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Abstract

We consider a Dirichlet problem driven by the anisotropic (p(z), ¢ (z))-Laplacian, with
a parametric reaction exhibiting the combined effects of singular and concave-convex
nonlinearities. The superlinear term may change sign. Using variational tools together
with truncation and comparison techniques, we prove a global (for the parameter
A > 0) existence and multiplicity theorem (a bifurcation-type theorem).
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1 Introduction

Let @ € R" be a bounded domain with a C2-boundary <. In this paper we study
the following singular anisotropic Dirichlet problem
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{_Al’(z)u(Z) — Agu(2) = Mu@ ™D +u@)*D" N+ f(z,u(z)) inQ,

u‘ =0, 2>0,u>0.
Q2

(P

Given r € C(Q) with 1 < minr, by A,(;) we denote the anisotropic r-Laplace
Q

differential operator defined by
Aru = div (|Vul"@72Vu) forall u € Wy @ (Q).

In contrast to the isotropic r-Laplacian (that is, (-) is constant), the anisotropic oper-
ator is not homogeneous. In (P,) the equation is driven by the sum of two such
operators with distinct variable exponents p(-) and ¢ (-) (double phase problem). Given
U € L®(R), we set ¥ = ess irslzfﬂ and 94 = esssup?. In (P;) we assume that

l <1m- <14 <qg- < g+ < p- < pyand0 2 n— < n4+ < 1. The per-
turbation f(z, x) is a Carathéodory function (that is, for all x € R z — f(z, x)
is measurable and for a.a. z € Q x — f(z,x) is continuous) which exhibits
(p+ — 1)-superlinear growth as x — oo, but need not satisfy the usual in such
cases Ambrosetti—-Rabinowitz condition (the AR-condition for short) and may change
sign (indefinite perturbation). So, problem (P) in the reaction has the combined
effects of singular and concave—convex nonlinearities with two distinguishing fea-
tures. First the superlinear (convex) term need not satisfy the AR-condition and
second this perturbation is in general sign-changing. In the past, anisotropic singu-
lar equations were studied without the presence of the concave term Au®™@~! and
with a superlinear perturbation which is positive. We refer to the works of Byun—
Ko [2] and Saoudi—Ghanmi [21]. Both deal with equations driven by the anisotropic
p-Laplacian only. More recently, Papageorgiou—Raddulescu—Zhang [19] considered
singular anisotropic double phase problems with a superlinear positive perturbation
and no concave term.

Closer to our work here is the recent paper of Papageorgiou—Winkert [14], who
examined an isotropic version of problem (/P;) (all the exponents of the problem are
constant) with a superlinear positive perturbation. The definite sign of the perturbation
allows the authors of [14] to produce an ordered pair of upper and lower solutions,
which in turn leads to the nonemptiness of the set of admissible parameters. They prove
a global existence and multiplicity result (a bifurcation-type theorem). Our aim in this
paper is to extend their result to anisotropic problems with an indefinite superlinear
perturbation.

Finally we mention also the recent works on some other classes of anisotropic
singular problems of Papageorgiou—Winkert [13, 15] and Papageorgiou—Zhang [16,
17]; for problems in divergence form, some recent results are given in Abdalmonem—
Scapellato [1], Ragusa [20] and Wei [23] for parabolic equations.
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2 Mathematical Background: Hypotheses

The analysis of problem (P, ) is based on the variable Lebesgue and Sobolev spaces.
A comprehensive introduction to the subject can be found in the books of Cruz Uribe—
Fiorenza [3] and of Diening—Harjulehto—Hiast6—Ruzicka [4].

We introduce the set

E = {r eC(): 1< minr}.
Q

Recall that for r € C(Q), r_ = minr and r4 = maxr. Let L%(2) be the space of
Q Q

all measurable functions u : 2 — R. As usual we identify two such functions which
differ only on a Lebesgue null subset of Q2. Given r € Ey, the variable Lebesgue space
L™ (Q) is defined by

@ = fue L@ prto = [ rs < oo,
Q

We endow this space with the so-called “Luxemburg norm” defined by

r(z)
llull;z) = inf [A >0: / (%) dz < 1i| )
Q

With this norm the space L"? () becomes a separable and uniformly convex (thus
reflexive, see [12], p. 225) Banach space. Let ' € E| be the conjugate variable
exponent to r(-), defined by

r(z) 1 _
or equivalently —— —I— = 1forall z € Q.

r&=0-1 r@ @)

We have that
L' Q)* = Lr’(z)(Q)’

and the following Holder-type inequality holds

/ luvldz < [— } lull @ llvll forall u € L'@(Q), allv e L7 ().

Ifri,ry € Ey and r1(z) < ra(z) forall z € Q, then
er(z)(Q) s L’I(Z)(Q) continuously.
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Using the variable Lebesgue spaces, we can define the corresponding variable Sobolev
spaces. So, given r € Ej, the variable Sobolev space W' (Q) is defined by

Wl,r(z)(Q) — {u c L’(Z)(Q) 2 |Vu| e Lr(Z)(Q)},

with Vu being the weak gradient of u(-). This space is equipped with the following
norm

”u”Lr(z) = “M”r(z) + ||vu||r(z) forallu € Wl'r(Z)(Q),
with [|Vully o) = [1Vulllr@z)-

By C*(Q) we denote the space of all Lipschitz continuous functions u : Q- R
Given r € C%1(Q) N E|, we define

Wé’r(Z)(Q) _ W\I-Ih.rm.

Both spaces W@ (Q) and WOl @ (Q) are separable and uniformly convex (thus

reflexive) Banach spaces. Since in the definition of Wé @ (2) we assume that the
exponent r(-) is Lipschitz continuous, the Poincaré inequality holds, that is, there
exists ¢ = ¢(2) > 0 such that

lully o) < ¢ IVl forall u € Wy @ ().
The Poincaré inequality leads to the following equivalent norm on WOl T(2) ()
1,
lull = | Vull ) forall u € W)@ ().

In the sequel we will use this norm on W(;’r(Z)(Q). For r € E|, we introduce the
corresponding critical Sobolev exponent r*(-) given by

Nr(z)
r*(2) =1 N —r(2)
400 if N <r(z).

if r(z) < N,

There is an anisotropic version of the Sobolev embedding theorem.

Proposition1 If r € COY(Q) N E|, ry < N, g € Ej and q(z) < r*(z) (resp.
q(z) < r*(2)) for all z € Q, then WOI’V(Z)(Q) — L19(Q) continuously (resp.
compactly).

There is a close relation between the norm || - ||,(;) and the modular function
or(u) = fQ |“|r(z)dz-

Proposition 2 Suppose r € E1 and {uy, u}pen C Lr(z)(Q)’ then we have:
@ lullrcy =2 < pr (§) =10 >0).
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) llull;) <1(resp. =1,>1) & p(u) < 1(resp. =1,> 1).
T. r—
© lullrey <1 = lulllh, < pr() < Nl

@ llullrq >1= IIMIIZZZ) < pr@) < llullf,-
© llunllrz) = 0(resp. — +00) & pr(up) — 0 (resp. — +00).

We know that
W, @@ = wr Q).

Let A, : Wy @ (@) — W@ (Q) be defined by
(A, (), h) =/ IVul"@=2(Vu, Vhygndz forall u, h € Wy @ (Q).
Q

This operator has the following properties (see Gasinski—Papageorgiou [6], Proposi-
tion 2.5).

Proposition 3 The operator A, (-) is bounded (that is, maps bounded sets to bounded
sets), continuous, strictly monotone (thus maximal monotone too) and of type (S)+

(that is, if u, L win W&’r(Z)(Q) and lim sup(A, (u,), uy, —u) <0, then u, — u in
n—-+00

WOI,V(Z)(Q))

The anisotropic regularity theory (see Fan [5] and Lieberman [11] for the cor-
responding isotropic theory) will lead us to the space Cé Q) = {u e CLQ) :
u|aQ = 0}. This is an ordered Banach space with positive (order) cone C; =
{u € Cé (Q) :u(z) >0 forallz € ﬁ} This cone has a nonempty interior given by

0
intC+={ueC+: u(z) > 0forall z € Q, _u‘ <O},
onlaQ

0
where a—u = (Vu, n)pn with n(-) being the outward unit normal on 9€2.
n

Let uj, up € LO(SQ) such that u;(z) < uy(z) for a.a. z € Q. We introduce the
following sets:

[ur, u2] = {h € Wy " D(Q) 1 ui(z) < h(z) < uz(z) foraa. z € Q},

int) g lut, uz] = interior in CH(Q) of [ug, ua] N CH(RQ),

[u) = th € Wy "' P(Q) : ui1(2) < h(z) foraa. z € Q).

If hy, hy € LO(Q), then we say that h; < hy if and only if for every K C Q
compact we have

0<cg <hy(z) —hi(z)fora.a.z € K.
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Evidently, if i1, hy € C(2) and h1(z) < ha(z) for all z € Q, then hy < hy.
Given h € L%(Q), we set

ht(z) = max{h(z), 0} and A~ (z) = max{—h(z), 0} forall z € Q.

We have h* € LO(Q), h = ht — h™, || = h* + h~ and if h € Wy'"¥ (), then
n e Wy P9 (.

Let X be a Banach space and ¢ € C'(X, R). By K, we denote the critical set of
¢(-), that is

Ky, ={ueX:¢@u =0}

We say that ¢(-) satisfies the “C-condition”, if it has the following property:

“Every sequence {u,}nen C X such that
{o(un)}nen € R is bounded
and (1 + |u,|lx)¢’ (uy) — 0in X* as n — +o0,
admits a strongly convergent subsequence”.

The hypotheses on the data of (P,) are the following:
Hy:p.qgeC¥(@).1eC@.1 <1 <14 <q <qy <p_<py <N,

neC(),0<n-<ny <1

Hy : f: Q2 xR — Ris a Carathéodory function such that f(z,0) = 0 for a.a.
z € Q, and

() [f(z, %) < a@[l+x" @D foraa z € Qallx >0, witha € L¥(Q)4,
reC(Q), pr <r- <ry <pl;
(i) if F(z,x) = [ f(z,9)ds, then lim L& — oo uniformly foraa. z €
X—+00

(i) if e (zox) = 2 [¥1 719 +x7@ |4 £ 0x =hp [ b 71O + 5T O |+ paF v,
then there exists ¥ € L' () such that e (z, x) < e;.(z, y)+ 19 (z) fora.a. z € €,
all0 <x <y;

@iv) hm f ‘fi 0 = 0 uniformly for a.a. z € €, there exists § > 0 such that 0 <
x—0

my; < f(z x)foraa. z € Q,all0 <s <x <34, andforeveryp > 0 there
exists Sp > 0 such that for a.a. z € €2, the function x — f(z, x) +E |x|P@—1
is nondecreasing on [0, p].

Remark 1 Since we are looking for positive solutions and the above hypotheses con-
cern the positive semiaxis Ry = [0, +00), without any loss of generality we may
assume that f(z, x) = 0 fora.a.z € 2, all x < 0. Hypotheses H; (ii), (iii) imply that

li f(z,x)
im

xX——+00 xl)+*1

= o0 uniformly for a.a. z € Q.

So, f(z,-) is (p4+ — 1)-superlinear, but need not satisfy the AR-condition which is
common in the literature when studying superlinear problems (see Willem [24], p.
46). Instead we use the quasimonotonicity condition on ey (z, -) (see hypothesis Hj
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(iii)). This is a slight generalization of a condition used by Li-Yang [10]. If there exists
M > 0 such that for a.a. z € Q, x — ){]Efrfl) is nondecreasing on [M, 4+-00), then
hypothesis H; (iii) is satisfied. We stress that in contrast to [14], the perturbation here

can be sign-changing.

Let V : Wy "9(Q) - W=17'@)(Q) be defined by
(V(u), h) = / (IVu|P@=2 4 |Vu|?D=2)(Vu, Vh)gndz for all u, h € Wy " (Q).
Q

Evidently V = A, + A, and so on account of Proposition 3, we have:

Proposition 4 The operator V (-) is bounded, continuous, strictly monotone (thus max-
imal monotone too) and of type (S)+.

3 An Auxiliary Problem

In this section, we examine the following auxiliary anisotropic Dirichlet problem

—Apyu(z) — Agoyu(z) = 2u(z)™@"1 inQ,
{ p@U(Z quz z 0

u) =0, A2>0,u>0.
9

The solution of this problem will help us bypass the singularity and prove the existence
of admissible parameters for problem (7).

Proposition 5 If hypothesis Hy holds, then for every i > 0 problem (Q;.) has a unique
positive solution u)_ € int C4 and u, — 0 in Cé () asr — 0T,

Proof First we show the existence of a positive solution for problem (Q} ). To this end
let oy, : W(} P (Z)(Q) — R be the C!-functional defined by

1 1 A
aﬂu):/ —|W|P<Z>dz+f —|Vu|‘1(z)dz—/ —— ()@
o p) 2 q(2) o 7(2)

forall u € Wy " (). If |ull, llull sy > 1, then we have

1 Aco . ..

o, (u) > —|lul|’~ — — |lu||*= for some cy > O (see Proposition 2).
D+ T—

Since 74 < g— < p_, it follows that

o, (+) is coercive.

The modular functions are convex continuous, hence sequentially weakly lower
semi-continuous. This fact and Proposition 1 (the anisotropic Sobolev embedding
theorem) imply that
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o, () is sequentially weakly lower semicontinuous.

Then the Weierstrass—Tonelli theorem implies that there exists u € WO1 P (2) such
that

0,.(,) = inf [G;L(u) Cue Wol’f’(”(sz)]. (1)

Letu € Wy”@(Q), u # 0. Then for 7 € (0, 1) we have

q- T+
o1 (tu) < —[pp (Vi) + py (V)] — — pe )
q- T+

< c1t?9 — cpt™ for some ¢y, ¢z > 0.
Since 74+ < g—, choosing ¢ € (0, 1) even smaller if necessary, we have

o, (tu) < 0,
or(up) <0=0,(0) (see (1)),

=
= u; #0.

From (1) we have

(o} (@), h) = 0 forall h € Wy @ (),

= (V(@), h) = / MO hdz for all h € Wy PP (). 2)
Q
In (2) we use the test function h = —u; € Wé P& Q) and obtain
pp(Vu, ) <0,
= u) >0, up #0 (see Proposition 2). 3)

From (2) and (3) it follows that u;, is a positive solution of (Q; ). From [19] (Propo-
sition A1), we have that u, € L°°(2). Then the anisotropic regularity theory (see Fan
[5]) implies that u; € C4 \ {0}. Finally the anisotropic maximum principle (see [19],
Proposition A2) implies that

u) € int C+.

Next we show that this positive solution of (Q;) is unique. For 79 € (74, g—), we
consider the integral functional j : L' () — R = R U {+o0} defined by

i Jo 55 IVul/01P@dz 4 fo L vul/010@dzifu > 0, ul/™ e Wyt (@),
~+o00 otherwise.
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Theorem 2.2 of Takd¢—Giacomoni [22] implies that j(-) is convex. Suppose i), is
another positive solution of (Q;). Again we have u, € int C. Using Proposition
4.1.22, p. 274, of Papageorgiou—Rédulescu—Repovs [18], we have

e L) and 2 € L¥(Q). o
Uy U

Letdom j = {u € LY(Q) : Jj(m) < 400} (the effective domain of j(-)) and let
h= @ — i) € Wy (). On account of (4) for € (0, 1) small we have

u,’ +th € dom j, u;’+th € dom j.

Then since j () is convex, the directional derivatives of j(-) at E;O and at 17;0 in the
direction A exist and using Green’s identity we have

l/ —Apn — Ag)U, hdz
Q

70 !

J' @) (h

1 _
= — | a9 ™hde,

T JQ
- I [ —Apoii — Ay
J@ = - [ R = B0 g,
0 JQ uy
1 ~t(z)—
= — | A9 ™hdz.
0 JQ

The convexity of j(-) implies the monotonicity of j'(-). Hence
0< / A[EK(Z)_TO — ﬁ;(Z)_m] (ﬁ;o — ﬂ;") dz < 0 (sincets < 10),
Q
=0, =1Uu,.

This proves the uniqueness of the positive solution #, € int C4 of (Q;).
Finally we have

(V). h) =/ 3t hdz for all h € Wy ().
Q

Using h =u) € Wé’p(Z)(Q), we obtain

Pp(Vuyp) < Apc(uy),
= min{f|@ ™, 717~} < Amax (@7 1707 )
(see Proposition 2)
< ez max{|[m || 1@ )

for some ¢3 > 0 (see Proposition 1).
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Recall that 7, < g— < p_. So, it follows that
W, — 0in W, PP (Q) as A — 0%, 5)

The anisotropic regularity theory (see Fan [5]) implies that we can find @ € (0, 1)
and ¢4 > 0 such that

i, € Cy® (), 23]l 1y < s forall & € (0, 1]. (©6)

@

We know that Cé’“ (Q) — Cé (Q) compactly. So, from (6) and (5) we conclude
that

W, — 0inCH(Q)asr — 0T,

4 Positive Solutions
We introduce the following two sets:

L ={) >0 : problem (P;) has a positive solution}
(set of admissible parameters),
S, = { set of positive solutions of (P, )}.

Proposition 6 If hypotheses Hy, Hy hold, then L # 0 and for all . > 0 S) C int C5.

Proof Let§ > 0 be as postulated by hypothesis H] (iv). On account of Proposition 5,
we can find A* > 0 such that

[ lloe < & forall A € (0, A*]. (7

We fix A € (0, A*] and let i), € int C be the unique positive solution of (Q;) (see
Proposition 5). We introduce the Carathéodory function g, (z, x) defined by

Mt (2) 779 + i ()TO N + fzxT) ifx <Uu(2).

Ax™1@ 4 xT@-1 4 £(z, x) if u) (z) < x. ®

oz, x) = {

Let G;.(z, x) = [y 8.(z, s)ds and consider the C'-functional ¢;, : Wol’p(Z)(Q) —
R defined by

p(2)
Q

1 1
gz),\(u)zf —|W|P(Z>dz+/ ——|Vul1®dz
o Pz Q q(2)
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Claim: ¢, (-) satisfies the C-condition.

Consider a sequence {uy },en < WO1 P& Q) such that

|@; (uy)] < cs for some c5 > 0, alln € N, &)

(1 + un g} (n) — 0in W17 (Q) as n — 4o0. (10)

From (10) we have

‘(V(”n)»h> —/ gx(z,un)hdz‘ =< _enll I
Q L4 {lun |l
forall h € Wy"¥(Q), withe, — 0. (11)

In (11) we choose the test function 4 = —u, € Wol’p(Z)(Q). Using (8) we obtain

n

pp(Vu, ) < g, foralln € N,
= u; — 0in Wy"?(Q) (see Proposition 2). (12)

We define
iz x) = Ax 1@ 4 xT@ 1 4 £z x)

and F; (z,x) = [ fu(z, $)ds.
From (12), (9) and (8), we have

f %IVu,TI”(Z)dz+/ %IVu,TIQ(Z)dZ—/ pi Bz u)dz < ¢
Q Q Q

forsome cg > 0, alln € N,
= pp(Vu)) + pg(Vu,b) — / piFy(z.u)dz < cgforalln € N
Q

(since p(z) < p4 forall z € Q). (13)
In (11) we choose the test function & = u;| € W(} P (£2) and obtain
— pp(VuS) — pg(Vuyh) +/ @z, uHuldz < e, foralln e N,
Q

= —pp(Vuh) — pg(Vu;) +f flz uDufdz < e
Q

for some ¢7 > 0, all n € N (see (8)). (14)

We add (13) and (14) and obtain

/ e, (z,u)dz < cg for some cg > 0, alln € N, (15)
Q
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(note that e (z, x) = f\(z, X)x — p+ﬁ,\(z,x) for all z € €, all x > 0). Using (15)
we will show that {u},en € W(;’p (Z)(Q). Arguing by contradiction, suppose that at
least for a subsequence we have

||u2'|| — +o0asn — 400, ||u:'|| > 1foralln € N. (16)
i, 1.p()
We set y, = ”—1” n € N. Then y, € Wy'"(Q), y» > 0, [lyall = 1 for all
Un

n € N. So, we may assume that
Yu = yin Wy P(Q), y, — yin L'@(Q), y > 0 (see Proposition 1).  (17)

Suppose y # 0. We set Q4 = {z € Q : y(z) > 0}. From (17) we see that
|Q4+|n > 0 (by | - |§ we denote the Lebesgue measure on RY). We have

u;lL(z) — 4ooforaa.z € Q4. (18)
Then from (18), hypothesis H;(ii) and since T4 < p,, we see that

Pz uf Pz, uf
x(z:tn @) _ x(i U, (z))yn(z)er s tooforaaz e Q.
llun 117+ un (2))P+

Using Fatou’s lemma, we have

Bz, ur
lim /*(i—“”)dzeroo. (19)
n—>+00 Jo ”un ||P+

From (12), (9) and (8), we have

— = looVuD + 2y VD] + [ Btz <o
for some cg > 0, alln € N,
= /Qﬁ(z, uhdz < co + qi [op (Vi) + pg (V)]
<cio[1+ pp(Vu,)] for some cjo > 0,
<cio[1+ llu; 1”+] (see (16) and Proposition 2),
/ Fute ) M'J{)dz <cio [
Q

+
llen [P+

T + 1:| foralln € N. (20)
uy ||P+

Comparing (20) and (19), we have a contradiction.
Next suppose that y = 0. Consider the function

wn(t) = s (tu)) forall ¢ € [0, 1].
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The function () is continuous and we can find #,, € [0, 1] such that

Mn(tn) = max pp (). (21)
0<r<1

Let 8 > 1 and set v, = (28)'/P-y,, n € N. From (17) and since we assume that
y = 0, we have

vy —0in L"@(Q),

=>/ G (z,vy)dz — Oasn — +oo0. (22)
Q

From (16) we see that we can find ny € N such that

@p)l/r-

T € (0, 1] for all n > ny. (23)
llen

Then from (21) and (23) we see that

o (taw)) = 03,(28) /P~ y,) = @3 (vy) for all n > n,

+ 1 20 @
S o)) > —f(zm = |Vyn|“dz—/ Gz, va)dz
P+ JQ Q

> %pp(vyn) —/ G(z, vp)dz (recall B > 1)
D+ Q

28

= — — | Gu(z,vp)dzforalln > ng
P+ Q

(since ||yn|l = 1, see Proposition 2).

From (22) we see that there exists n; € N, n; > ng, such that

o (tau}) > L foralln > ny.
P+

But 8 > 1 is arbitrary. So, we infer that
@ (tqu)}) — 400 asn — +oo. (24)
We have
0< t,,u;f < u;," foralln € N,

= / e (z, tau;)dz < / e (z,u)dz + 1y
Q Q
for some c11 > 0, all n € N (see hypothesis Hj (iii)),

= / e (z, tau;)dz < ¢y for some c12 > 0, alln € N (see (15)). (25)
Q
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We set

e.(z,x) = g1(z, x)x — p+Gy(z, x) forall z € , all x > 0.

Then from (8), (7) and hypothesis Hj (iv), we see that

e (z,x) <ey(z,x) +cyzforsomecyz >0, aa.z € Q, allx > 0.

Note that

©.(0) =0, s (u) < c14 for some c14 > 0, all n € N (see (9), (12)).

From (24) and (27) it follows that there exists no € N such that
t, € (0, 1) forall n > ny.

Then (28) and (21) imply that for all n > n,, we have

d
— Mn (1) 0,

dt
= (¢} (tau;)), u,") = 0 (by the chain rule),

1=ty

= (@} (tau)), tyu) = 0 for all n > ny (see (28)).

For n > n, we have

1
@1 (tntt;}) = @ (tguey}) — E(w&(tnu,f), ) (see (29)),
! 17 1 17
= o u+)§f — |Vu+|p(z)dz+/ .
N T BT R ola@ s
1 ~
+ — / e.(z, tau, ) dz (see (28))
P+ Ja
5/ L_L |Vu;|p(1)dz+/ L_i
olr@ p+] olq@@ p+]

(26)

27

(28)

(29)

|Vu;f|q(z)dz

|Vu;|q(z)dz

1
+ — / e (z, tau;} )dz + cy5 for some c15 > 0 (see (26))
P+ Jo

1

<

Ll
“Jalpr@  p+

+ c16 for some ¢ > 0 (see (25))

1
|Vu+|1’(Z)dz+/ [— -
" al9@ p+

—} |V 19@dz

< PR f 0 26), (15
< on(u,) p (@, (uy ), uy, ) + c17 for some c17 > 0 (see (26), (15))
J’_

< c1g for some c1g > 0 (see (9), (10), (12)).
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We compare (24) and (30) and reach a contradiction. Therefore {u;'},en
Wol’p (Z)(Q) is bounded and this combined with (12) implies that {u,},en
Wol’p © () is bounded. We may assume that

<
<

wn = win Wy ?9(Q), u, — uin L’@(Q). 31)

In (11) we use the test function h = (u, — u) € Wol’p(Z)(Q), pass to the limit as
n — 400 and use (31). We obtain

lim (V(uy),u, —u) =0,
n—-+00
= U, — uin Wé’p(Z)(Q) (see Proposition 4),
= @, (-) satisfies the C—condition
This proves the Claim.
On account of hypotheses H; (i), (iv), given ¢ > 0, we can find c¢j9 = c19(¢) > 0

such that

I3
F(z,x) < —x% + cjox" @ fora.a. z € Q, allx > 0. (32)
P+
Consider u € Wé’p(Z)(Q) with [lu]| < 1 small. We have

1 —_ — —
o) = - [0p(Vit) + pg (V)] —/ M, " 4Otz
+

{u<uy}
_ A / [ul—n(z) _ ﬁi*U(Z)]dZ _ if [MT(Z) _ ﬁ;(Z)]dZ
1—nq (1), <u} T— J{up<u}
- / F(z, u™)dz (see (8)). (33)
Q

Let (7(z) = d(z,0) E(\)r all z € Q. Then Lemma 14.16, p. 355, of Gilbarg—
Trudinger [8] implies that d € C \ {0}. Since u, € int C4 (see Proposition 5), using
Proposition 4.1.22, p. 274, of [18], we can find ¢3¢ > 0 such that

co0d < Ty (34)

Using the anisotropic Hardy’s inequality of Harjulehto—Histo—Koskenoja [9], we
have

p(z)
/ |u| dzz/ (ﬁl—n(z))p(Z) (M)P(z) 0
o EZ(Z) Q A ),

|ul p(2)
<31 / (ﬁ_> dz for some c¢p; > 0 (since u), € intC)
Q \ Ui
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|u| p(2)
=2 / (7) dz for some ¢z > 0 (see (34))
Q

for ||u|| < 1 small (see Proposition 2 and [9])
p(2)
< c¢23]|u]| for some cp3 > 0. (35)

=cn

=

Also we have

A A u
/ l/ll_n(Z)dZ < / sz
L=+ Jm <y U=n+ Ja<uwy u]©

|ul
< ACo4 / 7dz for some c24 > 0
Q

Ju|

_—

for some cy5 > 0
p(2)

(since LP9(Q) — L'(Q) continuously)

< Acogllu|| for some ¢ > 0

< Acps

(anisotropic Hardy’s inequality, see [9]), (36)

and

A @) A
— lu|"*dz < — p (u) < rea7|lu|| for some c37 > 0 (Jlu]] < 1 small).
T

T— J{uy<u} —

(37)
We return to (33) and use (35), (36), (37) and (32). We obtain
(u) = Lllull”+ + L Il o) — ecasllull{? .y | = coolnllull + flul~]
(DN = r P 1,4(z) 28 1,4(2) 29
for some cpg, ¢p9 > 0 (recall |Ju|]| < 1 is small).

Choosing ¢ > 0 small, we have

or(u) = [L — cooOllull' P + ||M||r_p+)} [P+
P+
Consider the function
Pu(t) = Al TP 4 TP > Q).
Evidently 7, € C'(0, oo) and
7:(t) = +ooast — 0T andast — 400 (since | < py <r_).
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Therefore we can find 7y € (0, 1) such that

Y1 (to) = min ¥y,
t>0

= 7, () =0,
- _—pi—1
= Mps— Dig"t = - — pyy P
1

A —1D]r=T
= ty=1t(A) = [M} .

F'—— P+

We have
I’+—1| )\( 1) rf—pl+
—~ r_ —_— r—— —_— r——
AMp+—1D r-—p+

Since py < r—, we see that
V(o) > 0as A — 0T,
Therefore we can find 3:0 > 0 such that

1 ~
— — c97.(tg) = B > O forall A € (0, 1),
P+

= (1) > B > Oforall & € (0, %), all lul = to(%). (38)

Let By = {u € Wy "' ¥(Q) : ||ul| < 19(1)}. The reflexivity of W, " () and the
Eberlein-Smulian theorem imply that B;, is sequentially weakly compact. Also, the
sequential weak lower semicontinuity of the modular function and Proposition 1 imply
that ¢y (-) is sequentially weakly lower semicontinuous. So, we can find u;, € B such
that

@(up) = inf [, () : u € By]. (39
Recall that u; € int Cy. So, if u € C1\{0}, we can find ¢ € (0, 1) small such that
0<tu<u, 0<tu(z) <8forall z € Q (see[12], p. 274).
Using (8) and hypothesis Hj (iv), we have

- _
en(tu) = = lpp (Vi) + py (V)] = 1 / (@, " + u O udz
— Q

u
< c30t?™ — Aezqt for some c39, ¢31 > 0 (recall =0 € L' (Q)).
u
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Since 1 < g_, choosing ¢ € (0, 1) even smaller if necessary, we have

@y (tu) <0,
= @) <0=9,(0) (see(39)),
= u; #0.

Then from (38) we see that

0 < flurll < t0(A),
= (¢} (u3), h) =0forall h € Wy " (),

= (V(up), h) =/ 81.(z, wy)hdz for all h € Wy"® (). (40)
Q

We use the test function & = (i, — u;)t € Wol’p(Z)(Q). We have

(V(up), @ —up)™h)

f G + 7O £z, ) — )tz (see (8))

> / AuT(Z) (), — uy) Tdz (see (7) and hypothesis H;(iv))
Q

= (V(u;), (), — u;)™) (see Proposition 5),
= u) < u, (see Proposition 4). (41)

From (41), (8) and (40), we infer that
u;, is a positive solution of (Py).

From Proposition A1l of Papageorgiou—Réadulescu—Zhang [19], we know that u) €
L°°(R2). Then the singular anisotropic regularity theory (see Saoudi—Ghanmi [21] and
Giacomoni—Kumar—Sreenadh [7] for the corresponding isotropic theory) implies that
u) € C4+\{0}. Let p = |lus|loo and letgp > 0 be as postulated by hypothesis Hj (iv).
We have

l —
— Apyun — Dgyusr + 50 ul®” — Au, 1@

= )\u;m "4 fzouy) +Sp Pl
> (0in €2,
= u, € int C4 (see Proposition A2 of [13]).

We conclude that

L #@Wand S; CintCy forall A > 0.

@ Springer



Singular Anisotropic Problems Page 190f26 173

The next proposition establishes a structural property of the set £, namely that it is
connected.

Proposition 7 If hypotheses Hy, Hy hold, . € L and 0 < p < X, then u € L.

Proof Letu; € S, C int C.y. From Proposition 5 we know that iz, — 0 in C} () as
o — 0T. So, we can find o € (0, u) small such that

Uy <min{s, uy} (recall u; € intC,).

We introduce the Carathéodory function g, (z, x) defined by

1lite (2) 7" + 3, ()T + f(z, U, (2) i x <o (2),
Zu(z, x) = pulx 1@ 4 xTO- 1 4 f(z,x) if ity (2) < x < u(2),
w7 +u, @)TO TN + fzoun2)  ifup(@) < x.
(42)

We set aﬂ(z,x) = fé‘ gu(z,8)ds and consider the C!-functional f/?u
W, " (Q) — R defined by

N 1 1
% (u):/ —|W|P<Z)dz+/ —|Vu|?@dz
8 o p() 2 q(2)

—f G u(z, uydz forall u € Wy"9 ().
Q

From (42) and Proposition 2, it is clear that % (+) is coercive. Also, it is sequentially
weakly lower semicontinuous (see Proposition 1). Then by the Weierstrass-Tonelli

theorem, we can find u,, € Wol’p(Z)(Q) such that

D) = inf [@M(u) ue Wg”’(Z)(Q)],
= (), (), h) = Oforallh € Wy"'(Q). (43)
In (43) first we use the test function 7 = (u, — ”u)+ € Wol’p(Z)(Q). We have

(V(u#), (e — uu)+>

= f (uli, " + O 4 f(2,70)) W — uy,)tdz (see (42))
Q

> / put D= @, — u,)Tdz (because 0 < U, (z) < 8,z € Q, use Hy (iv))
Q

> / oﬁ;(Z)_l(ﬁg —u,)Tdz (since o < )
Q

= (V(y), (uy —u,)") (see Proposition 5),
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= Uy < uy.
Next in (43) we choose the test function h = (u, — uy)* € Wol’p(Z)(Q). We have

(V@ug), (uy —u)™)

= /Q (" + 1O F 2 un) (e — up) T dz (see (42))

< [ 0"+ uT 7 f ) )z since < )
Q
= (V(up), (u, —u) ™) (since uy € Sy),
= uy, < u; (see Proposition 4).
So, we have proved that

uy € [Ug, uy]. 44)

Then from (44), (42) and (43) it follows that
u, €8, CintCyandsopu € L.

O

A quick inspection of the above proof reveals that we get, as a useful byproduct of
it, the following corollary.

Corollary 1 If hypotheses Hy, Hy hold, » € L, u) € S; C int C4 and n € (0, A), then
w € L and there exists u, € S, C int Cy such that u, < u;.

In fact with little additional effort, we can improve the above “monotonicity” prop-
erty of the solution multifunction A — S,.

Proposition 8 If hypotheses Hy, H| hold, A € L, u) € S;, C int Cy and n € (0, 1),
then € L and there exists u, € S, < int C such that u) —u, € int C,.

Proof From Corollary 1 we already know that 4 € £ and there exists u,, € S, C
int C such that

Uy = Uj.
Let p = ||u)]lco and let Ep > 0 be as postulated by hypothesis Hj(iv). We have

~ . B
= Apyty — Byt + Sp“Z(Z) - )""Mn(Z)
< ku;(Z)_l + f(z,u;) +§puf(Z)_l (see hypothesis H;(iv))

-1 —n(z
PO . (45)

= —Apeyun — Bgyn + &pu
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Sinceu,, € int C4,weseethatO < (A— ,u)u,Z(Z)_l .Hence from (45) and Proposition

2.3 of Papageorgiou-Winkert [13], we obtain

u) —uy €intCy.

From the proof of Proposition 7, we know that for o € (0, i) small, we have
u, € lug,u] (see (44)).

In fact using Proposition 8, we can improve this.

Proposition 9 If hypotheses Hy, H| hold, A € L, u) € S;, C int Cy and n € (0, 1),
then we can find u, € S, € intCy and o € (0, ) small such that u, €
intc(;@) [ty , uyl.

Proof From Proposition 8, we already know that there exists u,, € S, C int C4 such
that

uy —uy €intCq. (46)

Also if o € (0, ‘i) is small, we have u, < min{8, u,} (see Proposition 5). Let
o = lluylloo and let &, > O be as postulated by hypothesis H; (iv). We have

— Ayl — Dyt + Epul O — 1@
<oy @ 7 + Eu O 4 f(e. ) (since T, <8, see H(iv))

< O L EulO 4 o) (see Hi(iv)

= =B pitn = By +Epuf 7 — ", 47)

Since u, € int C, on account of hypothesis Hj(iv), we have
0=<fC,us().
So, from (47) and Proposition 2.3 of Papageorgiou-Winkert [13], we infer that
Uy — Uy €intCy. (48)
Then (46) and (48) imply that

u, € intcé(ﬁ)[ﬁg, uy].

Leth = sup L.

@ Springer



173 Page220f26 N. S. Papageorgiou et al.

Proposition 10 If hypotheses Hy, H hold, then » < +00.

Proof Hypotheses H, (i), (ii), (iv) imply that we can find Ag > O such that
AoxT@7 4 f(z,x) > xPP  foraa. z € Q, allx > 0. (49)

Let A > Ag and suppose that A € L. Then we can find u) € S; C intC4 (see
Proposition 6). Let €29 € €2 be an open subset with C 2_boundary 32 and such that
Qo € Q. We define

0 <mo=minu,; (sinceu, € int Cy).
Qo

For & > 0, let m§ = mo + €. Also, let p = max{||uy ||, my} and take/f;‘\p > 0 as
postulated by hypothesis H;(iv). We have

= Apymy = Dgmf +Ep(me)" @ — ) =1

<& (mo)"~" + x(e) with x(e) = Oas e — O
03 -1

<& + UmfP 4+ x(e)

< 2omg ™+ Fzomo) +Epmf YT+ 0= 2oymg T+ x(e) (see (49))

<2l 4 F@ow) + Epud 9T (see Hy(iv)

o~ -1 —n(z) .
= —Ap(z)l,t)V — Aq(z)l,t)L + épuf(Z) — )LM)\ n() in . (50)

For & > 0 small, we have
~ T(2)—1
0<c= O —2r)m, — x ().

So, from (50) and Proposition 2.3 of [13] (see also Proposition A4 of [19]), we
obtain

mg < u; (z) forall z € Qo,
a contradiction. Therefore A < Xo < +00. O

If A € (0, %), then we have multiplicity of positive solutions.

Proposition 11 If hypotheses Hy, H| hold and A € (O,/):), then problem (Py) has at
least two positive solutions ug, u € int C.

Proof Let B € ()\,/):) and o € (0, 1) small such that ||is|lcc < § (see Proposition
5). From the previous results, we know that for ug € Sg C intC,, we can find
ug € Wol’p(Z)(Q) such that

up € S, CintCy, ug € intcé(ﬁ)[ﬁg, ugl. (@28
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As in the proof of Proposition 7, truncating the reactlon at {us(2), ug(z)} (see (42))
and introducing the corresponding C!-energy functional w,\ ), via the direct method
of the Calculus of Variations, we produce u( a global minimizer of 1/;1( ).

Also, we introduce the following Carathéodory function

(52)

2 (ex) = Mito (2)7"9 + 7, ()" O + f(2, 1, (2)  ifx <y (2),
MEBDZ N0 42101 + £z, x) if i, (2) < x.

Weset E; (z, x) = o @x(z, s)ds andintroduce the C'-functional g, : Wé’p(Z)(Q) —
R defined by

1 1
@(u)zf —|w|1’<z>dz+/ ——|Vul?@dz
o @) e q(2)

_/ EA(Z, u)dz forallu € Wé’p(Z)(Q)_
Q

From (42) and (52), we see that

Recall that ¢ € int C is a global minimizer of fp}(-). Then from (51) it follows
that

u is a local Cé () — minimizer of @, (-),

= ugis alocal Wol’p(Z)(Q) — minimizer of @ (+)
(see [13], Proposition A3). (53)

Using (52) we can easily check that
K3, € [us) Nint Co. (54)

Then (54) and (52) imply that we may assume that K, is finite or otherwise we
already have an infinity of positive smooth solutions of (P,) and so we are done. So,
we have that K3, is finite and this fact together with (53) and Theorem 5.7.6, p. 449, of
Papageorgiou—Radulescu—Repovs [18] imply that we can find p € (0, 1) small such
that

@r(uo) < inf[@a(u) : llu —uoll = pl = ;. (55)
On account of hypothesis Hj (ii), we see that if # € int C then
@1(tu) > —oo ast — +00. (56)
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Moreover, using (52) and arguing as in the proof of Proposition 7 (see the “Claim”),
we show that

¢a. () satisfies the C—condition. (57)

Then (55), (56) and (57) permit the use of the mountain pass theorem. We can find
7 e Wy "? () such that

u € Kg, C [us) Nint C4 (see (54)),
@.(uo) < m;. < @,.(u) (see (55)).

So,u # ug,u # 0 and u € int C is the second positive solution of problem (P;)
with & € (0, A). m|

Finally we check the admissibility of the critical parameter/): > 0.
Proposition 12 If hypotheses Hy, H| hold, then's € L.

Proof Let{A,},en € L besuchthat A, 1 *. We can find up € Sy, € int C4 which are
minimizers of ¥;,, () (truncation at i, foro € (0, A,) small and atug € Sg C int C
with 8 € (Ay, 1)) and so

U, () < Vi, (i)

1 1
=/ —|Vﬁg|l’<z>dz+/ —— | Vi, [19dz
o p(2) 2 q(2)

_ / (xn[u},—”@ Fat @) 4 f(z,ﬁg)ﬁg) dz (see (42))
Q

< pp(Vitg) + pq(Vitg) — Apz (iis) — 7 with 7 € (0, +00)
< pp(Viig) + pq (Viiy) — 0y (iy) — 7 (since o € (0, 1))
= —7 < 0 (see Proposition 5),

o~

= ak,, (un) < 0 (since @An @ (™

Ug,ugl

).
[to,upl

Also, we have @n (uy) = 01in W_I*P/(Z)(Q) for all n € N. Then as in the proof of
Proposition 7 (see the “Claim”), we obtain

Up —> Uy In Wol‘p(Z)(Q) asn — +o0.
We have
(@, (un), h) = 0 forall h € Wy'"' (), alln € N,
= (V) h) = /Q B, (@ unhdz,

= (V(us), h) =/?x(z,u*)hdz forall h € Wy "¥(Q).
Q
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Also we have u, < u, forall n € N and so u, < u, which means that u, € S5 C
int Cy, hence A € L. O

We have proved that
L =072

We can state the following global existence and multiplicity theorem of problem
(P;) (bifurcation-type theorem).

Theorem 1 If hypotheses Hy, Hy hold, then there exists A > 0 such that:

(a) forall A € (0, ’)\\) problem (P,) has at least two positive solutions ug, u € int C;
(b) for & = A problem (P,) has at least one positive solution u, € int C4;
(¢) forall A > ) problem (P;) has no positive solution.
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