A MODEL OF CAPILLARY PHENOMENA IN R¥
WITH SUB-CRITICAL GROWTH

CALOGERO VETRO

ABSTRACT. This paper deals with the nonlinear Dirichlet prob-
lem of capillary phenomena involving an equation driven by the
p-Laplacian-like differential operator in RY. We prove the exis-
tence of at least one nontrivial nonnegative weak solution, when
the reaction term satisfies a sub-critical growth condition and the
potential term has certain regularities. We apply the energy func-
tional method and weaker compactness conditions.

1. INTRODUCTION

In this paper we study the following problem:
(1) —ALu+ &(2)|ulP?u = g(z,u), s e RY, 1 <p < N.
In this problem Aéu denotes the p-Laplacian-like operator defined

by
: Vul? _
Aéu = div ((1 + 1|T|Vu|2p> |Vul? 2Vu> :

The potential function £(+) is continuous, coercive (that is, £(x) —
+00 as |x| — 400) and positive. In the reaction (right hand side of
(1)), g(z, 2) is a Carathéodory function (that is, for all z € R, z —
g(z, z) is measurable and for a.a. x € RN, 2 — g(x, 2) is continuous),
and satisfies the following hypotheses:

(90) g(z,z) =0 for z <0 and G(z, z) > 0 if z > 0, where

G(x,z):= / g(x,s)ds, forallz e RY, all z € R;
0

(1) there exist s €]p, p*[, k € L®°(RN),NL1(RY) and two constants
¢ > 0 and « €]p, p*| such that

lg(z, 2)| < k(z) +¢|z|*t for all (z,2) € RY x R,
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N
where p* = P if p< N and p* =40 if p > N;
N—p
G
(g2) lim 77) = +00 uniformly in x € RY;

z—4oo 2P
(g3) there exists 8 € L'(RY), such that
o(x,z) <o(x,v)+ p(x) forall )< z<w,
where o(x, z) = g(x, 2)z — 2pG(x, 2);

(g4) there exists [ € L*(RY), such that ||I[| pe@®y)C? < 1, where C,
is the constant relative to the continuous embedding W — LP(RY)
(see Proposition 1) and

<I(x) uniformly in z € RY.
z—0t zP

Under these conditions, we show that problem (1) has at least one
nontrivial nonnegative weak solution.

We present a characteristic example of function g(z,z) satisfying
the hypotheses (go) — (g4)-

Example 1. Let g(z, z) = |z|P"2z1og(1+ |z|) for all z € R with 2 > 0
and g(x,z) =0 for all z € R with z < 0. We drop the dependence on
x for simplicity.

We mention that recently differential equations driven by p-Laplacian-
like operators attracted considerable interest (for instance, such a kind
of operators is used to model the phenomenon of capillarity). Conse-
quently, there have been various existence and multiplicity results for
such equations. We mention the works of Chen-Luo [4], Papageorgiou-
Rocha [7], Rodrigues [8], Vetro [10], Zhou [11] (Dirichlet problem),
Afrouzi-Kirane-Shokooh [1], Shokooh [9] (Neumann problem).

2. MATHEMATICAL BACKGROUND

The main space in the analysis of problem (1) is the Sobolev space
WHP(RYN). Recall that when the domain is the whole RY the Sobolev
embedding is not compact. This is a difficulty in our study (see, for ex-
ample, Chaves-Ercole-Miyagaki [3]). Let D'?(RY) denote the closure
of C5°(RY) with respect to the norm of W1P(RY). Then D'P(RY) is
the reflexive Banach space

ou

D'?(RY) .= {u € LV (RY): 5. € LP(RY), i=1,... ,N}
T
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(see Ben-Naoum-Troestler-Willem [2]). Also, its norm is equivalent to
|V (-)|]. We point out that W'?(RY) & D'P(RN) — L (RV).
Consider the reflexive Banach space

W {u € D'P(RY) - /RN £(2)ulPdz < +oo}

equipped with the norm

= ([ 49 + o)

The coercivity of the function £ implies the continuity of the embed-
ding W — L*(RY) if p < s < p*, and its compactness if p < s < p*.
In view of these considerations, we are able to prove that the en-
ergy functional associated with nonnegative solutions of (1) in W
satisfies both the (C.)-condition and a mountain pass geometry (see
Motreanu-Motreanu-Papageorgiou [6]). In so doing, we do not impose
the Ambrosetti-Rabinowitz condition (see also Li-Yang [5], where a
more restricted version of the quasimonotonicity condition is first in-
troduced). Note that the function of Example 1 does not satisfy the
Ambrosetti-Rabinowitz condition.

We recall that a weak solution of problem (1) is a function u € W
such that

|Vu|*#~2Vu
1+ |Vul?P

/ |Vul|P~*VuVudr + Vodzx
]RN

+ £(:c)|u]p2uvd3::/ g(x,u)vde,
RN

RN
for all v € W.
Let X be a Banach space and X* its topological dual. Consider the
C'-functional I : W — R defined by

I =5 [ 19uP + gl do

+]13/RN VI [V — 1] d:r—/ Gz, u)da

RN
forallu e W. Let I' : W — W* be such that
(I'(w), v) = / (VP 2VuVo + £(@)uf>uv] de
RN
|Vul?~2Vu

+ - 0 =
RN /1 + |Vu|2p

Vvdx—/ g(x,u)vdx
RN

for all u,v € W.
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Also, we have
1

@) 1) = ) = P+ [ VIV - 1] ds

1 1 |Vu)?
— G dr — —|lullP =
AN(%wx AL

2p Jav /T + [Vul2

dx

1
+— g(x,u)udx

2p RN
V1+|Vul —1-—

1 1
— 5ol f
P D JrwN

1
+ % fox o(x,u)dx.

From Chaves-Ercole-Miyagaki [3] (Proposition 2), we have:

2p
|Vul ] d

1
2\/1+ |Vul?

Proposition 1. (W, || - ||) is a reflezive (uniformly convex) Banach
space and the embedding W — L*(RY) is continuous, whenever p <
s < p*, and compact, whenever p < s < p*.

Remark 1. Let J : W — R be the linear functional defined by
(J(u),v) = / [[VulP~>VuVo + £(z)|ulP"*uv] d,
RN

for all v € W. We stress that J is bounded with

/ [[Vu|P~2VuVo + &(z) |[ulP2uv]dr
RN

< 2l|u|P7lv]|  (by Hélder inequality).
We recall the following compactness condition.

Definition 1. Let X be a real Banach space and I € C'(X,R). We
say that [ satisfies the (C.)-condition if any sequence {u,} C X such
that I(u,) — ¢ and (1 + ||uy||)I’'(u,) — 0 in X* as n — +o0 has a
convergent subsequence.

From Motreanu-Motreanu-Papageorgiou [6], we know that the Moun-
tain Pass Theorem remains true under (C.)-condition. We recall
the Mountain Pass Theorem (see Theorem 5.40, p.118, Motreanu-
Motreanu-Papageorgiou [6]).

Theorem 1. If [ € C'(X,R) satisfies the (C.)-condition, there exist
ug,u1 € X and p > 0 such that

|uy —uol| > p,  max{l(ug), [(u1)} < inf{||u —up| = p} =m,,
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and ¢ = inf max I(y(t)) withT' = {v € C([0,1], X) : v(0) = up, y(1) =
~YEr 0<t<1
w1}, then ¢ > m, and c is a critical value of I (that is, there exists
u € X such that I'(u) = 0 and I(u) = c).

3. WEAK SOLUTIONS

In this section, we use the (C.)-condition and the mountain pass
geometry to produce a nonnegative weak solution for problem (1).
The idea is simple. If the C'-functional I : W — R satisfies both the
(C.)-condition and a mountain pass geometry, then [ has a critical
point in W.

Lemma 1. I : W — R satisfies the (C.)-condition for each positive
constant c.

Proof. Consider a sequence {u,} C W satisfying the (C.)-condition
with respect to the C''-functional I and ¢ > 0. So, we have

(3) c=I(uy) + ¢y, (I'(up),upy = 0 as n — 400,

where ¢, — 0 as n — +oo. From (3), there is a sequence {e,} of
positive real numbers with ¢, — 0 as n — 400, such that

(I (uy),v)] < Enllvll for all v € W and n € N.
1+ [ua|
Now, choosing v = w,, := min{0, u, }, we deduce that u, converges

to zero in W. In fact, we have that g(x,u,; )u, =0 for all n € N (by
(g90)) and so

(I'(up),u, )y = /RN [[Vun[P*Vu, Vuy, + £(2)|un [P *usuy, | do
|Vua|**Vu, 2Vun

RN /14 |Vun|2p
=/HWMMﬂM%Nﬂ+
RN

> u, [P — 0 as n — +o0,

dx—/ g(x,up)u,, dx
RN

[V, [

RN /14 |Vu |2p

= wu, —0in W.

Next we choose v = ;! := max{0,u,}. We can find C; > 0 such
that

+|2p
g - [ N [ st uugds
N1+ |Vuﬂ2p
/ + 5n” +||
() uty < il

— L [fual
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Using (go) we have

/ pG(z,u,)dr = / pG(z,u})dx for all n € N,
RN RN
(since [pn pG(z,uy, )dx =0 for all n € N),

1 1
= T) = I) 4l 17+ [ VIV - 1] do.
p D JrnN

Also, we get

0< / VIV P 1] de < / Vs Pdz < [z [P = 0
RN RN

as n — +oo. Since the sequence {I(u,)} is bounded (recall I(u,) =
¢—c¢, and ¢, — 0 as n — +o0), we can find Cy > 0 such that

@) —pCe < 1w = ol + [ [VIF IV - 1] da
RN

- /RN pG(x,ul)dr < pCy.

Next we prove that {u} is bounded in W. We assume that {u} is
an unbounded sequence. Let |[u,}|| — 400 as n — 400 (we can pass
to a subsequence if necessary). Also, let |[u|| > 0 for all n € N and
denote

+
u?’L

I

So, ||v|| =1 for all n € N. We can find v € W such that

Uy, for all n € N.

v, — v in W
v, = v in L¥(RY) and L*(RY) s, a €]p, p*|.
Let Q := {x € RY : v(z) # 0}. We claim that || = 0, where | - |

denotes the Lebesgue measure in RY. By contradiction again, assume
1©2] > 0. We have

ul(r) = 400 forx e, asn— +oo,
since v, — v # 0 in Q. So, we can assume that | (z) > 0 for z € Q.

By hypothesis (go), we have

(5)

o Gluy) L Gl ) -
nl_l)I_{loo Tt = nl_lﬁloo W(vn)p = 400 uniformly for z € Q.
Also, using (go), we have

G(z,2) >0 forx € RY, all z € R.
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From (5), by Fatou’s lemma (hypotheses (g1) and (go) permit its use),
we deduce that . .
lim Mdz = +00.
ntoo Jo o [Juf|?
So, we have

+ +
©  tm [ G gy, [ GEt)

dx = .
nrtbe Jox i 0 E e Jo Tt F T T

From (4), we get

Gz, ut 1 1 C
/ Gl ) b < +—+/ [\/1+|Vuj{|2p—1} du +
RN pllui P Jrn [[ut [P

il = p
2 Cs
— _|_ T ,
po utl
which implies
G * 2
limsup/ Mdm < -
ntoo Jry |lut [P p

This is a contradiction with (6), therefore |2] = 0. We conclude
that v(x) = 0 for a.a. z € RY. Since I(tu;) is a continuous function
on [0,1] with respect to the variable ¢, for each n € N, we can find
tn € [0,1] such that

I(t,ut) = I(tul).
(tnun) mnax (tuy)
For k > 1, we put
1 kj%

rn = kro, ur €W forallneN.

et
Now, as v, — 0 in L*(RY) with s € [p,p*[ and v,(x) — 0 for a.a. x €
RY as n — +o0, using hypothesis (¢g;) and Krasnoselskii’s theorem
(see, for instance, Motreanu-Motreanu-Papageorgiou [6], p. 41), we
have

(7) lim G(z,ry)dz = 0.

n—-+o0o RN

As ||lut|| — 400, there is ng € N such that 0 < kv L <1 for all

fut | =
n > ng. Also, from (7), we can find n; > ng such that

/ G(z,r,)dx < ﬁ for all n > n;.
RN 2p

So, we have

I(tyut) > I(ry)
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_ E/RN [Vral? + &(@)[ral?] dw+%/RN VIV =1 do

p

— / G(z,r,)dx
]RN

1
>l = [ Gl
RN

p
1 1
> -k — 2—k: for n large enough (that is, for all n > n;)
p p
1
= —k.
2p

We conclude that
(8) I(ty,ut) = +o00 as n— +oo (k> 1is arbitrary).
Since
I(0)=0 and {I(u})} bounded (see (4)),

it follows that we can find ny > ny such that ¢, €10, 1] for all n > n,.
So, we have 0 < t,ut(z) < uf(x) for n > ny whenever z € RY is such
that uf(z) > 0.

Now, by hypothesis (g3) we get

(9) / J(J:,tnu,f)dxg/ o(z,u)dr + B(x)dx
RN RN RN
— [ oteuddn + Bl
RN

for all n > ns.
Let h : [0, +oo[— R be the function defined by
=VIttr—1— >,
0 21+t

Since h is nondecreasing, using (2) and (9), we have
1
I(tnuy) = I{tyuy) — (' (twuy), tauy ) + o(1)

2p
1 |Vtul|?
VI+ [Vt PP = 1= 2 [Vinty|

1 1
= Lt + 2 /
2p P JrN 1+ |Vt,ut|?r

1
+— | oz, tyul)de +o(1)
2p RN
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1 1 1 Vut|?P
< olule+ o [ |ViTREE -1y
2p D JrN 2

1+ |Vurt|?
w2 e ut)de + 1Bl + o))
_— o\r.,u i — 1 0]
2p Jgn T 2p L RY)
1 1
= 1) = o 00 + Bl + o)

1 1
=I(u,) - 2—p<f'(un),UZ> + 2—pHBHL1(RN> +o(1)
< C3 for all n > ny and some C5 > 0 (see (2)),

which contradicts (8). Therefore, {u;} is a bounded sequence in .
Since u,; — 0 in W, we conclude that {u,} is bounded in W.
By the reflexivity of W, we can find u € W such that

u, — uin W and u, — u in L"(RY) for all r € [p, p*[.

From (g;), using also the Holder inequality, we get

g(x,uy)(uy, —u)de

T

RN

< [ loto ), — ulda
RN

< [ @)+ elunf* Dl = s
RN
<k

LS’(RN)”un — Ul|LsrN) C”unH%a_(lRN)Hun - UHLQ(RN)a

with s, € [p, p*[ and s’ = s(s — 1)1
It follows that

li — = 0.
lim RNg(x,un)(un u)dr =0

Also, we have (I'(uy), u, —u) — 0 as n — +oo (by (3)). Therefore,
we get

(J (uy), u —U>+/ Punl_e (u
e RN /1 + |Vu,|? "

:/ g(z,un)(un — w)dz + (I'(up), u, —u) = 0 as n — +oo.
RN

—u)dx

We can assume that (we pass to a subsequence if necessary)

(10) lim sup(J(u,), u, —u) <0

n—+00
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or
2p—2
(11) lim sup/ IVun|—VUnV(un —u)dx < 0.
n—s+oo JRN \/1 4 |Vu,|?P

If (10) holds, then the convexity of the function | - || ensures that

lim sup [Ju,|| < lull.
n—-+00

If (11) holds, then the convexity of the function v/1 + ¢2? — 1 ensures
again that

lim sup [[uy || < [|ull.
n—-+0o

The uniform convexity of W gives us w, — u in W (see Motreanu-
Motreanu-Papageorgiou [6], p. 30). So, I satisfies the (C,)-condition
on IW. 0

Lemma 2. If hypotheses (go) — (g4) hold, then we have:

(i) there is ¢ € W, ¢ > 0 such that I(t() - —o0 as t — +o0;
(ii) there are p > 0 and 6 > 0 such that I[(u) > 6 for allu € W
with ||ul| = p.

Proof. (i): By hypotheses (go) and (g2), we can find Cp > 0 (for an
appropriate constant # > 0) such that

)
0
p
Let B := B(0,1) = {z € RY : |z|] < 1} and consider a positive
function v € C§°(B). Let ¢ be the extension of v to zero out of B. So,
for all ¢ > 1 we have

wa=f/"nvqp+a@Kde+1/ (V1T VP — 1)de
D Jry P JrN
—/BG(x,tg)dxg % [2||g||p—9/3gpdx] +CylB).

Now, we choose 6 > 0 satisfying
20¢lP 0 [ ¢raz <,
B

so that tlim I(t¢) = —o0.

——+00

G(z,z) > —|z|P = Cy forall z>0.

(ii): By hypotheses (g1) and (g4), we can find C, > 0 (for each £ > 0)
such that

(12)  G(z,2) < =(l(z) + &)|2]P + C.|z|* for x € RV, all z € R.

Sl
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We stress that W — LP(RY) and W — L%(RY) are continuous.
Therefore, we can find constants C,, and C,, such that

(13) Jullzr@yy < Cyllull  and  [Jul|po@yy < Collul| for all u € W.
For w € W with |ju]| < 1, by (13) and (12), we have

I(u) = %/RN [[VulP 4+ &(x)|ulP] dx + /RN(\/l + |Vu|? — 1)dz

/RN G(z,u)dx

1 U700 +
__HUHP_M/ ]u\pd:c—C’E/ |u|®da
p p RN RN
1
> (1= (e, + Pl = C.CE
1 (6% a—
[p(l = (Ul ey +2)CP) = CoC2 ] } .

Let ¢ > 0 and p €]0, 1] be such that
1 o —
= 5(1 — ([l oo vy + €)CF) — CCGp* ™" > 0.

We conclude that [(u) > op? = 6 > 0 for all u € W such that
[ull = p. O

Remark 2. If ty is large enough, the function w = t,( € W satisfies
I(w) < 0 and ||w|| > p.

Now, Lemmata 1 and 2 ensure that I satisfies the hypotheses of
Theorem 1 and hence I has a critical value ¢ > m,. So, we can find
u € X such that

(@), v) = /R (VAP vave + )fap-a) dr

LY -
x,u)vdr =
e /14 [Vap o ?
for allv e W.
If we choose v =u~, we get
. \Va—|* P ~
0= [lu= "+ g(x, u”)u"dx = |ju|”.

N1+ |Vu ]27’ RN

It follows that u~ = 0 and so u > 0 and u # 0.

Therefore we can state the following existence theorem for problem

(1).
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Theorem 2. If hypotheses (go) — (g4) hold, then problem (1) has at
least one nonnegative nontrivial weak solution.

Acknowledgment: The author wishes to thank the expert referee
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