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SINGULAR NEUMANN (p, q)-EQUATIONS

NIKOLAOS S. PAPAGEORGIOU!, CALOGERO VETRO?, FRANCESCA VETRO?

ABSTRACT. We consider a nonlinear parametric Neumann problem driven by the sum of a p-
Laplacian and of a g-Laplacian and exhibiting in the reaction the competing effects of a singular
term and of a resonant term. Using variational methods together with suitable truncation and
comparison techniques, we show that for small values of the parameter the problem has at least
two positive smooth solutions.

1. INTRODUCTION

Let Q C RY be a bounded domain with a C2-boundary 9. In this paper we study the following
parametric Neumann (p, ¢)-equation:

—Apu(z) — Agu(z) + E(2)u(2)P~! = du(2)™ + f(z,u(z)) in Q,

P
(B 8_u:O on 0F), wu>0.
on

For r € (1,+00) by A, we denote the r-Laplace differential operator defined by
Ayu = div(|[Vu|"">Vu) for all u € W (Q).

In problem (Py) we have 1 < ¢ < p < 400, £ € L>(Q2) with £(z) > 0 for a.a. z € Q. In the
reaction (right hand side), A > 0 is a parameter and Au~" is a singular term with 0 < v < 1. The
perturbation f(z,z) is a Carathéodory function (that is, for all x € R, z — f(z,x) is measurable
and for a.a. z € Q, v — f(z,x) is continuous) and we assume that f(z,-) exhibits (p — 1)-linear

A~

growth near 400 and it can be resonant with respect to the principal eigenvalue A; > 0 of the
differential operator u — —Ayu + £(2)uP~! with Neumann boundary condition. So, the reaction
of problem (P)) exhibits the competing effects of singular and resonant terms. In the boundary

N
condition n denotes the outward normal derivative of w.
n
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We look for positive solutions. Using variational tools based on the critical point theory, together
with truncation, perturbation and comparison techniques, we show that for A > 0 small, problem
(Py) has at least two positive smooth solutions.

Singular problems were studied primarily in the context of Dirichlet equations, driven by the
Laplacian or p-Laplacian. In this direction we mention the works of Gasiriski-Papageorgiou [5],
Giacomoni-Schindler-Taka¢ [6], Hirano-Saccon-Shioji [7], Kyritsi-Papageorgiou [8], Lair-Shaker
[9], Papageorgiou-Radulescu [14], Papageorgiou-Radulescu-Repovs [17], Papageorgiou-Smyrlis [18],
Perera-Zhang [20], Sun-Wu-Long [22]. To the best of our knowledge there are no papers dealing
with singular (p, ¢)-equations. We mention that (p, ¢)-equations arise in problems of mathematical
physics (see Cherfils-II yasov [3]) and recently attracted considerable interest. We mention the
survey paper of Marano-Mosconi [11] and the recent work of Papageorgiou-Vetro [19] for equations
with variable exponents. The interested reader can find additional references in them.

2. MATHEMATICAL BACKGROUND, HYPOTHESES, AUXILIARY RESULTS

Let X be a Banach space and X* its topological dual. By (-,) we denote the duality brackets
for the pair (X*, X). Given ¢ € C'(X,R), we say that ¢ satisfies the “Cerami condition” (the
“C-condition” for short), if it has the following property:

“Every sequence {uy, },>1 € X such that {¢(u,)},>1 C R is bounded and (1 + ||u,||)¢’ (u,) — 0
in X* as n — +00, admits a strongly convergent subsequence”.

This is a compactness-type condition on the functional ¢(-) which compensates for the fact that
the ambient space X need not be locally compact (being in general infinite dimensional). Using
this condition one can prove a deformation theorem from which follows the minimax theory of
the critical values of ¢. One of the main results of this theory is the “mountain pass theorem” of
Ambrosetti-Rabinowitz [2].

Theorem 1. If ¢ € CYX,R) satisfies the C-condition, ug,u; € X, 0 < p < |lus — wol|,

max{p(up), p(u1)} < inf{p(u) : |[[u — w| = p} = m, and ¢ = inf, cp maxo<i<1 (7(t)) with
I'={yeC(0,1], X) : v(0) = ug, (1) = w1 }, then ¢ > m, and c is a critical value of ¢ (that is,
there exists u € X such that (u) = ¢, ¢'(u) =0).

The Sobolev space W'P(Q) and the Banach space C'!(2) are the main spaces in the analysis of
problem (Py). By || - || we denote the norm of W1?(Q) given by

lull =[]z + | Vul2]"? for all u € WP(5).
The Banach space C*(Q) is an ordered Banach space with positive (order) cone given by
Ci={ueC Q) : u(z) >0 for all z € Q}.
This cone has a nonempty interior given by
Dy ={ueCy :u(z)>0forall z € Q}.

In fact D, is also the interior of C;, when C'*(€) is furnished with the relative C'(Q)-norm topology.
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For any r € (1,400), let A, : W' (Q) — W (Q)* be the nonlinear map defined by
(Ar(u), h) = / |Vu|""2(Vu, Vh)gndz  for all u,h € W ().
Q

From Motreanu-Motreanu-Papageorgiou [13] (p. 40), we have:

Proposition 1. The map A, : W' (Q) — WL (Q)* is bounded (that is, maps bounded sets to
bounded sets), continuous, strictly monotone (hence mazximal monotone too) and of type (S)+
(that is, if u, — u in WL (Q) and limsup(A,(u,), u, —u) <0, then u, — u in WL (Q)).

n—-+4o00

We impose the following conditions on the potential function:

H(&): £ € L™(), {(z) > 0 for a.a. z €  and the inequality is strict on a set of positive measure.

Lemma 1. If hypothesis H() holds, then there exists co > 0 such that
collull? < ||Vullh + / E(2)|ulPdz = py(u)  for all u € WHP(Q).
Q

Consider the following nonlinear Neumann eigenvalue problem:

—Ayu(z) + E(2)u(2)[P2u(z) = Mu(2)[P2u(z) in Q,
(1) ou

— =0 on JN.
From Motreanu-Motreanu-Papageorgiou [13], we know that this problem has a smallest eigen-
value A (p) which has the following properties:

. Xl( ) is isolated (that is, if o(p) denotes the spectrum of (1), then there exists € > 0 such
that (A (p), M (p) + ) N 3(p) = 0).
o )\1( ) is simple (that is, if u, ¥ are eigenfunctions corresponding to )\1( ) then ©w = 0v with

04 0).

(2) (p) :inf{upwp) cu € WHP(Q), u7é0}

[ullp

On account of Lemma 1 and (2), we have that N (p) > 0. The above properties imply that
the elements of the eigenspace corresponding to A (p) do not change sign and belong to C*(€)
(nonlinear regularity theory, see for example, Gasinski-Papageorgiou [4] (pp. 737-738)). By u(1, p)
we denote the non-negative, LP-normalized (that is, |[u(1, p)||, = 1) eigenfunction corresponding to
X (p) > 0. We know that (1, p) € C, and in fact from the nonlinear maximum principle (see, for
example, Gasitiski-Papageorgiou [4] (p. 738)), we have that u(1,p) € Dy. The infimum in (2) is
realized at (1, p). Every other eigenfunction @ € C'() corresponding to an eigenvalue X £ Al(p),
is nodal (that is, u is sign changing).
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We will also use a weighted version of the eigenvalue problem (1). So, let m € L*>®(Q2), m(z) > 0
for a.a. z € 0, m # 0. We consider the following nonlinear eigenvalue problem:

—A pu(2) + E(2)u(z)[P2u(z) = Am(z)|u(z)P2ul(z) in Q,

8n =0 on 0.

This problem too has a smallest eigenvalue Xl (p,m) > 0 which is isolated, simple and admits
the following variational characterization

(3) M (p,m) = inf % u€ Wh(Q), u#0|.
Q

Also the corresponding positive LP-normalized eigenfunction u (p, m) belongs in D, and realizes
the infimum in (3). These properties and (3) lead to the following strict monotonicity property
for the map m — A\ (p, m).

Proposition 2. If my,my € L®(Q2), 0 < my(2) < ma(2) for a.a. z € Q and both inequalities are
strict on sets of positive measure, then Ai(p,ma) < A1(p,m1).
For z € R, we set ¥ = max{+x,0}. Then for u € WP(Q) we define u*(-) = u(-)*. We know
that
ut e WH(Q), u=u"—u", |ul=u"+u".
By | - | ¥ we denote the Lebesgue measure on RY. Given u,v € WP(Q) with u < v, we set
={y e W"(Q) :u(z) <y(z) <v(z) foraa. z€Q}.
By intei g [u, v] we denote the interior in the C* (Q)-norm topology of the set [u,v] N C*(Q).
Also, [u) = {y € WP(Q) : u(z) <y(z) foraa. ze€Q}.
The hypotheses on the perturbation term f(z,x) are the following:
H(f): f: QxR — Ris a Carathéodory function such that f(z,0) =0 for a.a. z € {2 and
(i) for every p > 0, there exists a, € L*>°(£2) such that
|f(z, x)]<ap( ) foraa. z€Q, all 0 <x < p;

(i) M(p) < liminf, 4o & [z f(z.)
(iid) if F(z,2) = [ (z,s)ds then
f(z,2)r — pF(z, )
x4
(iv) there exists w € D, such that

< ¢p uniformly for a.a. z € Q;

— —oo uniformly for a.a. z € ) as z — 4o00;

/ 1 1
Ay(w) + Ay(w) > 01in WP(Q)*,  Ajw+ Aw € LP (Q) (; + o 1) :
w(z)7+ f(z,w(z)) < —c, <0 for a.a. z € ()
(v) if my, = mingw > 0 (recall w € Dy, see (iv)), then there exists dy € (0,m,,) such that

0<cm < flz,x) foraa. z€Q all0<m <z < dy;
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(vi) for every p > 0, there exists Ep > 0 such that for a.a. z € Q the function z — f(z, x)—i-gpxp_l
is nondecreasing on [0, p].

Remark 1. Since we are interested on positive solutions and the above hypotheses concern the
positive semiaxis Ry = [0, +00), without any loss of generality we may assume that

f(z,z) =0 foraa. z€Q, allz <0.

Hypotheses H(f) (i7) allows for resonance to occur with respect to the principal eigenvalue M (p) >
0. We shall see in the process of the proof that hypothesis H(f) (éii) implies that this resonance

occurs from the right of A; (p) > 0 in the sense that

Xl(p)i’fp — pF(z,2) - —oo uniformly for a.a z € , as © — +o0.

This implies that the energy functional of the problem is indefinite and so the direct method of
the calculus of variations can not be used directly on the energy functional of (P,). In hypothesis
H(f) (iv), Ay(w) + A (w) >0 in WHP()* means that

(Ay(w) + Ay (w),h) >0 for all h € W'P(Q), h > 0.
If there exists 17 > 0 such that
n 7+ f(z,n) < —c<0 foraa. ze€Q,

then hypothesis H(f) (iv) is satisfied. Hypothesis H(f) (vi) is satisfied, if for example, for a.a.
z € Q f(z,-) is differentiable on (0,400) and for every p > 0 there exists @, > 0 such that

fi(z,x)x > —apxp_l for a.a. z€ Q all 0 <z < p.

Example 1. The following function satisfies hypotheses H(f). For the sake of simplicity we drop
the z-dependence:

fz) =

a7l — 201 ifo0<z <1,
Mp)zPt+ 257t — (\(p)+2) ifl<ux,

with l <7 <s<p, 7<6.

3. A PURELY SINGULAR PROBLEM

In this section we deal with the following purely singular Neumann (p, ¢)-equation:

—Aju(z) = Agu(z) + £(2)u(z)P™t = Mu(z)™ in Q,
(Auy) ou
— =0 ond, u>0, 0<~v<I.
on
Proposition 3. If hypotheses H (&) holds and A > 0, then problem (Auy) admits a unique positive

solution uy € Dy, A — 1y is nondecreasing and |[ux||cr @) — 0 as A — 07



6 NIKOLAOS S. PAPAGEORGIOU!, CALOGERO VETRO?, FRANCESCA VETRO?

Proof. Recall that p, : W'(Q2) — R is the C'-functional defined by

pp(u) = HVuH§+/§(z)|u\pdz for all u € W'(Q)
Q
(see Lemma 1). Given & > 0, we consider the C''-functional ws . WLP(Q) — R defined by

wa>—#m> 4NWL~——/

Using Lemma 1, we have

v = alul? - 2 [

= 95(+) is coercive.

+5 T dz for all u € WHr(Q).

"dz— Ac; for some ¢; > 0, all u € wWhr(Q),

Also using the Sobolev embedding theorem, we see that ¢5(-) is sequentially weakly lower
semicontinuous. So, by the Weierstrass-Tonelli theorem, we can find u5 € W'?(Q) such that

(4) Y(u5) = inf [¥5(u) 1w € WH(Q)].
Let r € (0,1). Then

P PV
S(r) < T_CQ — 17“ |Q|y  for some ¢y > 0
p —
P A
< T—CQ—F [&TTW —7”1_7} |Q|N
p L=~

For r > 2¢Y/?P we have

Since r € (0,1) and 0 <1 —7 < 1 < p, we can find o € (0,1) small such that

D 1— 1—y

o AT 1

—Cy — 1—1(= Q 0.

p” 1—7[ (2) ol <

To\P
Therefore for ¢ € <0, <5> > we have
A 1-
Vi) < U5(0) = 7<= ol
= YX(us) < ¥3(0) (see (4)),

= u5 #0.
From (4) we have

(¥3)'(u3) = 0,
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S (A (), )+ (Ag(u), h) + / £(2) |5 P2 bz
_ 1—(~v+p)
(5) :/\/ (W) [((w)") +e] # hdz forall h e WHP(Q).
Q

In (5) we choose h = —(u5)~ € W'?(Q). Then
pp((u3)™) + IV (W3) [l = 0,
= col|(u5)"|IP <0 (see Lemma 1),
= u5 >0, u§#0.

From (5) it follows that

C A5 (2) — A (2) + E()us ()P = Mis ()P s () e b
(6) for a.a. z € €,

8ui =0 on 0f

on ’

(see Papageorgiou-Radulescu [15]). From (6) and Papageorgiou-Radulescu [16], we have u§ €
L>(€2). Then the nonlinear regularity theory of Lieberman [10] implies that u§ € C. \ {0}.
From (6) we have

A5 (2) + Agus(2) < ||€]loots(2)P71 for aa. 2 € Q.
Then the strong maximum principle of Pucci-Serrin [21] (pp. 111, 120), implies that u§ € D5..
Claim: For every A > 0, the set {uf\}ge(()’(%o)p) C WhP(Q) is bounded.
Arguing by contradiction, suppose that the Claim is not true. Then we can find {g,},>1 C

(0,(%2)") and {u} = ui"}n>1 C Dy such that

(7) |luy]] = 400 as n — +oo.
We set yy = u—i, n € N. Then
[[uxl
(8) lyX]| =1 and gy >0 for all n € N.

From (5) we have
n 1 n nAp— n 1—(v+p)
) (03 + T AR 1) = 3 [ P (0 + 2] =5
A

for all h € W'P(Q), all n € N. In (9) we choose h =y} € W'?(Q) and obtain

1 n
(10) tp(YN) + | [Vyrlld = / = (3)" ———rdz foralln € N.
0

g P
From the first part of the proof we know

pYi(uy) <0 foralln €N,
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A M4, T
(1) = ) + — ||Vl — 1_1’7/9[(“9 Tel T 0 forallnen.

qllux|P=a [ 7
From (10) and (11) and since g < p, we obtain
1—v
n\p n\p “p
0< / (v3) <P / [(uf) ten] ap
Q [(up)P +e,] » L =7 Ja [[uX[[?
1777
n\1l—y P
< b / (u) n+ 4z 0 asn— +oo (see (7)).
L=yJo  [lu}lP

We return to (10) and use this last convergence together with (7) and the fact that ¢ < p. We
obtain

pp(yy) — 0 as n — +o0,
= yb — 0in WH(Q) asn — +oo (see Lemma 1).

This contradicts (8). So, we have proved the Claim.

Next we consider a sequence {,},>1 C (0, (%O)p) such that £, — 07. On account of the Claim,
we may assume that

(12) uf = uir =y in WHP(Q)  and  u} = uSt — Uy in LP(Q).
From (5) with h = u} € WP(Q), we have
n " A(uy)”
(13) —pp(uy) — [[Vux||d + ——dz=0 forallnecN.
@ [(uy)? +en]
Also, from the first part of the proof, we know that
Ap

(14) fp(uy) + §||VUAH3 = A [(u})P +¢e,] 7 dz < —c3 <0

for some c3 > 0, all n € N.

Adding (13) and (14) and recalling that ¢ < p, we obtain

n\p -
o< [ e e+ 2 [gr el T a:
@ (g + 7 1= Jo
[
(15) < —c3+ 1]’;7 [(u?)l_7 +en’ ] dz for all n € N.
—7 Ja

Suppose that @y = 0. Then from (12) we have

1777
o {(uf{)l_V + &0’ } dz—0 asn— +oo,

L =7 Ja
. (u3)” -
= 0 <limsup ———dz < —c3 <0 (see (15)),
@ [(u3)

n—-+oo

p_|_gn] P
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a contradiction. Hence uy # 0.
From (12) and by passing to a subsequence if necessary, we can say that there exists ¥, € LP(f),
Ua(2) > 1 for a.a. z € 2, such that

0 <ul(z) <Vy(z) foraa. ze€Q allneN,
(16)
uy(z) = ux(z) fora.a. z €, as n — +o0.
We set
QT ={z€Q:(uy—u)(z) >0} and QF={z€Q: (u} —uy)(z) <0}.
We have

n\p—1 n\p—1
-/ W”zwmw—mw+LK f”pwxw—mm

PP +en] Pty @
(17) < / By +/ L (“—7;)1)1 (u}y — Uy)dz
ap (u})? ap 205 \0a
for all n € N (see (16) and recall that ¥,(z) > 1 a.e.). From (16) we have
(18) 0<uy,<¥, and 0<u} <y, forallneN.

So, we have

/ oz = / (W) — @a(ug) ] dz forall m € N,
op (u}) A

. U&L — ﬂ)\
(19) = ngrfoo ap (u;‘)’Y

dz =0 (see (16), (18)).

In addition we have

1 n\ p—1 _
(20) / — (%) (uy —uy)dz — 0 asn — +oo (see (16)).
Returning to (17), passing to the limit as n — +oo and using (19) and (20), we obtain
n\p—1
(21) lim () —(ul — )z = 0.

e Ja ((ug)r + 2,

In (5) we choose h = u} — uy € WHP(Q), pass to the limit as n — +oo and use (12) and (21).
Then
lim sup [(Ap(u)), uy — ) + (Ag(uy), uy — ux)] <0,
n—r—+oo

= limsup [(A,(u}), uy — ux) + (Ag(uy), ul —uy)] <0,

n—-+o0o
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(since A,(-) is monotone)
= limsup(A4,(u}),uy —uy) <0 (see (12)),

n—-4o00

(22) = ul = uyin WP(Q), U\ >0, uy#0 (see Proposition 1).

We may assume that ||u}||o < 1, since on {u} > 1} we can use the dominated convergence
theorem

n\p—1
/ (u)\> — hdZ
o [(ug)r + )7
n\p—1
< [ e
0 [(w)r + e

n\p—1
< / GV
Q@ [(ugl)p+5n] e’

IN

pty—1
p +'€n] P

<[ [ vdz] a1l

< cal|ud|*||R]l, for some ¢; > 0, all n € N big,
< ¢s]|h|l, for some ¢z > 0, all h € W'P(Q), all n € N,

(i3

/ 1 1
= { P } C LP () is bounded (— + == 1) _
()P +ea] 7 ) oy p P

In addition, we have

()P 1/p
/ A dz] |h]|, (by Holder’s inequality)
@ [(uy)

(w3~
pry—1

[(u3)P +en]

—u, foraa. ze€Qasn— 400 (see (16)).

Then, we have

n\p—1 ,
(23) (u) 27 in LP(Q).

pty—1

[(w)\l)p +en]

Therefore if in (5) we pass to the limit as n — 400 and use (22) and (23), then we obtain

(24) (Ap(uy), h) + (A (un), h) + /Qf(z)ﬂg_lhdz =\ /Q u, "hdz for all h € WhP(Q).
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1
In (24) first we choose h = —————— € W*(Q) (¢ > 0). Then
[y +e' 7
~ -1
/Ldz < Mdz.
o[y +el7 T Jef@ e
Let ¢ — 0" and use Fatou’s lemma. Then
1 .
(25) /dez < ||€]loo |2 v (see hypothesis H(£)).
Next in (24) we choose h = oo € WHP(Q). Then arguing as above, we obtain
[y +e] 7

~=
Uy 1
—————dz = / ———dz
/Q ai(p—1)+7 0 ai(p-w—l)

1
</ £(2) gpmrd= < IRl (see (25)

Continuing this way, we obtain

1
A

From this we infer that
B, e L7(Q) forall 7> 1,

lim sup ||i;, *7 V|, < +oo.
T—+00

Then we have that @, """ € L*(Q). Note that

ﬂ;W _ ﬂ;(P+7—1)ﬂ/1/o\71'
So, from (24) and Papageorgiou-Réadulescu [16], we infer that uy € L>°(Q2). Then the nonlinear
regularity theory of Lieberman [10] implies that uy € C; \ {0}.
From (24) we have

—Aun(2) — Agun(z) + £(2)un(2)Pt = My (2)™7 for a.a. 2 € Q,
(26) dy
— =0 on 0.
on
From (26) as before via the nonlinear strong maximum principle of Pucci-Serrin [21], we have
that ﬂ)\ € D+.
Next we show that this solution is unique. To this end, let v, be another positive solution of
(Auy). Again we can show that vy, € D,. We have

0 < (Ap(un) — Ap(0y), ux — 0y) + (Ag(n) — Ag(Dn), ux — Uy)
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/ £(z PN (U — Ty)dz = A/[a;7 — 0, 7")(Wy — Ty)dz <0,
Q
= U)\ = 1))\

This proves the uniqueness of the positive solution of (Auy).
Next let 0 < 7 < n. We have

0 < (Ap(tr) = Ap(thy), (- — 1) ") + (Ag(ur) — Ag(ily), (r — ty)")
/5 Y@t — b ) (U, — ) tdz = /Q[Tﬂﬂ — i, (W — Uy) " dz
< /QT[UT7 — @, "](Ur — Uy)Tdz <0,
= U < Uy

Therefore the map A\ — u, is nondecreasing from (0, +o0) into D,. In (24) we choose h = uy €

WhP(Q). Then
[Vauxllh + /5 uhdz < /\/ u, dz,

= col|ul|? < Aegl|una]|'™7 for some cg,

(27) = {ur}re1) € W'P(Q) bounded and ||uy| — 0 as A — 0.

Then (27) and the nonlinear regularity theory of Lieberman [10], imply that we can find o € (0, 1)
and c; > 0 such that

iy € CH*(Q) and [uallore@m < e forall A € (0,1].

Exploiting the compact embedding of C1*(Q) into C'(2) and using (27), we conclude that
iy — 01in CH(Q) as A — 0%, O

4. MULTIPLE POSITIVE SOLUTIONS

On account of Proposition 3, we can find Ag > 0 such that
(28) ux(2) € (0,80 for all z € Q, all A € (0, Ao,

with dy > 0 as postulated by hypothesis H(f) (v).
Using (28), suitable truncation and comparison techniques and the direct method of the calculus
of variations, we can produce a positive solution for (Py) when A € (0, A¢].

Proposition 4. If hypotheses H(), H(f) hold and X € (0, Xo|, then problem (P\) admits a positive
solution ug € Dy such that ug € inte g, [ty w].
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Proof. Using uy € Dy from Proposition 3 and w € D, from hypothesis H(f) (iv), we introduce
the following truncation of the reaction in problem (P):

)\%(z)"y%—f(z,ﬂ,\(z)) ifz < ﬂ)\<2),
(29) gz, ) =< Ax7 7 + f(z,7) if uy(z) <z <w(z),
Ao(2)7+ f(z,w(z))  ifw(z) <z

Evidently this is a Carathéodory function. We set Gi(z,x) = [; ga(z,s)ds and consider the
functional ¥y : WP(Q) — R defined by

~ 1 1
alu) = Zpplu) + |Vl - / Gr(zu)dz for all uw € WP(Q).
Q

Since @y, w € D, we see that ¢y € C1(W2(Q),R).
From (29) and Lemma 1, it follows that ¢, is coercive. Also using the Sobolev embedding

theorem, we see that 1 is sequentially weakly lower semicontinuous. Therefore by the Weierstrass-
Tonelli theorem, we know that there exists ug € WP(2) such that

Da(uo) = inf [Dr(u) s u € W“’(Q)} ,
= Y)\(ug) =0,
(30) = (A, (o), h) + (Aq(uo), h / (=) uol? 2uohd — / 05 (2, o) hd= for all h € W'P(Q).
In (30), first we choose h — (iiy — uy)* € W#(Q). Then

(Ap(uo), (ix — ) ™) + (Ag(uo), (Ux —uo) ") + /S2§(Z)|Uo|p_zuo(% —up) " dz

_ /Q NG+ f(2 )] (@ — wo)dz (sce (20))

> /Q i@y — o)t dz  (see (28) and hypothesis H(f) (1))

= (Al = 10)) + (A ). (i — )} + [ €I (@0 = o)

= uy) — A (UO) (U — uo)™) + (Ag (W) — Ag(uo), (Un — uo)™)

/ £(2) — ]uo|p’2u0} () —ug)tdz <0
= uy < up.
Next in (30), we choose h = (ug — w)™ € lep(Q) Then

(4y(10). (1= )" + (Aglw). (10 = 0) ) + [ € (o = w)
= /Q A~ + f(z,w)] (ug — w)Tdz  (see (29))
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< <Ap(w)7 (UO - w)+> + <Aq(w) Ug — /f U)p 1 Uo )+d2
(see hypothesis H(f) (iv)),
= (Ap(uo) — Ap(w), (o — w) ") + (Ag(uo) — Ag(w), (uo — w)™)

+ / £(2) [ug_l —w"] (up —w)Tdz <0
= U SQw.
So, we have proved that
(31) ug € [y, w.
From (29), (30) and (31), we obtain
—Apug(2) — Agug(2) + E(2)up(2)P~H = Mug(2) ™7 + f(2,u0(2)) for a.a. z € Q,

32
(32) 8u0 =0 on 01,
on

(see Papageorgiou-Radulescu [15]). From (32) and Papageorgiou-Radulescu [16], it follows that
up € L*>°(Q). Then the nonlinear regularity theory of Lieberman [10] implies that ug € [uy, w]NDy.

Let py = minguy > 0 (recall that uy € D). Also, let p = |lw|c1 g and let §, > 0 be
as postulated by hypothesis H(f) (vi). We can always increase é’; > 0 if necessary, in order to

guarantee that the function z — Az + f(z,x) + gApxp—l is nondecreasing on [py, pl.
Let > 0 and set u} = Uy +d € D;. Then

= 8 = AT + (€(2) + &) @)
< —Ayiiy — Agiiy + (£(2) + &) +0(6)  with o(6) — 0T as 6 — 0F
SN + f(2, 1) + &8 for 6 > 0 small so that o(6) < ¢z,
(see hypothesis H(f) (v) and (28))
< Mg ” + f(zu0) + E b (since Ty < up)
= —Ayug — Agug + (£(2) +E)ul ™ for aa. z € Q,
= ﬂ‘f\ <wug for all § > 0 small,
(33) = up—1y € D..
Similarly, we set u$ = ug +d € Dy, for § > 0. We have
= Ay = Agug + (6(2) + &) (ug)" !
< —Apug — Agug + (€£(2) + E)ul ™ +5(6)  with 5(6) — 0T as 6 — 0F
= X"+ f(z,u0) + &t +3(6)
<M+ f(zw) + EuP T+ 5(6)  (since up < w)
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< —Cy + EuP L+ 5(0)
< =Ajw—Ayw+ (E(z) + Ep)wi’—l for 0 > 0 small so that 7(J) < ¢,
(see hypothesis H(f) (v)),
= ug <w for § > 0 small,
(34) = w—wuy € Dy.
From (33) and (34), we conclude that ug € intoa g [, w]. O

Using ug € Dy from Proposition 4 and by employing variational tools (in particular Theorem
1), we can establish the existence of a second positive solution for problem (Py) when A € (0, Ag).

Proposition 5. If hypotheses H(E), H(f) hold and X\ € (0, Xo), then problem (Py) has a second
positive solution uw € Dy, u # ug, uy < u.
Proof. We consider the following truncation of the reaction for problem (P, ):
- Ny (2) () ifz <@
(35) fA(Z,fL') _ ui(’z) + f(Z,U)\<Z)) 1 f = UA(Z>7
A7 + f(z,2) if uy(z) < .
Evidently this is a Carathéodory function. We set F Az, x) = fox f;(z, s)ds and introduce the
functional Py : WP(Q) — R defined by
- 1 1 ~
oa(u) = Z;up(u) + 6||VUHZ - / F\(z,u)dz for all u € W'P(Q).
0
Since uy € D, we see that §) € C*(WHP(Q),R).
Let ¢y € CY(WP(Q),R) be as in the proof of Proposition 4. From (29) and (35), we see that

(36) B =i
[’LL)\,’LU} [u)\,w}
Recall that
(37) up € inte g ltn, w] and ug is a minimizer of by

(see Proposition 4 and its proof).
From (36) and (37) it follows that

ug € Dy is a local C*(Q)-minimizer of 3y,
(38) = wp € D, is a local W?(Q)-minimizer of Q)

(see Papageorgiou-Radulescu [16], Proposition 8).
Let K5, = {u € W'(Q) : &\ (u) = 0} (the critical set of @,) and

[iy) = {u € WHP(Q) : tr(2) < u(z) for a.a. z € Q}.

Claim 1: K3, C [uy) N D;.
Let u € Kz,. We have

P(u) =0,
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(39) = (Al )+ (A )+ [ €l undz = [ Fuhd:
Q Q
for all h € WhHP(Q).
In (39) we choose h = (uy —u)* € WP(Q). Then

(4000, (@ = 0)) + (A (@2 = ) + [ €l — )z
- /Q Y+ (2 )] — w)tdz (see (35))

> / Ay, () —u)Tdz  (see (28) and hypothesis H(f) (v))
Q

— (A (), (T — w)*) + (Ag @), (iiy — u)* / E(2)T [y — u)*d
(see Proposition 3),
= (Ap(Un) = Ap(u), (ix — u) ™) + (Ag(1n) — Aq(u), (tx —u)")
/ (= — |uP"?u] (ay — u)tdz <0,
= uy <u.

Then (39) becomes

(40001} + (Al ) + [ &) hds = [ P+ £ wlhds
for all h € Whr(Q),

—Apu(z) — Agu(z) + €(2)u(2)P~ ! = Mu(z) "7 + f(z,u(z)) for a.a. z € Q,
= ou
= =0 on 09,

= w € D, (by the nonlinear regularity theory).

Therefore we conclude that K3, C [uy) N D4. This proves Claim 1.
On account of Claim 1, we may assume that

(40) Ks

5, s finite.

Otherwise we already have an infinity of positive solutions of (P,) and so we are done. Then
from (38) and (40) we infer that there exists p € (0,1) small such that

(41) Ba(uo) < inf [Ba(u) : lu— ol = p] =

(see Aizicovici-Papageorgiou-Staicu [1], proof of Proposition 29).
Hypothesis H(f) (iii) implies that given any n > 0, we can find M; = M;(n) > 0 such that

(42) f(z,x)x — pF(z,x2) < —nz?  for a.a. z € Q, all z > M.
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We have

(43)

da
dx

|

F(z,x) f(z,2)a?P — paP~ 1 F(z, )
P } - 2P

f(Z,I)CC —pF(Z,JJ)

pptl
Ui
e for a.a. z € Q, all x > M (see (42)),
F a 1 1
(z,m)_ (z,y)g " [ — } fora.a. z€ Q all x >y > M.
xP yp D—q xrP—4a yp_q

Note that hypothesis H(f) (i) implies that

(44)

A F F
M < lim inf (2,2) < lim sup M < “© uniformly for a.a. z € Q.

p e—too TP g—too AP p

So, if in (43) we let # — +o00 and use (44) and the fact that ——1- < —1 then we obtain

(45)

M (p)y? — pF(z,y)
yq
M (p)y? — pF(z,y)

= lim = —oo uniformly for a.a. z € (.
y—+00 Y1

< -—pn foraa. z€Q,all x> M,

Since u(1,p) € D, we can find ¢ > 1 big such that

(see also Proposition 2.1 of Marano-Papageorgiou [12]). We have

(46)

Claim 2:

=

=

=

o~ P~ ~ 4 o ~
Paltu(l,p)) < Ekl(p)IIU(l,p)lliJr5IIVU(1,p)IIZ—/F(z,tU(l,p))dZ+Cs
Q

for some cg > 0 (see (35)),

~ ~ ~ ~ t1 ~
partaLp) < [ [Ro)ea ) - pP(ata(p)] e+ A )+ pes,
Q
pea(tu(l, p)) / M(p)(tT(1, p))? — pF (2, tTi(1,p)) Pion
< 1. p)? £ 1 q
W — —00 ast— +oo (see (45)),
Pa(ttu(l,p)) = —oo ast — +oo.

©y satisfies the C-condition.

Let {uy}n>1 € WHP(Q) be a sequence such that

(47)
(48)

|ox(uy)| < My for some My >0, all n € N,
(1 + |lun|)@A(un) — 0 in WHP(Q)* as n — +oc.

pes
ta’

17
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From (48) we have
enllhl

(49) ‘(A (un), ) + (Ay(u /f )tn P2 u, hdz — / Iz up)hdz| < ————
' ! = T
for all h € WhP(Q) with €, — 0F.
In (49) we choose h = —u,, € W?(Q). Using (35) we obtain

Dl + [ @y < [ [+ sG] (e e
Q
= collu, [[” < colu, |
(see Lemma 1, hypothesis H(f) (i) and recall that uy € D),
(50) = {u, }u>1 € WHP(Q) is bounded.

We will show that {u},>1 € WH?(2) is bounded too. To establish this, we argue by contra-
diction. So, suppose that at least for a subsequence, we have

for some ¢ > 0, alln € N

(51) |luf|| = +o0  asn — +oc.
+
We set y,, = HUZH, n € N. Then ||y,|| =1, y, > 0 for all n € N and so we may assume that
(52) Yp — yin W(Q) and vy, — yin LP(Q), y > 0.
From (49) and (50), we have
(Ay(ut),h) + (A /5 Y~ hdz — /f,\ Yhdz
< ¢yp|lh]|  for some ¢19 > 0, all h € Wlp(Q), all n € N,
1 fA( uy)
53 = Ay(yn), b Y hdy — | Sy
(53 () )+ g Cton) 1)+ [ € Tt
ciolhll

for all h € W'P(Q), all n € N.

=t

Since uy € Dy, using (35) and hypothesis H(f) (), (i) we see that

AC () o
(54) {W g L? (Q) is bounded.
>1
So, by passing to a subsequence if necessary and using hypothesis H(f) (iii) we have that
£l ut(- ) -
(55) % s 9o(2)yP in LP (), with A (p) < o(2) < ¢ for a.a. z € Q

(see Aizicovici-Papageorgiou-Staicu [1], proof of Proposition 16). In (53) we choose h =y, —y €
WhP(Q), pass to the limit as n — 400 and use (51), (52), (54) and the fact that ¢ < p. Then

lim (A, (Yn), yn — y) =0,
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(56) = Y, —y in WH(Q) (see Proposition 1), [jy|| =1, y > 0.

If in (53) we pass to the limit as n — +oo and use (51), (55), (56) and the fact that ¢ < p, we
obtain

(Ap(y), h) + /Qf(z)yplhdz = /Qﬁo(z)yplhdz for all h € Whr(Q),

(57) =  —Ay) + &)y =0(2)y(2)P foraa. 2 €Q, gn =0 on 09.

Recall that N
A(p) <Yo(z) < ¢y for aa. z € (see (55)).

If ¥y # A (p), then using Proposition 2, we have
Xl(pv 190) < Xl(p7/):1(p)) = 17
=y must be nodal (see (57)),

a contradiction to (56).
If ¥o(2) = M (p) for a.a. z € Q, then from (57) we see that

y =nu(l,p) for somen >0,
= y& D, andsoy(z) >0 forall z € Q,
= uf(z) = +oo forall z €Q,

f (2 un (2))uy (2) = pF (2, ui (2))

= e ) — —oo fora.a. z €Q,
ut +
(58) = / UCH uH e (Z’u")dz — —oo (by Fatou’s lemma).
u

In (49) we choose h = u € W'P(Q). Then

59 Vel - IVl - [ @i+ [ B> —e, foralnen
From (47) and (50) it follows tgat

(60) Va4 21Vl + [ e@rds — [ b = -y

for some M3 > 0, all n € N.
We add (59) and (60). Then

(2= 1) Ivutly+ [ (B - pRiGeu)] @ = -0
Q

for some M, > 0, all n € N,

= <§ - 1) |Vt +/ [f (2w )uyy = pF(z,u)] dz > —Ms
Q

for some M5 > 0, all n € N (see (35) and recall uy € D),
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N (13 _ 1) - / s —pF( )y, s

q Q [xglk [[ut[]7
for all n € N, some ¢ > 0,

Nyt — pF + _

ntoo Jo et ]9 q
Comparing (58) and (61), we have a contradiction. This proves that

{uf}>1 € WHP(Q) is bounded,
= {un}n>1 € WH(Q) is bounded (see (50)).

So, we may assume that

(62) U, = win WP(Q) and  w, — uin LP(Q) asn — +oo.
Evidently
(63) {f,\(-,un(-))} _ C L(9) is bounded (see (35)).

So, if in (49) we choose h = u,, —u € WP(Q), pass to the limit as n — +oo and we use (62)
and (63), then

lim (A (un), un — ) + (Ag(un), up — )] =0,

n—+o00
= u, — uin W"(Q) (see Proposition 1 and the proof of Proposition 3)
= {, satisfies the C-condition.
This proves Claim 2.
From (41), (46) and Claim 2, we see that we can apply Theorem 1 (the mountain pass theorem)
and find © € W?(Q) such that
ue Kz Cluy)NDy  (see Claim 1),
(64)
Palug) <m, < @x(u) (see (41)).

From (64) and (35), we infer that w € D, is the second positive solution of (Py), 0 < A < Aq.
O

Summarizing, we can state the following multiplicity result for problem (Py).

Theorem 2. If hypotheses H(E), H(f) hold, then there exists A\g > 0 such that for all X € (0, Ao}
problem (Py) has at least two positive solutions ug, U € D, ug # u.
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remarks.



1]

SINGULAR NEUMANN (p, q)-EQUATIONS 21

REFERENCES

S. Aizicovici, N.S. Papageorgiou and V. Staicu, Degree theory for operators of monotone type and nonlinear
elliptic equations with inequality constraints, Mem. Amer. Math. Soc., 196 (2008), no. 915, 70 pp.

A. Ambrosetti and P.H. Rabinowitz, Dual variational methods in critical point theory and applications, J.
Functional Anal., 14 (1973), 349-381.

L. Cherfils and Y. I'yasov, On the stationary solutions of generalized reaction diffusion equations with p&zq-
Laplacian, Commun. Pure Appl. Anal., 4 (2005), no. 1, 9-22.

L. Gasiniski and N.S. Papageorgiou, Nonlinear Analysis, Ser. Math. Anal. Appl. 9, Chapman and Hall/CRC
Press, Boca Raton, (2006).

L. Gasinski and N.S. Papageorgiou, Nonlinear elliptic equations with singular terms and combined nonlineari-
ties, Ann. Henri Poincaré, 13 (2012), no. 3, 481-512.

J. Giacomoni, I. Schindler and P. Takac, Sobolev versus Hélder local minimizers and existence of multiple
solutions for a singular quasilinear equation, Ann. Sc. Norm. Super. Pisa, Cl. Sci. (5), 6 (2007), no. 1, 117-158.
N. Hirano, C. Saccon and N. Shioji, Brezis-Nirenberg type theorems and multiplicity of positive solutions for a
singular elliptic problem, J. Differential Equations, 245 (2008), no. 8, 1997-2037.

S. Kyritsi and N.S. Papageorgiou, Pairs of positive solutions for singular p-Laplacian equations with a p-
superlinear potential, Nonlinear Anal., 73 (2010), no. 5, 1136-1142.

A.V. Lair and A.W. Shaker, Entire solution of a singular semilinear elliptic problem, J. Math. Anal. Appl.,
200 (1996), no. 2, 498-505.

G.M. Lieberman, The natural generalization of the natural conditions of Ladyzhenskaya and Ural'tseva for
elliptic equations, Comm. Partial Diff. Equations, 16 (1991), no. 2-3, 311-361.

S.A. Marano and S.J.N. Mosconi, Some recent results on the Dirichlet problem for (p,q)-Laplace equations.
Discrete Contin. Dyn. Syst. Ser. S, 11 (2018), no. 2, 279-291.

S.A. Marano and N.S. Papageorgiou, Positive solutions to a Dirichlet problem with p-Laplacian and concave-
convex nonlinearity depending on a parameter, Commun. Pure Appl. Anal., 12 (2013), 815-829.

D. Motreanu, V. Motreanu and N.S. Papageorgiou, Topological and Variational Methods with Applications to
Nonlinear Boundary Value Problems, Springer, New York, (2014).

N.S. Papageorgiou and V.D. Radulescu, Combined effects of singular and sublinear nonlinearities in some
elliptic problems, Nonlinear Anal., 109 (2014), 236—244.

N.S. Papageorgiou and V.D. Radulescu, Multiple solutions with precise sign for nonlinear parametric Robin
problems, J. Differential Equations, 256 (2014), no. 7, 2449-2479.

N.S. Papageorgiou and V.D. Radulescu, Nonlinear nonhomogeneous Robin problems with superlinear reaction
term, Adv. Nonlinear Stud., 16 (2016), no. 4, 737-764.

N.S. Papageorgiou, V.D. Radulescu and D.D. Repovs, Pairs of positive solutions for resonant singular equations
with the p-Laplacian, Electron. J. Differential Equations, 2017:249 (2017), pp. 22.

N.S. Papageorgiou and G. Smyrlis, A bifurcation-type theorem for singular nonlinear elliptic equations, Methods
Appl. Anal., 22 (2015), no. 2, 147-170.

N.S. Papageorgiou and C. Vetro, Superlinear (p(2), q(z))-equations, Complex Var. Elliptic Equations, 64 (2019),
8-25.

K. Perera and Z. Zhang, Multiple positive solutions of singular p-Laplacian problems by variational methods,
Bound. Value Probl., 2005:3 (2005), 377-382.

P. Pucci and J. Serrin, The Mazimum Principle, Birkhduser Verlag, Basel, (2007).

Y. Sun, S. Wu and Y. Long, Combined effects of singular and superlinear nonlinearities in some singular
boundary value problems, J. Differential Equations, 176 (2001), no. 2, 511-531.



