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A B S T R A C T

A sine–Gordon breather is demonstrated to enhance the heat transfer in a thermally biased long Josephson
junction. This solitonic channel allows for the tailoring of the local temperature throughout the system.
Furthermore, the phenomenon implies a clear thermal fingerprint for the breather, and thus a ‘non-destructive’
breather detection strategy is proposed here. Distinct breathing frequencies result in morphologically different
local temperature peaks, which can be identified in an experiment.
1. Introduction

The soaring development of quantum technologies continuously
propels the field of thermodynamics towards new fundamental and
applied challenges, such as the accurate heat management at the
nanoscale [1–3]. This is the goal of caloritronics [4–6], whose in-
terest has been revived after the recent experimental demonstration
of the phase-coherent control of the thermal transport in Josephson
devices [7,8]. Superconducting phase coherence offers a unique knob
for mastering heat flows. This feature has led researchers to conceive
and implement nonlinear caloritronic devices for different applications,
such as thermometry [9–12] and refrigeration [13–17], memories
[18,19] and engines [20,21], routers [22–24] and switches [25], diffrac-
tors [26] and radiation detectors [27,28]. The strength of phase-coherent
caloritronics lies in the feasibility of adjusting the temperature by
controlling the Josephson phase, e.g., via externally applied magnetic
fields.

Extended Josephson systems, such as long Josephson junctions
(LJJs) [29], constitute an established research topic in applied su-
perconductivity, thanks to their richness in terms of both physical
phenomena and cutting-edge applications [30–35]. From the viewpoint
of thermal transport, the behavior of these devices is, however, largely
unknown [36–38]. It is then important to ask: can heat flows represent
a new paradigm in such a context? Can this provide unprecedented
means to experimentally investigate complex scenarios which have
remained beyond reach for many years?
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1 In cryogenic devices, electron and phonon subsystems can have different temperatures [1]. Here, the phonon temperature is examined.

We answer these questions by focusing on Josephson breathers,
i.e., kink–antikink (or fluxon–antifluxon) oscillating bound states
[39,40]. Such excitations have long been sought after, and extensive in-
vestigations in standard (thermally unbiased) LJJs have not succeeded
in finding any direct experimental signature [41–47]. Here we propose
to consider breathers from a new perspective, that of thermal transport.
A first, notable achievement of the present paper is showing that a
breather alters the heat transfer in thermally biased junctions. The
mastering of the local temperature1 within the system can thus be
achieved via breathers, an intriguing fact which enhances their physical
relevance. In addition, this unveiled property naturally sets the stage
for a long sought non-destructive breather detection scheme, i.e., a
protocol not involving the mode’s breakup. Morphologically different
local thermal profiles are found at distinct oscillation frequencies. The
latter fact is useful in view of experiments and is a consequence of the
analytical sine–Gordon (SG) breather waveform. By exploiting noise
and ac driving for the excitation and the stabilization of the nonlinear
breathing states [46,47], the robustness of the thermal fingerprint is
demonstrated as well. In other words, the below proposal outlines,
under realistic conditions, the key steps for successfully observing
breathers in laboratory.

The achievement of the Josephson breather’s detection paves the
way for several applications in, e.g., information and communication
technology [43,44], generation of THz radiation [41,48], and quan-
tum technology [49,50], whose practical implementation has been
limited, so far, by the lack of experimental evidence on this solitonic
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Fig. 1. Pictorial view of an overlap-geometry, current-driven LJJ, in the presence of
a thermal bias. The temperature 𝑇1 of the first electrode (𝑆1) is fixed, whereas 𝑆2 has
a floating temperature 𝑇2(𝑥, 𝑡). The latter electrode is also in thermal contact with a
phonon bath at temperature 𝑇𝑏. For 𝑇1 > 𝑇2(𝑥, 𝑡) ≥ 𝑇𝑏, the thermal power 𝑃in(𝑇1 , 𝑇2 , 𝜑, 𝑉 )
coming into 𝑆2 is depicted, along with the outgoing term 𝑃e−ph(𝑇2 , 𝑇𝑏), which is due
to 𝑆2 ’s quasiparticles coupling with the lattice phonons at 𝑇𝑏. Lastly, the drawing
illustrates the double-peaked local heating in 𝑆2 caused by the breather oscillations,
quantitatively discussed below.

state. Moreover, the LJJ and the SG framework represent very popular
testbeds for a plethora of nonlinear science studies [30,39,40,51,52].
Probing fundamental modes such as SG breathers is therefore a pressing
issue that brings together many different research areas, including
biology [53], high-𝑇𝑐 superconductivity [54,55], geology [56,57], and
optics [58,59]. On the quantum side, the SG theory and its breather ex-
citations constitute a matter of ever-growing interest, see Refs. [60–66]
and references therein.

The paper has the following structure. Section 2 is concerned with
the model. In the first part of Section 3 (i.e., ‘‘Breather-enhanced ther-
mal transport’’), results of simulations starting from analytical breather
initial conditions are discussed in detail to illustrate how the exact
breather waveforms project onto the thermal realm. The rest of Sec-
tion 3 (i.e., ‘‘Detection proposal’’) shows how one can nucleate a
breather from a realistic (uniform) initial condition, while also demon-
strating the robustness of its thermal signature. Finally, conclusions are
drawn in Section 4.

2. The model

The dynamics of the LJJ is described via the perturbed SG equation
for the Josephson phase 𝜑( ,  ) [29]

𝜕2𝜑
𝜕2

−
𝜕2𝜑
𝜕 2

− 𝛼
𝜕𝜑
𝜕

= sin𝜑 − 𝜂 sin[𝜔( − 0)] − 𝛾𝑛( ,  ), (1)

which is written in terms of dimensionless space and time variables,
i.e.,  = 𝑥∕𝜆𝐽 and  = 𝑡𝜔𝑝. Here, the characteristic scales are given
by the Josephson penetration depth 𝜆𝐽 =

√

𝛷0∕
(

2𝜋𝜇0𝑡𝑑𝐽𝑐
)

and the

Josephson plasma frequency 𝜔𝑝 =
√

2𝜋𝐽𝑐∕
(

𝛷0𝐶
)

[29], where 𝑡𝑑 is the
effective magnetic thickness, 𝐽𝑐 = 𝐼𝑐∕𝐴 the Josephson critical current
per unit area [with 𝐴 = 𝐿 ×𝑊 being the junction’s area, and 𝐿 (𝑊 )
its length (width)], and 𝐶 the junction’s specific capacitance (𝛷0 and
𝜇0 are the magnetic flux quantum and the vacuum permeability, re-
spectively). Furthermore, in Eq. (1), 𝛼 = 1∕

(

𝜔𝑝𝑅𝑎𝐶
)

is the damping
coefficient (where 𝑅𝑎 indicates the normal resistance per area), 𝜔 (𝜂) is
the frequency (amplitude) of the external ac driving in units of 𝜔𝑝 (𝐼𝑐),
0 is a normalized time displacement, and 𝛾𝑛( ,  ) is a dimensionless
noise current with zero average and autocorrelation function given by

⟨𝛾𝑛(1, 1)𝛾𝑛(2, 2)⟩ = 2𝛼𝛤𝛿(1 − 2)𝛿(1 − 2). (2)

The noise strength 𝛤 = 2𝜋𝑘𝐵𝑇 ∕
(

𝛷0𝐼𝑐
)

is proportional to the normal-
ized junction length  = 𝐿∕𝜆 and the absolute temperature 𝑇 (𝑘
2

𝐽 𝐵
is the Boltzmann constant). For an overlap-geometry LJJ, see Fig. 1,
and null external magnetic fields, the imposed boundary conditions are
(𝜕𝜑∕𝜕) |=0, = 0.

Fig. 1 presents a sketch of the temperature-biased setup examined
here, as well as the double-peaked local heating due to the breather
oscillations. Specifically, the temperature 𝑇1 of the first electrode (𝑆1) is
fixed, while 𝑆2 has a floating temperature 𝑇2(𝑥, 𝑡).2 The latter electrode
is also in thermal contact with a phonon bath at known temperature 𝑇𝑏,
and the relation 𝑇1 > 𝑇2(𝑥, 𝑡) ≥ 𝑇𝑏 holds. The spatio-temporal behavior
of the floating temperature is modeled by the diffusion equation [36,
67,68]
𝜕
𝜕𝑥

[

𝜅(𝑇2)
𝜕𝑇2
𝜕𝑥

]

+ tot (𝑇1, 𝑇2, 𝑇𝑏, 𝜑, 𝑉 ) = 𝑐𝑣(𝑇2)
𝜕𝑇2
𝜕𝑡

, (3)

where 𝜅(𝑇2) denotes the inhomogeneous electronic heat
conductivity, tot (𝑇1, 𝑇2, 𝑇𝑏, 𝜑, 𝑉 ) = in(𝑇1, 𝑇2, 𝜑, 𝑉 ) − e−ph(𝑇2, 𝑇𝑏),
with in(𝑇1, 𝑇2, 𝜑, 𝑉 ) and e−ph(𝑇2, 𝑇𝑏) being, respectively, the ingoing
and outgoing thermal power densities in 𝑆2 [𝑉 ≡ 𝑉 (𝑥, 𝑡) is the voltage
drop], see Fig. 1, and 𝑐𝑣(𝑇2) is the volume-specific heat capacity. Note
that the LHS of Eq. (3) describes the heat’s spatial diffusion, while its
RHS represents the variation of 𝑆2’s internal energy.

The phase-dependent ‘in’ thermal power density is structured as
follows [38]

in(𝑇1, 𝑇2, 𝜑, 𝑉 ) = qp(𝑇1, 𝑇2, 𝑉 ) − cos𝜑 cos(𝑇1, 𝑇2, 𝑉 ). (4)

Here, the ‘qp’ term is a quasiparticle contribution, i.e., it amounts
to an 𝑆1 (hot) → 𝑆2 (cold) incoherent energy flow, whereas the ‘cos’
term stems from the energy-carrying tunneling events involving the
destruction and recombination of Cooper pairs in both 𝑆1 and 𝑆2 [69,
70].

The initial condition for Eq. (3) is 𝑇2|𝑡=0 = 𝑇𝑏, and the edges
of the device are assumed to be thermally isolated, implying
(

𝜕𝑇2∕𝜕𝑥
)

|𝑥=0,𝐿 = 0.
Detailed information regarding all the above expressions, includ-

ing their physical significance and the numerical means to handle
them, is given in Appendices A and B. In what follows, an LJJ com-
posed by Nb/AlO𝑥/Nb is considered, with 𝐿 = 300 μm, 𝑊 = 0.5 μm,
𝑑2 = 0.1 μm (thickness of 𝑆2), 𝑑 = 1 nm (thickness of the insulating
layer), 𝑅𝑎 = 50 Ω μm2, and 𝐶 = 100 fF μm−2. Such a device is thermally
biased by setting 𝑇1 = 7 K and 𝑇𝑏 = 4.2 K [36]. As shown in Ap-
pendix C, by accounting for the temperature dependence in both
𝑡𝑑 (𝑇1, 𝑇2) and 𝐼𝑐 (𝑇1, 𝑇2), one can estimate the values3 𝜆𝐽 ≈ 8 μm (thus
 = 𝐿∕𝜆𝐽 ≈ 37), 𝜔𝑝 ≈ 0.95 THz, 𝛼 ≈ 0.2, and 𝛤 ≈ 0.0026.4 Before pro-
ceeding, it should be also stressed that the overall features found below
apply to a wide range of parameter values. The currently chosen set is
just meant to provide a realistic example.

3. Results

Breather-enhanced thermal transport. The effects of breathers on the
evolution of the temperature 𝑇2( ,  ) are studied in the following way.
First, the electrode 𝑆2 is allowed to fully thermalize in the absence
of excitations, e.g., by taking 𝜑( ,  < 0) in an unperturbed scenario.
Eq. (1) is then solved for 0 ≤  ≤ 𝑓 , and the generation of a stabilized
breather centered at  = 0 is mimicked by imposing 𝜑| =0 = 𝜑0

| =0
and (𝜕𝜑∕𝜕 ) | =0 =

(

𝜕𝜑0∕𝜕
)

| =0 , with 𝜑0( ,  ) = 𝜑𝑏( ,  ) + 𝜑𝑣( )
being the ‘breather plus vacuum’ state [71]

𝜑0( ,  ) = 4 atan
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⎪
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+

2 This can be achieved via optimization of the electrodes’ volumes [36,38].
3 The approximation 𝑇2 = 𝑇𝑏 is made here, since 𝑇2’s variations (discussed

later in the work) are negligible for the sake of these calculations.
4 The latter quantity explicitly depends on the temperature 𝑇 , see Eq. (2).

To display the results’ robustness even in the ‘worst-case’ noise scenario, the
highest temperature within the system, i.e., 𝑇 = 𝑇 , is taken.
1
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Fig. 2. Spatio-temporal view of the temperature 𝑇2. The generation of a stabilized
breather centered at 𝑥0 = 150 μm is mimicked at 𝑡0 = 2 ns, that is, after 𝑆2 has
thermalized at the steady value of ∼ 4.23 K. The plot displays the double-peaked local
heating, with max

{

𝑇2
}

≳ 4.27 K, caused by the breather. Parameter values: 𝜔 = 0.5,
𝜂 = 0.33, and 𝛤 = 0.

+
𝜂 sin

[

𝜔
(

 − 0
)

− 𝜃
]

√

(1 − 𝜔2)2 + 𝛼2𝜔2
, tan 𝜃 = 𝛼𝜔

1 − 𝜔2
, (5)

which is known to lock to an ac force of suitable amplitude,
i.e., for 𝜂 ≈ 𝜂th(𝜔) =

2𝛼(1−𝜔2) asin
√

1−𝜔2

𝐾(1−𝜔2)−𝐸(1−𝜔2) (𝐾 and 𝐸 are, respectively, com-
plete elliptic integrals of the first and the second kind) [71]. The
choices 𝑥0 = 0𝜆𝐽 = 150 μm, 𝑡0 = 0∕𝜔𝑝 = 2 ns, and 𝑡𝑓 = 𝑓∕𝜔𝑝 = 10 ns
are made. It is worth adding that the below long-time temperature be-
haviors do not depend on the value of the excitation-free thermalization
time 𝑡0.

Setting 𝛤 = 0, a typical simulation outcome for 𝑇2(𝑥, 𝑡) is shown
in Fig. 2 for 𝜔 = 0.5 and 𝜂 = 0.33 ≈ 𝜂th(𝜔 = 0.5). One can first appre-
ciate the temperature’s relaxation towards the (excitation-free) steady
value of ∼ 4.23 K within 𝑡 = 𝑡0. Strikingly, for 𝑡 > 𝑡0, a local exponen-
tial growth of the temperature is observed in correspondence to the
breather, leading to a persisting double-peaked local heating, with
max

{

𝑇2
}

≳ 4.27 K. Such a profile is a natural consequence of the
breather being a two-soliton bound state. A clear thermal fingerprint
for the breather is thus brought to light. The latter mode is indeed
notoriously hard to track via mean voltage measurements due to its fast
(zero-averaging) oscillations, and the few proposals currently available
in the literature resort to the breather’s destruction for probing pur-
poses [41,43,46]. By virtue of the characteristic ‘cos𝜑’ dependence in
Eq. (4), the breather’s influence within the thermal realm is nonvan-
ishing, and the detection does not require its breakup—a fact which
makes this framework particularly appealing.

It follows from the analytical SG breather solution, see Eq. (5),
that the mode’s morphology, e.g., its oscillation amplitude and width,
encodes information on the breathing frequency [39,40]. It is hence
reasonable to expect differently shaped thermal profiles for distinct
frequencies, with lower 𝜔 values yielding more pronounced double-
peaked patterns (since the corresponding breathers are closer to
unbound kink–antikink pairs). This is confirmed in Fig. 3(a)–(c),
which displays three stationary temperature curves (𝑇2,𝑠) at differ-
ent breather frequencies. Here, the green, blue, and purple lines are
obtained, respectively, for 𝜔 = {0.3, 0.5, 0.7} and 𝜂 = {0.3, 0.33, 0.31},
where 𝜂 ≈ 𝜂th(𝜔). Note that in the low-frequency representative case a
markedly double-peaked waveform emerges, with max

{

𝑇2,𝑠
}

≳ 4.27 K,
while in the high-frequency one the resulting curve is essentially bell-
shaped, with max

{

𝑇
}

≲ 4.27 K. The result at 𝜔 = 0.5 is somewhat
3

2,𝑠
Fig. 3. Panels (a)–(c): Stationary temperature curves (𝑇2,𝑠) at different breather
frequencies. Panels (d)–(f): Time-averaged thermal powers ⟨𝑃in⟩𝑡 corresponding
to the simulations from panels (a)–(c) (lines) and their analytical counterparts,
i.e.,

⟨

𝑃in(𝑇1 , 𝑇𝑏 , 𝜑0 , 𝑉 0)
⟩

𝑡 (triangles, diamonds, and circles). In the panels, 𝛤 = 0 is set,
and the green, blue, and purple colors stand for the combinations 𝜔 = 0.3 and 𝜂 = 0.3,
𝜔 = 0.5 and 𝜂 = 0.33, and 𝜔 = 0.7 and 𝜂 = 0.31, respectively. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

in between the previous two, as one may guess. Far from electrode’s
center, 𝑇2,𝑠 ∼ 4.23 K is obtained in all scenarios.

As hinted above, the temperature’s envelope reflects the behavior
of the thermal power 𝑃in. This structural analogy is clearly demon-
strated through Fig. 3(d)–(f), where the lines indicate the time-averaged
thermal powers ⟨𝑃in⟩𝑡

5 relative to the simulations of Eqs. (1) and
(3) discussed in panels (a)–(c). In particular, the local enhancement
of the average thermal power is higher for the prominent double-
peaked (green) profile, for which max

{

⟨𝑃in⟩𝑡
}

≳ 2 μW, whereas the
bell-shaped (purple) one is characterized by max

{

⟨𝑃in⟩𝑡
}

≲ 2 μW. The
𝜔 = 0.5 (blue) outcome falls once again in between the prior two. In all
cases, ⟨𝑃in⟩𝑡 ≲ 1 μW is observed away from the breather.

Fig. 3(d)–(f) features also a comparison between the above men-
tioned ⟨𝑃in⟩𝑡 curves and their analytical counterparts. More specif-
ically, the green triangles (𝜔 = 0.3), the blue diamonds (𝜔 = 0.5),
and the purple circles (𝜔 = 0.7) are calculated directly from Eq. (5)
as

⟨

𝑃in(𝑇1, 𝑇𝑏, 𝜑0, 𝑉 0)
⟩

𝑡, with 𝑉 0 = [𝛷0∕(2𝜋)]
(

𝜕𝜑0∕𝜕𝑡
)

being the volt-
age profile associated to 𝜑0, without using Eqs. (1) and (3). The
great accordance displayed is yet another indication that the unveiled
phenomenology can be rigorously ascribed to the breather waveform.

Detection proposal. Pairing the revealed thermal fingerprint with a reli-
able breather excitation and stabilization technique is an important task
in view of an experimental detection. To this end, it has been recently
established that, starting from the realistic 𝜑 = 0 initial condition, the
combination of noise and ac forcing can lead to the emergence of
long-time stable breather modes in random locations [46,47].

In the simulation shown in Fig. 4, the noisy junction (𝛤 = 0.0026,
see Section 2) is driven with the frequency/amplitude combination
𝜔 = 0.6 and 𝜂 = 0.59 [46,47]. After the excitation-free thermalization
of the electrode 𝑆2 for 𝑡 < 𝑡0, a noise-induced and ac-locked breather

5 The time average is intended for 𝑡 ≥ 𝑡0, with the simulations’ being
performed in analogous fashion to that presented in Fig. 2.
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Fig. 4. Spatio-temporal view of the temperature 𝑇2. A noise-induced and ac-locked
breather, centered roughly at 200 μm, is observed for 𝑡 ≳ 𝑡0 = 2 ns, i.e., after 𝑆2 ’s
thermalization at the steady value of ∼ 4.23 K has occurred. Focusing on the region
[100, 300] μm, the breather is shown to induce a double-peaked local heating, with
max

{

𝑇2
}

≳ 4.27 K. Parameter values: 𝜔 = 0.6, 𝜂 = 0.59, and 𝛤 = 0.0026.

arises close to 200 μm, which motivates the plot’s focus on the region
[100, 300] μm. Interestingly, the distinctive traits of the breather’s in-
fluence on the temperature 𝑇2 are preserved even in the stochastic
scenario. As one expects, now the position of the solitonic state’s center
slightly fluctuates in time, along with its amplitude, but the overall
behavior is analogous to that presented in Fig. 2. A double-peaked local
heating, with max

{

𝑇2
}

≳ 4.27 K, is indeed clearly seen.
To experimentally capture the above profile, one may estimate the

need for a resolution in the temperature measurements around 10 mK,
which can be achieved within present-day Josephson setups [3,5,72,
73], as well as a spatial resolution of the order of 10 μm. Furthermore,
while simulating Eqs. (1) and (3) over timescales greater than 𝑡𝑓 = 10 ns
is technically challenging (see Appendix B), the latter should not be
intended as a time resolution requirement for experiments, and the
discussed effects already show robustness over thousands of breathing
cycles. Also, it may be desirable to work with a smaller forcing fre-
quency. As shown in Fig. 3(a), reducing 𝜔 enhances the double-peaked
feature of the thermal profile because the kink–antikink couple forming
the breather is bound less tightly than in the higher frequency case.
Another viable option may be to lower the plasma frequency 𝜔𝑝, since
Nb/Al–AlO𝑥/Nb junctions with 𝜔𝑝∕2𝜋 ∼ 10 GHz can be fabricated [74].

The present discussion identifies, under realistic conditions, the key
ingredients for a successful breather detection scheme which, notably,
does not require the mode’s destruction. In this regard, noisy and
ac-driven LJJs are identified as natural candidates for unveiling the
breather’s thermal fingerprint.

4. Conclusions

It is demonstrated that SG breathers enhance the heat transfer
in thermally biased, overlap-geometry LJJs. This brings to light a
soliton-based mechanism for mastering the local temperature within
the system. Another important point is that this effect allows for
the design of a non-destructive breather detection strategy. Notably,
distinct breathing frequencies yield morphologically different local
temperature peaks, which are well understood in terms of the analytical
SG breather profile and can be experimentally identified. To illustrate
the robustness of the results, the present work pairs the above thermal
fingerprint with a reliable technique of breather generation and stabi-
lization, via the combined action of noise and ac driving [46,47]. In
4

other words, we provide an experimental blueprint for the generation
and detection of breathers in noisy and ac-driven LJJs within reach of
current technology.

Another feasible approach for detecting breathers in LJJs may be
a thermal quench [75], which can also be studied in detail within
our framework, and thus represents an interesting direction for future
research. Furthermore, we note that inhomogeneous bias current dis-
tributions, naturally occurring in LJJs [76–78], can determine where
stabilized breathers may be located within the junction [79], a fact
which surely helps in optimally placing the thermometers in a concrete
detection experiment.

Extensive literature has also focused on creating and controlling
Josephson vortices in LJJs based on normal metal [80–84]. Considering
that SG frameworks are often employed in this context as well [81], it
may be interesting to investigate the interplay between thermal and
solitonic effects in a fashion similar to that presented here.

The developed ideas are expected to find application even beyond
the LJJ device. In particular, it seems reasonable to look at discrete sys-
tems, and exploit a similar approach to study and probe, for example,
the elusive oscillobreather states in parallel arrays of thermally biased
superconducting junctions [85]. Moreover, a connection between the
present scenario and the more general context of soliton-sustained heat
propagation in various devices, such as wires and nanotubes [86,87],
naturally comes to mind.
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Appendix A. Modeling of the thermally biased long Josephson
junction

To model the evolution of the floating temperature, one should
discuss the typical length scale for thermalization within the electrode.
In the diffusive regime, the inelastic scattering length can be considered
𝑙in =

√

𝜏𝑠 ≈ 0.3 μm for Nb at 4.2 K, where 𝜏𝑠 is the quasiparticle
scattering lifetime and  = 𝜎𝑁∕

(

𝑒2𝑁𝐹
)

is the diffusion constant, with
𝜎𝑁 and 𝑁𝐹 being, respectively, the electrical conductivity in the normal
state and the density of states at the Fermi energy (𝑒 is the electron
charge). Since exclusively the junction length 𝐿 is much larger than 𝑙in,
𝑆 essentially behaves as a 1-D diffusive superconductor, and Eq. (3)
2
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holds [36]. Furthermore, in Eq. (3), the electronic heat conductivity
𝜅(𝑇2) reads [68]

𝜅(𝑇2) =
𝜎𝑁

2𝑒2𝑘𝐵𝑇 2
2
∫

+∞

−∞
𝜀2

cos2
{

Im
[

arctanh
(

𝛥(𝑇2)
𝜀+𝑖𝛾

)]}

cosh2
(

𝜀
2𝑘𝐵𝑇2

) 𝑑𝜀. (A.1)

Here, the BCS-like superconducting gap 𝛥(𝑇 ) = 𝛥 tanh
(

1.74
√

𝑇𝑐∕𝑇 − 1
)

is employed [88], with 𝛥 = 1.764𝑘𝐵𝑇𝑐 , 𝑇𝑐 = 9.2 K being the crit-
ical temperature for Nb, and 𝛾 = 10−4𝛥 the Dynes broadening
parameter [89].

In the adiabatic limit, i.e., when
𝑒𝑉 ≪ min

{

𝑘𝐵𝑇1, 𝑘𝐵𝑇2, 𝛥(𝑇1), 𝛥(𝑇2)
}

, one can write [70]

qp(𝑇1, 𝑇2, 𝑉 ) = 1
𝑒2𝑅𝑎𝑑2 ∫

+∞

−∞
 (𝜀 − 𝑒𝑉 , 𝑇1) (𝜀, 𝑇2)×

× (𝜀 − 𝑒𝑉 )
[

𝑓 (𝜀 − 𝑒𝑉 , 𝑇1) − 𝑓 (𝜀, 𝑇2)
]

𝑑𝜀 (A.2)

and

cos(𝑇1, 𝑇2, 𝑉 ) = 1
𝑒2𝑅𝑎𝑑2 ∫

∞

−∞
 (𝜀 − 𝑒𝑉 , 𝑇1) (𝜀, 𝑇2)×

×
𝛥(𝑇1)𝛥(𝑇2)

𝜀
[

𝑓 (𝜀 − 𝑒𝑉 , 𝑇1) − 𝑓 (𝜀, 𝑇2)
]

𝑑𝜀, (A.3)

in which  (𝜀, 𝑇 ) =
|

|

|

|

|

|

Re

[

𝜀+𝑖𝛾
√

(𝜀+𝑖𝛾)2−𝛥(𝑇 )2

]

|

|

|

|

|

|

is the reduced supercon-

ducting density of state, and 𝑓 (𝜀, 𝑇 ) =
[

1 + 𝑒𝜀∕(𝑘𝐵𝑇 )
]−1

is the Fermi
distribution function. The breather oscillations quickly average to zero
voltage, i.e., ⟨𝑉𝑏⟩𝑡 ≈ 0 is observed over times much smaller than the
characteristic time of Eq. (3), thus satisfying the above adiabatic con-
dition. Furthermore, it should be emphasized that the essence of the
phenomenology, that is, the thermal profiles discussed in the main text
(Figs. 2–4), lies in the cosine 𝜑-dependence alone.

The ‘e-ph’ thermal power density accounts for the energy exchange
between electrons and phonons in the superconductor, and it is given
by [67]

e−ph =
−𝛴

96𝜁 (5)𝑘5𝐵
∫

∞

−∞
𝐸𝑑𝐸 ∫

∞

−∞
𝜀2sign(𝜀)𝑀𝐸,𝐸+𝜀

{

coth
(

𝜀
2𝑘𝐵𝑇𝑏

)

×
[

 (𝐸, 𝑇2) −  (𝐸 + 𝜀, 𝑇2)
]

−  (𝐸, 𝑇2) (𝐸 + 𝜀, 𝑇2) + 1
}

𝑑𝜀,

(A.4)

where 𝛴 is the electron–phonon coupling constant, 𝜁 is the Riemann
zeta function, 𝑀𝐸,𝐸′ =  (𝐸, 𝑇2) (𝐸′, 𝑇2)

[

1 − 𝛥(𝑇2)2∕
(

𝐸𝐸′)], and
 (𝜀, 𝑇2) = tanh

[

𝜀∕
(

2𝑘𝐵𝑇2
)]

. Here, the lattice phonons of the
superconductor are assumed to be thermalized with the substrate
residing at 𝑇𝑏 by virtue of the vanishing Kapitza resistance between
the thin metallic films and the substrate at low temperatures [2].

The RHS of Eq. (3) involves 𝑐𝑣(𝑇2) = 𝑇2
(

𝑑∕𝑑𝑇2
)

, which is defined
in terms of the electronic entropy density of 𝑆2 [14]

(𝑇2) = −4𝑘𝐵𝑁𝐹 ∫

+∞

0
 (𝜀, 𝑇2)×

×
{[

1 − 𝑓 (𝜀, 𝑇2)
]

ln
[

1 − 𝑓 (𝜀, 𝑇2)
]

+ 𝑓 (𝜀, 𝑇2)ln𝑓 (𝜀, 𝑇2)
}

𝑑𝜀.
(A.5)

The following parameter values are considered: 𝜎𝑁 = 6.7 ×
106 Ω−1 m−1, 𝑁𝐹 = 1047 J−1 m−3, and 𝛴 = 3 × 109 W m−3 K−5.

To conclude, it is perhaps worth mentioning that the present frame-
work can be rephrased to apply for junctions involving non-identical
electrodes as well.

Appendix B. Numerical details

Implicit finite-difference schemes are used to solve both the per-
turbed SG equation and the diffusion equation, keeping the same
spatio-temporal grid in the two cases. In particular, the spatial domain
5

𝛤

is divided into  cells of length 𝛥𝑥 and the temporal domain into 
intervals of duration 𝛥𝑡. The perturbed SG equation is handled in the
same way as in Ref. [46], see its Supplemental Material for a complete
account of this matter. In Eq. (3), indicating the space–time restriction
of 𝑇2(𝑥, 𝑡) as (𝑇2)

𝑚
𝑛 = 𝑇2(𝑛 𝛥𝑥,𝑚 𝛥𝑡), for 𝑛 = 1,… , and 𝑚 = 1,… ,,

the derivatives are [90]
𝜕𝑇2
𝜕𝑥

≈ 1
2𝛥𝑥

[

(𝑇2)
𝑚
𝑛+1 − (𝑇2)

𝑚
𝑛−1

]

,

𝜕𝑇2
𝜕𝑡

≈ 1
𝛥𝑡

[

(𝑇2)
𝑚+1
𝑛 − (𝑇2)

𝑚
𝑛
]

,

𝜕2𝑇2
𝜕𝑥2

≈ 1
2𝛥𝑥2

[

(𝑇2)
𝑚+1
𝑛+1 − 2(𝑇2)

𝑚+1
𝑛 + (𝑇2)

𝑚+1
𝑛−1 +

+(𝑇2)
𝑚
𝑛+1 − 2(𝑇2)

𝑚
𝑛 + (𝑇2)

𝑚
𝑛−1

]

.

(B.1)

y also applying both the initial and the boundary conditions, a
ridiagonal system of equations is obtained. The latter’s resolution,
chievable through, e.g., the Thomas’ algorithm [91], determines
he unknown values (𝑇2)

𝑚+1
𝑛 , given the previous ones (𝑇2)

𝑚
𝑛 , with

= 1,… , . Throughout the work, the values of the discretization
teps are 𝛥𝑥 = 0.4 μm and 𝛥𝑡 = 0.01 ps (i.e., 𝛥 = 𝛥𝑥∕𝜆𝐽 = 0.05 and
 = 𝛥𝑡 𝜔𝑝 = 0.01).

There is one more technical aspect concerning the solution of
q. (3), that is, the 𝑇2-dependent integrals in Eqs. (A.1)–(A.5). At
ach time step of the implicit scheme, in principle, one would need
o numerically compute the latter objects by using the instantaneous
2 temperature profile [note that Eqs. (A.2)–(A.3) also depend on
he instantaneous voltage]. Given the time-consuming nature of this
ask, another approach is pursued here. Via preliminary testing, very
efined grids covering the entire variation range of the required quan-
ities, i.e., 𝑇2 and 𝑉 , are constructed to evaluate all the integrals
eforehand. These results are stored, and subsequently (if needed)
tandard interpolation routines are called to fill the gaps. The use of
cipy’s integrate.quad (which is based on the Fortran library
UADPACK), as well as its interpolation schedules, is acknowledged.

ppendix C. Parameter values for the sine–Gordon model in the
hermally biased scenario

The parameters introduced within the SG framework are influenced
y the temperatures 𝑇1 and 𝑇2, and therefore they must be set properly.
n particular, the effective magnetic thickness is given by [8]

𝑑 (𝑇1, 𝑇2) = 𝜆𝐿(𝑇1) tanh
[

𝑑1
2𝜆𝐿(𝑇1)

]

+ 𝜆𝐿(𝑇2) tanh
[

𝑑2
2𝜆𝐿(𝑇2)

]

+ 𝑑, (C.1)

where 𝜆𝐿(𝑇 ) =
𝜆0𝐿

√

1−(𝑇 ∕𝑇𝑐 )4
is the London penetration depth, and 𝑑𝑖 is

he thickness of the electrode 𝑆𝑖. The above assumption of a fixed
emperature 𝑇1 amounts to consider a very large 𝑆1 volume, thus
𝑑1 ≫ 𝜆𝐿(𝑇1) is taken, which yields

𝑡𝑑 (𝑇1, 𝑇2) ≈ 𝜆𝐿(𝑇1) + 𝜆𝐿(𝑇2) tanh
[

𝑑2
2𝜆𝐿(𝑇2)

]

+ 𝑑. (C.2)

Moreover, the Ambegaokar–Baratoff relation holds for the Joseph-
on critical current

𝑐 (𝑇1, 𝑇2) =
1

2𝑒𝑅
|

|

|∫

∞

−∞

{

 (𝜀, 𝑇1)Re
[

F(𝜀, 𝑇1)
]

Im
[

F(𝜀, 𝑇2)
]

+

+ (𝜀, 𝑇2)Re
[

F(𝜀, 𝑇2)
]

Im
[

F(𝜀, 𝑇1)
]}

𝑑𝜀||
|

,
(C.3)

in which 𝑅 = 𝑅𝑎∕𝐴 is the normal resistance, and F(𝜀, 𝑇 ) = 𝛥(𝑇 )
√

(𝜀+𝑖𝛾)2−𝛥(𝑇 )2
is the anomalous Green’s function [12]. As a result, one gets the Joseph-
son penetration depth 𝜆𝐽 (𝑇1, 𝑇2) =

√

𝛷0∕
[

2𝜋𝜇0𝑡𝑑 (𝑇1, 𝑇2)𝐽𝑐 (𝑇1, 𝑇2)
]

, the
normalized junction length (𝑇1, 𝑇2) = 𝐿∕𝜆𝐽 (𝑇1, 𝑇2), the Josephson
lasma frequency 𝜔𝑝(𝑇1, 𝑇2) =

√

2𝜋𝐽𝑐 (𝑇1, 𝑇2)∕
(

𝛷0𝐶
)

, the dissipation
oefficient 𝛼(𝑇1, 𝑇2) = 1∕

[

𝜔𝑝(𝑇1, 𝑇2)𝑅𝑎𝐶
]

, and the noise strength
(𝑇 , 𝑇 ) = 2𝜋(𝑇 , 𝑇 )𝑘 𝑇 ∕

[

𝛷 𝐼 (𝑇 , 𝑇 )
]

. Regarding the latter
1 2 1 2 𝐵 1 0 𝑐 1 2
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Fig. C.5. Josephson critical current 𝐼𝑐 in units of 𝐼𝑐,2 = 𝐼𝑐 (𝑇2 , 𝑇2) [panel (a)], Josephson penetration depth 𝜆𝐽 [panel (b)], normalized junction length  [panel (c)], Josephson
plasma frequency 𝜔𝑝 [panel (d)], dissipation coefficient 𝛼 [panel (e)], and noise strength 𝛤 [panel (f)] as a function of the temperature 𝑇1. Here, the approximation 𝑇2 = 𝑇𝑏 = 4.2 K
is used, and the orange squares denote the parameter values at 𝑇1 = 7 K, i.e., those employed throughout the work.
quantity, the explicit 𝑇1 in the numerator indicates that the ‘worst-case’
noise scenario is being accounted for.

Using the approximation 𝑇2 = 𝑇𝑏 = 4.2 K (since 𝑇2’s variations dis-
cussed in the paper are negligible for the present purpose), Fig. C.5
displays 𝐼𝑐 in units of 𝐼𝑐,2 = 𝐼𝑐 (𝑇2, 𝑇2) [panel (a)], 𝜆𝐽 [panel (b)],
 [panel (c)], 𝜔𝑝 [panel (d)], 𝛼 [panel (e)], and 𝛤 [panel (f)] versus
the temperature 𝑇1. The orange squares denote the parameter values at
𝑇1 = 7 K, i.e., those employed throughout the work. Note also that, in
addition to those listed above, the value 𝜆0𝐿 = 80 nm is assumed here.
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