. For analogous considerations, we refer, among others, to [18]. Assume G, with
l, > 2., and denote by Pi(—oo) = (Pxi(—oo), -0y, Pxi(—oo)) the critical points
(different from the origin) of the autonomous system (2.2), where / = [, and g;, (x, ) =
8, % (x). Then, observe that (Pi(—oo), 0) are critical points of (2.6), and they admit
an unstable manifold which is one-dimensional for [, > 2* and two-dimensional for
2, < I, < 2" If (Q, e”7) belongs to such a manifold, then lim, , _~ox;,(t; 7, Q) =
Pi(—oo), and, consequently, the corresponding solution u(r) of (1.2) is a singular
solution satisfying lim,_,ou (r)r: = PE(—00).

Similarly, assume Gy, and denote by P:t(+oo) = (PXjE (+00), —oy, Pxi (+00)) the
critical points of the autonomous system (2.2), where / = [ and g; (x,1) = gltoo(x).
Then, observe that (P:t(+oo), 0) are critical points of (2.7), and they admit a stable
manifold which is one-dimensional for 2, < Iy < 2* and two-dimensional for [y > 2*.
If (Q, e™7) belongs to such a manifold, then lim;_, o x;,(t; 7, Q) = Pi(+oo), and,
consequently, the corresponding solution u(r) of (1.2) is a slow decay solution satisfying
lim, oo u(r)rs = Pxi(+oo).

Lemma 2.9. Assume G, withl, # 2*,lett € Rand Q € R2; assume thatx;,(t; T, Q) >
0 for any t < 1, and let u(r) be the corresponding solution of (1.2). Then, either
Qe Wl'fl’+(1:) orlim;_, _ooxy, (t; T, Q) = P*(—00), in the former case u(r) is regular
and u(0) > 0, in the latter it is singular and lim,_,ou(r)r®« = P (—00).

If l, = 2* we have a third possibility: x;,(t; T, Q) may be uniformly positive and
bounded, so u(r) is singular.

Similarly, assume Gg withl; # 2%, lett € Rand Q € R2; assume thatx; (t; T, Q) >
0 for any t > t; let u(r) be the corresponding solution of (1.2). Then, either Q €
Wli’+(t), or lim;_ 00y, (t; T, @) = P*(+00); in the former case u(r) has fast decay
with im,_, sou(r)r"=2 = L > 0, in the latter it has slow decay with lim,_, oou (r)r%s =
P} (+00).

If [ = 2% we have a third possibility: x; (t; T, Q) may be uniformly positive and
bounded, so u(r) has slow decay.

We emphasize that the symmetric result for definitely negative solutions holds true; the
corresponding statement will be omitted for brevity.

Hence, under the assumptions of Theorem 2.4, u is either regular, or singular, or it
has infinitely many zeroes for r < 1; moreover, it has either fast or slow decay, or it has
infinitely many zeroes for r > 1.

We introduce a further Lemma to clarify the relationship between regular solutions
u(r, d) of (1.2) and the corresponding trajectories x;, (t; T, Q) of (2.2). The automonous
case can be easily treated thanks to invariance for translations in ¢. In particular, fix Q €
M*"* and consider the trajectory x;, (t; T, @) of (2.2) and the corresponding solution
u(r,d(t)) of (1.2). Then, arguing as in the proof of Remark 1.3, we find that d(t) =
d(0)e %7 from which it follows that d is a strictly decreasing, continuous function of
T with lim;, o, d(t) = +00 and lim;_, ;5 d(7) = 0. In the non-autonomous case, an
analogous property is satisfied.

Lemma 2.10. Assume Gy with l, > 2, fix T € R, and let Y,,(-,T) : [0, +o0) —
W,’i’+(T) be a smooth (bijective) parametrization of W;:’Jr(T) such that Y,(0,T) =
(0,0). Let u(r,d(U)) be the solution of (1.2) corresponding to x;,(t; T, V,,(U, T)).
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Then, d(U) is a strictly increasing function such that d(0) = 0 and limy_, 150 d(U) =
+00.

Note that we can parametrize Wl':’+(T) directly with d. An analogous statement can be
written for Wli’+(T) (which can be parametrized by L := lim,_, oot ()" 2).

Proof. Consider the parametrization of WZ‘*(T) given by Y,(-,T) : [0,+00) —
W,’:’+(T) such that Y, (0, T) = (0, 0). Observe first that, starting from Y, (-, T), we
can construct a parametrization of WIZ’+(‘L') for any v € R, by setting Y, (U, 1) =
x,(t; T, Y, (U, T)). In fact, the function Y, : [0, +00) x R — R? is continuous in
both the variables, and (U, t) — (Y, (U, 1), z(7)) is an injective map in W*>*. Accord-
ing to this parametrization, x;, (¢; 7, Y,, (U, 7)) coincides with x; (¢; T, Y,,(U, T)) and
corresponds to the given solution u(r, d(U)) for any 7 € R. Note, however, that this
parametrization cannot be extended to a continuous parametrization of the whole W¥:*,
since Y, (U, 1) — (0,0) as T — —oo, which does not provide a parametrization of
W0t (=00).
Let B(5) be the closed ball of radius 6 > 0 centered in the origin. We can find
a (small) § > 0, independent of 7, such that the connected component Wl'::f'oc(t) of
W,’L‘l"L(r) N B(§) containing the origin is a graph on its tangent space, i.e. the x-axis,
for any T < 0, see e.g. [24,26]. Moreover, for any U > 0, we can find a large enough
N(U) > 0 such that Y, (U, 1) € WK’IOC(I), whenever 0 < U < U and t < —N(U).
We now show that d(U) is strictly increasing; the other properties easily follow.
Let U, > Uy, then Y, (Uj, 7) € WIZ:TOC(I) for any 1 < —N(U3) and fori = 1, 2.
Hence, Y (-, 7) : [0, U2] — WIL:’+(‘L') is a graph on the x-axis, for any T < —N(U>).
In particular, x;, (z; T, Y (U1, T)) < x1,(t; T, Y (Uz, T)) for any t < —N(U>), and,
consequently, u(r, d(Uy)) < u(r,d(U,)) for any r < e~ N2 Thus, d(U) < d(U>).
O

2.1. Kelvin inversion. An important tool in the analysis of Eq. (1.2) is a change of
variables classically known as Kelvin inversion, useful to transfer the information on
regular and singular solutions to fast and slow decay solutions. Set

s=r7l () =s""u(lfs), fli,s)=f@s" 1/s)sT" (2.10)

From a straightforward computation, we see that u(r) satisfies (1.2) if and only if u(s)
satisfies the following equation

d . n—1 £~ n—1
——lus(s)s™ ]+ flu(s), s)s" " =0, 2.11)
ds

where u; = ‘é—';. The change of variables (2.10) brings regular, singular, fast decay
and slow decay solutions of (1.2) into respectively fast decay, slow decay, regular and
singular solutions i (s) of (2.11), and viceversa. In [18], it has been recently observed that
clearer and more detailed information can be acquired by combining (2.10) with (2.1).
Hence, when f satisfies G, withl = [, > 2., then f satisfies Gy with | = L; > 2.,
where

2 21, (n — 1) — 2n]

=2 — — = , = -V, = —q,.
Vo -2 —2m+2 T Ve V=0

L
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Analogously, when f satisfies Gg with ] = [; > 2,, then f satisfies G, withl = L, >
2., Where
2 2(n—1)—2n]

Lu:2——_ s
Vi, [i(n—2)—2n+2

aLu = _V157 )/Lu = _als'

Setting

2 -
L=L=2—-=, (@) =1i(s)s%, s=e¢,
Vi

the Kelvin inversion transforms system (2.2) into the following

dx ~

di 1

ay (7" ). 0 ) 2.12)
% 0 —ao y —gi(x, —t)

Note that to pass from (2.2) to (2.12) we just need to replace o by —y, y by —« and
g1(x,t) by gi(x, —t). This way it is more clear that, roughly speaking, the difference
between (1.2) and (2.11) consists in a simple reversion of time. Provided that we choose
[ > 2,, observe that L > 2* <= [ < 2* and L < 2* <= [ > 2*. In particular, sub-
critical systems are driven in supercritical systems, and viceversa. Furthermore, Wli (T)
is brought into WZ, (=T), and Wl’j (T) is brought into Wzv (—T). This will help us to
automatically transfate results for regular and singular solutions into results for fast and
slow decay solutions, and viceversa.

3. The Main Result

In the whole section we assume the hypotheses of Theorem 2.4 without further men-
tioning.

From Gg we know that Wl‘z(T) exists for any 7 € R. We recall that Wl‘i (+00)
coincides with the stable manifold M* of the autonomous system (2.2) with / =1 s and
g1, (x, 1) = g/°°(x). Since [; > 2* by assumption (2.5), W, (+00) and Wli’_(+oo) are
unbounded spirals which rotate intersecting transversally the coordinate axes infinitely
many times, see e.g. [13,14,17] and Fig. 1. Note that these intersections are unbounded
sequences which do not accumulate in any point.

For every solution x; := (x;, y;) of (2.2), we introduce polar coordinates

6; = arctan(y;/x;), pr = |lx- (3.1

Taking into account (2.1), we stress that if we switch between different values of /, say [
and L, we get pr,(t) = exp[(or —ay)t]pi(¢) and 6 (t) = ;(t), so we drop the subscript
in 6.

From (2.1) and (2.2), we easily obtain

do o
—~ =(2—n)sinfcosh —sin’H — Mc

0. 3.2
o . 08 (3.2)

Thus, the flow of (2.2) on the coordinate axes is transversal, and rotates clockwise for
any t € R.

Lemma 3.1. The integer part of (@) is decreasing in t.
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From (3.2), according to Remark 2.1 and Lemma 2.8, we deduce that
Lemma 3.2. Let (x;,(¢), £(¢)) and (X;,(t), £ (1)) be trajectories in WS+ and WS —,
respectively; let 9> (t) and 0%~ (t_) be the angular coordinates associated with x; (t) and
Xy, (1). Then, lim;_, 400 0% () = 0 := —arctan(n—2) € (—% O), andlim;_ 100 0%~ (1)
=60 —m.
For any T € R we construct a continuous parametrizations of Wl‘i’i(r), by setting
EECL6() [0, +00) > W) F(1) x {¢ (7)) such that 3]"5(0, £(1)) = (0,0, £(1)).
Then, we define continuous parametrizations of Wli’i(+oo), by setting ZISS 'i(-, 0) :
[0, +00) — Wlf_’i(+oo) x {0} such that Efs’i(O, 0) = (0, 0, 0). We have in fact obtained
two parameters bijective parametrizations Ei’i 1 [0, +00) X [0, +00) — WS s such that
z;‘;i(o, ¢) = (0,0, ¢), which may be assumed to be continuous in both the variables,
in view of Remark 2.6. ~

Now we fix T € R and we choose points QF(T) € Wl‘i’i(T); denote by Wl‘i’i(T)
the branches of Wli’i (T) between the origin and Qi(T); let S? be the positive numbers
satisfying £ (S5, £(T)) = (QE(T), £(T)).
By adopting the same arguments in [2,18,27], it is possible to show that the number of
rotations around the origin realized by the flow x; (-; T, Q:t(T)) in the interval of time

[T, +00) coincides with the number of rotations performed by the branch Wlss’i(T).
For this purpose, let us introduce the parametrization in polar coordinates of

Wi (T) = WSE(T) x (£(T)), by

=S, 0) = (R;;i(s, £) cos(@"*(S. £)), R} (8. ¢) sin(¢™* (5. 0)), ;) . (33)

where ¢ = ¢(T) = e @7,
According to (3.1), the trajectories x; (t; T, Qi(T)) can be parametrized by
x1,(t; T, Q*(T)) = (pfs’+(t) cos(6°" (1)), pZ’J'(t) sin(0° (1)),
xi,(t; T, Q7 (1)) = (p, " (1) cos(0>~ (1)), p;,~ (@) sin(0>~(1))). (3.4

Following [2,18,27], givenacurve y : [a, b] — R2, we define its rotation number w(y)
by setting

by (b) — 6y (a)i| 55)

w(y) = [ e
where [-] denotes the integer part and y () = (py (¢) cos Oy (1), py (t) sin Oy (1)). As
pointed out in [18], we can extend this definition to a curve y defined in a semi-open
interval [a, b) if lim,_, ;- 6 (t) exists (even if it is infinite). So, we can extend the
definition to a curve y (¢) defined on [a, +00) converging to (0, 0) as t — +oo, provided
that y(¢) # (0,0) for any ¢ € [a,+00) and lim;_, 4 0y (t) exists. By adapting the
argument of [2,27], and, in particular, of Sect. 4 in [18] we can show the following

Lemma 3.3. [2,18,27]. Take T € R, Q¥(T) € W,i*(T) and Q—(T) € Wl‘z’_(T), then
w(Z) " 8(M) = —we, (2 T, Q*(T))),
w(EZ) M) = —wx (5 T, Q7 (1)), (3.6)
where Zfs’i and x; are restricted to the intervals [0, S?] and [T, +00), resp.
m 2 2 0 2546 B ?éfg]agl}é:e€:8/1227/2015 Jl\(I)(l)ltrrlljasléfOIﬁmun. Math. Phys.
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Sketch of the proof We just sketch the proof, referring to [2, 18,27] for details. We discuss
the first equality in (3.6). The second one is analogous.

Let I'* be a path with the same graph and orientation as the curve (x;, (¢; T, Q*(T)),
£(1)) defined for t > T'; let '’ be the path obtained following first Wli’+(T ) x {¢(T)}
from (Q*(T), ¢(T)) to (0,0, ¢(T)) and then the segment which joins (0,0, ¢(T))
to (0, 0, 0). Note that the orthogonal projection of (x; (¢; T, Q*(T)), {(¢)) on R? x
{¢(T)} does not coincide with Wli *(T) x {¢(T)}. Nevertheless, by adapting the argu-
ment in [18, Sect. 4], we can construct an homotopy between I'* and I'” which pre-
serves the endpoints (Q*(T), ¢(T)) and (0, 0, 0). This homotopy is obtained projecting
(x1,(t; T, Q*(T)), ¢(1)) on RR? x {¢(T)} not orthogonally, but following W*>*. Once we
build the homotopy, from a topological argument we deduce that the rotation numbers
of ' and T'? are equal, see [18, Sect. 4], and [2,27]. The minus sign in (3.6) follows
from the fact that I'? has opposite orientation with respect to EZ“L(H Z(T)). O

Proposition 3.4. Take T € R, Q*(T) € Wlss’+(T), 0 (T) e Wli’_(T), let S% be the
positive numbers satisfying les’i(S%, (1)) = (Qi(T), ¢(T)). Consider the parame-
trizations (3.3) in polar coordinates of Wli’i(T), then, (bs'i(SfTE, £) = 05E(T). More-
over, x;.(; T, Q*(T)) and x;,(-; T, Q7 (T)) perform in the interval of time [T, +00)
the angles (6 — qbs’*(S;, $)) and (0 —m — ¢>~ (S}, ¢)) around the origin, respectively.

Proof. By Lemmas 3.1 and 3.2, x; (#; T, Q*(T)) performs in the interval of time

[T, +00) the angle (§ — %% (T)) around the origin. The thesis follows by using
Lemma 3.3. The proof for x; (t; T, @~ (T)) is analogous. O

From G, Gg with 2, < [, < 2* < [, we deduce the following lemma.

Lemma 3.5. Wli_’+(T) and Wli’_ (T) are spirals rotating counterclockwise starting from
(0, 0), and they intersect the coordinate axes infinitely many times for every T € R.

Proof. We develop the proof for Wl *(T): the case of WI "~ (T) might be treated equiv-
alently. As observed at the beglnnlng of Sect. 3, we recall that the lemma holds for
Mt = Wli (+00). According to Remark 2.6, from a standard continuity argument

we deduce that for every k € N\{0} there exists 7} such that WZ_’+(T) intersects the
y coordinate axis at least k times, for T > Tj. Let us denote by Wli’+(Tk) the branch
of W[Z’+(Tk) between the origin and its kth intersection with the y-éxis, called P(Ty).
According to Remark 2.5, the trajectory x;, (¢; Ty, P (T})) of (2.2) can be continued for
any t < Ty. Consider now T < Tj. Denote by WI‘YY’J'(T) the branch of Wl‘i’+(T) between
the origin and x; (T'; Ty, P(Ty)), and by N(T) the number of intersection of Wli’J’(T)

with the y-axis. Let 6**(¢) be the angular coordinate of x; (¢; Tx, P (T)).

Since the flow of (2.2) on the coordinate axes rotates clockwise (see Lemma 3.1),
taking into account Proposition 3.4, we infer that N(¢) is decreasing with ¢ for any
t < Ty, whence N(T) > k for T < Tj. This completes the proof. O

From Lemma 3.5, recalling notation (3.3), we see that limg_, 4o ¢** +(8, L(T)) = +o0
for any 7' € R. Moreover, ¢**(0, £(T)) = 6 and ¢* (0, ¢(T)) =6 — .

As for W¥, a similar situation occurs. Note first that assumption G, ensures that
Wl‘: (T) exists forany T € R. Recall that WIZ (—00) coincides with the unstable manifold

M" of the autonomous system (2.2) with [ = [, and g;, (x,t) = gl;"o(x), so M¥%* and
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M*™~ are unbounded spirals which rotate infinitely many times around the origin, see
e.g. [13,14,17] and Fig. 1.

Taking into account (3.2), Remark 2.1, Lemma 2.8 and the definition of polar coor-
dinates (3.1) for a solution x; := (x;, y;) of (2.2), we easily conclude

Lemma 3.6. Let (x,(t), z(t)) and (x;,(1), z(t)) be trajectories in W*>* and W* —,
respectively; let 0**(t) and 6"~ (t) be the angular coordinates of x;,(t) and X, (t).
Then, im;— _oo 01 (t) = 0 and lim;—, _oo 0"~ (¢) = —11.

Reasoning as in the stable manifold case, we define two-variables parametrizations of
W =E as follows:

S (U, 2) 1 10, +00) x [0, +00) — W T,

such that Ell:i(O, z) = (0,0, 2) for any z > 0. Then, we introduce polar coordinates,
by setting

St 2) = (R (U, 2) cos@ = (U, ), R (U, ) sin@" (U, 2)),2) . (BT)

Fix T € R, choose Q:l: € Wlt‘i(T),considerthe trajectories x;, (¢; 7, Qi(T))of(Z.Z):
according to (3.1), we denote by #*-* () the angular coordinates of x, T, Q:t(T)).
With arguments analogous to the ones developed above in the study of the stable
manifold we can reprove the analogous of Lemma 3.3; then, using also Lemmas 3.6 and
3.1, we can state the following result.
Proposition 3.7. Tuke T € R, QF(T) € W"*(I), let Uf > 0 be such that
Eﬁ’i(Ui,z(T)) = (Q:t(T), z(T)), then the trajectories x;,(-; T, Q*(T)) and
x1,(; T, Q7 (T)) perform in the interval of time (—oo, T] the angles ¢"* (U7, z(T))
and "~ (Uy , z(T')) + w around the origin, respectively.

Observe that Z;f"i (U, z(T)) rotates clockwise on the coordinate axes as U moves from

0to U%, as well as the flows x;, (¢; T, Qi(T)) as t moves from —oo to T'. As a direct
consequence, 0¥ (T) = ¢+ (UF, 2(T)) < 0and 6"~ (T) = ¢*~ (U, 2(T)) < —7.
As in the stable manifold case, we can prove the following lemma.

Lemma 3.8. Wlt’+(T) and Wli_’f(T) are spirals rotating clockwise starting from (0, 0),
and they intersect the coordinate axes infinitely many times for any T € R.

As adirect consequence, we obtain that limy_, 400 ¢*F (U, 2(T)) = —ooforany T € R.
Moreover, ¢**(0, z(T)) = 0 and ¢*— (0, z(T)) = —7.

Recalling the definition of W;;(T) in (2.9), from a trivial topological argument we
get the following result.

Lemma 3.9. W;:*(T) intersects Wl‘z (T) in a sequence of points Q;’Jr(T),forany TeR
and any j € N. Moreover, we can assume that Q;’+(T) € W[‘i’+(T) if j is even, while
Q’J’f’+(T) € W' (T) if j is odd.

Proof. Fix T € R; taking into account the parametrization of WZ’+(T) in (3.7), we
obtain the following parametrization of WK’+(T)

U, (1) = (R,Z**(U, 2) cos(¢" (U, 2)), ;" (U, 2) sin(¢" ¥ (U, 2)), z) :
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where Rl”s’i(U, 7) == e~ _“’s)TRZ’i(U, z) and z = z(T). Omitting, for simplicity,
the dependence on T, according to (3.3) and (3.7), we define the curves rs%9) :
[0, +00) — R x [0, +00) and IT'“*(U) : [0, +00) — R x [0, +00) by setting

TVE(8) = ($5(8), RIE(S)), and T*(U) := (¢“*(U), R (U). (3.8)

Note that the curves I'"* and '** are the liftings of Wli’i(T) and W;:’i(T), respec-
tively. We recall that T'**(0) = (0, 0) and limy _, 400 ¢***(U) = —o0. In particular, the
image of I'** splits the stripe {(#, p) | & € R, p > 0} into two open sets, say A’ and
A”. We denote by A” the set on the right of A’ in the coordinate system with horizontal
0-axis. Let us define the curves:

[3(8) i= (# () = 27k, RV (S)), T304 (S) 1= (977 (S) — 27k, R (5)),
(3.9)

for k € N, so that Tj(S) = I'**(S), T'{(S) = ' (S) and F‘j‘. is a translation of
I'** for j even and of T'*>~ for j odd. Note that the curve Fi. cannot intersect I'} if
J # k, since Wli (T) cannot have self-intersections. According to this notation, Fj ) =

(9_ — jm,0) € Al and limg_,+oo[¢5’i(S) — mj] = 400, for any j > 0. Thus, from a
continuity argument, it follows that for any j > 0, there is at least one S > 0 such that
Fjﬁ (S) lies on the graph of I'*:*, i.e. the graphs of Fj?(o) and ' *(.) intersect at least in
a point. Let us set '

U;‘ s=min{U > 0| T*“*U) e F;(]O, oo},
and let S;k > 0 be the value such that F;(S;‘) = F”’+(U;‘). Let us now define

7+ s — ’ i+
Q) 1= (W) = @ U)). R W)

Q7" = (R (U)) cos[¢" (UN]. R (US) sin[¢"*(UND.

By construction, Q;f’+ € W;:’+(T) N Wl‘i (T). Moreover, Q;’+ # QZ’+ for k # j, since
W;:(T ) cannot have self-intersections. 0O

Remark 3.10. By construction the sequence U}’ is increasing in k € N, since W* cannot
have self-intersections.

In fact, the sequences S3;, and S73, | are increasing too. Since this property will not be
used in the paper, its proof is left to the interested reader.

Lemma 3.11. Let u(r, d}‘) be the solution of (1.2) corresponding to x; (t; T, Q;f’+).
Then, u(r, d;‘-‘) is a regular, fast decay solution with exactly j non-degenerate zeroes. In

particular, u(r, dy) is a positive solution.
The sequence d;f is increasing and d;‘ S 400.

Proof. By construction, x; (¢; T, Q;’J'(T)) is a homoclinic trajectory of (2.2), and the
corresponding solution u (7, d}’.‘) of (1.2) is regular and has fast decay. Note that ¢*-* (S;‘) —
jT = ¢“'+(U}k) if j is even, and d)‘“‘(S}‘) —(—-Dr = ¢“*+(U;.‘) if j is odd. Thus,
x, (T, Q;’J'(T)) performsin [T, +00) the angle (9_—¢”’+(U;.*) — jmr) around the origin
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by Proposition 3.4, while it performs in (—oo, 7] the angle ¢>“'+(U}") by Proposition 3.7.
Therefore, x; (¢; T, Q;’+(T)) performs for # € R the angle

0 —¢"*(U)) — jm+¢""(U}) =0 — jm,

which, in particular, is T-independent. This implies that x; (¢; T, Q;’J'(T)) fort e R

makes exactly j semi-rotations clockwise around the origin (minus 6 € (—m/2, 0)), so
u(r, d}“) has exactly j non-degenerate zeroes for » > 0.

The monotonicity of d}k follows from the monotonicity of U}k established in
Remark 3.10 and from Lemma 2.10.

Let us now prove that UJ’F is unbounded. Assume, by contradiction, that U; * AU <

oo as j — +oo. If we set Q = qu(U z(T)), we also have Q € W) +(T) and
0 < W " (T), a contradiction. Hence, U * is unbounded, and, by Lemma 2 10, d* is
unbounded too. 0O

Remark 3.12. We emphasize that, a priori, the curves I'*>* and Fj. may have several
intersections: in this case we have many regular solutions with fast decay and exactly j

zeroes.
Analogous versions of Lemmas 3.9 and 3.11 can be written for WZL:’_(T). As for
Wl'j’J', we set

Ui :==min{U > 0| T"~(U) € I%,, (0, +ooD)},

QT =TT () = @O R W),

Q7™ = (R (U coslg™ ™ (U], R (U sinl¢"~ (U))D.
Similarly to (3.7), we define the curves
Y (U) = (¢"*(U) — 21k, R (U)),

5 (U) = (¢~ (U) — 2mk, RZ{’_(U)), (3.10)
for k € N, which, combined with (3.9), determine a net on the (9, p)-plane. Here and
below, we omit the dependence on 7T of all the variables in (3.10), when no confusion
arises.

For any r € R and any j € N, denote by T'**(¢), [*~(¢), 1:,},4 ), 1:‘;. () the graphs
of T*(., 1), T (-, 1), I‘;?(-, 1), I‘j.(-, t), respectively.

Moreover, set T%(t) := U I:‘f(t), 05(r) == U I_‘s'(t) and T'(7) := T4 (1) UT*(2).

We emphasize that, by constructlon a key invariance property holds. More pre-
cisely, let QQ @, p) € R x (0,+00) be the polar coordinates of 0 and denote
by Q(z; T, QQ) ECIGY R QQ), pt; T, QQ)) the polar coordinates of x; (t; T, 0)
(assuming that Q(t; T, S_ZQ) is continuous and Q(7'; T, S_ZQ) = S_ZQ).

Lemma3.13. If @ € T“*(T), @ € [~ (T) and @ € T(T), then Q(t; T, Q) €
e+, Q@ T, fZ) e I'~@) and Qt; T, S~2) € f‘j.(t), for any t € R. Moreover,

Mo —00(t; T, Q) = 0, limys _oo0(t; T, Q) = —7 and limy_, 4000 (t; T, Q) = (6 —
jm, 0).
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Proof. Let Q be the polar coordi_nates 9f Q Moreover, let x; (¢, T, Q) and x;, (¢, T, S)
be the trajectories of (2.2) with § := Q@ e @ =T and let u(r) be the solution of (1.2)
corresponding to §2(; T, §2). Then, by construction, x;, (t; T, Q) € W/!(1),x,,(t: T, S) €
W;: (¢) and u(r) is a regular solution. Hence, Q(¢; T, Q) € I'**(¢) for any r € R. Fur-
thermore, lim;—, _sox;, (t; T, S) = (0, 0), and x,, approaches the origin tangent to the
X positive semi-axis, so lim;—, .0 (t; T, Q) = 0.

The proofs concerning €2 and €2 are analogous and follow by Lemmas 3.6 and 3.2,
respectively. 0O

We now introduce some sets which will play a fundamental role in the proof of our main
theorem. In particular, we will devote our attention on the stripe between I'-* and T'-~.

Denote by A%(r) the open stripe in the (6, p)-plane between I'**(¢) and I~ (1);
denote by Bj. (#) the open stripe between 1:“;.71 (1) and I_"; (7). Finally, define K (1) :=
A%(H N B;. (t). From the first part of Lemma 3.13, it is easy to deduce that these sets
satisfy the invariant property.

Lemma 3.14. If Q € A*(T), B;(T), K (T), respectively, then Q(t; T, Q) € A*(1),
B;. (t), Kj(1) for any t € R, respectively.

Remark 3.15. I Q € Kj(T), then 6(¢; T, S_Z) S (—jrr — % 0) for any t € R. Indeed,
by Lemma 3.1 combined with Propositions 3.4 and 3.7 we easily deduce that, for any
t € R, I'“*(¢) cannot intersect the & = 0 axis, while Fjﬁ (t) cannot intersect the vertical
line§ = —(jm + %). Taking into account that K ; () is contained in the region bounded
by I'**(¢) on the right, I‘; (t) on the left and by the p = 0 axis from below, the thesis
follows.

Denote by A*(—00) = (¢p7(—00), R*(—00)) and AT (+00) = (¢pF(+00), RE(+00))
the polar coordinates of the critical points P*(—o00) € Wl’: (—o0) and PT(+00) €
Wl‘i (+00), respectively. According to the adopted notation and recalling that
6 = —arctan(n — 2) € (—m/2,0), we know that ¢*(£o0) € (0,0) and ¢~ (+00) €
O —m, —m).

Finally define A}, (+00) = (¢*(+00) — 2km, R*(+00)) and A, (+00) :=
(¢~ (+00) — 2km, R~ (+00)).

In order to give a first version of the proof of Theorem 2.4, we introduce two sim-
plifying assumptions, which allow us to explain the main ideas avoiding technicalities.
Such assumptions will be removed later on.

H* For any j € N there is a unique intersection between [“+(T) and I_‘j.(T).

Remark 3.16. Consider f of type (1.3) and assume rk’(r)/k(r) decreasing. Then, H*
and H™ are satisfied.

Proof. Yanagida in [39, Theorem 1] proved the existence of the sequence d}k of
Lemma 3.11 under the assumptions of Remark 3.16, and showed that if u(r) and v(r)
are distinct G.S. with f.d., then they have a different number of zeroes. On the contrary,
from the proof of Lemma 3.11, it follows that two intersections between I'>*(T') and
f‘j(T) correspond to two G.S. with f.d. with exactly j zeroes. So, this intersection is

unique and H* follows. To complete the proof, we observe that an analogous argument
works for '~ (T). O
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Fig. 2. Sketch of the proofs of Lemma 3.11, Propositions 3.19 and 3.20, assuming H*

The proof of existence of G.S. with s.d, S.G.S. with f.d., and S.G.S. with s.d. is obtained
with a geometrical argument developed on Figs. 2 and 3. More precisely, Fig. 2 refers
to the case where HT hold, while Fig. 3 refers to the general case.

We now show that if Q € K j(T), then the corresponding solution u(r) of (1.2) is
singular-slow decay and has exactly j zeroes, under assumptions HE. To this purpose,
we need some preliminary lemmas.

Lemma 3.17. Assume H* and H~. Consider Q € B;k(T), Q e B;k+1(T), then
lim; 5o Q(t; T, fZ) = A;k(+oo), lim; o Q2(2; T, Q) = Ay, (+00) and the corre-
sponding solutions u(r), u(r) of (1.2) have slow decay and are definitely positive and
definitely negative for r large, respectively.

Proof. Consider Q2(¢; T, Q) withQ € B;. (T),andletx; (t; T, Q) be the corresponding
trajectory of (2.2), and u(r) the corresponding solution of (1.2). According to the invari-
ance property stated in Lemma 3.13, Bj. (H)yNT*(t) = Pforevery t € R, sou(r) cannot
be a fast decay solution. Moreover, according to Lemma 3.14, Q(¢; T, Q) € B;. (t) for

every t € R, so u(r) cannot rotate indefinitely as r — +o00. Hence, from Lemma 2.9 we
see that u(r) has slow decay.
Focusing now on Wzi (1), note that the two counterclockwise spirals Wli’+(r) and

Wlss’_(t) do not intersect each other and divide the (x, y)-plane into two connected

-
-~
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—4n =712 =3n =52 =32 T

—2n

Fig. 3. Sketch of the proofs of Lemma 3.11, Propositions 3.22 and 3.23, when H* are removed

open sets, say M} (¢) and M7(t), each of them containing only one critical point at
t — +00,say P*(+00) € M(+00) and P~ (+00) € M (+00). Note that, by definition
and according to Lemma 3.13, B;k (+00) and B;k +1(+00) represent a parametrization
in polar coordinates of M f) (+00) and M (+00), respectively. From Lemma 2.9, we
conclude that Q(¢; T, 2) converges to the only critical point in Bj. (+00). More precisely,
lim; 50 Q(t; T, Q) = A;k(+oo), lim; o Q2(2; T, fZ) = Ay, (+00), and the thesis
follows. 0O

Recalling that Kelvin inversion allows us to translate results for slow decay solutions
into results for singular solutions, from Lemma 3.17 combined with Lemma 3.13, we
easily deduce the following result.

Lemma 3.18. Assume H and H™. IfQ € A*(T), thenlim,_, _oo 0(t; T, Q) = ¢* (—00).
The solution u(r) of (1.2) corresponding to Q2(t; T, 2) is singular and is definitely pos-
itive for r small.

The required multiplicity result for initial data in K ; (T) follows.

Proposition 3.19. Assume Htand H™. If Q € K j(T), then the solution u(r) of (1.2)
corresponding to Q(t; T, Q) is singular-slow decay and has exactly j zeroes.

Proof. By combining Lemmas 3.17 and 3.18 with the definition of K (), we deduce
that u(r) is a singular-slow decay solution.

If Q € Ky (T), then lim;, 500 (t; T, ) = ¢p* (+00) — 2k € (6 — 2k, —2k7) and
lim; 5 0(t; T, Q) = ¢ (—00) € (6, 0). Hence, Q(z; T, Q) intersects the vertical line
0 =im — % for any i € {1, ..., 2k}. Each of these 2k intersections corresponds to a
zero of x; (5 T, Q), where x; (-; T, Q) is the trajectory of (2.2) and Q are the polar
coordinates of Q. The exactness of the number of zeroes is a direct consequence of
Lemma 3.1.

With the same argument we see that if Q € Kag,q1(T), then it(r) has exactly 2k + 1
zeroes, so the goal is achieved. O
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We now concentrate on regular-slow decay solutions. To this aim, we set

ali(T) :={I"*(U,T) | Uj_|(T) =U < U;(T)},

so that a;‘.(T) is the arc of ['**(T') between ijl (T) and Q’;*(T).
Given a path A, let us denote by A the path A without endpoints. Notice that, by
definition, i’z;f - B;. N T'**. Hence, the following result holds.

Proposition 3.20. Assume H and H™. If Q € &;(T), then for every d € (d;‘.ll , d;f)

the solution u(r, d) of (1.2) corresponding to Q(¢; T, Q) is regular-slow decay and has
exactly j zeroes.

Proof. The proof follows by combining Lemma 3.13 with Lemma 3.17. As far as the
number of zeros of u (r, d) is concerned, we justneed to observe thatlim; ., 500 (¢; T, Q) e
O — jm,—jm) and lim;—, o, O(t; T, 2) = 0, whenever Q2 € i’z;f(T). The thesis easily
follows. 0O

Note that Theorem 2.4 is an immediate consequence of Propositions 3.19 and 3.20
combined with Lemma 3.11. Recalling that Kelvin inversion enables us to convert results
for regular solutions into results for fast decay solutions, we easily deduce that all the
solutions of (1.2) have a structure of type Mix with d;‘.‘ =dj4 forany j > 0.

Remark 3.21. We emphasize that assumption H implies that d}‘ =dj1.

Note that this equality has been proven by Yanagida [39] in Theorem A under the

.. . rk’(r)
monotonicity assumption on X0

Now we remove assumptions HT to provide an exhaustive proof of Theorem 2.4. We
need to adapt Propositions 3.19 and 3.20 to this more general setting.
We recall that Qj’+(T) = (9;‘(T), ,oj(T)) are the polar coordinates of Q’;’J'(T).

For every 6 > 0, we define

Bi(T,8) :={Q=(0,p) e K;(T) : |2~— Qj’+(T)| < 6},

where |Q| = /62 + p2. Note that in the absence of assumptions H*, the set K;(T)
can be disconnected. Hence, we choose 6 > 0 small enough to ensure that B; (T, 6)
is a connected set in K;(7T) and there exist U;(§) € (U;‘_l(T), U;"(T)), S;i(d) €
(S;.‘_I(T), S;‘(T)) such that the border 9B;(T,8) of B;(T,8) is made up by
e+ ([U; (), U;.‘(T)], T), Fj([Sj 3), S;‘(T)], T) and a curve connecting them. More
precisely,

dB;(T,8) NT(T) = T"*([U;(8), U5 ()], T) U T3([S;(8), ST, T),

where I'**([U;(8), UT(T)[, T) N 5(T) =9, TS(S;(8), S5(DLTHN (7)) = 9.
Let us denote by cl(B) the closure of the set B.
We are now in position to state a revised version of Proposition 3.19, independent of
conditions H*.

Proposition 3.22. There exists § > 0 such that for every Q € B i (T, 8), then the solution
u(r) of (1.2) corresponding to Q2(t; T, Q) is singular-slow decay and has exactly j
zeroes.
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Proof. By Lemma 3.13, lim;, —o0 07 (t) = 0 and lim;— 00 07 (1) = 0 — jm.

Recalling that 0 € (—m/2,0), we deduce the existence of T] >> 0 such that
9;5‘(—’Tj) € (—m/2,0) and 0}*(—’1}) € (—jm — %, —jm). Hence, using a continuity
argument and taking into account Remark 3.15, we can choose & > 0 small enough to
guarantee that there is § = §(j, &) > 0 such that

Q@ T, Q) — Qj’+(t)| <e VQecd(Bj(T,95), It <T;,

T - . T _ )
—-3 <6(=7;;T,Q) <0, —jm = > <0(T;T,Q <—jm. (3.11)

Consider Q(r: T, Q) with Q € B (T, 8), and let it(r) the corresponding solution of
(1.2). According to the invariance property stated in Lemma 3.13, B, (T, HNT () =0
for every t € R, so u(r) cannot be a fast decay solution; B;(T, 8) NTU(t) = ¢ for
every t € R, so u(r) cannot be a regular solution. Moreover, from (3.11) combined
with Lemmas 3.1 and 3.3, we infer that 0(t; T, Q) € (—%, 0) for any t < —7; and
0(t:T,Q) € (—jm — %, jm) for any ¢+ > 7;. Since i(r) cannot rotate indefinitely as
r — =00, from Lemma 2.9 we conclude that it(r) is a singular-slow decay solution.

More precisely, lim;—, —o0 0(1; T, Q) = ¢*(—00), lim/—, o0 (t; T, Q) = ¢ (+00) —
jmif jiseven, lim;—0(t; T, Q) = ¢~ (+00) — (j — D)m if j is odd.

Arguing exactly as in the proof of Proposition 3.19, we obtain that i (r) has exactly
J zeroes. This completes the proof. O

We now concentrate on regular-slow decay solutions. To this aim, we set

o;i(T,95) = {r'*(U,T) |1 U;@) <U < U}‘(T)}.

Proposition 3.23. If Q € a (T, ) then for every d € (d;, d) the solution u(r, d) of

(1.2) corresponding to Q(t; T, Q) is regular-slow decay and has exactly j zeroes.

Proof. Letu(r, d) be the solution of (1.2) corresponding to 2(¢; T, Q). By Lemma 3.13,
ii(r, d) is regular, and lim;_, _s 0(t; T, Q) = 0.

By definition, aj (7', §) N[ (T') = @, so u(r) cannot be a fast decay solution. Observe
that the inequalities (3.11) are satisfied by Qe o;(T, 5), since a;(T, S) € dB;(T, 5).
Hence, with the same argument adopted in the proof of Proposition 3.22, we conclude
that u(r) has slow decay, and lim;_, o0 (¢; T, Q) e®- Jjm, —jm).

The thesis easily follows. O

Remark 3.24. 1t might be shown that the connected component of K ;(7T) containing
B;(T, 8) is made up by initial conditions corresponding to singular-slow decay solutions
with exactly j zeroes, as well as the connected component of &;f (T) containing o j (T, 5)

is made up by initial conditions corresponding to regular-slow decay solutions with
exactly j zeroes, whose endpoints are regular-fast decay solutions.

4. Proof of Corollary 1.2 and Remark 1.3

Proof of Corollary 1.2. We begin the proof by explaining the origin of the restrictions
on the parameters involved in the Corollary.
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Remark 4.1. The inequality [ < A(g) < s < n(q) at point 1 is equivalent to

+ +1
33 _gr 4% .y (4.1)

2 l, =2
* = 24 241

Analogously, the inequalities A(g1) < s < 1n(gq1) and! < A(g2) at point 2 are equivalent
to

+ +1
2 <1, =2 DTS o 2Ty 4.2)
2+s 2+1
Moreover, the inequalities in (1.11) correspond to
—q1+s2 — +1
2wl =2 BEMIRTA e pBT2 43)
2+85) — 8 2+1

Finally, it is easy to show that the inequalities (1.12)—(1.13) are equivalent to

q1+s1 , q2+s2
2451 248

. lg.

+1 +1
24 <, :=max {2 <2 <minj2 8 l; 272
2+1 2+1

(4.4)

Now we are ready to prove the Corollary.
1. When f is of type (1.3) and k satisfies (1.4) under the condition (4.1), it is easy to
verify that

g, (x, 1) ==k(e)e ™" x [x]972, g1, (x, 1) = k(e") e M x |x|972,

implying that gl:"o(x) = Ax |x|?7% and gl“:"o(x) = Bx |x|972. Thus, the thesis imme-
diately follows.
2. When f is of type (1.5) and k satisfies (1.4) under the condition (4.2), we obtain

245
g, (. 1) i=k(e) e x x| if x| > en

2+
_ _ . —1
g (x, 1) :==k(e)e Ux1x|272 i x| < e,

from which we deduce that g, *°(x) = Ax [x|9'"% and g/™(x) = Bx|x|®2"%. The
thesis is so achieved. ‘

3. When f is of type (1.6), k; satisfies (1.9) for every i € {1, 2} under the condition
(4.3), we get

ka(e") x |x|92~2 e (lu=q2)t
1 + ki(e') |x|9 e mudt?

g, (x, 1) =
Taking into account (1.9)—(1.10), passing to the limit as t — —o0, we can conclude that

_ A —oi— .
g () = —=x|x|27172 since
lu Al

—(s2+2)q1 +51(q2 — 2) -
g2 —q1—2
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Analogously, we obtain

, ka(e') x |x|9272 ¢t
8l (x,1) = _@thgy
1+ k() |x|9 e 972

from which, according to (1.9)—(1.10), we infer that

8™ (x) = Byx [x|©272,

4. When f is of type (1.7), k; satisfies (1.9) for every i € {1, 2} under the condition
(4.4), some further calculations lead to the following conclusions

. +
Apx [x|172 if 1, S, ILU51
2-|_-'_SS1
_ . q2 2
Arx |x|9272 if [,=2
g = 1 T 24y
+ +
Ax (|92 4 Agx |x|22 if [, =2 LTS _, B2¥ 52
2+ 5] 2+5)
_ . q +1
B n=2 if ;=2
1% | x| s 241
. + 12
#0(4) = § Byx |x]©22 £l =22
g, (x) 2X x| if I 71 l
+ +
Bix |x|92 4 Byx [x|22 if =2 DTN _, 272
L 2+ll 2+12

The goal is so achieved. O
The next brief paragraph is devoted to prove Remark 1.3, which extends Theorem
1.1in [6].

Proof of Remark 1.3. Observe that if f is defined as in (1.14), then it satisfies G with
1 =2%and go«(x, 1) = >_ cix|x|42.

Since (2.2) is autonomous, it is invariant for translations in ¢. Thus, if x(¢) solves
(2.2), then x* () := x(t — 7) is a solution too. Correspondingly, if u(r) solves (1.2),
then u® (r) := u(re ")e *>*" solves (1.2) too. As a consequence, in the critical case
the solutions of (1.2) have a nice scaling property: setting U () := u(r, 1), any regular
solution u(r, d) satisfies u(r, d) = U(rd*"=2)d, where d = e~%*. We finally infer
that

Twh) = / g2*(xf(z)) %2 dt =/ g2 (x(t — 1)) %2 dt
R R

= e"z*’/ g2+ (x(1)) e*'dt = d ™' T (u),
R

which completes the proof of the first part of Remark 1.3.
Now, let G(x) = >/, ;—’l'_|x|‘1i, then

2
H(x,y) =aypxy+ y? +G(x)

is a first integral for (2.2) and we can draw all the trajectories. Regular solutions of (1.2)
correspond to the family of homoclinic trajectories having graph contained in the 0 level
set of H, see Fig. 1. The second part of Remark 1.3 easily follows. 0O
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