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Abstract: This paper is devoted to the study of a double phase problem with variable exponents and Dirichlet
boundary condition. Based on an abstract critical point theorem, we establish existence results under very gen-
eral assumptions on the nonlinear term, such as a subcritical growth and a superlinear condition. In particular,
we prove the existence of two bounded weak solutions with opposite energy sign and we state some special
cases in which they turn out to be nonnegative.
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1 Introduction

This paper deals with the following boundary value problem with a nonlinear differential equation involving
the double phase operator with variable exponents and Dirichlet boundary condition

—div(|VulPY2Vu 4+ u()| V"™ 2Vu) = Af(x,w)  inQ,
(P,)
u=20 on 09, g

where Q C RV, N > 2, is a bounded domain with Lipschitz boundary 0€, p,q € C(Q) such that

1< px) <N, pk)<qx) < px) forall x € Q,

with p*(x) = ]é"_p"(‘))o forall x € Q,0 < u(-) € L®(Q), 4 > 0 is a parameter and f:Q X R — R is a Carathéodory

function that satisfies subcritical growth and a certain behavior at +c0, see assumptions (H f) in Section 2.
Problems of this type are widely studied in the literature because of their application in several topics. The
double phase operator, i.e.

div(|VulPY72Vu + p00| Vul™2Vu), ue w,"(Q),

is related to the following two-phase integral functional
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s / (IVulP® + u(0]Vul®) dx, u € W),
Q

where WS’H(Q) denotes a Musielak—Orlicz Sobolev space that will be introduced in an appropriate way in
Section 2. This functional changes ellipticity depending on the set where the weight function u(-) is zero, shifting
in two different phases of elliptic behavior. Zhikov [1] was the first who studied this functional for constant expo-
nents to describe the behavior of strongly anisotropic materials; indeed, in the elasticity theory, u(-) contains the
information on the geometry of composites made of two different materials with power hardening exponents
p(-) and q(-), see also Zikhov [2]. Furthermore, the double phase operator has several applications also in math-
ematical topics, as the Lavrentiev gap phenomenon and the duality theory. A first mathematical treatment of
such two-phase integrals has been done by Baroni—Colombo—Mingione [3]-[5], Colombo—Mingione [6], [7] and
Ragusa—Tachikawa [8], see also the work of De Filippis—Mingione [9] for nonautonomous integrals.

Many authors have shown existence and multiplicity results for double phase problems with constant expo-
nents, see, for example, the papers of Biagi—Esposito—Vecchi [10], Colasuonno-Squassina [11], Gasinski—Winkert
[12], Gasinski—Papageorgiou [13], Liu-Dai [14], Papageorgiou—Radulescu—Repovs [15], Perera—Squassina [16],
Zeng—Bai-Gasinski-Winkert [17] and the references therein. Whereas, in the variable exponent case there are
only few results, we refer to Aberqi—-Bennouna-Benslimane—Ragusa [18], Bahrouni-Rddulescu—Winkert [19],
Cen-Kim-Kim-Zeng [20], Crespo—Blanco—Gasinski—Harjulehto—Winkert [21], Leonardi-Papageorgiou [22],
Liu—Pucci [23], Kim-Kim-0Oh-Zeng [24], Vetro—Winkert [25] and Zeng—Radulescu—Winkert [26].

Motivated by the large interest on this differential operator in the current literature, our aim is to apply
a two critical point theorem due to Bonanno-D’Agul [27] to a more general class of problems. We observe
that Theorem 2.1 of [27] gives the existence of two nontrivial critical points, one of local minimum type and
the other of mountain pass type, without using standard techniques such as upper and lower methods and
regularity theory. Our work extends the recent papers of Chinni-Sciammetta—Tornatore [28] if 4 =1 and of
Sciammetta—-Tornatore—Winkert [29] if the exponents p and q are constants. Indeed, if inf5u > 0, the double
phase operator reduces to the (p(-), q(-))-Laplacian and if 4 = 0 to the p(-)-Laplacian. Moreover, instead of sup-
posing the typical Ambrosetti—Rabinowitz condition on the function f as required in Ref. [28], we only assume
that the nonlinear term on the right-hand side of (7,) is (g, — 1)-superlinear at +oo (see (H)(iii)) and satisfies
another appropriate behavior at +co0. However, these conditions are weaker than the Ambrosetti—Rabinowitz
condition. Under these assumptions, we are going to prove the existence of two weak solutions for problem (P;)
that have opposite energy sign and belong to L*(€2), namely they are bounded.

We also point out that the exponents p(-) and q(-) do not need to verify a condition of the type

q() 1

() <1+ N 1.1
as it was needed, for example, in Kim—Kim—0Oh-Zeng [24] or in Colasuonno-Squassina [11] and Liu-Dai
[14] for the constant exponent case. Indeed, we only require assumption (H) (see Section 2), since Cre-
spo-Blanco-Gasinski—Harjulehto—-Winkert [21, Proposition 2.19] recently proved that our function space
WS’H(Q) can be equipped with the equivalent norm || V-||;, without supposing (1.1).

The paper is organized as follows. In Section 2 we recall the main properties of the Musielak—Orlicz Sobolev
spaces and the double phase operator, we present the variational framework and we formulate our assumptions.
In Section 3 we present our main result (Theorem 3.2) on the existence of two nontrivial bounded weak solu-
tions for problem (P,), we consider other hypotheses in order to get nonnegative solutions (Corollary 3.3 and
Theorem 3.4) and we also provide an example.

2 Variational framework and preliminaries

In this section we present the main preliminaries in order to study problem (P,) and recall first the main
results concerning variable exponent Lebesgue and Sobolev spaces as well as properties of Musielak—Orlicz
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Sobolev space and the corresponding double phase operator. These results can be mainly found in the books
of Diening-Harjulehto—Hasto—Ruzicka [30], Harjulehto—Hésto [31] and Musielak [32], see also the papers of
Colasuonno-Squassina [11], Crespo-Blanco-Gasinski—Harjulehto—Winkert [21] and Liu-Dai [14]. To this end,
let Q C RN, N > 2 be a bounded domain with Lipschitz boundary 0Q. For 1 < r < co we denote by L' () the
usual Lebesgue spaces endowed with the norm || - ||, and for 1 <r < oo, W (Q) and Wé”(Q) indicate the
Sobolev spaces endowed with the usual norms || - ||, and || - ||, o = IV - ||, respectively. First, we introduce
the Lebesgue and Sobolev spaces with variable exponents and some properties that will be useful in the sequel.
Foranyr € C(Q), we put

ry:=maxr(x) and r_:=minr(),
xeQ xeQ

and we define . .
C,(Q={rec):r_>1}.

Foranyr e C, (ﬁ), we define the modular by

P = / "™ dx,

Q

and the variable exponent Lebesgue space is given by
L'9(Q) = {u: Q — R measurable | p,,w) < oo},

equipped with the related Luxemburg norm
; u
ull,., = mf{r >0: pr(,)(;) < 1},

We can also introduce, forany r € C, (Q), the corresponding Sobolev space with variable exponent, denoted
by
WHOQ) = {u e L'(Q): |Vu| € L'V},

endowed with the usual norm
Nl ey = Mllyy + VUl

where ||Vull,, = || [Vul [|,,. Furthermore, we denote by Wé’r(')(Q) the closure of C;°(€2) in W9(Q) for which
we know that a Poincaré inequality holds and we can equip the space with the equivalent norm |[u|l; o =
[IVull,(,- In particular, these spaces are uniformly convex, separable and reflexive Banach spaces and we refer
to Diening—Harjulehto—Hésto—Razicka [30, Theorems 3.2.7, 3.4.7, 3.4.9, 8.1.6, 8.1.13 and Corollary 3.4.5].

Next, we recall some properties about the relation between the norm and the corresponding modular that
will be needed in the sequel, see Fan—Zhao [33].

Proposition 2.1. Letr € C,(Q), u € L'(Q) and A € R. Then the following hold:
@ IFfu#0thenlul,y=4 <= pu()=1

) lull,y <1@resp.>1, =1) & p,,(w) <1(resp. >1, =1);

Q) Fllully <1 = lully) < pp@ < llull);

@) Fluly>1 =l < oo < llull);

(V) ”u”r(~) -0 pr(~)(u) - 0;

i) lull,y = +oo & py,U) = +oo.

Now, we introduce the Musielak—Orlicz space, the Musielak—Orlicz Sobolev space and the double phase
operator, recalling some main and useful properties. We assume the following hypotheses:
H p.qe C(Q) such that 1 < p(x) < N and p(x) < q(x) < p*(x) for all x € Q, where p*() = A’;’_ ”I()'()_) is the crit-
ical Sobolev exponent to p(-), and u € L*(€2), with u(-) > 0.
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Let H: Q X [0, o0] — [0, co] be the nonlinear function defined by
Hx, t) = tP® 4 40t for all (x, ) € Q X [0, o0],

and let p;,(-) be the corresponding modular defined by

pr) = /H(X, |u])dx = /(|u|P(X) + /’l(x)lu|q(x)) dx.
Q Q

Then, we denote by L*(€2) the Musielak-Orlicz space, given by
L"(Q) = {u: Q — R measurable | p;,(w) < +o0},

endowed with the Luxemburg norm
. u
an=qu>mpH@)S1}
T

Similar to Proposition 2.1, we have a certain relationship between the modular p,,(-) and the norm || - ||;;,
see Crespo-Blanco-Gasiniski—Harjulehto—Winkert [21, Proposition 2.13] for a detailed proof.

Proposition 2.2. Let (H) be satisfied, u € L () and A € R. Then the following hold:
O Ifu#0 thenlully, =4 <= p(G)=1
@ ully <1l@esp.>1, =1 < p@ <1l(resp.>1,=1;
@) Iflluly, <1 = llully; < pp@ < flully;s
@) Illuly>1 = lully; < oy <l
W ull; >0 <= pyW—0;
D) ullyy > +0 = pyW) - +oo;
i) lully -1 = pW-1L
(vii) Ifu, — win L*(Q), then p,,(w,) — p;,@W).

We denote by W (Q) the Musielak—Orlicz Sobolev space defined by
wH(Q) = {u e L'(Q): |Vu| € L"(Q)},

equipped with the norm
Nullyze = 1V ully + llully,

with [|Vull;, = |Vul|l;, and by WS’H(Q) we indicate the completion of CP(Q) in W(Q). In
Ref. [21, Proposition 2.12] the authors prove that L(Q), W(Q) and Wé’H(Q) are uniformly con-
vex, so reflexive Banach spaces. Moreover, the following embedding results can be found in Cre-
spo-Blanco-Gasiniski—Harjulehto—Winkert [21, Proposition 2.16].

Proposition 2.3. Let (H) be satisfied. Then the following embeddings hold: .
@ LHQ) o L'V, Wé’H(Q) SN Wé’r(‘)(Q) are continuous for all r € C(Q) with1 < r(x) < p(x) for all x € €
(ii) WS’H(Q) < L'O(Q) is compact for allr € C(Q) with1 < r(x) < p*(x) for allx € Q.

Moreover, from Proposition 2.18 in [21], we have that Wé’H(Q) is compactly embedded in L™ (L), so we can
equip the space W;’H(Q) with the equivalent norm

Nullyze0 = VUl
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Now, for any r € C(Q) for which the continuous embedding Wé’H(Q) < L'O(Q) hold (see Proposition 2.3),
we denote by ¢, the best constant for which one has

Nullycy < Cllully gz o- 21

Finally, we introduce the assumptions on the perturbation in problem (P;) and suppose the following
hypotheses:
(H) Let QxR — RandF(x,t) = /Ot f(x, s)ds be such that the following hold:
() fisaCarathéodory function, thatis, x — f(x, t) is measurable forallt € R and t — f(x, t) is contin-
uous for almost all (a.a.) x € Q;
(i) thereexists € C +(§) with 7, < (p_)* and x; > 0 such that

|fO6 0] < iy (14 1217071

foraa.xe Qandforallt € R;
(iii)
F(x,t) — 4o

t—>+00 |t|q+

uniformly for a.a. x € Q;
(iv) there exists { € C,(€2) with

e ((f+ - pJ;\’,a)

and §, > 0 such that

¢ fO, 0t —q, Fx, 1)

<1imi
0<&= 1{?;3.} |0

uniformly for a.a. x € Q.

Remark 2.4. It should be noted that the condition on ¢ in (H)(iv) is well defined since from (H £)(ii) we have
¢, < (p_)* and so it holds

@, - p_)% - f;% - (p_)*% < 5+£ - f+% =,
The differential operator in (P;) is the so-called double phase operator with variable exponents given by
—div(|Vul P72V + p00)| Vul "™ 2Vu) for u e W,”'(Q).
It is well known that u € WS‘H(Q) is called a weak solution of problem (P,) if
/(IVulp(")‘ZVu + p|Vul"=2Vu) - Vo dx = A/f(x, wo dx, 2.2)
Q Q

forallv € Wé’H(Q). In order to establish results on the existence of two nontrivial weak solution for (P;), we
define the functionals ®, ¥, I,: WS’H(Q) - R by

D) = / (WM(X)W) &, W = / Fox, u00) dx,
A px) qx) A

and
I, = ®w) — A¥(w),

where I, isthe so-called energy functional. We know that @ and ¥ are Gateaux differentiable with its derivatives
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(D), v) = /(qulp(")‘ZVu + p00|Vu|"™=2Vu) - Vodx,
Q

(¥ (), v) = / fix, uvdx,
Q

(LW, v) = /(qulp(""ZVu + p|Vul"™=2Vu) - Vo dx — /l/f(x, wuv dx,
Q Q

forallu,v € W;’H(Q), where (-, -) is the duality pairing between WS’H(Q) and its dual space WS’H(Q)*. Hence,
from (2.2) it follows that u is a weak solution of (P;) if and only if u is a critical point of I, i.e., (I ;(u), v) =0 for
allv e WS’H(Q). In the next proposition we summarize the properties of the operator @' Wé’H(Q) — WS‘H(Q)*,
see Ref. [21, Theorem 3.3] which is a generalization of Ref. [14, Proposition 3.1] in the variable exponent case.

Proposition 2.5. Let hypotheses (H) be satisfied. Then, the operator @' is bounded, continuous, strictly monotone
and of type (S,,), that is,

if u,—~u inW,"(Q) and limsup(®'W,),u,—u) <0,

n—-oo

then u, — uin W, (Q).

The main tool of our investigation is a two critical point theorem established by Bonanno-D’Agui [27,
Theorem 2.1 and Remark 2.2], which is a nontrivial consequence of a local minimum theorem due to Bonanno
[34, Theorem 2.3] in combination with the Ambrosetti—Rabinowitz Theorem. Here we recall the definition of
the Cerami condition that will be needed. In the following, for X being a Banach space, we denote by X* its
topological dual space.

Definition 2.6. Given L € C'(X), we say that L satisfies the Cerami-condition, (C)-condition for short, if every
sequence {u, },cy € X such that

(CP{L(u,)},»1 € Risbounded,

(C)(1+ lluyllx) L' (u,) » 0in X* as n — oo,

admits a strongly convergent subsequence in X.
For the reader’s convenience, we restate Theorem 2.1 [27] taking into account Remark 2.2 [27].
Theorem 2.7. Let X be a real Banach space and let ®,W:X — R be two continuously Gdteaux differentiable

functionals such that
ig{lffb = ®(0) = ¥(0) = 0.

Assume that @ is coercive and there existr € R and it € X, with 0 < ®(i1) < r, such that

sup Y(u) W)
ued ([—;o,r]) (D(Z) 2.3)
and, for each A € [$EZ; ﬁ], the functional I, = ® — AW satisfies the (C)-condition and it is unbounded
ue! —1 —00,T"]
from below. Then, for eachm/lqe 7[%2:3, ﬁl, the functional I, admits at least two nontrivial critical points

ued~1(1-co.r1)

Uy, Uy, Suchthat I;(u, ) <0 <1I,(u,,).
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3 Main result

In this section, we present our main result on the existence of two nontrivial solutions for the Dirichlet double
phase problem with variational exponents given in (P,). For this purpose, let

R:=supdist(x, 0Q).

xeQ

Then there exists x, € Q such that the ball with center x,, and radius R > 0 belongs to €, that is,
B(x,,R) C Q.

We indicate with @, the Lebesgue measure of B(x,, R) in RY given by

)

o=

T

F<1+ B

wg :=|B(Xy,R)| =

N2

and we put
5= min{RP-,R%} p_
" max({L, [|ull ) g @V = 20FN

Furthermore, for any r, 7 € R*, we define

() max{ (qyr) -, (qur) ™ } +¢, max{ (‘h'")”ft, (q.r) ™ }
a(r) =k, - , 3.1

[ F(x,n)dx

p):=6 M (3.2)
Lo max{n?-,n%}’ '

where ¢, = max{ Z‘Z‘, s } and ¢, ¢,, k4, ¢ are given in (2.1) and (H f)(ii), respectively. From now on, we put
X=wy"©Q and [-llx=1"llypo= V"l

First, we present the following Lemma that we will use in the proof of the main result.

Lemma 3.1. Let the assumptions (H) and (Hj) be satisfied. Then, the functional I, satisfies the (C)-condition for
all 2 > 0.

Proof. Let {u,},en © WS’H(Q) be a sequence such that (C,) and (C;) from Definition 2.6 hold. We provide the
proof in three steps.

Claim 1. {u,},cy is bounded in L¢-(Q).
First, it is easy to show that using (H,)(), (ii) and (iv) we get that

fO, 0t —q, Fix, t) > clltlg— —c, foraaxeQandforallteR, 3.3)

with some constants ¢;, ¢, > 0. Moreover, from (C;) we have that there exists a constant M > 0 such that for all
n € N one has |I,(u,)| <M, so

(x) ()
‘/(IW&I{)” +#(X)|V”(nx|)q> dx — ,I/F(x,un)dx <M,
Q P 1 Q
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which, multiplying by q,, leads to

pn(Vu,) — A/q+F(x, u,) dx < ¢, (3.4)
Q

for some ¢; > 0 and for all n € N. Besides, from (C,), there exists {&,} ,cn With €, — 0% such that

I < &allolly g alin e Nand forall v € X, 35
|<A(un),v)|_1+”unllx or all n and for all v (3.5)

Choosing v = u,, one has

/(qunlp("’ + u)| Vi, 1) dx — /l/f(x, u U, dx| < &,
Q Q

which implies
—-pn(Vu,) + A/f(x, uu, dx < g, (3.6)
Q

for all n € N. Adding (3.4) and (3.6) we obtain
/(f(X, uu, — q,.Fix,u,)) dx < ¢,
Q
for all n € N with some constant ¢, > 0. Using this along with (3.3) we derive
/(cl|un|4 — ) dx < ¢,
Q

which gives
||un||g: <c¢g forallmneN

with some ¢5 > 0. Hence, {u,, } ey is bounded in L¢-(€2) and so Claim 1 is proved.
Claim 2. {u,},cy is bounded in X.

From (H f)(ii) and (iv), we have that
<t <(pI~

Hence, there exists s € (0, 1) such that

1 S 1-s

=%t > 3.7
Z,  (p)* - 37
and using the interpolation inequality, see Papageorgiou—Winkert [35, Proposition 2.3.17, p. 116], one has
1—
H”n”f+ < ||“n||?p_)* un||¢_s foralln € N.
From Claim 1, it follows that
lluall,, < csllwalliy (38)

for some ¢ > 0 and for all n € N. Again, from (3.5) with v = u,,, we get

pnVu,) — ﬂ/f(x, u,)u, dx < g,. (3.9
Q
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We may assume ||u, |, > 1foralln € N, otherwise we are done. Then, using Proposition 2.2(iv), (3.9), (H (i)
and (3.8), we derive that

un|ly~ < P2Vt < &, + ﬂ/f(x, )t dx
Q

< ﬂK1<”unH1 + pf(.)(un)) +é&,
<o (14wl ) +en

with ¢, > 0. Hence, taking the embedding X < L{P-"(Q) into account, we have

lunllf < o (14 ually ) + €
for all n € N and for some ¢g > 0. From (3.7) and (H f)(iv), it follows that

s, = P =C) _ Np (£, =)
* (p_) = ¢ Np_—NC_+¢ p
Np_(¢£,—¢&)
Np_ =N{ +p (¢, = p);

= p_’

and this shows our second claim.

Claim 3. u, — uin X up to a subsequence.
Since {u, },en C X is bounded (Claim 2) and X is a reflexive space, there exists a subsequence, not relabeled,
that converges weakly in X and strongly in L¢+(Q), that is,

u,—~u inX and u,—u inL+(Q).
Using this to (3.5) with v = u, — u and passing to the limit as n — co, we obtain
(®'(w,),u, —uy -0  asn— co.
Since @’ satisfies the (S, )-property, see Proposition 2.5, the proof is complete. O

Now, we state our main result.

Theorem 3.2. Assume that (H) and (H) hold. Furthermore, suppose that there exist two positive constants r,n
satisfying
max{n?-,n%} < or, (3.10)
such that
(H)F(x,t) > 0 for a.a. x € Qand for allt € [0,7];
(Hya(r) < p(n),

as defined in (3.1) and (3.2). Then, for each A € A, where

=1
B an)”

problem (P,) admits at least two nontrivial bounded weak solutions u, ;, u, , € WS’H(Q) with opposite energy
sign.
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Proof. Our aim is to apply Theorem 2.7. Let (X, ||-|lx), @, ¥ be as in Section 2 and note that they already fulfill the
required assumptions needed in Theorem 2.7. In particular, from Proposition 2.2(vi) and (H)(iii) follows that ®
is coercive and I, is unbounded from below, respectively.

Now, fix 4 € A, which is nonempty because of (H,), and consider & € X defined by

0 if x € Q\B(xy, R),
~ 2 . R
ul) = %(R — X=X, ifxe B(XO,R;\B<XO, E)’
n ifx e B<x0, §>'

Clearly, i € X. We show that 0 < ®(@) < r. Indeed, using (3.10), it follows

(x) (x)
[ G+ @) e

B(xO,R)\B(xo,g )

2 [ (@) ()

BO.R\B (.5 )

D)

2% max{l, [l }
p_ min{RP-,R%+}
1

IA

max{n?-,nt}-2- (wR —wg)
2
= gmax{np-,n‘h} <r

Now, we prove (2.3). From assumption (H,), we obtain

(i) = /F(x,n)dx+ / F(x,%"(R—|x—x0|)>dx2 /F(x,n)dx.

B<x0,§> B(xO,R)\B(xD,g) B<X0,§)

Hence,
[ F(x,m)dx
wa@ | ot
O@ ~ max{nP-,n%}
On the other hand, fix u € X such that ®(u) < r. Then, one has

(311

Qs > q, W) > pyy (V) > minf|full?-, uld},
which implies that
(I>'1(] —00,71]) C {u EX: |lully < max{(q+r)vl—,(q+r)ql+ } }

Furthermore, we have

sup Yw< sup Kl/(|u| + Jul”™) dx

ued'(J—co,rl) ued®!(J]—co,rl)

£_ 4
sup (Il +prp@) < sup iy (Ilully 4+ max{ flul o, sy, )
ued*(]—oo,r) ued'(J—co,rl)

~ ~C_ =~ ‘_ [
< swp (@l +max{ @& b max{ iyl )
ue® (10,1

< K1<Z‘1 max{(q+r);, (q+r)i } +C, max{(q+r);+, (q+r);f }>
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Then, taking (H,) and (3.11) into account, we get

sup YW K1<El max{(q+r)ﬂl—, (q+r)i } +c, max{(q+r)2t, (q+r)q% })
<

ued'(1—oo,r))
r - r
[ FGm)dx
5a3) LY@
max{n?-,n%} ~ O@)’

namely hypothesis (2.3) is satisfied. Hence, along with Lemma 3.1, Theorem 2.7 ensures the existence
of two nontrivial weak solutions u, i, u;, € W;’H(Q) such that I(u, ) <0 <1I,(u,,). Finally, from Cre-
spo-Blanco—Winkert [36, Theorem 3.1] it follows that u, ;, u;, , belong to L*(€2). This finishes the proof. O

Corollary 3.3. Suppose that all assumptions of Theorem 3.2 are satisfied. Moreover, assume that f(x,0) > 0 and
f&x,0) = f(x,0) fora.a. x € Qandforallt < 0. Then, problem (P, ) admits at least two nontrivial and nonnegative
bounded weak solutions u 1, u, , € WS’H(Q) with opposite energy sign.

Proof. Since all the assumptions are satisfied, we can apply Theorem 3.2. We only need to prove that the solutions
U, 1, U, are nonnegative. Since u, ; is a weak solution of (P,), from (2.2) one has (I’ (u 1), v) = 0 for every v € X.

Choosing v = —u 1= max{-u,,0} € W;’H(Q), see Ref. [21, Proposition 2.17(iii)], we have

/ (IVUa P97V + HOO Vg [ Vuy,) - V (=, ) dx = 4 / foeuz(—uy, ) dx,
Q Q

which leads to
—pH(Vu;1> > 0.
But the previous inequality implies that

min{ [z, ezl } < o(Vis,) <0,

which gives |[u;,|lx = 0. Then, u;, = 0 and u,; > 0. With the same argument we obtain u, , > 0 and the proof
is complete. O

Now we consider the special case when the nonlinear term is nonnegative.

Theorem 3.4. Assume that (H) and (H;) hold. Furthermore, suppose that f is nonnegative and

infF(x,t)
limsup™s2 = 4. (H,)
t—0+ tP-

Then, for each A € [0, A*], with
A= supL
r>0 a(r)’
where a(r) is given in (3.1), problem (P, ) admits at least two nontrivial and nonnegative bounded weak solutions
Uj Uyg € WS’H(Q) with opposite energy sign.

Proof. We observe that (3) implies that

J/ Flomdx .
B(x.%) InfF(x, 1) (3.12)

lim supf(n) = lim supé > S @z limsup™2——— = 0.

-0+t -0+t max{ n b- > rlq+ } 2 =0t n b-
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Then, fixing A € [0, A*], there exists r > 0 such that
1 r

< - = - —
atr) K1<Z‘1 max{ (qyr) ™=, (qer)® } +¢, max{ (qur) ™, (qur) = })

Moreover, from (3.12), there is # > 0 small enough such that

infF(x, n)
xeQ 1
T
implying that a(r) < f(#n). Applying Theorem 3.2 and arguing as in the proof of Corollary 3.3, we achieve our
goal. 1

Finally, we provide an example of a function that satisfies our assumptions.

Example 3.5. Consider f:Q X R — R defined by

= [t|*00—2¢ if |t] <1,
|¢]P9~2¢(log |¢] +1) if |t > 1,

where a, f € C(Q) such that qy < px) < (p_)forallx € Qand

B,

_bh
oy <t

Then, f satisfies assumptions (H,) with {(x) = A(x) for all x € Q and #(x) = f(x) + ¢ for all x € Q, with
o > 0 small enough such that

£, <(pl),
‘e _ B
TN <1

Moreover, we can apply Theorem 3.4 at f (x, t) = | f(x, t)| for every (x, t) € X R, requiring also that a(x) <
p_forallx € Q.
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