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sions. At each time step the method requires the solution of a predictor and a projection problem.
The predictor problem, which uses a stress-velocity mixed formulation, accounts for the momen-
tum balance, while the projection problem, which is based on a velocity-pressure mixed formu-
lation, accounts for the incompressibility. The spatial discretization is H (div)-conforming and
the velocity computed at the end of each time step is pointwise divergence-free. Unconditional
stability of the fully-discrete scheme and first order in time accuracy are established. Due to the
H (div)-conformity of the formulation, the methods are robust in both the Stokes and the Darcy
regimes. In the specific code implementation, we discretize the computational domain using the
Raviart-Thomas space RT) in two and three dimensions, applying a second-order accurate mul-
tipoint flux mixed finite element scheme with a quadrature rule that samples the flux degrees of
freedom. In the predictor problem this allows for a local elimination of the viscous stress and re-
sults in element-based symmetric and positive definite systems for each velocity component with
(d + 1) degrees of freedom per simplex (where d is the dimension of the problem). In a similar
way, we locally eliminate the corrected velocity in the projection problem and solve an element-
based system for the pressure. Numerical experiments are presented to verify the convergence of
the proposed scheme and illustrate its performance for several challenging applications, includ-
ing one-domain modeling of coupled free fluid and porous media flows and heterogeneous porous
media with strong discontinuity of the porosity and permeability values.

1. Introduction

The Brinkman equations [1] can be considered as a combination of the Stokes and Darcy models, with a viscous term added
to Darcy’s law. The model has important industrial, biomedical, and environmental applications, when the porous medium has
heterogeneous porosity/permeability values, in such a way that in some portions of the domain the flow is governed by Darcy’s
law and elsewhere by the Stokes equations, e.g., flow around or within foams, fuel cells, heat exchangers, drying and filtration
processes, flows in biological tissues, and groundwater flow in fractured porous media. The Brinkman equations are derived from
the volume averaging of the pore-scale Stokes equations at the continuum representative elementary volume (REV) scale [2,3]. Pore-
scale simulations are accurate, but computationally expensive due to the high number of grid elements needed to discretize the
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void spaces in the porous medium. Additionally, a detailed knowledge of the solid inclusion geometry is often missing. For these
reasons continuum REV scale approaches have become popular. The Brinkman model includes porosity and permeability parameters,
which can vary spatially. Thus, the model allows for flow in either the Stokes or the Darcy regimes in different regions, using the so
called “one-domain approach” (ODA) with a single “fictitious” medium and one set of governing equations. The Brinkman equations
represent an alternative way to model the coupling of Stokes and Darcy equations through interface conditions [4-11].

One of the most challenging aspects of the numerical approximation of the Brinkman equations is the construction of stable
and robust methods in both the Stokes and the Darcy regimes. Standard inf-sup stable velocity-pressure mixed finite element (MFE)
methods for the Stokes equations, such as the MINI and the Taylor-Hood elements, provide suboptimal convergence orders in the
Darcy regime [12]. On the other hand, stable H(div)-conforming mixed Darcy elements, like the Raviart-Thomas or the Brezzi—
Douglas—Marini elements, do not satisfy the required H'-conformity in the Stokes regime. Various approaches have been developed,
including enhancing stable Darcy elements to enforce some tangential continuity [12-14], penalized H (div)-conforming methods
[8,15,16], stabilized methods based on Stokes elements [17-24], and weak Galerkin methods [25,26].

The above mentioned methods are based on the standard velocity-pressure formulation, where the velocity is approximated
in the (possibly broken) H'-norm, which makes it difficult to obtain robustness in both the Stokes and the Darcy regimes. An
alternative approach is to consider dual mixed formulations, where the stress or the pseudostress is introduced as a primary variable
and the velocity is approximated in the L2-norm [27-33]. In these schemes, the mass conservation is only weakly imposed and the
approximation of the velocity is discontinuous. Vorticity-based mixed formulations with H (div)-conforming velocity are developed
in [34,35], while an augmented vorticity-based mixed method with H!-conforming velocity is proposed in [36].

In this paper we develop a family of new H (div)-conforming projection-based MFE methods for the unsteady Brinkman equations,
which provide pointwise divergence-free velocity. Moreover, due to the H (div)-conformity of the formulation, the methods are robust
in both the Stokes and the Darcy regimes. Extending the methodology proposed in [37] for the unsteady Stokes equations (see also
[38,39]), we apply an incremental pressure correction method in the framework of projection schemes [40,41]. At each time step we
solve a predictor problem for the viscous term, followed by a projection problem to incorporate the incompressibility constraint. The
predictor problem uses a mixed stress-velocity formulation [11,42], whereas the projection problem is based on a mixed velocity-
pressure formulation. The stable MFE spaces Brezzi-Douglas-Marini (BDM,), k > 1, or Raviart-Thomas (RT}), k > 0, on simplicial
grids [43] are considered for the components of the viscous stress in the predictor problem and the velocity in the projection problem.
The velocity at the end of each time iteration is H (div)-conforming and divergence-free polynomial of degree < k. We establish
unconditional stability of the fully discrete method in the sense that it holds independently of the spatial discretization parameter
h, under a mild condition on At with respect to the physical parameters. Moreover, we obtain bounds on the viscous stress and the
velocity that are robust in both the Stokes and Darcy limits. We then derive a first-order in time error bound for the semi-discrete
continuous-in-space scheme.

A specific second-order in space method based on the RT; space and discontinuous piecewise linear polynomials on unstructured
triangular or tetrahedral grids is developed in the second part of the paper. We avoid the solution of saddle point problems by
employing the multipoint flux mixed finite element (MFMFE) method, which was originally proposed for Darcy flow as a first-order
method in [44] using the BDM, space and extended to a second-order method based on the RT; space in [45], see also [46] for the
multipoint stress mixed finite element for the Stokes equations. A quadrature rule that samples the flux degrees of freedom allows for
mass lumping and local elimination of the stress in the predictor problem and the velocity in the projection problem. As a result, at
each time step only symmetric and positive definite algebraic systems need to be solved for the velocity components and the pressure
in the predictor and projection problems, respectively. This makes the numerical algorithm very efficient in terms of computational
effort.

The structure of the paper is as follows. The governing equations are presented in Section 2. The numerical algorithms with
discretization in space and time and the MFE projection methods are presented in Section 3. In Section 4 we develop the stability and
the time discretization error analysis. In Section 5 we present the implementation of a second order MFMFE scheme on unstructured
triangular or tetrahedral grids and in Section 6 we show four numerical applications of the MFMFE scheme. In the first test we verify
the second and first order convergence in space and time, respectively. In tests two and three we model coupled free fluid and porous
media flows and compare our results to numerical solutions available in the literature. We also consider heterogeneous porous media
with strong contrasts of porosity and permeability values The last test is a challenging biomedical application for a very irregular
geometry domain. Finally, we come to the conclusions in Section 7.

2. Governing equations

We consider a single-phase, incompressible and Newtonian fluid within and around a porous medium with rigid and fixed in space
solid inclusions. Let Q@ c RY, d = 2,3, and 7 be the computational domain and the final simulation time, respectively. The Brinkman
equations are

V.u=0 in Qx(0,7], (2.1a)
éi—?+V‘P—V~<éVu>+v5§u:0 in Qx(.7], (2.1b)

where u is the surface average fluid velocity vector (or Darcy velocity), ¥ = f is the intrinsic average kinematic pressure (with p

the intrinsic average fluid pressure), v = % > 0 is the kinematic fluid viscosity (with p and u the fluid density and the dynamic fluid
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viscosity), ¢ is the porosity of the fictitious medium and K is the inverse of the symmetric and positive definite (spd) permeability
tensor K. We assume that ¢ and K vary in space. The last term on the Lh.s. of Eq. 2.1b represents the drag force due to the pore
scale momentum transfer of the fluid and solid phases in the porous domain [2,47,48]. Some basic concepts of the volume averaging
techniques that can be used to derive Eq. 2.1b can be found in [48,49].

We emphasize that the variable u represents the Darcy velocity. This results in the mass conservation Eq. (2.1a), which our scheme
satisfied pointwise. The alternative choice of velocity variable, say v, representing the intrinsic average velocity would result in the
mass conservation equation V - (¢v) = 0, which is difficult to satisfy pointwise numerically in the case of variable porosity. We further
note that it is possible to insert or not the ratio é within the divergence operator in Eq. 2.1b. Both versions have been proposed in
the literature [2,47,50]. With our choice, the second and third term in (2.1b) can be written as V - £, where £ = ¥I — < Vu is the fluid
stress, with I being the identity matrix. The alternative choice does not have a clear stress interpretation and does not lend itself to
the mixed finite element method considered in this paper.

For the problem in (2.1) be well posed, Boundary Conditions (BCs) and Initial Conditions (ICs) need to be properly assigned.
I' =T, uT, is the boundary of © and n its unitary orthogonal vector, outward oriented. We assign Dirichlet BCs for the velocity and
the normal stress component on I'; and I, respectively. The ICs and BCs needed for the solution of system (2.1) are

u=u,, on T,, te[0,7], (2.2a)
T, = (YI- éVu)n, on I, re[0,7] (2.2b)
u=u, with V-.uy=0, Y=¥, in Q =0, (2.20)

where u, is the velocity vector imposed at the boundary and X, is the total stress imposed at the boundary along the direction
orthogonal to I, and u,, and ¥, are the initial values of u and ¥ in Q, respectively. We note that no relationship between u, and ¥
is required for the well posedness of the mathematical model.

We will use the following standard notation. For a domain D ¢ R?, the L?(D)-inner product and the L?(D)-norm for scalar, vector,
and tensor valued functions are denoted by (-,-)p and || - || p, respectively. The subscript D will be omitted if D = Q. For a section of
the boundary S ¢ R, (.,-) ¢ marks the L?(:S) inner product (or duality pairing). We will also use the space

H(div,Q) = {ve (L, (@) : V-ve L]},
and we define

V=H(iv,Q), Vor ={veV:v.n=0onT,}, sisdorn, W =LyQ).
3. Numerical algorithm

We apply the numerical procedure proposed in [37] for the unsteady Stokes equations, here specifically modified for the solution
of the Brinkman equations.

3.1. Discretization in time and space
The simulation time 7 is subdivided into N intervals with uniform size At = % and vertices " = nAt,n =0, ..., N. Let ¢" denote the

value a variable ¢ at time ¢". System (2.1) is solved by an incremental pressure correction scheme (e.g., [41]), by solving sequentially
a predictor and a projection problem at each time step. Introducing the notation

L=vK, 3.1
the discretized-in-time form of (2.1b) is
1@t —u” Voo .
- V¥ V. —va"! ) + Lo =0, 3.2
o & <¢ Y ) L (3.22)
n+l _ sn+l
é% +V(‘P”+1 _\Pn) +L(un+1 _ﬁn+1) =0, (3.2b)

where (3.2a) is the predictor problem (PP) and (3.2b) is the projection problem (PjP). For the mixed formulation of the problem, we
introduce the variables

c= —éVu, q=VY, (3.3)
where o is the (d x d) viscous pseudostress tensor. Thanks to (3.3), (3.2a) becomes
an+l _ on
oM = _Xvﬁn+l, éu = u +q"+ Vo™ y L = 0. (3.4

Remark 1. An alternative choice of the stress variable is the full stress & = —éVu + I, which results in the predictor system

5 N 1 ﬁn+l — 5 5
e = Yyprtt pyry, B W L vogmtl Lt =0
0} 0} At

The splitting error in the first equation above is difficult to control. For this reason we focus on (3.4).
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The spatial discretization of Q is based on a geometrically conforming grid 7T), made of N; non-overlapping simplices E (triangles
if d =2 or tetrahedra if d = 3). Two neighboring simplices share a common face e. We denote by &;- the total number of faces in 7},.
We will use either the Brezzi-Douglas-Marini (BDM) or the Raviart-Thomas (RT) pairs of MFE spaces on 7},, V, X W, C Vx W [43],
which satisfy

V-V, =W, (3.5)

We will also utilize the tensor-valued space (V)¢ with each row in V,,. Let Q, : L?>(Q) — W), be the L?-orthogonal projection operator
onto W}, such that for any w € L*(Q),

(Qpw —w,wy) =0 Yw, € Wy, (3.6)

By QI; : L*(M) — V, -n and Ql;l D (LAT)? - (V,)? n we denote the L2-orthogonal projection operators onto V,, - n and (V,,)? n, re-
spectively, such that for any ¢ € L?*(') and any v € (L*(I")¢,

(=05, v, m)r=0 Vv, €V, (v—0lv,7,m)pr=0 Vr, € (V)"
The mixed interpolant IT,, : (H'(Q))? — V,, [43] is also used, which satisfies for any v € (H!(Q))?,

(V-dI,v-v),wy) =0 Yw, € W, 3.7)
(@v=v)-n, v, -mypr=0 Vv, €V,. (3.8)

The vector variant of Q,,, QZ D (L2(Q)? — (W),)? will also be used.
3.2. The mixed finite element projection method

We initialize the solution at = 0 as: u(])l =II,u,, ‘I’g =0,Y%,, q(;l = QZ V¥, ‘I‘g = ¥0|... The numerical method is as follows.
Time loop. For n=0,...,N — 1:

e MFE discretization of the PP (3.4):
Find )" € (V)? : o}*'n = Q) (™' —¥/m)onT, and &' € (W})? s.t.

<%0'Z+1,‘rh> - (ﬁZ“, V- Th) = —(uZ“,‘rh n)l“,, V1, € (Vh,o,l",,)da (3.9a)

u';zH - +1 <n+l d
ET’g" +(V-oithg) + (), &) + (Luft &) =0 V& € W) . (3.9b)

e Compute ¥/*!' onT,:
i+l = (2 4 vgT' Vit n) o on T, (3.10)

e MFE discretization of the PjP (3.2b):
Findu/*' €V, : wj*' -n =0 (u,-n) onT, and ¥}*' € W, s.t.

un+l _ﬁn+l
1Y h nl _ =ntl n+1 n
<——,vh>+(L(uh -, ),V;,)—(‘I’h -¥,,V-vy)

¢ At
= - - v, m)r W, €V, (3.11a)
(V-uit w,) =0 VYw, € W, (3.11b)

¢ Pressure gradient update: Find q;’l“ € W) s.t.
n+l _ ﬁn+l

u
(¢a;™'.&4) = (94;.€,) - (%@) — (SL(uy™ —w).8,) Ve, € W), (3.12)

End time loop.

Remark 2. The intermediate velocity ﬁ;’l“ € (W) computed in the PP (3.9) is discontinuous and the pseudostress GZ+1 € (V)
is H(div)-conforming. The new pressure ‘I’Z“ € W, is computed in the projection step (3.11) and the new velocity “ZH ev, is
H (div)-conforming and pointwise divergence-free. In particular, (3.5) and (3.11b) imply that

Veupt =0. (3.13)
In addition,

uth e w)l. (3.14)
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This holds trivially for the BDM spaces, since V, and W), contain polynomials of the same degree, while for the RT spaces it follows
from (3.13) and [43, Corollary 2.3.1].

The update of the pressure gradient in (3.12) is designed to give an approximation of V¥(z,, ). In particular, using (3.14) and
(3.11a), (3.12) implies

n+1 n 1 uZ'H _ﬁZ-H n+1 =n+1
AR A vE— L(w*' —u*!) = V(@) + V(P,pp) — ¥(,)) = V¥ 40).

Finally, combining (3.9b) and (3.12) gives

1 un+1 —u"
<5%’§h> +(Veopth &) + ()t &) + (Luptg,) =0 Ve, € W))",

which is the backward Euler approximation of the momentum conservation Eq. (2.1b) at "*!,

Remark 3. It is possible to consider a simplified version of the numerical method, where the “permeability correction term”
L(uz+I — ﬁ;’;") is not included in (3.11) and (3.12). This also results in a stable and convergent method. However, we illustrate
in Section 6 that this method produces less accurate results and may result in non-physical solution features with coarse spatial

and/or temporal discretizations.
4. Stability and error analysis

In the analysis we consider the case of zero velocity boundary condition on the entire boundary. The analysis can be extended
to non-homogeneous velocity boundary conditions using a standard technique for finite element methods with essential boundary
conditions based on decomposing the solution as a sum of a zero-trace component and a lifting of the boundary data. The analysis
does not extend to stress boundary conditions, since the orthogonality property (4.5) presented in Lemma 1 below does not hold in
that case. Nevertheless, the numerical experiments illustrate that the method does not suffer from loss of stability or accuracy in the
case of stress boundary conditions. Let

Vo={veV:v-n=0ondQ}, W0={weW:/w=0}.
Q

The restriction of the pressure space is needed to guarantee uniqueness of the pressure ¥. The corresponding MFE spaces are denoted
by V,,o and W}, . It holds that

V- Vo =Wy 4.1
Algorithm (3.9) —(3.12) takes the following form.

e Predictor Problem: Find o/*' € (V)¢ and ;"' € (W),)? s.t.

<%o‘;'l“,‘rh> - (@ V.z,) =0 Vr, eV, (4.2a)
L - +1 <l d
ET’é" +(V-oith &) + (q). &) + (LujT &) =0 Vg € W) . (4.2b)

e Projection problem: Find u}*' € V,,, and ¥}*' € W s.t.

1 un+| _ﬁn+l
(55w ) + (L = 07)w) = H WV v =0 W, € Vg, (432
(Vult w,) =0 Vw, € W, (4.3b)
e Pressure gradient update. Find qZ“ € W) s.t.
llnJrl _ ﬁn+1
(¢qz+l,§h) = (d“l;’,,fh) - <%,§h> - (¢L(UZ+1 —lNlZH),fh) VE, € (W) . 4.9

4.1. Stability analysis

Let VO = {veV : V.v=0} mark the divergence-free subspace of V, using a similar notation for V) and V) . The following
orthogonality property will be used in the analysis.

Lemma 1. For q;’l“ computed in (4.4), it holds that

@ vi) =0 Vv, eV (4.5)



C. Arico, R. Helmig and 1. Yotov Journal of Computational Physics 553 (2026) 114709
Proof. Using the argument for (3.14), we have that V?l c (W),)4, so we can test (4.4) with &, = v, € V?l 0 which, together with (4.3a),
implies
@ Vi) = @) ve) = o = (@) Vi) = (Qf V0, V) = (V0. vy) = =¥, V - V) + (¥, vy, - m)p = 0.
O

The following algebraic identity will be used in the analysis,

a(a—b) = %(a2 - +(a—b)?) (4.6)
and Young’s inequality, for any € > 0,
€2 1,
b < = —b-. .
ab< a”+ 5 (4.7)

Theorem 1. For the method (4.2)-(4.4), under the assumption that At < 1/(2(¢L),.«), Where (¢L),,,,, is the spatial supremum of the largest
eigenvalue of ¢L, it holds that

N-1 N-1 N-1
N} Z V71||¢1/20_Z+l ”2 + ”¢71/2uhN”2 + At Z ”Ll/2uz+l ”2 + At Z ||Ll/2ﬁr;l+l ”2
n=0 n=0 n=0
N-1 A[Z
+ Z ||¢—1/2(u2+1 _l~l2+1)”2 + T||¢]/2q}]1\’”2 < eT(||¢—]/2u(’)l”2 +A12”¢]/2q2”2) (4.8)
n=0

Proof. We take test functions (7, &,) = (:)'Z+I , ﬁ;’!“) in (4.2), combine the equations, use (4.6), and multiply by Az, to obtain
_ 1,12~ 1, ,- 1, ,_ ~ - ~
ArvT g el + ST PRI = Sl 2up I + ST @ — wDIP + ALY + A, 5 = 0. (4.9)
Next, we take v, = uz“ in (4.3a) and use (4.6) and (3.13), obtaining

1, .- 1, .12~ 1, ,- -
§”¢ 1/2u2+1||2— §”¢ 1/2“7z+1 ”2+§”¢ I/Z(UZ+I _“Z+I)||2

At At - At ~
+ 7 ”LI/2u;ll+1 ”2 _ 7”Ll/2u;1l+1 ”2 + 7 ||L]/2(u;1[+] _ HZ+])||2 =0. (4.10)
Taking &, = q;'l“ in (4.4), using (4.6) and multiplying by A¢? results in
Ar? - -
= (I 2 17 = g 212 + 1" — aI?) = Ar@, @it — A (pLeu™ -+, it), (4.11)

where we used (4.5) for the first term on the r.h.s. Summing (4.9)-(4.11), we obtain
_ 1 _ _ 1 /2~ _ -
Arv g et P + 2 (197 2 I = Nl 2w 1) + 5 (g™ 2@t — w I + 1™ 2t — @ h)?)

At At _ At o AP
+ S IL2u 2 S22 S - w1+ S (1 2 I - e a1 + e At - @)

= Ar(q)t - g @) — AP (gL(ui! — @t ). (4.12)

For the first term on the r.h.s. above, using (4.5) and (4.7), we write
y . Ar? Ly 12,
Ar(q - g, 5 = Ar(q! - L 1T - w) < SN2 - I+ S e 2@ - w. 4.13)
For the second term on the r.h.s. of (4.12), using (4.7), we obtain
N At . AB(¢L)
—A12(¢7L(ll;ll+l _u;zl+1)’qz+l) < 7”LI/Z(uZH _u2+1)”2+ > max ”¢1/2q2+1”2’ (4.14)

Bound (4.8) follows by combining (4.12)-(4.14), summing over 0 <n < N — 1, and applying the discrete Gronwall inequality [51,
Lemma 1.4.2] for the last term in (4.14), under the assumption that Ar < 1/(2(¢L) ). O

Remark 4 (Robustness in the Stokes and Darcy limits and pressure robustness). The stability bound (4.8) does not involve an
unknown constant and the model parameters appear explicitly. In particular, we obtain control on ¢, u,, and g, that is robust both
in the Stokes limit L. — 0 and the Darcy limit L — co. Moreover, the bound is robust in the limit v — 0, indicating pressure robustness.
Similar robustness properties are observed in the time discretization error bound (4.25) in Theorem 3.

Remark 5 (Assumption on Ar). The assumption that At < 1/(2(¢L),.x) is needed to employ Gronwall inequality in the proof of
Theorem 1. This assumption does not seem to be needed in practice, see the numerical example in Section 6.2. Moreover, the
assumption is not needed in the analysis of the simplified method, as shown in Remark 6 below.
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Remark 6 (Stability of the simplified method). We recall from Remark 3 that it is possible to consider a simplified method without
the permeability correction term. In this case Eqgs. (4.3a) and (4.4) are replaced by, respectively,

un+1 —ﬁ"+1
1 7n h n+1 n
<$T,vh>—(\l’h —¥.V.v)=0 Vv, €V, (4.15)
u»1+1 _ﬁﬂ+]
(¢q;+l’§h) = (¢QZ’§h) - <%,§h> V§, € (Wh)d. (4.16)

The proof of the following theorem is similar to the proof of Theorem 1, with a simplified treatment of the Brinkman terms, and it is
omitted for sake of space.

Theorem 2. For the simplified method (4.2), (4.15)-(4.3b), (4.16), it holds that

N-1 N-1 N-1
280 Y v HIG 2l P + Nl Pup P+ 240 Y IR 4 Y Nl Pt - wpth + Al g |2
=0 n=0 n=0
< llg™ 21> + A2 19 2 qf 2. (4.17)

4.2. Analysis of the time discretization error

We proceed with deriving a bound on the time discretization error. To this end, the semi-discrete continuous-in-space formulation
of the method (4.2)-(4.4) is considered, which is stated below.

« Initialization step: Let u® = u,, ¥° = ¥,, q° = V¥,
ForO0<n< N -1:
e Predictor problem: Find 6! € (V)¢ and i"*' € (W)? s.t.

<%o‘"“,‘r> - (@, v.1)=0 vre V), (4.18a)
1 l~lyl+l —u" n+1 n ~n+l d
ET’é + (Vo™ E) +(q" &)+ (La"t ) =0 vEe W) (4.18b)

« Projection problem: Find u"*! € V,, and ¥"*! € W}, s.t.

1 un+l _ﬁn+l
b At

(V-ut w)=0 YweWw,. (4.19b)

,v) + (L™ —a™) v - - V.y) =0 Wvev,, (4.19a)

e Update the pressure gradient: Find ¢! € (W)? s.t.
url+1 _ ﬁ"+1

n+1 _ n _
(pq™'.&) = (#q". &) ( v

,5) — (gL(u"! — "), €) vEE W) . (4.20)

As noted in Remark 2, (4.19b) implies that
V.utl =0, (4.21)

On the other hand, the solution to the model problem (2.1) with boundary condition u = 0 on I satisfies, for 0 <n < N — 1,

(%a(zm),r) — (Wltyy), V- 7) =0 Ve vy, (4.22)
t —u(r
<%%§> + (V- 0ty ) €) + (VW) ) + (L0t ), ) = (T (W), &) VE € W)Y, (4.23)
V-u(t,,) =0, (4.24)
where
T, (u) = M _ a_“(,"H)

At ot
Theorem 3. Assuming that the solution to the model problem is sufficiently smooth in time and At < min{1, 1/(4(¢L).x) ]}, there exists a
constant C independent of At and the model parameters such that the solution to the semi-discrete method (4.18)-(4.20) satisfies

N-1
At Y v 8 2 (0t — "I + llg™ 2t y) — uMIP + A2 2V ) - )1
n=0
N-1
+Ar Y (ILY2@(0) — 0D + L2, ) — 8])) < CeT A2, (4.25)
n=0
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Proof. Let ¢! =o(1,) - 0o", eg=u(,)-0", e =u{,)-u" and e(’; = VY¥(,) —q". Subtracting (4.18a)-(4.18b),

(4.22)—(4.24) results in the error equations

<¢en+l7r> (2, V-7) =0 Vre vy,

efH'l e
< ! ) (et g) + (en.8) + (e 8) = (T .6 = (S, (VPO V&€ W),
V.

e

where

S, (VW) = V¥(1,,1) — VR(,).
Taking (z, &) = (e?’l,egﬂ) in (4.26)-(4.27), combining the equations, using (4.6), and multiplying by Az, we get

_ 1, .- 1, ,- _
I e P 4 Sl 2t - Sl el + ||¢ V2t — eIIP + At (e, epthy + L Zel 2
= AK(T,,, (), ™) — AK(S,,, (V) et

Subtracting and adding u(t,, ) in (4.19a) and taking v = e:'l“, we obtain

(¢—1(elnl+l _ e:l“1+1)’ elr;+1) + At(L(eﬁH _ eg+l)’eﬁ+l) — At(\Pn+l _ \Ijﬂ’ V. e:;-H)’
which implies, using (4.28) and (4.6),

1, ,- 1, ,- 1, ,-

E Il I/Ze:ll+1 ”2 _ E g 1/2e3+1 ”2 + i I I/Z(elr;-H _ eg+l)||2

At At At
+ 7 ”Ll/2e‘r;+l ”2 _ 7 ”Ll/2eg+l ”2 + 7 ”Ll/2(e|r;+l _ e:_ll+l)”2 =0

We subtract and add V¥(t,,), V¥(,), and u(t,, ) in (4.20), multiply by A#?, and take & = eg’f', obtaining

AP = e, ent) + Ar(ent! = ent et ) + A% (PLeelt = it et ) = AR($S, (VW) elt).
We note that the argument for (4.5) implies

q".v)=0 WeV]
Combining the above equation with

(V¥,v)=—(P.V-V)+(¥,v-n)r =0 VveVp,
implies

- 0

(e:,v) =0 Vvev,.
Therefore, using that /! € VO cf. (4.28), as well as (4.6), (4.31) results in

Af?

S (112 12 = 162 + 11912 = en)l?) = Attt et + A (fLiel! - ent).ent )

= AP(BS, (VD). €pth.

(4.21) from

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

The next step is to sum (4.29), (4.30), and (4.34). For the sum of the next-to-last terms on L.h.s. of (4.29) and (4.34), using (4.33),

we write

_(ont+l ntl
(eg »eq

Summing (4.29), (4.30), and (4.34) and using (4.35), we obtain

— +1 +1
—eg)—(el'i—eg e ")
_ 1 _
ty 1|I¢l/262+1”2+ E(“(ﬁ 1/2€ﬁ+1”2— ||¢ 1/2 n”2+|l¢ l/Z(en+1 n)“Z
_ At At At
+l¢ l/Z(e:ll+l _ eg+l)”2> + 7”Ll/2eﬁ+l “2 + 7”Ll/2eg+l “2 + 7||Ll/2(eﬁ+l _eg+l)||2
Ar 1/2 12 1/2 12 12, n+1 _ nypj2
+ S (1 e = 192y P + 192y = el )
= —Au() — ! —e")—Atz(dJL(e"“ e, e"“) + AT,y (W), e

= AU(S,y (V) ) + AP (@S, (V) ) =0 Iy + L+ I + Iy + Is.

We next bound the four terms on the r.h.s. For I}, using (4.7), we have

Lo Ar?
A L G A | N AR GARETO o8

(4.35)

(4.36)

(4.37)
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Using (4.7) for I, gives

At AP(PL),,,
1] < SIL2EH = et I + ———2 1! 2eg 12, (4.38)
For I3, using (4.7), we write

[I3] = | AT,y (), i — &) 4+ AKT,,,  (w), "))

a
1, ,_ At
S AP PTL @I + Z1197 2 = et DI + Al 2T, I + 17 2%, (4.39)
For I, using (4.32) and (4.28), we have that (S, ;(VY¥), e"}“) = 0. Then, using (4.7), we obtain
1, .-
Uyl = 1A1(S,4 1 (VE), 5" = eI < ARS8, (VI + 117125 = et DI, (4.40)
For I, the use of (4.7) gives
AP
s| < Al 28, (VI + == l1¢! 2 1%, (4.41)
Combining (4.36)-(4.40) gives
At V71 ||¢l/29n+1 ”2 + l(ll¢71/zen+l ”2 _ ”¢71/22n”2) + £||L1/28n+l ”2 + £||L1/28n+l ”2
o 2 u u 2 u 2 a
Af? 1/2 n+1 2 1/2 02
+ S (I e P — 192 1)
< (A2 + AN 12T, I + (A2 + A7) (|28, (V)
N AP(¢L) A8
+ N7 2P+ =R 19 et P + Sl eI (4.42)

Under the assumption that the solution is sufficiently smooth in time, one can easily prove for the time discretization and splitting
errors, that |7, (w)|| < CAr and ||S,,,;(V¥)|| < CAt. Then, summing (4.42) over n from 0 to N — 1, using that 2 = 0 and e?l =0, and
applying the discrete Gronwall inequality for the last three terms in (4.42) under the assumption At < min{1, 1/(4(¢L).x)}, We obtain
(4.25). O

Remark 7. An error bound for the fully discrete method can be obtained by incorporating the spatial discretization error using
classical tools from the analysis of MFE methods.

5. Implementation of a second order multipoint flux MFE method

In this section we present the details of the implementation of a second order version of the MFE projection method introduced in
Section 6. We consider V, X W), on T}, (see Section 3.1) to be the Raviart-Thomas pair of spaces RT; [52] on triangular or tetrahedral
grids. We apply the MFMFE methodology originally proposed in [44] as a first order scheme, and further extended in [45] to the
second order by using the RT) spaces. Using a quadrature rule whose nodes are associated with the degrees of freedom (DOFs) of the
RT, space V,, we get mass lumping in both the PP and PjP. In the PP, the viscous stress o';"“ is locally eliminated and a spd system is
Z“ is locally eliminated and a spd system is solved
for the pressure ‘PZH. A local post-processing easily allows to recover the viscous stress and corrected velocity.

The proposed method results in a very efficient computational algorithm. As we show in this section, the solution of (d + 1) spd
linear systems is required at each time step: d systems for the calculation of the predicted velocity components in the PP and one
system for the pressure in the PjP. Each system involves (d + 1) unknowns per simplex, with a significant reduction in the number
of unknowns compared to the original saddle point systems. The velocity obtained at the end of each time iteration is second order
accurate, H(div)-conforming, pointwise divergence-free, and linear on each simplex of the grid.

solved for each component of the velocity ﬁZH' In the PjP, the corrected velocity u

Remark 8. The stability analysis presented in Theorems 1 and 2 extends to the MFMFE method in a straightforward way. In particular,
bound (4.8) becomes

N-1 N-1 N-1
280 3 vHIg el G + g PG, + Ar Yy ILY 2wt + A Y LY G
=0 n=0 n=0
N-1 AR
+ 2 972t — @G + S-11e e I < eT(||¢-‘/2u2||2Q + Ar2||¢‘/2q2||2),
n=0
and similarly for bound (4.17), where || - || is the norm induced by the quadrature rule. As shown in [44] and [45], || - || is equivalent
to the L2-norm || - ||. A fully discrete error bound can be obtained by combining the time discretization error analysis presented in
Theorem 3 with tools from the analysis of MFMFE methods [44,45].

9



C. Arico, R. Helmig and 1. Yotov Journal of Computational Physics 553 (2026) 114709

Table 1
The RT; basis functions for the reference tetrahedron (d = 3.) (see [45]).

Vi1 3%+P+2-1-282-jx—2% 28— +5-2) —2%2-25- 22+ 2

Vi, R +R-29%-2% FH+39+2-1-3p-202—2) —x2-229-22+2

V3 R +x-jr-22% %y - +§-22p 4+ P+32-1-%2— 25222
Yy ®-9% —%+ 9% -5 +P 28— P2

¥, & -z% X - 29 —%+2%-22+2

9: V3R g+ 92+ 28) V3(289+ 5% - 9+ 29) 3282+ 29+ 22 - 2)
Vi Xp-zz 7 -2y —p+pr-2+2

Vi, V3(R2 -z +28p+12) V3(%9+29% - §+ 92) V3(R2 492422 -2)
Vi3 PR %+ J-x+ -3 %2+ 2

Y V3R -2+ 9% +22%) V3(9% + 2 - 5 +229) V3(2%+ 29+ 222 - 2)
Vi  —E-R AR+ P&+ 2 —2%+ 22

Vs —Pr4 iR —2—P+9+92 —2)+ 282

V51 —8(X2—%) —4(xP) — 4(x2) —8(x9) — 4(5* - 9) — 4(92) —8(%2) —4(29) —4(22 - 2)
V5o —4(R - %) - 8(&9) — 4(22) —4(29) - 8(5* - 9) — 4(2) —4(x2) - 8(29) — 4(2* - 2)
V53 —4(22 = %) —4(%9) - 8(%2) —4(%9) — 4(5* = §) = 8(92) —4(%8) — 4(29) - 8(2% - 2)

5.1. The RT| mixed finite element spaces

Let E be the reference simplex with vertices #, = (0,0)7, £, = (1,0, #; = (0, 1)” if d =2 and &, = (0,0,0)7, #, = (1,0,0)7, #; =
0,1,007, #, = (0,0, )T if d = 3. For any physical simplex E € T}, with verticesr;,i = 1,...,d + 1, such that if d = 2, r; are anti-clockwise
oriented, or if d = 3, r;, i = 1,2, 3 are anti-clockwise oriented with respect to r,, see Fig. 1. A multilinear mapping Fj, : £ — E exists
such that

Fp=r(l-%—P+ns+rdifd=2 Fr=r(l-%—9—2)+nk+n9+r2ifd=3. (5.1)
The RT, spaces are defined on the reference simplex £ as
A And A A A
V(E) = (P((E))" +xP|(E), W(E)=P|(E),

where P, (E) is the space of multivariate polynomials of degree < k on E. The dimension of V(E) is 8 if d =2 and 15 if d = 3.
Let #,,, be the center of mass of £. We consider d degrees of freedom (DOFs) associated with each face é, which are the normal
components at the vertices of é, and d DOFs associated with the center of mass. Let fi, ;, with k = 1,...,(d + ) and = 1, ..., d, be the
unit outward normal vectors to the d faces sharing vertex f,. The d vectors fi,,, , associated with the midpoint of Earefi ;= (107
and fiz, =0 D7, ifd =2, or iy, =100, iy, =107 and fig,,3 = (00 1)7, if d = 3. For each point £, i = ,...,(d +2),
the d associated RT; basis functions ¥, ;, j = 1,...,d, are defined as

‘A’i,j(fk) . ﬁk,l = 5ik5jl’

ik=1,....,d+2, j,l=1,...,d,
where 6,, = 1if r =, 6,, = 0 if r # 5. See [37, Fig. 1] for the DOFs of V(E) and the basis functions in the case d = 2. For d = 3, the
DOFs of V(E) are shown in Fig. 1 and the x, y and z components of the basis functions are listed in Table 1 (see also [45]). The DOFs
of the pressure space W (E) are the values at any d + 1 points within £, see Fig. 1 for the case d = 3.

We use the Piola transformation [43] to define the RT, velocity space in each simplex (e.g., [44]), as well as the standard change
of variables for the pressure space:

VeV v:ﬁJEO, Je=[ry.ry]ifd =2, Jp=[ry.r3.1y]ifd =3, (5.2a)
E
we—w:w=uw, (5.2b)

where J; is the Jacobian matrix associated with the mapping (5.1), and r;; = r; — r;. The determinant of J, is |J | = 2| E| with |E|
the area of simplex E, if d = 2, or |J| = 6| E| with | E| the volume of E, if d = 3. Two important properties of the Piola transformation
are [43]

1o el

V'V:mVi'v, v-n, = |e|v~ne,

where F : é — ¢, n, and ii, are the unit normal vectors on the faces e and é, respectively, and |e| is the length (if d = 2) or area (if
d = 3) of e. Thanks to the property of the Piola transformation to preserve the vectors normal components, we get the continuity of
v - n across any face e [43].

The RT; spaces on T), are defined as

th{vGV Vg e ¥, oeV(E)VEeTh},
Wy={wew :wlg— b, e W(E)VEeT,},
where (5.2) defines the transformations v «— ¥ and w «— .

10
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DOFs of V,,
@® DOFsof W,

Fig. 1. DOFs of V(E) and W (E for the case d = 3.

5.2. The quadrature rule

Let s, v be any pair of continuous vector functions. The following second order accurate quadrature rule is defined in [45]:

d+2
Vo= 2 Vo= 2 IEI Y os(r) v(r), (5.3)
E€T), E€T, =1
; 1 ) d+1 . .
where the weights are w; = Ty = L...,d+1,04,= o If v e V,, the vertex vector v(r;), i = 1,...,d + 1, can be uniquely
obtained from the DOFs v(r;) - m, ;, ..., v(r;) - m; 4, i.e., its normal components to the d faces sharing vertex r;. In a similar way, the

vector at the center of mass r,,, can be constructed from the DOFs V(r;.5) - Nyy 15> V(T442) - Mgy g-
n+1_sn+l

The quadrature rule (5.3) is applied to the bilinear forms (%o-ﬁ“ ,T5,) in (3.92) in the PP and <% , vh> + (L(u;'l+l -, Vh)

in (3.11a) in the PjP. The quadrature rule couples only the d basis functions associated with the quadrature vertex r; [44,45]. This

implies that the viscous stress af{: yl’z)’ , and the velocity u;',“ can be locally eliminated, resulting in spd systems for ﬁ:’(“,z), , i (3.9) and

(62
P+l in (3.11), respectively.

In the following sections, we describe our numerical methodology for a three dimensional computational domain Q c R? with
d=3.

5.3. Predictor problem

The PP (3.9) is solved separately for the x, y and z stress and velocity components. We denote by O'Z-;l, 0';-;1 and 62;1 the first,

second and third rows of tensor o}, respectively, and by %!, ‘7;);,1 and %! the three components of &;*'. Similarly, 4" ,, 4, and
q; , are the components of g, while for the BCs we set X, = (e Zy 50 22 p)7 and w, = (uy p,uy,p,u,,)7. In the following, our method
is presented only for the x-component, with similar formulations along the other directions.

Applying the quadrature rule (5.3), the x-component of the PP (3.9) becomes: find o':'(j'l eV,:¢" .n= Q;(Z”“ -¥, nyonl,

x,h x,b
and @"*! € W, such that

<%0‘:‘(;'],Th> - (IJ?;‘], V.- rh) = —(u:'(;',rh ‘M, V1, €Vuor,, (5.4a)
o
| ﬂn+l —un
h h _ . _
(a%,§h> + (V . 62;11,5;1) + (q;’h,él) + ((L“uzjrhl + leu;,h + L|3M2,h>,§h> =0 V§h € Wh’ (54b)
where L;;, i,j = 1,2,3, are the coefficients of tensor L defined in (3.1). We note that the y- and z-components %, and i, in the

last term are evaluated at the previous time ", which allows for complete decoupling of the problems for each component. Next, the
local elimination of the viscous stress o-ﬁ’“hl is described both for the case of any internal or boundary vertex and the center of mass
midpoint of any simplex.

The case of any vertex. Let r be any internal vertex of T}, shared by T interfaces and 7 simplices, denoted by ¢; and E;, respectively.
Let 7; € V,, be the basis functions on the faces ¢;, and a)’j’lfl be the associated DOFs of o:t,l. Thanks to the property of the quadrature

11
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rule to localize the interaction of the face DOFs, setting 7, = 7,,...,7; in (5.4a) results in a (I x T) local linear system for the a;’JITl
unknowns, i =1,...,1:
[ ¢ _ )
O'"+1(<—TJ,T + ST T =(u:':;l],V ), +(u ly. g, i=1....1, (5.5)
J Q.E, Q.E)

where E, and E, are the two simplices sharing face ¢; and the summation on j on the Lh.s. is over the faces e; ( € E, U E,) sharing with

e; the vertex associated with z;. The integrals (u"’rl V- 1p)E,, on the r.h.s. by computed by a (d + 1)-point Gauss1an integration rule.

This quadrature rule is exact for quadratic functions, and since both u"Jrl € P|(E)and V - 1, € P|(E), it is exact for (u’”rl V-t)E
The matrix-vector form of the local linear system (5.5) is

Az, =BTU,, (5.6)

a(b)”

where

* Ais a (I x I) matrix with coefficients 4;; = (%tj,ri)Q, Lj=1,....1,

e X isa (I x 1) vector whose coefficients are the DOFs a"fl, i=1,..,1,
e B isa (I x ((d + 1) x I)) matrix with coefficients coming from (u"+1 V-t)g, + (zZ'H'l Vet)g,i=1...1,
e U, isa(((d+1)xI)x1) vector, whose coefficients are the (d + 1) DOFs of i “"“ w1th1n each simplex E,-, =1,...,1.

The matrix A is spd as proved in [44], which implies that the local system (5.6) is solvable and one can express the 7 DOFs aﬁfl,

i=1,...,1, sharing vertex r in terms of the ((d + 1) X 7) DOFs of u'“;l' on the 7 simplices sharing r.

Let r be a boundary vertex and denote by T and H the number of interfaces and simplices sharing r, respectively, where generally
1 # H. In this case the size of matrix B” is (I x ((d + 1) x (H))) and the size of vector Ux is((d+D)x(H)x1).Ifre Fd, thanks to
(5.4a), we also account for the contribution (u"+1 7, -m)p, in the local system (5.6), computed by numerical integration over the
face(s) e¢; € 'y sharing r. The system (5.4) changes as

AT, =B"U, +G,,. (5.7)

where the size of vector G, , is (Z x 1) and its nonzero coefficients appear only in the rows associated with the boundary facese; € T';
sharing r. If r € l:,,, the local system (5.4) incorporates the essential stress boundary condition:

Az, =B"U, +G,,, (5.8)
where G, , is a (T x 1) vector.

The case of any center of mass. Let r be the center of mass of any simplex E and let 7; € V,,, i = 1,...,d, be the associated stress
basis functions. Let a"“ be the d DOFs of a’”rhl associated with r. Since the quadrature rule localizes the interaction of DOFs, a"“
i=1,...,d are coupled only with each other, resulting in a d X d linear system with spd matrix written in the same form as in (5 6)
for o .l, i=1,....,d.

X,i

The PP solved for ii"*! velocity component. With the local elimination of the viscous stress, as previously described, the MFMFE
scheme of the PP becomes a system for the & ""“ with (d + 1) DOFs per simplex, and the associated algebraic system arising from (5.4)
becomes

A -BT\/Z,\ _ G,
<B D><Ux>_<Qx+Fx+Ly+LZ>’ (5.9)

where

e Aisa (S xS) block diagonal matrix, with § = d X &y +d X Ny, (with &; and Ny the total number of the faces and simplices,
respectively, as specified in Section 3.1). Matrix A is given by assembling the (local) block matrices A, cf. (5.6),
e ¥ isa (S x 1) vector whose coefficients are the DOFs of o"’+1 obtained by assembling the (local) vectors X, cf. (5.6),

e BT isa (S x (d X Ny)) matrix, obtained by assembling the block (local) matrices BT, cf. Eq. 5.6,

eD is a ((d X Np)x(dXxNp))  block  diagonal  matrix, whose  blocks are  associated  with
((3%+10)a.e)in G4,

e U, isa ((dx NT) x 1) vector, with coefficients the DOFs of &*!,

* G, is a (3 x 1) vector obtained by the assembly of the local vectors G, , and G,, ,,

* Q. F, L, andL, are ((d X Ny) x 1) vectors corresponding to —(qxh,cfh), (EE“;h’fh)’ (leu;h,§h> and (L13u2h,é§h) in (5.4),
respectively.

Similar to B, the integrals in D, Q,, F,, L, and L, are computed by a (d + 1)-point Gaussian quadrature rule
By inverting the matrix A, the unknown stress vector X, can be eliminated in Eq. 5.9, resulting in a
(((d+1)x Nz) X ((d + 1) X Ny)) system for U, :

(D+BA'BT)U, =Q,+F,+L,+L.+BA™'G,, (5.10)

12
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where the (d + 1) DOFs of 12221 within each simplex E are coupled with the (d + 1) DOFs of all simplices sharing a vertex with E, see
[37, Figure 3] for a 2D view.

The matrix in (5.10) is spd [44] and the system is solved by a preconditioned conjugate gradient method [53] with incomplete
“limited-memory” Cholesky factorization using the HSL “MI28” open-source package [54, https://www.hsl.rl.ac.uk/index.{html}],
which is robust and efficient, with options for reordering, scaling, and applying a diagonal shift to ensure stability. This results in a
very fast and efficient procedure. A lot of computational effort is saved because the factorization of the matrix of system in (5.10)
occurs only once, before the time loop, since the matrix coefficients depend only on geometric quantities, the kinematic viscosity
v, the time step size At, as well as the physical properties of the porous medium, like the porosity ¢ and the coefficients of the
permeability tensor.

We apply the same procedure along the y and z directions, with the system having the same matrix as in (5.10). At the end of the
PP we obtain an intermediate velocity ﬁZH |p € (P,(E))? and discontinuous, i.e., the continuity of normal flux at the simplex interfaces
is not imposed in this step.

5.4. Projection problem and pressure gradient update

Applying the quadrature rule in (5.3), the PjP in (3.11) is: find “ZH eV, :u"!.n= Ql;:(“b -n) onT, and ‘I’Z“ € W, such that

h
l.l"+1 _ﬁn+1
(5% +L(ul*! - ﬁ;“),v,,> — (V) = (P W v m)e WY, € Vr, (5.11a)
Q
(Vulthw,) =0 VYw, € W), (5.11b)

The method is the same as the one applied for the solution of the PP for 6:':;[' €V, and ﬁi’;} € W, in (5.4). The corrected velocity

u;’l“ is locally eliminated according to the same procedure as described in Section 5.3, and we solve a spd system for \PZH of type

(5.10), where the (d + 1) DOFs of \PZH within each simplex E are coupled with the (d + 1) DOFs of those simplices sharing a vertex

n+1
h

The term (‘PZ“ — ¥}, v, -m)p in (5.11a) is computed via numerical integration using the boundary values of ‘I’Z“ on T, given by

= (s (o) o) o
e
where the tensor Vﬁ;’l“ is computed on the simplex E with face e and it has a constant value, since ﬁZH € (P(E))*.

Before the next time iteration, we update the pressure gradient according to (3.12). This is performed by updating the DOFs of
q;“l“, since both q;'l“ and the test function &, live in the same discretized space (W},)?. For any degree of freedom point r, we have

with E. The corrected velocity u/ ™" can be easily recovered after the solution of the system by a local post-processing.

q;:l+l(r) = q(r) - <Ait ﬁl + L(r)> (uZJrl(r) _ fl;'fl(r)).

6. Numerical tests

In this section we present several numerical tests to illustrate the performance of the numerical method. We call “method 1” and
“method 2” the standard method in (3.9)—(3.12) and the simplified method without the permeability correction term described in
(4.15)-(4.16), respectively.

We present four numerical tests. Test 1 is devoted to the numerical investigation of the convergence order in space and time,
both for d =2 and d = 3. In Test 2 we study the flow of a free fluid around a porous obstacle under different working conditions and
we also compare the results from methods 1 and 2. In Test 3 we consider the interaction of a free fluid with a porous region with a
steps-like interface. For Tests 2 and 3, we compare the results of our method to numerical solutions available in the literature. Test 4
is a show-case application where we investigate the effect of a porous medium filling the aneurysmatic sac of a real-case intracranial
aneurysm (ICA). We emphasize that tests 2-4 involve two regions with parameters in either the Stokes or Darcy regimes. The results
illustrate the robustness of the proposed method in both regimes. Finally, in the Appendix we illustrate the stability of the method
with small values of the viscosity v and large pressure gradients using the lid-driven test-case in a square porous cavity.

The computational grids of the applications proposed in this Section have been generated by the open-source software Netgen
[55], the numerical scheme has been implemented in an in-house Fortran 90-95 code, and the open-source software Paraview [56]
has been used for the post-processing and visualization of the results.

6.1. Test 1: study of the convergence order in space and time

The strategy we adopt to investigate the convergence order in space and time is

« consider a computational heterogeneous porous domain Q C RY, d = 2,3, with assigned spatial distribution of porosity and per-
meability tensor coefficients,

* assign an analytical time-dependent solution for the velocity components u,, u,, u, and kinematic pressure ¥, and the corresponding
ICs and BCs,
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e discretize Q by a coarse simplicial grid 7, and progressively operate some refinements of T,

To study the convergence order in space, we adopt a small enough time step size Az so that the time discretization error is negligible
and compute the L,-norms of the errors of u,, Uyt and ¥ as

q _ 3 —
L= max lg@t) — ayll, with g =u,, u,, u,, ¥, (6.1)

where N is the number of intervals in the time discretization, as specified in Section 3.1.

q
If h; marks the grid size associated with the /-th refinement level and e;’ ~ h:h is the error of the variable q in this level, we compute
the associated convergence rate rZ by comparing the errors associated with two consecutive grid refinement levels with size #,_; and

hy:
P
(%)
q 1

" () o
g I
To investigate the convergence order in time, we run simulations over a refined enough grid, changing the time step size in a given
range, and compute the L,-norms of the errors as in (6.1). The rate of convergence in time is obtained as

e , (6.3)

where A7,_; and At,; are two consecutive time step sizes in the given range.
In the following 2D and 3D applications, we assume that the kinematic fluid viscosity is v = 1.

6.1.1. 2D study

We consider the circular domain Q c R? shown in Fig. 2a (top), where we have three layers (zones) with outer (dimensionless)
radii 0.3, 0.5 and 1, respectively. Zones 1 and 2 are the inner and outer bulk porous regions, with constant in space values of the
porosity ¢ and the permeability tensor K given as

. k
K =MCM~', M= <COS(1 —sma>, Co (ﬁ 0>’ 6.4)

sin & cosa 0 k

where k and f are positive scalar parameters and « is the anisotropy angle. The porosity and permeability parameters are listed in
Table 2. A transition layer (or zone), is located in between the two bulk regions (zone 3 in Fig. 2a (top)). Here the values of ¢ and
&, ; undergo continuous changes, from the values in zone 1 to the values in zone 2, according to

o) = %(q&mx — Gip)tanh(d 6,,) + %(quax + Ppin ) (6.5a)

R,,(d) = 82,3 (1 - tanh(d g ), (6.5b)

which are similar to [39, Eq. (39)]. In (6.5), d is the distance from any point to the mid-line of the transition zone, assumed to be
positive or negative depending on whether the point is in the side of zone 1 or 2, respectively. In addition, ¢,,,, and ¢,,,, as well as
Q?J, i,j=1,...,d, are positive real scalar parameters such that the porosity and permeability values in the transition layer and in the
bulk porous regions match at the interfaces. The parameters 6,, and 64 adjust the slope of the profiles. The values of all parameters
are listed in Table 3.

We assign the time-dependent (dimensionless) analytical solution

Y= (ay+bx+ ax’ +ay +b2y+c2y2) coswt, u=-KVY¥, (6.6)

where g;, b;, c¢; and w are scalar real variables listed in Table 4. We add source terms in the model Egs. (2.1) according to the assigned
analytical solution. The maximum value of the Reynolds number is Re = M ~1.4-10~%, where ||u]|
value of the velocity magnitude and R, is the outer radius of the domain.

We discretize the domain by either a coarse regular grid or a distorted grid shown in Fig. 2a (top) and denoted as T, ¢ and T}, p,,
respectively. The number of triangles and vertices of T}, x and T}, j, is 638 and 292, and 340 and 163, respectively. For any triangle
E €T,y or E €T, p, we compute the dimensionless aspect ratio 4,,

2l
" VAL

which represents the ratio between the aspect ratio of E, where 4, and L, are the minimum and the maximum values of the heights and

max 18 the maximum

(6.7)

length sides of E, respectively, and the ideal aspect ratio of the equilateral triangle, ‘/7§ The minimum values of A, are approximately
0.53 and 0.33 for T},  and T, p, respectively.

We perform five refinements of both T},  and T}, ;,, by halving each side. We consider two scenarios of the assigned BCs, depending
on the distribution of the boundary portions I'; and I',,, as in Fig. 2a (bottom), denoted as “case 1” and “case 2”, respectively. The
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BCs

(a) Test 1, 2D case. Top: coarse grids Tp r (left) and T} p (right) (b) Test 1, 3D case. Porous medium
and porous medium zones (the color bar indicates the zone number). zones (the color bar indicates the zone
Bottom: assigned BCs. number).

Fig. 2. Test 1, 2D and 3D cases.

BCs in case 2 is a way we implement full Dirichlet boundary condition for the velocity, assigning ¥ only at one edge in I', for the
solution to be unique.

The ICs are obtained by Eq. 6.6 by setting ¢ = 0. In Fig. 3 we plot the computed solution over the 2nd refinement grid level and
case 1 at the (dimensionless) simulation time 7 = 2.

To investigate the convergence order in space, we use a (dimensionless) time step size At = 1-10~%. The final (dimensionless)
simulation time is 7 = 6. Tables 5-8 list the L,-norms of the errors for the velocity components and pressure, as specified in (6.1),
as well as the associated convergence order r‘,’l, given by (6.2), for the two BCs cases and two grid choices. The convergence rate
r,, is approximately 2 in all tables. The values of L:"(” computed for the second BCs case are generally smaller than in the first BCs
scenario, while the opposite occurs for L‘ZI'. The errors computed over the sets of the regular grids are approximately a magnitude
order smaller than the errors obtained over the sets of the distorted grids.

We investigate the convergence order in time running our simulations over the 3rd refined grid level and using a (dimensionless)
time step size At in the range [1 S107%4 1. 10‘0']. Tables 9-12 list the computed L,-norms of the errors and the associated convergence
order rqA .- The rate ri , is approximately 1, in line with the theoretically proved first order in Theorem 3.

To illustrate the computational efficiency of the method, in Table 13 we list the CPU times (in seconds) required by the three
algorithm steps, 1) the solution of the PP for all velocity component (CPUpp), 2) the solution of the PjP (CPUp ip) and 3) the pressure
gradient update (CPUpg). We used a single Intel(R) Core(TM) i7-11800H with frequency 2.3 GHz. The most demanding operations
are the solutions of the systems of the prediction and projection problems, while the computational effort for the pressure gradient
update is approximately one magnitude order smaller. The CPU time for the PP is smaller than the CPU time for the PjP, likely due
to the storage term in (5.4b). The results in Table 13 are for the BCs case 1 with T}, , but the computational times for the other test
cases are similar. We observe small CPU times, which further illustrate the computational efficiency of the method.

In Table 14 we list the average number of iterations per time step required by the solution of the systems in the PP for the
different velocity components and in the PjP to obtain a residual (approximately) equal to the machine error 10~'°. The number of
iterations is higher for the solution of the PjP, likely due to the lack of the storage term in (5.11), as previously mentioned in the
discussion of the CPU times. The number of iterations grows very slowly, significantly less than linearly, with the DOFs, indicating
the efficiency of the preconditioned conjugate gradient solver. We have also studied the convergence order in space and time for
method 2. For sake of space, we present only the errors and rates over the set of distorted grids for the second BCs case in Tables 15,
16, observing again second order in space and first order in time. We note that the errors for the two methods are similar in this test
with smooth analytical solution. However, in Test 2 we illustrate that method 2 may produce less accurate results that method 1 for
more challenging problems.

6.1.2. 3D study
We present a 3D version of the study presented in Section 6.1.1, where Q is a spherical heterogeneous porous medium, and a
generic section is shown in Fig. 2b, with the two bulk porous regions 1 and 2, whose physical properties have the values listed in
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Table 2
Test 1, 2D case. (Dimensionless) parameters of the bulk porous regions.
zone ¢ a B k K4 K2 K2 =Ky,
1 0.597 —n/4 10 1.37 - 102 403 403 -329
2 0.7037 —n/4 10 3.72 - 102 147.9 147.9 -121
Table 3
Test 1, 2D case. (Dimensionless) parameters of the transition porous
zone.
zone Buuin 0, o5, K, K, 8&,=8
3 0.766 0.5344 5 5 550 550 -450
Table 4
Test 1, 2D case. (Dimensionless) parameters of the assigned analytical solution in
(6.5).
a b, ¢ a, b, ¢ [}
5-107% 1.5-107% -32.107% —8.107% —1.95-107% 1.95-107% T
Table 5
Test 1, 2D case, method 1. L,-norms of errors and rates in space: T}, p, BCs
case 1.
u, uy w My 'y W
ref. level / L, L, L; [ r, ry
0 5.52-107% 5.53-107% 9.25-107%
1 1.34.107% 1.47-107% 1.72 - 10702 2.04 1.91 2.42
2 3.29.107% 3.46-107% 4.14.107% 2.03 2.09 2.06
3 791-107%  8.17-107%  1.107% 2.06 2.08 2.05
4 1.88-107% 1.97 - 107% 2.57-107% 2.07 2.05 1.96
5 4.68 - 10777 4.81-107"7 6.43-107% 2.01 2.04 2
Table 6
Test 1, 2D case, method 1. L,-norms of errors and rates in space: T}, , BCs
case 2.
ref. level | LY L;’ LY r r:" Y
0 8.39.10°™ 8.05-10~™ 1.36 - 107
1 117-107%  1.16-10°%  3.1-107% 2.84 279 213
2 2.03-107% 2.14.107% 7.78 - 10793 2.53 2.44 1.99
3 4.3.107% 4.73 - 107% 1.9-107% 2.24 2.18 2.03
4 1-107% 1.1-107% 476-107% 21 2.1 2
5 24610777 25510777 1.2-107% 2.02 2.11 1.99
Table 7
Test 1, 2D case, method 1. L,-norms of errors and rates in space: T}, ,, BCs
case 1.
u, " v u "
ref. level / L, Ly Ly r, , r
0 3.07-1079 2.65-107% 34107
1 4.39.10"% 3.8.107% 7.71 1070 2.8 2.8 2.14
2 1.03- 107 8.78 - 1073 1.87 - 1072 2.09 2.113 2.04
3 23710 2.04-107% 4.51-107% 2.12 2.11 2.05
4 5.4.107% 4.94 . 107% 1.12- 1079 2.13 2.04 2.01
5 1.32- 1070 1.2-107% 2.82-107% 2.03 2.04 1.99
Table 8
Test 1, 2D case, method 1. L,-norms of errors and rates in space: T}, ,, BCs
case 2.
ref. level I Ll Ly LY e ry r
0 6.02-10°% 7.1-107% 7.11- 1070
1 8.107% 9.06 - 10-% 1.6 - 107 291 2.97 2.15
2 1.07 - 10~% 1.23-107% 4.1072 2.9 2.88 2
3 2.05-107% 2.06- 1079 9.98-107% 2.58 2.53 2
4 4.77 - 107% 4.9.107% 2481079 2.07 2.09 2.01
5 1.18 - 10706 1.17 - 107% 6.22-10"% 2.07 2.06 2
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lul
8.4e-05

Fig. 3. Test 1. Computed solution 1st refinement grid level, case 1. ¥ (left), u (right).

Table 9
Test 1, 2D case, method 1. L,-norms of errors and rates in time: 7}, z, BCs
case 1.
x uy x Hy
Ar Ly Ly Ly s Ty T
1-10°0  821-107%  841-10"  L.111-10%
1-102 82-10"* 8.31-107% 1.1-107 1 1.01 1
1-10% 7.9.107% 8.2.107% 1.03 - 10792 1.02 1 1.03
1-10% 7.91-107% 8.17-107% 1-1079 0.999 1.01 1.01
Table 10
Test 1, 2D case, method 1. L,-norms of errors and rates in time: T}, z, BCs
case 2.
x Uy x y
At Ly L, Ly o "'ar e
1-10" 441079 4.91-107% 1.91 - 10%
1-10%” 432107 4.85-10"% 1.9-10° 1.01 1.01 1
1-10% 4.3.107% 4.84-107% 1.89 - 10792 1 1 1
1-10% 4.3.107% 4.73-107% 1.9-1079 1 1.01 0.998
Table 11
Test 1, 2D case, method 1. L,-norms of errors and rates in time: T}, ,, BCs
case 1.
At Ly Ly Ly o T a
1-10°  2.4.107%2 2.11-1072  47.10%
110 2.39.107% 2.04 1079 4.56- 107! 1 1.02 1.01
1-10% 2.4-107% 2.02-10°% 4.61-10792 0.998 1 0.995
1-10% 2.37-107% 2.04-107% 4.51-107% 1.01 0.996 1.01
Table 12
Test 1, 2D case, method 1. L,-norms of errors and rates in time: T}, ,, BCs
case 2.
Ar Ly Ly Ly s e a
1-10°  223-107%2  223-10°2  9.98.10%
1-10% 2.14 1079 2.13-107% 1-10% 1.02 1.02 0.999
1-10% 2.14- 107 2.14-107% 1-107 0.999 0.998 1
1-10% 2.05-107% 2.06- 1079 9.98 1079 1.02 1.02 1
Table 13

Test 1, 2D case, method 1. CPU times in seconds for the

algorithm steps, T}, z, BCs case 1.

DOFs CPUpp CPUpp CPUpg
2628 ~0 ~0 ~0

10512 1.026-10%  58135-107%  4.316-107%
42048 4.630-107%  9.808 - 107 1.259 - 107%
168192 6.024-1072  1.12.107% 1.449 - 10702
672768 5.125-107°"  7.486-107" 6.127 - 1072
1177344  9.784-107! 1.302 - 107 1.112- 107
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Table 14

Test 1, 2D case, method 1. Average
number of conjugate gradient itera-
tions per time step for the solution
of the systems in the PP and the PjP,
T}, x> BCs case 1.

DOFs PR, PP, PjP
2628 2 2 2
10512 2 2 3
42048 2 2 5
168192 3 3 7
672768 4 4 13
1177344 6 6 19
Table 15
Test 1, 2D case, method 2. L,-norms of errors and rates in space: T}, ,, BCs
case 2.
ref. level I LY LY LY e ry ¥
0 6.26- 1070 7.91-10-% 8. 107
1 8.3-107% 1-107% 1.81- 107 291 2.98 2.14
2 132-100%  14.107% 453-1002 265 284 2
3 2.47-107% 24.107% 1.1-1072 2.42 2.54 2.04
4 5.107% 5.75-107% 2.61-107% 2.3 2.06 2.08
5 1.21-107% 1.32-107% 6.41-107% 2.05 212 2.03
Table 16
Test 1, 2D case, method 2. L,-norms of errors and rates in time: T}, p,,
BCs case 2.
u, u, y u, uy y
At LZ Lz LZP "ar "ar ’K:

- 107 2511072 2571072 11.8-10%

107 25-107% 2.52-107% 1.1-10% 1 1.01 1.03
- 10% 2.48-10-% 2.47-107% 1.1-107 1 1.01 0.998
- 10% 2.47-107% 24.107% 1.1-1072 1 1.01 1

Table 17, and a transition layer in between (zone 3) where the physical properties of the porous medium change as in (6.5), according
to the values listed in Table 18. The (dimensionless) radii of zones 1, 3, and 2 are 0.2, 0.4, and 0.6, respectively.
The assigned analytical solution is

V= (ay+bx+ axl+ay+byy+ )t +ay+ bz + c3z2) coswt, u=-KVV¥, (6.8)

with coefficients g;, b;, ¢; listed in Table 19. The maximum value of the Reynolds number is Re = M ~3.75-107%,

The domain Q is discretized by a coarse unstructured tetrahedral grid with 1181 simplices and 278 vertices. The maximum aspect
ratio, given for each simplex E € T}, by the ratio between the maximum edge length and the minimum height, is 5.35, where the
ideal value of a regular tetrahedron is ~ 1.225. Again, two scenarios of BCs have been considered: the first where the boundary faces
on I, and I'; lie to the left and right sides of the plane x = 0, respectively, and the second, where only one face is on I',. Due to
computational limitations, we perform only two grid refinements.

As in the 2D case, we study the convergence order in space for both BCs cases running simulations using a (dimensionless) time
step size At = 1 - 10704, The ICs are obtained as in Section 6.1.1. In Tables 20, 21 we list the L,-norms of the errors of the velocity
components and the pressure as well as the associated convergence order ’Z' The convergence order is higher than 2, but we expect
that it will approach 2 if more refinements were considered. For the convergence order in time, we run simulations over the 2nd
refined grid level, using a (dimensionless) time step size At in the range [1 107041 10“”]. In Tables 22, 23 we list the computed
L,-norms of the errors and the associated rates rqA .- As in the 2D case, the convergence order in time is approximately equal to 1.

Generally, all results listed in Tables 5-16 and Tables 20-23 illustrate the unconditional stability of the method in time and space,
in line with Theorems 1 and 2. As in the 2D case, in Table 24 we report the computational times for the different algorithm steps
obtained for BCs in case 1 and in Table 25 we list the average per time step number of iteration required by the solution of the systems
in the PP for the different velocity components and in the PjP to obtain a residual (approximately) equal to the machine error 10~1°).
Similar conclusions as in the 2D case hold.

6.2. Test 2: free fluid flow around a porous obstacle under different working conditions

The setting of this numerical experiment is shown in Fig. 4, where a fluid hits a porous obstacle acting as a filter. This test has
been proposed in [57] and further studied in [39,58]. The flow is driven by a left-to-right pressure drop (¥, — ¥,) = 1-107%m?/s2.
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Table 17

Test 1, 3D case. (Dimensionless) parameters of the bulk porous regions.
zone ¢ K1 R, K33 Rip =Ky, Ri5=8, K23 = K3,
1 0.597 716.94 251.70 566.57 82.24 -48.177 280.8
2 0.7037 263.75 92.6 208.43 30.25 -17.72 103.3

Table 18
Test 1, 3D case. (Dimensionless) parameters of the transition porous zone.
zone ¢y Brnin 0,  Og, Q?J ﬁg,z R;’% 'Q(l)‘z = ﬁ(z)‘l ’Q?,s = ﬁg] ﬁ(z)‘s =89,
3 0.766 0.5344 5 5 980.7 344.3 775 112.5 -65.9 384.1
Table 19

Test 1, 3D case. (Dimensionless) parameters of the assigned analytical solution in (6.5).

a b, ¢ a, b, ¢ az by c @

5100 1.5-100%  13.107%  -32.100% —8-100*  1.5-100%  -195-107®  1.95-107%  245.107%

Table 20
Test 1, 3D case, method 1. L,-norms of errors and rates in space for BCs case 1.
ref. level I Ll Ly L LY e Y e Y
0 6.43-1070 1.62 - 10702 1410792 2.4-10%
1 7.1-107% 7.83 .10 8.1-107™ 4.9.107 3.18 4.37 4.11 2.29
2 9.1-10™% 9.96 - 10-% 1.6 - 107% 8.17-10°2 2.96 2.97 2.34 2.58
Table 21

Test 1, 3D case, method 1. L,-norms of errors and rates in space for BCs case 2.

ref. level I Ll Ly Ly LY e e e r
0 6.7 - 1079 1.3.10792 1.23 10702 2.43.10%
1 7.3-107% 7.55.10"% 8.21-10~% 4.9.107" 3.2 4.11 3.91 2.31
2 9.03-107% 9.82-107% 1.5-107% 8.23-107 3.02 2.94 2.45 2.57
Table 22
Test 1, 3D case, method 1. L,-norms of errors and rates in time for BCs case 1.

Ar L;X LZ} L;: L ; rl:r rAyt r:i r Kr

S1000 1107 112-107°0  1.73-10°  7.96 - 10%

2102 954.10%  1.15-10792 17107 7.97 - 10% 1.02 099 1.01 1
S10% 0 931-10%  1.09-107%  1.65-107%  8.09-107°"  1.01  1.02 1.01  0.99
S10% 0 9.1-107% 9.96-10°"  1.6-107™ 817-1072 1,01 1.04 1.01 1

Table 23

Test 1, 3D case, method 1. L,-norms of errors and rates in time for BCs case 2.
Ar Ly Ly Ly Ly Th Ta Ta A
1-10% 9.45.107%2 1.17 1079 1.6- 107 8.28 - 10%
1-10 9.41-107% 1.16 - 10792 1.52 10702 8.289 - 10 1 1 1.02 1
1-10% 9.21-107* 1-1079 1.54 1079 8.26- 107! 1.01 1.06 0.99 1
1-10%  9.03-100%  9.82.107%  1.5.10°% 823-1002 1.01 1.01 101 1

Table 24
Test 1, 3D case, method 1. CPU times in seconds for the
algorithm steps, BCs case 1.

DOFs CPU,, CPUpp CPUpg

18896 1.836-10°2  1.676-10"2 570310~
151168 1.052-10°"  6.555-10"2  4.306- 10~
1209344  9.869-10°'  5017-107"  3.42.107"
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Table 25

Test 1, 3D case, method 1. Average num-
ber of conjugate gradient iterations per time
step for the solution of the systems in the PP
and the PjP, BCs case 1.

DOFs PP, PP PP PjP
18896 5 5 3 6
151168 4 5 3 3
1209344 3 4 3 3
0.75m
+ = =
free fluid W= (0 D) isotropic porous medium
anisatropic
o
orous
.Pi . W || c P .u
porous filter 02m “liz o ~..mediym
e =] 7
M= (0 0) 1 v ' iﬂtﬂSm 0.12m ¢
0.25m 0.25m —038m v~ v

Fig. 4. Test 2, settings of the numerical experiment. Homogeneous porous medium (left), heterogeneous porous medium (center), and zoom of the
computational grid near the interface (right).

m—z. In the free fluid region we set ¢ =1 and K = o0, i.e. & =0, and test different

The kinematic fluid viscosity is v=15-10"% =
values of ¢ and K in the porous region, with K computed as in (6.4). There is no transition region between the free fluid and porous
regions.

A channelized flow is established above the porous filter and the maximum value of the Reynolds number Re, computed according
the to maximum flow velocity in the fluid region, the depth of the fluid channel above the obstacle, and the kinematic fluid viscosity,
is Re € [0.2,0.22] and 2, 3 magnitude orders smaller in the porous block. Generally, in all the scenarios presented for this test case,
the fluid flows primarily around the porous obstacle, being upward oriented before entering the obstacle and downward oriented
after exiting it.

The computational grid T}, has 161,105 triangles and 80,991 vertices, and the grid size ranges from =~ 2.25 - 10~% m, in the bulk
fluid and porous regions, to ~ 2.82 - 10~%* m, close to the interface. The time step size is At = 4 s. The relatively large time step size
is chosen to emphasize the unconditional stability of the scheme in time relative to A. Moreover, the chosen value does not satisfy
the condition Af < 1/(2(¢L),.x) from the proof of Theorem 1, which indicates that this condition could be an artifact of the analysis.
The ICs are zero velocity and pressure in the domain. In the following we show the results at the simulation time 7 = 80 s, when the
steady state conditions are established.

In Section 6.2.1 we consider homogeneous porous filter (see Fig. 4, left) and different porous medium anisotropy conditions,
while in Section 6.2.2 we investigate how the method simulates a heterogeneous filter (see Fig. 4, center) with strong contrast of
porosity and permeability values. The computational grid is refined a priori near the filter—fluid interface in order to resolve better
the variation of the solution due to the discontinuity in the physical parameters (see Fig. 4, right).

6.2.1. Homogeneous porous medium

The porosity in the porous filter is ¢ = 0.4, while the permeability K is computed as in (6.4). Fig. 5 shows the velocity and pressure
fields computed for method 1, setting k = 1 - 107% m?, g = 100, and a = +x/4. Due to the anisotropy effects in the porous filter, the
flow, oriented according to the principal direction of the permeability tensor, exits or enters at the top horizontal side, if « = —z/4
or a = /4, respectively. The pressure profiles are also aligned with the principal direction of the permeability tensor. The pressure
exhibits very slight discontinuity across the top horizontal interface. In the case of a = —z /4, the flow inside the filter is upward
oriented. The opposite flow directions inside and outside the filter along the right interface create small vortices at the bottom of that
interface. In the case of « = /4, the flow inside the filter is downward oriented. The opposite flow directions outside and inside the
filter along the left interface create small vortices at the bottom of that interface. We obtained very similar results using smaller time
step sizes At, not shown here for brevity. A very good agreement is observed with the results provided in [58, Fig. 5] and [39, Fig. 18].
In [58] the authors apply a two-domain approach (TDA), coupling the Navier-Stokes equations (for compressible fluid) in the fluid
region with the Darcy equation in the porous domain via the Beavers—Joseph-Saffman slip condition [59], as well as conservation of
mass and momentum, at the interface. They adopt a staggered-grid finite volume method for the Navier-Stokes equations and MPFA
for Darcy flow, using uniform square grids grid with size 5-10-% m. In [39], a one-domain approach (ODA) with a transition layer
is used to solve the Navier-Stokes-Brinkman equations for an incompressible fluid using a three-step predictor-corrector method.
A finite volume method is applied for the predictor step, accounting for the inertial terms of the momentum equation, and two
corrections are then performed to update the viscous and gradient pressure terms using a mass-lumped mixed hybrid finite element
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Fig. 5. Test 2, homogeneous porous medium, k = 1 - 107, § = 100. Computed velocity (top) and pressure (bottom) with method 1. Left: « = —z/4,
right: « = /4.
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Fig. 6. Test 2, homogeneous porous medium, k = 1 - 10-%, g = 100. Computed velocity with method 1 (top) and method 2 (bottom). Left: « = —z/4,
right: a = 7 /4.

scheme with RT;, basis functions. An unstructured triangular grid is used with mesh size ranging from 5 - 107 m in the bulk fluid
and porous regions to 1- 10~ m in the transition layer. More details can be found in [39,58].

In Fig. 6 we compare the velocity fields computed with method 1 (top) and method 2 (bottom). We observe irregular and non-
physical vortical structures with method 2. We also ran a simulation using method 2 with Ar = 0.2 s, obtaining results very similar to
these on the top row of Fig. 6 produced with method 1 and Ar = 4 s. These results illustrate that, while method 2 is convergent, it may
exhibit non-physical behavior for large time steps and requires smaller time steps than method 1 to produce an accurate solution.
This is consistent with the fact that method 2 does not include the permeability correction term in the PjP and the pressure gradient
update, cf. (4.15)-(4.16), which results in additional time-splitting error.

In Fig. 7 we show the results obtained by method 1 in the case of a strong vertical anisotropy, with a =0, k = 1 - 107% m? and
p = 1000, in which case the horizontal permeability is three orders of magnitude smaller than the vertical permeability. The fluid
enters the filter primarily from the left side, mostly vertically upward oriented, concentrated in very thin stripe along the porous
block boundary, see Fig. 7 (top-left, top-right, and bottom-tight). This generates there a pressure gradient downward oriented, which
explains the local minimum in the pressure field close to the left upper corner, see Fig. 7 (bottom-left and top-right). Due to the
high vertical permeability and the local pressure minimum, part of the channelized flow enters the porous medium from the top,
downward oriented, close to the left upper corner, with velocity magnitude 2-3 magnitude orders smaller than in the region along
to the left boundary, see Fig. 7 (bottom-right). The opposite occurs close to the right boundary of the filter. A small amount of the
flow exits at the top near the upper right corner, upward oriented, while most of the flow exits on the right side, downward oriented,
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Fig. 7. Test 2, homogeneous porous medium, k = 1 - 10-%, « = 0, # = 1000. Computed velocity (top-left) and pressure (bottom-left) with method
1. Zooms of the velocity vectors and pressure field close to the left side of the filter (top-right) and close to the upper left corner of the filter
(bottom-right).

concentrated in a thin stripe along the right boundary. The flow generates a strong pressure gradient upward oriented, which explains
the local maximum in the pressure field close to the right upper corner. In the interior of the filter the flow is mostly horizontal,
but its magnitude is much smaller compared to the flow along the vertical boundaries. The sharp change of the velocity field in
the horizontal direction results in a pressure jump across the vertical boundaries, which is clearly evident in Fig. 7 (top-right). This
behavior is consistent with the balance of force interface condition in the two-domain Stokes—-Darcy model. The pressure contour lines
are vertically oriented and aligned with the anisotropy direction. We obtained very similar results using smaller time step sizes Az, not
shown here for brevity. This example illustrates the ability of the method to produce a physically accurate solution in a challenging
setting with strong permeability anisotropy and complex flow behavior.

In Fig. 8 we compare the velocity fields in the case of the strong vertical anisotropy, (k = 1 - 107% m2, @ = 0, # = 1000), computed
by method 1 (top, left) and method 2 (bottom, left), using At = 2 s in method 2. While the general flow behavior is similar with
both methods, we observe non-physical circular patterns in the velocity field computed with method 2. The zoom in of the pressure
gradient and velocity vectors in Fig. 8 (right) show that, while the pressure gradients in method 2 are aligned with the permeability
anisotropy, the velocity vectors are not. We note that the solution obtained with method 2 using smaller time step of size Ar = 0.01 s
resembles the one obtained with method 1 using At =4 s.

6.2.2. Heterogeneous porous medium

We investigate the capabilities of the proposed scheme to simulate flows in porous medium with strong contrast of the porosity
and permeability tensor coefficients. We consider a porous filter composed by an outer isotropic region (¢ = 0.7, a =0, f=1, k =
1-107%), with an inner anisotropic area Q,, = (0.32,0.385) x (0.5,0.12), see Fig. 4 (right). In Q,, we set ¢ =04, a =x/4, =100
and k =1-10% m?, resulting in a jump in the values of the porosity and permeability tensor coefficients across its boundary.
In Fig. 9 we show the velocity and pressure fields computed by method 1. The solver properly simulates the physical process:
the velocity streamlines and the pressure contour lines deviate where the flow encounters the inner anisotropic region. We also
compare in Fig. 10 the velocity fields computed with method 1 (top) and method 2 (bottom). While method 2 produces a similar
velocity field in the isotropic porous region, in the anisotropic region we observe some non-physical streamlines deviations and vorti-
cities.

In Table 26 we report the average per time step number of conjugate gradient iterations required for the solution of the velocity
components in the PP and the PjP for the cases in Section 6.2.1 (homogeneous anisotropy with angle « = —Z and « = 0), and in
Section 6.2.2 (heterogeneous anisotropy). We observe that the anisotropy ratio and the heterogeneity of the porous medium do not
affect the number iterations.

6.3. Test 3: interaction of a free fluid with a porous region with a steps-like interface

The setting of this test, presented in [60], is shown in Fig. 11 (left). A polygonal interface with three steps divides the (dimen-
sionless) computational domain Q = (0,2) X (0,2) in a fluid and a porous region. The Dirichlet boundary I'; consists of the top and

T
right sides of Q, with no-slip BCs on the top side and (dimensionless) Poiseuille velocity profile u = (%’(y -2), 0) on the right side.
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Fig. 8. Test 2, homogeneous porous medium, k = 1 - 10~%, @ = 0, § = 1000. Left: computed velocity field with method 1 (top) and method 2 (bottom).
Right: zoom in of the pressure gradient (gray) and velocity (blue) vectors computed with method 1 (top) and method 2 (bottom). (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 9. Test 2, heterogeneous porous medium. Computed velocity (left) and pressure (right) with method 1.
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Fig. 10. Test 2, heterogeneous porous medium. Velocity field computed with method 1 (top) and method 2 (bottom).
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Table 26
Test 2, method 1. Average number of iterations per time step for the solution of the
systems in the PP and the PjP.

case DOFs PP, PP, PjP
homogeneous anisotropy a = —z /4 (Section 6.2.1) 483,315 4 4 27
homogeneous anisotropy a = 0 (Section 6.2.1) 483,315 4 5 28
heterogeneous anisotropy (Section 6.2.2) 483,315 6 5 27
(0,2) u=(0,0) 12,2)
fluid region
L,=0 u
Y
4
porous region | — 1Ty
50.5 e l"n
L
(0.,0) L, =0 (2,0)

Fig. 11. Test 3, settings of the numerical experiments (left) and computational grid (right).

On the rest of the boundary we set £, = 0. The ICs are zero velocity and pressure. The (dimensionless) kinematic viscosity is v = 1.
The medium is assumed to be isotropic with porosity and inverse permeability defined in (6.5). The porosity parameters are ¢, = 1
and ¢,,;, = 0.4. Two (dimensionless) values of the inverse of the permeability coefficient are considered, S%O = 100 and S%O = 10, 000,
i =1,2. According to [60], we set 6,, = B.Q =100 in the transition zone between the fluid and porous reglon The Reynolds number
in the fluid region, based on the maximum' 1ncom1ng velocity from the right side and the domain length side, is Re = 1. In the porous
region the maximum value of the Reynolds number is Re ~ 0.24 if &;; = 100 and Re ~ 0.0132 if &;; = 10,000. We adopt a relatively
coarse grid with (dimensionless) size ranging from 0.065 in the bulk fluid and porous regions to 0.02 in the transition region. The
grid has 6421 triangles and 3281 vertices, see Fig. 11 (right), similar to the one used in [60]. The computational grid is refined a
priori close to the interface between the fluid region and the porous medium in order to capture the strong variation of the porosity
and permeability according to (6.5).

In Figs. 12 and 13 we plot the computed (dimensionless) velocity components and the (dimensionless) kinematic pressure fields
with the velocity vectors. The flow enters the domain from the right vertical side. Due to the polygonal porous medium, the flow is
partly channelized in the upper fluid region and partly leaves from the bottom side near the right corner, oriented downward. The
velocity components are in very good agreement with the results in [60] (see Figs. 7 and 9 of the referred paper), where the authors
solve the Brinkman equations in the framework of a ODA using Taylor-Hood finite elements. In the case of smaller permeability
of the porous medium (&;; = 10000), the flux leaving the domain downward oriented close to the right bottom step increases, see
Fig. 13 (center), which explains the local increment of the pressure seen in Fig. 13 (right). We also observe higher deviations of
the velocity vectors close to the interface with some vorticities. In Fig. 14 we compare the profiles of u, at x = 0.5 in the case of
K,;; = 10,000 computed by the present solver over the coarse grid (as detailed before), a much finer one (size ranging from 0.03 to
0.0075, with 30,126 triangles and 15,227 vertices) and the output obtained in [60] (see Fig. 11 in the referred paper). No evidence
of any significant grid size effect is detected in the outputs of the present solver. The u, profile provided in [60] is slightly shifted
down, with a small underestimation of the peak value.

6.4. Test 4: study of an intracranial aneurysm (ICA) with an aneurysmatic sac filled by a porous medium

The last test is a “show-case” application, where a porous medium fills the sac of an intracranial aneurysm (ICA). ICAs are
dilatation of the arterial walls, generally formed in the circle of Willis, which may easily rupture, with consequent serious brain
damages, hemorrhages, and high risk of mortality. During the last decade, a technology based on the use of porous media like shape
memory polymer foams has been proposed as a novel endovascular ICA treatment, see, e.g., [61] and references therein. The shape
memory property allows the polymers to be compressed into a catheter embedded into the ICA’s cavity, so that they expand via
recovery activation, occupying the initial programmed ICA geometry, occluding the aneurysm cavity, and recovering the original
cerebral parent vessel shape. This leads to a strong reduction of the blood circulation in the aneurysm cavity and stress on the
internal walls of the sac. Clinical advantages have emerged over surgical treatments and the more traditional coiling techniques, the
latter often involving a partial filling of the sac by the porous foam [61].

We consider a real patient-specific geometry case-id “C0075” (patient-id “P0235”) of the open-source web repository “Aneurisk”
[62], see the computational domain in Fig. 15, left. The volume of the aneurysmatic sac is approximately 1180 mm?, one of the largest
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Fig. 12. Test 3, computed u, (left), u, (middle), and ¥ and velocity vectors (right) with &, = 100.
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Fig. 13. Test 3, computed u, (left), u, (middle), and ¥ and velocity vectors (right) with &;; = 10000.
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Fig. 14. Test 3, profiles of u,, &;; = 10000. Nomenclature. “coarse grid” and “fine grid”: results of the present numerical method; “Ref.”: results
provided in [60].

Table 27

Test 4, parameters of the porous medium within the aneurysmatic sac.
Diax Puin 0, gﬁu R(l),l ﬁg,z ﬁg,s ﬁ?,z = R(Z),l ﬁ?,s = ﬁg,l Rgﬁ = ﬁg,z
1 0.85 12,000 12,000 670 670 67,000 0 0 0

values in the web repository, and the diameter of the parent vessels is in the range [1.7 - 107%%,3.4 - 10~%%] m. The computational grid
has been created by the open-source VMTK toolkit [63] and Netgen [55], with 42,915 vertices and 176,102 tetrahedra with maximum
aspect ratio 6.5. This application is presented to show the capability of the method to handle unsteady flows in very irregular
domains.

We consider three scenarios, depending on the filling ratio of the aneurysmatic sac F,, i.e., the ratio between the volume occupied
by the porous medium and the total volume of the sac. The first two cases are shown in Fig. 15 (center and right) corresponding to
F, ~ 1 and F, ~ 0.61, respectively, while in the third scenario no porous medium fills the sac, i.e., F, = 0. The flow is generated by
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Fig. 15. Test 4, computational domain and settings for the numerical runs (left), ¢ values for F, ~ 1 (center) and ¢ values for F, ~ 0.61 (right).

Fig. 16. Test 4, computed results with F, ~ 1. Left: pressure (m?/s?), right: velocity (m/s). Top row: t = T, /4, bottom row: ¢ = 3T, /4.

an unsteady periodic pressure difference A¥(t) = 1 - 10~9 sin(2z1) between the ends of the parent vessels, as shown in Fig. 15 (left).
We set zero velocity (no slip BCs) on the lateral vessel walls (Fig. 15). The ICs are zero velocity and pressure. The porous medium
in the sac is homogeneous and anisotropic. The porosity ¢ and the inverse permeability & are computed as in (6.4) with parameters
given in Table 27. The permeability coefficient along the z direction is two orders of magnitude smaller than along the other two

directions.

We compute the hemodynamic forces on the internal wall of the ICA and on the porous medium filling the sac. The total forces

on the ICA wall is computed as

Nyp
Fw = Fw,‘{‘ + Fw,v = Z (fw,‘l‘,i + fw,v,i)’

i=1
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Fig. 17. Test 4, computed results with F, ~ 1. Left: F,,, center: F,, , right: F,, . Top row: t = T, /4, bottom row: 1 = 3T, /4 (results in m*/s?).

wys

where the summation is over the triangles discretizing the ICA wall and f,, y; and f,, , ; are the pressure and viscous forces, respectively,
acting on the i-th boundary triangle, 1 <i < N, computed as

fowi = & ¥imlel, f,f,(f,z) = VV“ZUZ) “mylel.
Here |e,| is the surface of interface i, ¢, is the porosity computed in the center of mass of the interface, ¥, is the intrinsic kinematic
pressure computed in the center of mass of i according to the P, pressure distribution within the tetrahedron sharing the boundary
interface, and n; is the outward unit normal vector to the interface. f;(ff) are the components of the viscous force f,,,;, where
the velocity components gradients are obtained according to the linear variation of the velocity components within the tetrahedron
sharing the boundary face.
The force on the porous medium within the aneurysmatic sac is computed as

Nt pm Nt pm d+1

Fpn = Z Bomi = Z z¢ij“/w/|Ei|’
i=1

=l j=I

where the summation on i is over the tetrahedra used to discretize the porous domain and f,,,; is the force on the i-th element,
computed by the Gaussian numerical integration. The summation on j is over the d + 1 Gaussian integration points within the
i-th simplex with volume |E;|, L; and u; are the quantities computed at the j-th integration point, and w; is the quadrature
weight.

In Fig. 16 we plot, for the case of F, ~ 1, the pressure and velocity fields at the simulation times 7},/4 and 37, /4 (where T, is the
oscillation period), corresponding to the maximum positive and negative pressure differences A¥. The maximum Reynolds number
in the vessel, computed according to the maximum velocity vector magnitude |u| and the diameter of the parent vessel, is Re ~ 0.3.
The maximum Reynolds number in the porous region is 2-3 orders of magnitude smaller. The velocity vectors are consistent with
the pressure difference assigned at the boundary. Fig. 17 shows the computed pressure and viscous forces acting on the ICA wall
(left and middle columns) and the forces acting on the porous medium within the sac (right column). The magnitudes of F,,, and
F,, are approximately 2 and 4 orders of magnitude smaller than the pressure forces F, y, respectively. As expected, F,, is oriented
according to the velocity within the porous medium, depending on the boundary assigned pressure differences. We further show in
Fig. 18 the differences in F,,y computed in the case F, ~ 1 with the cases F, ~ 0.61 and F, = 0. As expected, the magnitude of F,,
is smaller where the porous medium is in contact with the aneurysmatic wall.
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Fig. 18. Test 4, computed difference in F,, , between the cases F, ~ 1 and F, ~ 0.61 (left) and between the cases F, ~ 1 and F, = 0 (right). Top row:
t = T, /4, bottom row: t = 3T, /4 (results in m*/s?).

7. Conclusions

We have presented H (div)-conforming projection-based mixed finite element methods for the solution of the unsteady Brinkman
problem. At each time step the methods require the solution of a mixed stress-velocity predictor problem for the viscous effects and a
mixed velocity-pressure projection problem to account for the fluid incompressibility. The methods produce a pointwise divergence-
free velocity and are robust in both the Stokes and the Darcy regimes. Unconditional stability of the fully discretized algorithm and
first order in time accuracy have been established. In the second part of the paper, we proposed a specific method based on the
MFMFE methodology on simplicial grids in 2D and 3D. We use the RT; mixed finite element pair along with an inexact numerical
quadrature rule to obtain mass lumping and local elimination of the viscous stress and velocity in the prediction and projection
problem, respectively. This results in symmetric and positive definite algebraic systems with only d + 1 unknowns per element,
efficiently solved by the preconditioned conjugate gradient method. The computed pressure and velocity are second order accurate in
space. The numerical tests provided in this paper illustrate the efficiency and accuracy of the scheme for different benchmark problems,
including challenging applications with highly irregular geometry and heterogeneous porous media with strong discontinuities of the
porosity and permeability values. Furthermore, we show that the method is robust in both the Stokes and Darcy regimes and provides
an efficient, accurate, and robust ODA alternative for modeling coupled free fluid and porous media flows. Directions for possible
future work include development of a posteriori error estimation and adaptive mesh refinement as well as incorporating a Navier—
Stokes advection term in regions with small fluid viscosity.
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Appendix A. Pressure robustness

Here we present an example to illustrate the stability of the method with small values of the viscosity v and large pressure gradients.
We note that in such regime the Reynolds number may be large and one may need to include a Navier-Stokes (advective) inertial
term in the model problem. We consider the lid-driven test-case in a square porous cavity with unitary side length L, see Fig. A.1. The
computational grid has 11,562 vertices and 22,730 triangles. The time step size is 1 s and the porous medium is assumed isotropic,
with permeability coefficient K = 1 - 10% m? and porosity ¢ = 0.4. The viscosity v is taken in the range [1 - 107%%, 1] m?/s, such that
the Reynolds number Re = % is in the range [1-10%, 1] (u, is the horizontal velocity of the upper lid). The initial conditions are
zero velocity and pressure.

The computed surface averaged velocity streamlines intrinsic averaged kinematic pressure at the final time 7" = 3000 s are shown
in Fig. A.2. As expected, as Re increases (v decreases), the center of the main vortex moves down, the size of the vortices at the left
and right bottom corners increases, and the pressure gradient along the upper lid increases. From a qualitative point of view, our
velocity results are in agreement, for example, with the ones presented in [64, Figure 5], where the viscosity v is kept constant and
the permeability K is varied. The computed solution does not exhibit any numerical instabilities as v — 0, illustrating the pressure
robustness of the method.

u= (1,0
Isotropic porous
medium
u=(0,07 u=(0,0)"
¥Y=0 u=(0,0)7

Fig. A.1. Lid-driven cavity test, settings and assigned BCs.
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Fig. A.2. Lid-driven cavity test, surface averaged velocity streamlines (left), intrinsic averaged kinematic pressure (right).
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Fig. A.2. (Continued) Lid-driven cavity test, surface averaged velocity streamlines (left), intrinsic averaged kinematic pressure (right).
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