Nonlinear Anal. TMA 271 (2026) 114141

Contents lists available at ScienceDirect

Nonlinear
Analysis

Nonlinear Analysis

journal homepage: www.elsevier.com/locate/na

Research Paper ,.)

Check for

Existence, comparison principle and uniqueness for fully
nonlinear anisotropic evolution equations

Antonella Nastasi ® 2, Emiliano Pefia Ayala ¥ ®, Matias Vestberg™*

2 Department of Engineering, University of Palermo, Viale delle Scienze, 90128, Palermo, Italy
b Department of Mathematics, Uppsala University, P. O. Box 480, 751 06, Uppsala, Sweden

ARTICLE INFO ABSTRACT

Communicated by Prof Matteo Novaga We prove the existence of solutions to the Cauchy-Dirichlet problem associated with a class of fully
nonlinear anisotropic evolution equations. We prove a comparison principle and conclude the
uniqueness of solutions. All results are obtained under a closeness assumption on the exponents
which guarantees that a certain power of the solution has a gradient.
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1. Introduction

This paper proves existence, uniqueness and a comparison principle for solutions to the Cauchy-Dirichlet problem associated with a
class of fully nonlinear anisotropic evolution equations of the form
N
du— Y 0;(a;Ce,t,wlou™ P29 ) = £ in - Qp :=Qx(0,T), 1.1
j=1

where we use the shorthand notation 0 ju"'f‘ =0, (u™). Here Q c RN is open and bounded, p ; € (1,00) and
m :=min{m;|j€{l,...,N}} 2 1.
We assume that there is a constant A > 0 such that the coefficient functions a; satisfy

A <antwy <A, (xLw) €QXO,T)XR, je(l,...,N}. (1.2)
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\begin {align}\label {eq:diffusion} \partial _t u - \sum ^N_{j=1} \partial _j\big (a_j(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\big ) = f \quad \text { in } \quad \Omega _T:=\Omega \times (0,T),\end {align}


$\partial _j u^{m_j}:= \partial _j(u^{m_j})$


$\Omega \subset \R ^N$


$p_j \in (1,\infty )$


\begin {align*}m:= \min \{m_j\,|\, j\in \{1,\dots , N\}\} \geq 1.\end {align*}


$\Lambda >0$


$a_j$


\begin {align}\label {cond:unifellipt} \Lambda ^{-1} \leq a_j(x,t,u) \leq \Lambda , \quad (x,t,u)\in \Omega \times (0,T)\times \R , \quad j \in \{1,\dots ,N\}.\end {align}


$a_j$


$u$


$(x,t)$


$c>0$


\begin {align}\label {cond:lipcont} |a_j(x,t,u) - a_j(x,t,v)| \leq c|u - v|.\end {align}


\begin {align}\label {cond:f} f \in L^{\sigma \bar p^\prime }(\Omega _T; [0,\infty )),\end {align}


$\bar p$


\begin {align}\label {def:overlinep} \bar p: = \left ( \frac {1}{N} \sum _{j = 1}^N \frac {1}{p_j}\right )^{-1},\end {align}


$\bar p^\prime $


$\sigma $


\begin {align}\label {cond:lowerboundsigma} \sigma > 1 + \tfrac {N}{\bar p}.\end {align}


$p_j \equiv p$


$f$


$\R ^N$


$L^1$


\begin {align}\label {cond:u0} u_0 \in L^\infty (\Omega ), \quad u_0 \geq 0.\end {align}


$m_j$


\begin {equation}\label {cond:mjcloseness} m_j < p_j' m.\end {equation}


$u$


$u^m$


$m_j \equiv m$


$u^m$


$u^{m_j}$


$x_j$


$L^{m+1}_{\textnormal {loc}}(\Omega )$


\begin {align}\label {cond:g} &g \in L^\infty (\Omega _T) \cap L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega )), \quad \partial _t g \in L^2(\Omega _T), \\ \notag &g \geq \varepsilon _0 >0, \textnormal { or } g\equiv 0,\end {align}


$L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


$m_j\equiv m$


$\mathbb {R}^N \times (0, T)$


$u$


$\Omega \times (0, T)$


$m_j\equiv m$


$m_j$


$p_j \equiv 2$


$p_j$


$m_j$


$u$


$v$


$u \leq v$


$m_j$


$p_j$


$m_j\geq 1$


$m<1$


$v:= u^m$


$1$


$1/m$


$m<1$


$p\geq 2$


$\R ^n$


$p$


$p\geq 2$


$p\in (1,2)$


$m_j \equiv m$


$u^m$


$\Omega _T := \Omega \times (0,T)$


${\bf p} = (p_1,\dots , p_N)$


$p_j > 1$


\begin {align*}W^{1, {\bf p}}(\Omega ) &:= \{ v \in W^{1,1}(\Omega )\,|\, \partial _j v \in L^{p_j}(\Omega ),\, j \in \{1,\dots , N\}\}.\end {align*}


\begin {align*}\overline W^{1, {\bf p}}_{\textnormal {o}}(\Omega ) := \overline {C^\infty _{\textnormal {o}}(\Omega )} \subset W^{1, {\bf p}}(\Omega ),\end {align*}


$C^\infty _{\textnormal {o}}(\Omega )$


$W^{1, {\bf p}}(\Omega )$


$u\mapsto \norm {u}_{L^1(\Omega )} + \sum ^N_{j=1} \norm {\partial _j u}_{L^{p_j}(\Omega )}$


\begin {align*}L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega )) &:= \{ v \in L^1(0,T;W^{1,1}(\Omega )) \,|\, \partial _j v \in L^{p_j}(\Omega _T), \, j \in \{1,\dots , N\}\}.\end {align*}


$i : \overline W^{1, {\bf p}}_{\textnormal {o}}(\Omega ) \hookrightarrow L^1(\Omega )$


$\partial _k: \overline W^{1, {\bf p}}_{\textnormal {o}}(\Omega ) \to L^{p_k}(\Omega )$


$E$


$(0,T) \to \overline W^{1, {\bf p}}_{\textnormal {o}}(\Omega )$


\begin {align*}& L^{\bf p}(0,T; \overline W^{1, {\bf p}}_{\textnormal {o}}(\Omega )) = \{ u \in E \,|\, i \circ u \in L^1(0,T; L^1(\Omega )), \, \partial _k \circ u \in L^{p_k}(0, T; L^{p_k}(\Omega )),& \\ & k \in \{1,\dots , N\} \}&,\end {align*}


$\partial \Omega \times (0,T)$


$\Omega _T$


$L^{\bf p}(0,T; \overline W^{1, {\bf p}}_{\textnormal {o}}(\Omega ))$


$C^\infty _{\textnormal {o}}(\Omega _T)$


$\{ f \in L^1(\Omega _T)\,| \, \partial _k f \in L^{p_k}(\Omega _T)\}$


\begin {align*}v \mapsto \norm {v}_{L^1(\Omega _T)} + \sum ^N_{j=1} \norm {\partial _j v}_{L^{p_j}(\Omega _T)}.\end {align*}


\begin {align*}V^{\bf p, \bf m}_q := \{ u \in L^q(\Omega _T)\,|\, \partial _j u^{m_j} \in L^{p_j}(\Omega _T)\},\end {align*}


$q$


\begin {align*}q \geq \max \{m_j\,|\, j\in \{1,\dots , N\}\},\end {align*}


$u^{m_j}$


$V^{\bf p, \bf m}_q$


\begin {align*}d(u,v) := \norm {u - v}_{L^q(\Omega _T)} + \sum _{j = 1}^N \norm {\partial _j u^{m_j} - \partial _j v^{m_j}}_{L^{p_j}(\Omega _T)}.\end {align*}


$V^{\bf p, \bf m}_q$


$L^q(\Omega ) \times L^{p_1}(\Omega _T) \times \dots \times L^{p_N}(\Omega _T)$


$u \mapsto (u, \partial _1 u^{m_1}, \dots , \partial _N u^{m_N})$


$q_* := \max \big (\{m+1\} \cup \{m_j\,|\, j\in \{1,\dots , N\}\}\big )$


\begin {align*}V^{\bf p, \bf m} := V^{\bf p, \bf m}_{q_*},\end {align*}


$L^{m+1}$


$\partial \Omega \times (0,T)$


$u^{m_j}$


$j$


$u^m$


$\partial _j u^m \in L^{p_j}_{\textnormal {loc}}(\Omega _T)$


$u^m$


$\partial _j u^m$


$L^{p_j}(\Omega _T)$


$u \in V^{\bf p, \bf m}$


\begin {align}\label {eq:weakform} &\iint _{\Omega _T} \sum ^N_{j=1} a_j(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j} \partial _j \varphi - u\partial _t \varphi \d x\d t = \iint _{\Omega _T} f \varphi \d x \d t,\end {align}


$\varphi \in C^\infty _{\textnormal {o}}(\Omega _T)$


$u \in V^{\bf p, \bf m}$


\begin {align}\label {eq:weak_formsupersub} &\iint _{\Omega _T} \sum ^N_{j=1} a_j(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j} \partial _j \varphi - u\partial _t \varphi \d x\d t \leq (\geq ) \iint _{\Omega _T} f \varphi \d x \d t,\end {align}


$\varphi \in C^\infty _{\textnormal {o}}(\Omega _T)$


$f$


$g$


$u_0$


$u \in V^{\bf p, \bf m}$


\begin {align}\label {prob:C-D} \left \{ \begin {array}{@{}ll} \partial _t u - \sum ^N_{j=1} \partial _j\big (a_j(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\big ) = f & \quad \text {in } \Omega _T, \\[5pt] u(x,0) = u_0(x) & \quad \text {in } \Omega , \\ u = g & \quad \text {on } \partial \Omega \times (0,T), \end {array} \right .\end {align}


$u$


$u\in C([0,T];L^{m+1}(\Omega ))$


$u(0) = u_0$


$u^m \in g^m + L^{\bf p}(0,T;\overline W^{1,\bf p}_{\textnormal {o}}(\Omega ))$


$m\geq 1$


$g$


$g$


$L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


$g^m$


$L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


$\Omega $


$a_i$


$u_0$


$f$


$g$


$u \in L^\infty (\Omega _T)$


$(u_k)_{k = 1}^\infty $


$\Omega _T$


$u_k$


$u_k$


$k$


$(u_k)_{k = 1}^\infty $


$u$


$p_i$


$m_i$


$u$


$u^m$


$v^m$


$u^m$


$L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


$u\leq v$


$\partial \Omega \times (0,T)$


$(u^m - v^m)_+ \in L^{\bf p}(0,T; \overline {W}^{1, {\bf p}}_{\textnormal {o}}(\Omega ))$


$u$


$v$


$v^m$


$u^m$


$L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


$u\leq v$


$u^m = v^m + w + \psi $


$w$


$L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


$w\leq 0$


$\psi $


$L^{\bf p}(0,T; \overline {W}^{1, {\bf p}}_{\textnormal {o}}(\Omega ))$


$u$


$f_u$


$v$


$f_v$


$u,v \in C([0,T]; L^1(\Omega ))$


$u^m, v^m \in L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


$v\geq \varepsilon $


$\partial \Omega \times (0,T)$


$\varepsilon > 0$


$v \geq u$


$\partial \Omega \times (0,T)$


\begin {align}\label {est:compprinciplegeneral} \int _{\Omega } (u - v)_+ (x,t_2) \d x \leq \iint _{\Omega \times [t_1,t_2]} \chi _{\{v<u \}\cup \{u=v=0\}} (f_u\chi _{\{u>0\}} - f_v) \d x \d t + \int _{\Omega } (u - v)_+ (x,t_1) \d x\end {align}


$0\leq t_1<t_2\leq T$


$0\leq f_u \leq f_v$


$u(0) \leq v(0)$


\begin {align}\label {uv} u \leq v, \quad \textnormal {a.e. in} \Omega _{T}.\end {align}


$f$


$u_0$


$g$


$g\geq \varepsilon $


$\varepsilon >0$


$u$


$C([0,T];L^{m+1}(\Omega )) \cap L^\infty (\Omega _T)$


$u^m \in L^{\bf p}(0,T;W^{1, {\bf p}}(\Omega ))$


$L^{m + 1}(\Omega )$


$u, v$


$u$


$v$


$u=v$


$L^1(\Omega )$


$u$


$V^{\bf p, \bf m}\cap C([0,T];L^1(\Omega ))$


$u(0) = u_0$


$L^1(\Omega )$


\begin {align*}A_j(x, t, u, \xi ) := a_j(x, t, u) \lvert \xi _j \rvert ^{p_j - 2}\xi _j, & \quad (x, t, u, \xi ) \in \Omega _T \times \mathbb {R} \times \mathbb {R}^N, & \quad j\in \{1, \ldots , N\},\end {align*}


$A=(A_1,\dots , A_N)$


\begin {align*}\partial _t u - \nabla \cdot A(x,t,u,\partial _1 u^{m_1}, \ldots , \partial _N u^{m_N}) = f.\end {align*}


$A$


$(x, t, u, \partial _1 u^{m_1}, \ldots , \partial _N u^{m_N})$


$(x, t, u, (\partial _j u^{m_j})_{j = 1}^N)$


$0 \leq \tau _1 < \tau _2 \leq T$


$\delta \in \big (0, \tfrac 12 (\tau _2 - \tau _1)\big )$


\begin {align}\label {func:trapezoid} \zeta _{\tau _1,\tau _2}^\delta (t)= \begin {cases} 0 & \text {if } t<\tau _1, \\ \delta ^{-1}(t-\tau _1) & \text {if } t\in [\tau _1, \tau _1+\delta ], \\ 1 & \text {if } t \in (\tau _1+\delta , \tau _2-\delta ), \\ 1 - \delta ^{-1}(t-\tau _2+\delta ) & \text {if } t \in [\tau _2-\delta , \tau _2], \\ 0 & \text {if } t \geq \tau _2. \end {cases}\end {align}


$\delta >0$


$H_\delta :\R \to \R $


\begin {align}\label {def:Hdelta} H_\delta (s) = \left \{ \begin {array}{@{}ll} 0 & \quad \text {if } s \leq 0, \\[5pt] \frac {s}{\delta } &\quad \text {if } 0< s < \delta , \\ 1 & \quad \text {if }s \geq \delta . \end {array} \right .\end {align}


\begin {align}\label {def:Gdelta} G_\delta (s) := \int _0^s H_\delta (\sigma ) \d \sigma = \begin {cases} 0 & \text {if } s \leq 0, \\ \frac {s^2}{2 \delta } & \text {if } 0 < s < \delta , \\ s - \frac {\delta }{2} & \text {if } \delta \leq s. \end {cases}\end {align}


$c$


$\gamma > 1$


$a, b \in \R $


\begin {align}\label {est:exponentinside} |a-b|^\gamma \leq c\big ||a|^{\gamma -1} a - |b|^{\gamma -1}b\big |\end {align}


$c=c(\gamma )$


$m > 0$


$u, v \geq 0,$


\begin {align}\b [u, v] & := \tfrac {1}{m + 1} (u^{m + 1} - v^{m + 1}) - v^m(u - v) \label {eq:bdefinition} = \tfrac {m}{m + 1} (v^{m + 1} - u ^{m + 1}) - u(v^m - u^m).\end {align}


$\b $


$u \mapsto \tfrac {1}{m+1}u^{m + 1}$


\begin {align}\label {b:basic-est} \tfrac {1}{c} \lvert v^\frac {m + 1}{2} - u^\frac {m+1}{2}\rvert ^2 \leq \b [u, v] \leq c \lvert v^\frac {m + 1}{2} - u^\frac {m + 1}{2}\rvert ^2.\end {align}


$\b $


$m \geq 1$


$u, v \geq 0.$


$c$


$m$


$C > 0$


$b > 1$


$\delta > 0$


$(Y_j)_{j=0}^\infty $


\begin {align*}Y_{j+1} \leq C b^j Y_j^{1 + \delta }, \quad j\in \mathbb {N}.\end {align*}


\begin {align*}Y_0 \leq C^{-\frac {1}{\delta }} b^{-\frac {1}{\delta ^2}},\end {align*}


$Y_j$


$j \to \infty .$


$v\in L^1(\Omega _T)$


$h\in (0,T)$


$v$


\begin {align}\label {def:Steklovav} [v]_h (x,t) := \frac {1}{h} \int _{t}^{t+h} v(x, s) \d s, \quad (x,t) \in \Omega \times (0, T-h),\end {align}


\begin {align}\label {def:Steklov_av_rev} [v]_{\bar h} (x,t) := \frac {1}{h} \int _{t-h}^{t} v(x, s) \d s, \quad (x,t) \in \Omega \times (h, T).\end {align}


$h\in (0,T)$


$v\in L^1(\Omega _T)$


\begin {align}\label {def:moll} \Ex {v}(x,t) :=\frac {1}{h}\int ^t_0 e^\frac {s-t}{h}v(x,s)\d s.\end {align}


\begin {align}\label {def:mollrev} \Exx {v}(x,t) :=\frac {1}{h}\int ^T_t e^\frac {t-s}{h}v(x,s)\d s.\end {align}


$v \in L^1(\Omega _T)$


$p \in [1, \infty ).$


$v\in L^p(\Omega _T)$


$[v]_h \in L^p(\Omega _T)$


\begin {equation*}\norm {[v]_h}_{L^p(\Omega _T)}\leq \norm {v}_{L^p(\Omega _T)},\end {equation*}


$[v]_h\to v$


$L^p(\Omega _T)$


$\partial _j v \in L^p(\Omega _T)$


$j$


$\partial _j [v]_h \in L^p(\Omega _T)$


\begin {equation*}\partial _j [v]_h = [\partial _j v]_h,\end {equation*}


$\partial _j [v]_h \to \partial _j v$


$L^p(\Omega _T)$


$h \to 0.$


$v \in C([0,T]; L^p(\Omega )),$


$t \in (0, T)$


$[v]_h(\cdot , t) \to v(\cdot , t)$


$L^p(\Omega ).$


$v \in L^p(\Omega _T)$


$\partial _t[v]_h \in L^p(\Omega \times (0, T-h))$


$\partial _t [v]_{\bar h} \in L^p(\Omega \times (h, T))$


\begin {align*}\partial _t [v]_h(x,t) = \frac {v(x, t+h) - v(x,t)}{h}, \quad \partial _t [v]_{\bar h} = \frac {v(x, t) - v(x,t-h)}{h}.\end {align*}


$v \in L^1(\Omega _T)$


$p\in [1,\infty )$


$\Ex {v}$


$v\in L^p(\Omega _T)$


$\Ex {v} \in L^p(\Omega _T)$


\begin {equation*}\norm {\Ex {v}}_{L^p(\Omega _T)}\leq \norm {v}_{L^p(\Omega _T)},\end {equation*}


$\Ex {v}\to v$


$L^p(\Omega _T)$


$\Exx {v}$


$\Ex {v}$


$\partial _t \Ex {v}$


$\Omega _T$


\begin {align*}\partial _t \Ex {v}=\tfrac {1}{h}(v - \Ex {v}),\end {align*}


$\Exx {v}$


\begin {align*}\partial _t \Exx {v}=\tfrac {1}{h}(\Exx {v} - v).\end {align*}


$v$


$\Ex {v}$


$\Exx {v}$


\begin {align*}\partial _j \Ex {v} = \Ex {\partial _j v}, \hspace {5mm} \partial _j \Exx {v} = \Exx {\partial _j v}.\end {align*}


$v\in L^p(0,T;L^{p}(\Omega ))$


$\Ex {v}, \Exx {v} \in C([0,T];L^{p}(\Omega ))$


$\delta >0,$


$H_\delta $


$G_\delta $


$f\in C(0,T; L^1(\Omega ))$


$0<h<T$


\begin {equation*}\partial _t \left [G_{\delta }(f)\right ]_{\bar h} \leq \partial _t \left [f\right ]_{\bar h} H_{\delta } \left (f\right ) \quad \mbox {a.e. in} \Omega _{T}.\end {equation*}


$A$


$\mathcal {A}$


$u, g \in L^\infty (\Omega _T)$


\begin {align*}u^m &\in g^m + L^{\bf p}(0,T; \overline W^{1, {\bf p}}_{\textnormal {o}}(\Omega )).\end {align*}


\begin {align*}\mathcal {A} &: \Omega _T \to \R ^N, \quad \mathcal {A}_j \in L^{p_j'}(\Omega _T), \quad f \in L^{\bar p'}(\Omega _T),\quad \partial _t g \in L^2(\Omega _T),\end {align*}


\begin {align}\label {weak:general} &\iint _{\Omega _T} \mathcal {A}\cdot \nabla \varphi - u\partial _t \varphi \d x\d t = \iint _{\Omega _T} f \varphi \d x \d t,\end {align}


$\varphi \in C^\infty _{\textnormal {o}}(\Omega _T)$


$u$


$C([0,T];L^{m+1}(\Omega ))$


\begin {align}\label {eq:amost-timecont} \iint _{\Omega _T} \b [u, (w+g^m)^\frac 1m] \zeta '(t) \d x \d t = \iint _{\Omega _T} \mathcal {A}\cdot \nabla (u^m - w - g^m)\zeta + f (w+ g^m - u^m)\zeta \d x \d t + \iint _{\Omega _T}(u - (w + g^m)^\frac 1m)\partial _t (w+g^m) \zeta \d x \d t,\end {align}


$w=\Exx {u^m - g^m}$


$\zeta \in C^\infty _{\textnormal {o}}((0,T); [0,\infty ))$


$s^\alpha = |s|^{\alpha - 1}s$


$\alpha > 0$


$s \in \R $


$f$


$u$


$g$


\begin {align}\label {lim:basicallycontinuity} \lim _{j\to \infty } \sup _{\tau \in [0,T]\setminus N} \int _\Omega \left |u - \left ([\![u^m - g^m]\!]_{\bar h_j} + g^m\right )^\frac {1}{m} \right |^{m+1} (x,\tau )\d x = 0,\end {align}


$h_j\to 0$


$N\subset [0,T]$


$\partial _t g$


$g$


$g \in C([0,T];L^q(\Omega ))$


$q \in [1,\infty )$


$g^m$


$u^m$


$[\![u^m - g^m]\!]_{\bar h_j} \in C([0,T];L^q(\Omega ))$


$q \in [1,\infty )$


$L^{m+1}(\Omega )$


$u$


$C([0,T];L^{m+1}(\Omega ))$


$\alpha _i \equiv 1$


$\Omega $


$\overline {W}^{1, \mathbf {p}}_\textnormal {o}(\Omega )$


$W^{1, \mathbf {p}}_\textnormal {o}(\Omega )$


$u \in \overline {W}^{1, \mathbf {p}}_\textnormal {o}(\Omega )$


\begin {align}\label {ineq:SobolevTroisiproduct} \lVert u \rVert _{L^{\bar p^*}(\Omega )} \leq C\prod _{j = 1}^N \lVert \partial _j u \rVert ^\frac {1}{N}_{L^{p_j}(\Omega )}.\end {align}


$\Omega \subseteq \mathbb {R}^N$


$\bar p < N$


$C(N, \mathbf {p}) > 0$


$u \in \overline {W}^{1, \mathbf {p}}_\textnormal {o}(\Omega )$


$\alpha _i \equiv 1$


$C$


\begin {align}\label {ineq:pbarconstant} C = \left [\prod _{j=1}^N (1 + \bar p^*/{p_j'})\right ]^\frac 1N \leq 1 + \bar p^*.\end {align}


$\bar p < N$


\begin {align*}\lVert u \rVert _{L^{\bar p}(\Omega )}^{\bar p} \leq |\Omega |^{1-\frac {\bar p}{\bar p^*}}\left ( \int _\Omega \lvert u\rvert ^{\bar p^*} \d x \right )^\frac {\bar p}{\bar p^*} \leq C(\bar p, N)|\Omega |^\frac {\bar p}{N} \prod _{j = 1}^N \left [\int _\Omega \lvert \partial _j u \rvert ^{p_j} \d x\right ]^\frac {\bar p}{N p_j} \leq C(\bar p, N)|\Omega |^\frac {\bar p}{N} \sum _{j = 1}^N \int _\Omega \lvert \partial _j u \rvert ^{p_j} \d x.\end {align*}


$\bar p \geq N$


$1 < q_j \leq p_j$


$\bar q = \tfrac {N\bar p}{N + \bar p}.$


$\bar q < \bar p$


$\bar q < N$


$\bar q^* = \bar p.$


\begin {align*}\int _\Omega \lvert u \rvert ^{\bar p} \d x = \int _\Omega \abs {u}^{\bar q^*} \d x \leq (1+ \bar q^*)^{\bar q^*} \prod _{j = 1}^N \lVert \partial _j u \rVert _{L^{q_j}(\Omega )}^{{\bar q^*/N}} \leq (1+\bar p)^{\bar p}|\Omega |^\frac {\bar p}{N} \prod _{j =1}^N \lVert \partial _j u \rVert _{L^{p_j}(\Omega )}^{\bar p/N} \leq C(\bar p) |\Omega |^\frac {\bar p}{N} \sum _{j = 1}^N \lVert \partial _j u \rVert _{L^{p_j}(\Omega )}^{p_j}. \notag \end {align*}


$u \in \overline {W}^{1, \mathbf {p}}_\textnormal {o}(\Omega )$


\begin {align}\label {eq:SobolevTroisiInequality} \int _\Omega \lvert u \rvert ^{\bar p} \d x \leq C(\bar p, N)|\Omega |^\frac {\bar p}{N} \sum _{j = 1}^N \int _\Omega \lvert \partial _j u \rvert ^{p_j} \d x,\end {align}


$p_j > 1$


$p$


\begin {equation}\label {eq:approximativeproblem} \begin {cases} \partial _t u_k - \nabla \cdot \hat {A}^k(x, t, u_k, \nabla u_k) = f & \text {in} \;\; \Omega _T, \\ u_k = g + \frac {1}{k} & \text {on} \;\; \partial \Omega \times (0,T), \\ u_k(\cdot , 0) = u_0 + \frac {1}{k} & \text {in} \;\; \Omega \times \{0\}. \end {cases}\end {equation}


\begin {equation}\label {eq:basicgeneraanisotropic} \partial _t u - \nabla \cdot A(x, t, u, \nabla u) = f,\end {equation}


\begin {equation}\label {eq:basicgeneraanisotropicproblem} \begin {cases} \partial _t u - \nabla \cdot A(x, t, u, \nabla u) = f & \text {in} \;\; \Omega _T, \\ u = g & \text {on} \;\; \partial \Omega \times (0,T), \\ u(\cdot , 0) = u_0 & \text {in} \;\; \Omega \times \{0\}, \end {cases}\end {equation}


$A = A(x,t,u,\xi )$


\begin {align}\label {cond:growthA} \lvert A_j (x, t, u, \xi ) \rvert &\leq \Lambda \left ( \sum _{k = 1}^N \lvert \xi _k \rvert ^{p_k} + a(x, t) \right )^{\frac {p_j - 1}{p_j}}, \\ \label {cond:coercA} A (x, t, u, \xi ) \cdot \xi &\geq \Lambda ^{-1} \sum _{j = 1}^N \lvert \xi _j \rvert ^{p_j} - b(x, t),\end {align}


$a, b$


$L^1(\Omega _T)$


$\Lambda > 0$


\begin {align}\label {cond:monotonicityA} ( A(x, t, u, \xi )-A(x, t, u, \eta ) ) \cdot (\xi - \eta ) \geq 0.\end {align}


$A_j$


$u$


$L > 0$


$x, t, \xi $


$u, v,$


\begin {align}\label {cond:lipcontA} \lvert A_j(x, t, u, \xi ) - A_j(x, t, v, \xi ) \rvert \leq L \lvert u - v \rvert \left ( c(x, t) + \sum _{k = 1}^N \lvert \xi _k \rvert ^{p_k} \right )^{\frac {p_j - 1}{p_j}},\end {align}


$c$


$L^1(\Omega _T)$


$f$


$L^2(\Omega _T)$


$g \in L^\mathbf {p}( 0,T ; W^{1, \mathbf {p}}(\Omega ))$


$u_0$


$L^2(\Omega )$


$u \in L^\mathbf {p}( 0,T ; W^{1, \mathbf {p}}(\Omega )) \cap L^2(\Omega _T)$


$\varphi \in C^\infty _{\textnormal {o}}(\Omega _T)$


\begin {align*}\label {weaksolutioneqA} \iint _{\Omega _T} A(x, t, u, \nabla u) \cdot \nabla \varphi \; \d x \d t - \iint _{\Omega _T} u\partial _t \varphi \; \d x \d t = \iint _{\Omega _T} f \varphi \; \; \d x \d t.\end {align*}


$u$


$t_1, t_2 \in (0, T - h)$


$t_1 < t_2$


$\varphi \in L^{\bf p}(0,T; \overline W^{1, {\bf p}}_{\textnormal {o}}(\Omega )) \cap L^2(\Omega _T),$


\begin {equation}\label {eq:weakmollifiedusualanisotropicSteklov} \int _{t_1}^{t_2}\int _\Omega \partial _t [u]_{h} \varphi \; \d x \d t + [ A(\cdot , \cdot , u, \nabla u)]_{h} \cdot \nabla \varphi \; \d x \d t = \int _{t_1}^{t_2} \int _\Omega [f]_{h} \varphi \; \d x \d t.\end {equation}


$t_1, t_2 \in (h, T)$


$t_1 < t_2$


$\varphi \in L^{\bf p}(0,T; \overline W^{1, {\bf p}}_{\textnormal {o}}(\Omega )) \cap L^2(\Omega _T),$


\begin {equation}\label {eq:weakmollifiedusualanisotropic} \int _{t_1}^{t_2}\int _\Omega \partial _t [u]_{\bar {h}} \varphi + [ A(\cdot , \cdot , u, \nabla u)]_{\bar {h}} \cdot \nabla \varphi \; \d x \d t = \int _{t_1}^{t_2} \int _\Omega [f]_{\bar {h}} \varphi \; \d x \d t.\end {equation}


$u_0 \in L^2(\Omega )$


$f \in L^2(\Omega _T)$


$u \in L^\mathbf {p}( 0,T ; W^{1, \mathbf {p}}(\Omega )) \cap C( [ 0, T ]; L^2(\Omega ))$


$u$


$u(t) \to u_0$


$L^2(\Omega )$


$t \to 0,$


$u \in g + L^{\bf p}(0,T; \overline W^{1, {\bf p}}_{\textnormal {o}}(\Omega )).$


$A$


$A$


$u_0$


$f_u \in L^2(\Omega _T),$


$g_u \in L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega )).$


$v_0 \leq u_0$


$f_v \leq f_u,$


$g_v \in L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


$g_v \leq g_u$


$\Omega _T.$


$v \leq u$


$\Omega _T.$


$H_\delta $


$H_\delta ( v - u )$


$u$


$v$


$t_1, t_2 \in (h, T),$


\begin {align}\label {eq:firsttwocomparisonprinciple1} & \int _{t_1}^{t_2} \int _\Omega H_\delta ( v - u ) \partial _t [ v- u ]_{\bar {h}} \d x \d s + \int _{t_1}^{t_2} \int _\Omega \left [ A(\cdot , \cdot , v, \nabla v) - A(\cdot , \cdot , u, \nabla u)\right ]_{\bar {h}} (x, s) \cdot \nabla (v-u) \tfrac 1\delta \chi _{\{0<v-u<\delta \}} \; \d x \d s \\ \notag & = \int _{t_1}^{t_2} \int _\Omega [f_v - f_u]_{\bar {h}} H_\delta ( v - u ) \; \d x \d s.\end {align}


$v - u$


$w + (g_v - g_u),$


$w \in L^{\bf p}(0,T; \overline W^{1, {\bf p}}_{\textnormal {o}}(\Omega ))$


$g_v - g_u \leq 0$


$\Omega _T,$


$f=v-u$


\begin {align}\partial _t [G_\delta ( v- u )]_{\bar {h}}(x, t) & \leq H_\delta ( v - u )(x, t) \partial _t[ v - u ]_{\bar {h}} (x, t).\notag \end {align}


\begin {align*}\int _{t_1}^{t_2} \int _\Omega H_\delta ( v - u ) \partial _t [ v- u ]_{\bar {h}} \d x \d s \geq \int _{t_1}^{t_2} \int _\Omega \partial _t [G_\delta ( v- u )]_{\bar {h}} \d x \d t &= \int _\Omega [G_\delta ( v- u )]_{\bar {h}}(x, t_2)\d x - \int _\Omega [G_\delta ( v- u )]_{\bar {h}}(x, t_1)\d x \\ \xrightarrow [h\to 0]{} & \quad \int _\Omega G_\delta ( v- u )(x, t_2)\d x - \int _\Omega G_\delta ( v- u )(x, t_1)\d x.\end {align*}


$h\to 0$


\begin {align}\label {aimsirgodona} &\int _\Omega G_\delta ( v- u )(x, t_2)\d x - \int _\Omega G_\delta ( v- u )(x, t_1)\d x + \int _{t_1}^{t_2} \int _\Omega \big (A(x,t, v, \nabla v) - A(x,t, u, \nabla u)\big ) \cdot \nabla (v-u) \tfrac 1\delta \chi _{\{0<v-u<\delta \}} \d x \d t \\ \notag & \leq \int _{t_1}^{t_2} \int _\Omega (f_v - f_u )H_\delta ( v - u ) \d x \d t.\end {align}


\begin {align*}\big (A(x,t, v, \nabla v) - A(x,t, u, \nabla u)\big ) \cdot \nabla (v-u) \tfrac 1\delta \chi _{\{0<v-u<\delta \}} & = \big (A(x,t, v, \nabla v) - A(x,t, v, \nabla u)\big ) \cdot \nabla (v-u) \tfrac 1\delta \chi _{\{0<v-u<\delta \}} \\ &\quad \quad + \big (A(x,t, v, \nabla u) - A(x,t, u, \nabla u) \big ) \cdot \nabla (v-u) \tfrac 1\delta \chi _{\{0<v-u<\delta \}} \\ & \quad \geq \big (A(x,t, v, \nabla u) - A(x,t, u, \nabla u) \big ) \cdot \nabla (v-u) \tfrac 1\delta \chi _{\{0<v-u<\delta \}} \\ & \quad \geq -L\sum ^N_{j=1}\left (c(x,t)+ \sum ^N_{k=1}|\partial _k u|^{p_k}\right )^\frac {p_j-1}{p_j}|\partial _j v - \partial _j u|\chi _{\{0<v-u<\delta \}}.\end {align*}


$f_u\geq f_v$


\begin {align*}&\int _\Omega G_\delta ( v- u )(x, t_2)\d x - \int _\Omega G_\delta ( v- u )(x, t_1)\d x \leq L \sum ^N_{j=1}\int ^{t_2}_{t_1} \int _\Omega \left (c(x,t)+ \sum ^N_{k=1}|\partial _k u|^{p_k}\right )^\frac {p_j-1}{p_j}|\partial _j v - \partial _j u|\chi _{\{0<v-u<\delta \}}\d x \d t.\end {align*}


$\delta \to 0$


\begin {align}\label {almost-comp-principle} \int _\Omega ( v - u )_+(x, t_2) \d x \leq \int _\Omega ( v - u )_+(x, t_1).\end {align}


$t_1\to 0$


$v-u$


\begin {align*}\int _\Omega ( v - u )_+(x, t_2) \d x \leq \int _\Omega ( v - u )_+(x, 0) = 0,\end {align*}


$v_0 \leq u_0$


$u \geq v$


$\Omega _T.$


$u^m$


$u$


$V^{\bf p, \bf m}$


$u^m$


$\partial _j u^m \in L^{p_j}_{\textnormal {loc}}(\Omega _T)$


$j \in \{1,\dots ,N\}$


$u^m$


$L^p$


$u^m$


$u$


$V$


$C^\infty _{\textnormal {o}}(\Omega )$


\begin {align*}\{v\in L^{(m+1)/m}(\Omega )\,|\, \partial _j v \in L^{p_j}(\Omega )\}.\end {align*}


$u \in V^{\bf p, \bf m}$


$u$


$C([0,T], V')$


$\tau _1, \tau _2 \in [0,T]$


\begin {align}\label {spatrizio} \norm {u(\tau _1) - u(\tau _2)}_{V'} \leq C |\tau _1 - \tau _2|^\gamma ,\end {align}


$\gamma = (\max \{\max {\{p_i\}}, (m+1)/m\})^{-1}$


$u(t)$


$V$


\begin {align}\label {dualelement} \langle u(t), v\rangle := \int _\Omega u(t) v\d x.\end {align}


$\tau _1, \tau _2 \in [0,3T/4]$


$[T/4,T]$


$|\tau _1 - \tau _2 |\leq 1$


$\tau _1, \tau _2$


$|\tau _1 - \tau _2| \geq 1$


$C$


$0\leq \tau _1 < \tau _2 \leq 3T/4$


$|\tau _1 - \tau _2|\leq 1$


$\delta \in (0, T/4)$


$[u]_\delta $


$\Omega \times [0,3T/4]$


$[u]_\delta (t)$


$V'$


$\varphi \in C^\infty _{\textnormal {o}}(\Omega )$


$\varphi (x) \eta ^\delta _{\tau _1, \tau _2}(t)$


$\eta ^\delta _{\tau _1, \tau _2} = \zeta ^\delta _{\tau _1,\tau _2 + \delta }$


\begin {align}\langle [u]_\delta (\tau _1) - [u]_\delta (\tau _2), \varphi \rangle &= \frac 1\delta \int ^{\tau _1+\delta }_{\tau _1}\int _\Omega u \varphi \d x \d t - \frac 1\delta \int ^{\tau _2 + \delta }_{\tau _2}\int _\Omega u\varphi \d x \d t \\&\notag = \iint _{\Omega _T} \sum ^N_{j=1}a_j(x,t,u) |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\partial _j\varphi {\eta }^\delta _{\tau _1,\tau _2}(t)\d x \d t + \iint _{\Omega _T}f(x,t)\eta ^\delta _{\tau _1,\tau _2}(t)\varphi (x)\d x \d t.\end {align}


$0 \leq \eta ^\delta _{\tau _1,\tau _2} \leq \chi _{[\tau _1, \tau _2+ \delta ]}$


$\varphi $


\begin {align*}|\langle [u]_\delta (\tau _1) - [u]_\delta (\tau _2), \varphi \rangle | &\leq c \sum ^N_{j=1} \left (\int ^{\tau _2+\delta }_{\tau _1} \int _\Omega |\partial _j u^{m_j}|^{p_j}\d x \d t \right )^\frac {p_j-1}{p_j}\norm {\partial _j \varphi }_{L^{p_j}(\Omega )} |\tau _2 +\delta - \tau _1|^\frac {1}{p_j} \\ &\qquad + \left (\int ^{\tau _2+\delta }_{\tau _1} \int _\Omega |f|^{m+1}\d x \d t\right )^\frac {1}{m+1}\norm {\varphi }_{L^{(m+1)/m}(\Omega )}|\tau _2 +\delta - \tau _1|^\frac {m}{m+1} \\ &\leq \left (c \sum ^N_{j=1} \norm {\partial _j u^{m_j}}^{p_j-1}_{L^{p_j}(\Omega _T)} \norm {\partial _j \varphi }_{L^{p_j}(\Omega )} + \norm {f}_{L^{m+1}(\Omega _T)}\norm {\varphi }_{L^{(m+1)/m}(\Omega )}\right )(|\tau _1 - \tau _2|^\gamma + \delta ^\gamma ) \\ &\leq \left (c \sum ^N_{j=1} \norm {\partial _j u^{m_j}}^{p_j-1}_{L^{p_j}(\Omega _T)} + \norm {f}_{L^{m+1}(\Omega _T)}\right )\norm {\varphi }_V (|\tau _1 - \tau _2|^\gamma + \delta ^\gamma ).\end {align*}


$\delta $


$\varphi $


$V$


\begin {align*}\norm {[u]_\delta (\tau _1) - [u]_\delta (\tau _2)}_{V'} \leq C(|\tau _1 - \tau _2|^\gamma +\delta ^\gamma ),\end {align*}


$C$


$\delta $


$[u]_\delta $


$u$


$L^q(0,T;V')$


$\delta _j \to 0$


$[u]_{\delta _j}$


$w:[0,T]\setminus N \to V'$


$N$


$w$


\begin {align}\label {hoeldcont} \norm {w(\tau _1) - w(\tau _2)}_{V'} \leq C|\tau _1 - \tau _2|^\gamma ,\end {align}


$\tau _1, \tau _2 \in [0,T]\setminus N$


$V'$


$w$


$\tau _1, \tau _2$


$[0,T]$


$w$


$u$


$V'$


$\varphi \in C^\infty _{\textnormal {o}}(\Omega _T)$


\begin {align}\label {mollifiedweakforMasedoncontintodualspace} \iint _{\Omega _T}\sum ^N_{j=1}\Ex {a(x,\cdot ,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}}\partial _j \varphi + \partial _t \Ex {u} \varphi \d x \d t = \langle u(0), \Exx {\varphi }(\cdot , 0)\rangle + \iint _{\Omega _T} \Ex {f} \varphi \d x \d t,\end {align}


$u(0)$


$u$


$V'$


$V'$


$V$


$\Exx {\varphi } H_\delta (t)$


$H_\delta (t)$


\begin {align*}\iint _{\Omega _T}u \partial _t \big (\Exx {\varphi } H_\delta (t) \big ) \d x \d t = \iint _{\Omega _T}u \partial _t \Exx {\varphi } H_\delta (t) \d x \d t + \frac 1\delta \int ^\delta _0 \int _\Omega u \Exx {\varphi } \d x \d t.\end {align*}


$\delta \to 0$


$V$


$V'$


\begin {align*}\frac 1\delta \int ^\delta _0 \int _\Omega u \Exx {\varphi }(x,t) \d x \d t = \frac 1\delta \int ^\delta _0 \int _\Omega u (\Exx {\varphi }(x,t) - \Exx {\varphi }(x,0)) \d x \d t + \frac 1\delta \int ^\delta _0 \langle u(t), \Exx {\varphi }(\cdot ,0)\rangle \d t.\end {align*}


$\delta \to 0$


$\Exx {\varphi }$


\begin {align*}\frac 1\delta \int ^\delta _0 \langle u(t), \Exx {\varphi }(\cdot ,0)\rangle \d t \xrightarrow [\delta \to 0]{} \langle u(0), \Exx {\varphi }(\cdot ,0)\rangle .\end {align*}


$\delta \to 0$


\begin {align*}\iint _{\Omega _T} \sum ^N_{j=1} a_j(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\Exx {\partial _j \varphi } - u \partial _t \Exx {\varphi } \d x \d t = \langle u(0),\Exx {\varphi }(\cdot ,0)\rangle + \iint _{\Omega _T}f \Exx {\varphi } \d x \d t,\end {align*}


$(iii)$


$\varphi $


$(ii)$


$u^m$


$u \in V^{\bf p, \bf m}$


$m_j$


$u^m$


$\partial _j u^m \in L^{p_j}_{\textnormal {loc}}(\Omega _T)$


$j \in \{1,\dots , N\}$


$u_\delta := \max \{\delta , u\}$


\begin {align*}\varphi = (u_\delta )^\varepsilon \psi ,\end {align*}


$\psi \in C^\infty _{\textnormal {o}}(\Omega _T;[0,1])$


$\varepsilon \in (0,1)$


\begin {align*}(u_\delta )^\varepsilon = \max \{\delta ^{m_j}, u^{m_j}\}^\frac {\varepsilon }{m_j},\end {align*}


$s \mapsto \max \{\delta ^{m_j}, s\}^\frac {\varepsilon }{m_j}$


$C^1$


$(u_\delta )^m$


$(\Ex {u})_\delta := \max \{\delta , \Ex {u}\}$


\begin {align*}\partial _t \Ex {u} \varphi = \partial _t \Ex {u}\left (\left (\Ex {u}\right )_\delta \right )^\varepsilon \psi + \partial _t \Ex {u} \left (\left (u_\delta \right )^\varepsilon - \left (\left ({\Ex {u}}\right )_\delta \right )^\varepsilon \right )\psi \geq \partial _t \Ex {u}\left (\left (\Ex {u}\right )_\delta \right )^\varepsilon \psi ,\end {align*}


$(ii)$


$s\mapsto \max \{\delta ,s\}^\varepsilon $


\begin {align*}\partial _t \Ex {u} \big ((u_\delta )^\varepsilon - ({\Ex {u}}_\delta )^\varepsilon \big ) = \tfrac 1h (u - \Ex {u}) \big ((u_\delta )^\varepsilon - (({\Ex {u}})_\delta )^\varepsilon \big ) \geq 0.\end {align*}


\begin {align*}G_{\varepsilon ,\delta }:\R \to \R , \quad G_{\varepsilon ,\delta }(u) = \int ^u_0 \max \{\delta ,s\}^\varepsilon \d s,\end {align*}


\begin {align}\label {est:parabolicterm1} \iint _{\Omega _T} \partial _t \Ex {u} \varphi \d x \d t \geq \iint _{\Omega _T} \partial _t \Ex {u}(({\Ex {u}})_\delta )^\varepsilon \psi \d x \d t = \iint _{\Omega _T} \partial _t\big ( G_{\varepsilon ,\delta }(\Ex {u})\big )\psi \d x \d t = & -\iint _{\Omega _T} G_{\varepsilon ,\delta }(\Ex {u})\partial _t\psi \d x \d t \\ \notag \xrightarrow [h\to 0]{} & -\iint _{\Omega _T} G_{\varepsilon ,\delta }(u)\partial _t\psi \d x \d t \\ \notag \geq & -\iint _{\Omega _T} G_{\varepsilon ,\delta }(u)|\partial _t \psi | \d x \d t.\end {align}


\begin {align*}&\iint _{\Omega _T}\sum ^N_{j=1}\Ex {a(x,\cdot ,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}}\partial _j \varphi \d x \d t \xrightarrow [h\to 0]{} \iint _{\Omega _T}\sum ^N_{j=1} a(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\partial _j \varphi \d x \d t.\end {align*}


\begin {align}\label {fudbocs} a_j(x,t,u) |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\partial _j \varphi &= a_j(x,t,u) |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\partial _j (u_\delta )^\varepsilon \psi + a_j(x,t,u) |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\partial _j \psi (u_\delta )^\varepsilon .\end {align}


$\partial _j (u_\delta )^\varepsilon $


$\{u\leq \delta \}$


\begin {align}\label {est:ellipticterms1} a_j(x,t,u) |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\partial _j (u_\delta )^\varepsilon \psi & = a_j(x,t,u) |\partial _j u_\delta ^{m_j}|^{p_j-2}\partial _j u_\delta ^{m_j}\partial _j (u_\delta )^\varepsilon \psi \\ \notag & = c a_j(x,t,u) u_\delta ^{(m_j-m)(p_j-1) - m + \varepsilon }|\partial _j u_\delta ^m|^{p_j}\psi \\ \notag & \geq c u_\delta ^{(m_j-m)(p_j-1) - m + \varepsilon }|\partial _j u_\delta ^m|^{p_j}\psi .\end {align}


\begin {align}\label {ellipticterms2} a_j(x,t,u) |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\partial _j \psi (u_\delta )^\varepsilon &\geq -c |\partial _j u^{m_j}|^{p_j-1}|\partial _j \psi |(u_\delta )^\varepsilon \geq -c|\partial _j u^{m_j}|^{p_j} - c|\partial _j \psi |^{p_j}(u_\delta )^{\varepsilon p_j}.\end {align}


\begin {align*}|\langle u(0), \Exx {\varphi }(\cdot , 0)\rangle | \leq c\left (\norm {\Exx {\varphi }(\cdot , 0)}_{L^{(m+1)/m}(\Omega )} + \sum ^N_{j=1}\norm {\Exx {\partial _j \varphi }(\cdot , 0)}_{L^{p_j}(\Omega )} \right ) \xrightarrow [h\to 0]{} 0,\end {align*}


$\varphi $


$\varphi =0$


$t$


\begin {align*}\iint _{\Omega _T} \Ex {f} \varphi \d x \d t \xrightarrow [h\to 0]{} \iint _{\Omega _T} f \varphi \d x \d t.\end {align*}


\begin {align*}&\iint _{\Omega _T} u_\delta ^{(m_j-m)(p_j-1) - m + \varepsilon }|\partial _j u_\delta ^m|^{p_j}\psi \d x \d t \leq c \iint _{\Omega _T} |\partial _j u^{m_j}|^{p_j} + |\partial _j \psi |^{p_j}(u_\delta )^{\varepsilon p_j} + G_{\varepsilon ,\delta }(u)|\partial _t \psi | + f (u_\delta )^\varepsilon \psi \d x \d t.\end {align*}


$\delta \in (0,1)$


\begin {align*}0\leq G_{\varepsilon ,\delta }(u) \leq u^{\varepsilon +1} + 1, \quad u_\delta \leq u + 1,\end {align*}


\begin {align}\label {diesse} &\iint _{\Omega _T} u_\delta ^{(m_j-m)(p_j-1) - m + \varepsilon }|\partial _j u_\delta ^m|^{p_j}\psi \d x \d t \leq c \iint _{\Omega _T} |\partial _j u^{m_j}|^{p_j} + |\partial _j \psi |^{p_j}(u^{\varepsilon p_j} + 1) + (u^{\varepsilon +1} + 1)|\partial _t \psi | + f (u^\varepsilon + 1) \psi \d x \d t.\end {align}


\begin {align*}(m_j-m)(p_j-1) - m < 0,\end {align*}


$\varepsilon $


$u_\delta $


\begin {align*}u_\delta ^{(m_j-m)(p_j-1) - m + \varepsilon } \geq 1, \quad \textnormal {for } u \leq 1,\end {align*}


\begin {align}\label {estudeltaleq1} &\iint _{\Omega _T} |\partial _j u_\delta ^m|^{p_j}\chi _{\{u\leq 1\}} \psi \d x \d t \leq c \iint _{\Omega _T} |\partial _j u^{m_j}|^{p_j} + |\partial _j \psi |^{p_j}(u^{\varepsilon p_j} + 1) + (u^{\varepsilon +1} + 1)|\partial _t \psi | + f (u^\varepsilon + 1) \psi \d x \d t.\end {align}


$\{u>1\}$


$u_\delta > 1$


\begin {align}\label {estudeltageq1} |\partial _j u_\delta ^m|^{p_j} = c u_\delta ^{(m - m_j)p_j}|\partial _j u_\delta ^{m_j}|^{p_j} \leq c u_\delta ^{(m - m_j)p_j}|\partial _j u^{m_j}|^{p_j} \leq c |\partial _j u^{m_j}|^{p_j}.\end {align}


\begin {align*}&\iint _{\Omega _T}|\partial _j u_\delta ^m|^{p_j}\psi \d x \d t \leq c \iint _{\Omega _T} |\partial _j u^{m_j}|^{p_j} + |\partial _j \psi |^{p_j}(u^{\varepsilon p_j} + 1) + (u^{\varepsilon +1} + 1)|\partial _t \psi | + f (u^\varepsilon + 1) \psi \d x \d t.\end {align*}


$\delta $


$V:= U \times (t_1,t_2) \Subset \Omega _T$


$\psi $


$\psi =1$


$V$


$(\partial _j u_\delta ^m)^\infty _{k=1}$


$L^{p_j}(V)$


$v_j \in L^{p_j}(V)$


$u_\delta ^m$


$u^m$


$L^1(\Omega _T)$


$v_j = \partial _j u^m$


$V$


$\Omega _T= \cup ^\infty _{j=1} V_j$


$V_j$


$\Omega _T$


$u^m$


$\partial _j u^m \in L^{p_j}_{\textnormal {loc}}(\Omega _T)$


$L^{m+1}_{\textnormal {loc}}(\Omega )$


$u \in V^{\bf p, \bf m}$


$m_j$


$u \in L^{m\max \{p_j\}}(\Omega _T)$


$u$


$C([0,T];L^{m+1}_\textnormal {loc}(\Omega ))$


$\alpha =\tfrac 1m$


$u^m$


$f$


$f\in L^{\bar p'}(\Omega _T)$


$L^{\bar p}(\Omega _T)$


$(u_k)_{k = 1}^\infty $


$k\in \N $


$T_k:\R \to \R $


\begin {align*}T_k(s) := \min \left \{ k, \max \left \{s, \tfrac {1}{k} \right \} \right \},\end {align*}


$\hat {A}^k = (\hat {A}^k_1, \dots , \hat {A}^k_N)$


\begin {align}\label {def:Ak} \hat {A}_j^k (x, t, u, \xi ) & := \, a_j(x, t, u) \lvert m_j T_k(u) ^{m_j - 1} \xi _j \rvert ^{p_j - 2} m_j T_k(u) ^{m_j - 1} \xi _j \\ \notag & \hphantom {:} = \, a_j(x, t, u) m_j^{p_j-1} T_k(u)^{(m_j - 1)(p_j - 1)}\lvert \xi _j\rvert ^{p_j - 2}\xi _j \\ \notag &\hphantom {:} =: \hat {a}^k_j(x,t,u)|\xi _j|^{p_j -2}\xi _j.\end {align}


$a_j$


$\hat {A}^k$


\begin {align}\label {cond:structure1Ak} \lvert \hat {A}_j^k (x, t, u, \xi ) \rvert &\leq b_k \lvert \xi _j \rvert ^{p_j - 1}, \\ \label {cond:structure2Ak} \hat {A}^k (x, t, u, \xi ) \cdot \xi &\geq c_k \sum _{j = 1}^N \lvert \xi _j \rvert ^{p_j},\end {align}


$k$


$b_k$


$c_k$


$a_j$


$T_k$


$\hat {a}^k_j$


$u$


\begin {align}\label {cond:lipschitz_A_k} |\hat {a}^k_j(x,t,u) - \hat {a}^k_j(x,t,v)| \leq c^k_j |u - v|.\end {align}


\begin {align}(\hat {A}^k(x,t,u,\xi ) - \hat {A}^k(x,t,u,\eta ))\cdot (\xi - \eta ) &= \sum ^N_{i=1} \hat {a}^k_j(x,t,u)(|\xi _j|^{p_j -2}\xi _j - |\eta _j|^{p_j-2}\eta _j)(\xi _j - \eta _j) \label {monotonicityAk} > 0, \textnormal { if } \xi \neq \eta .\end {align}


$u_k$


$L^{\bf p}(0,T; W^{1,\bf p}(\Omega )) \cap C([0,T]; L^2(\Omega ))$


$\bar p \leq 2$


$\alpha =1$


$f$


$L^{\bar p'}(\Omega _T)$


$\bar p' \geq 2 = (\alpha + 1)/\alpha $


$\bar p > 2$


$f_l := \min \{l, f\}$


$l\to \infty $


$\hat {A}^k$


$\tfrac 1k$


$f=0$


$v=\frac 1k$


$u=u_k$


$u_k$


$u_k \geq \frac {1}{k}$


$\Omega _T.$


$k$


\begin {align}\label {def:M_*} M_* := \max \{\norm {u_0}_{L^\infty (\Omega )}, \norm {g}_{L^\infty (\Omega _T)}\} + 1.\end {align}


$u_k$


$v_k := T_k \circ u_k = \min \{k, u_k\}$


$v_k$


\begin {align}\label {energyestapproxproblms} \esssup _{\tau \in [0, T]} \int _\Omega (v_k^{\frac {m + 1}{2}} - M^{\frac {m + 1}{2}})^2_+ (x, \tau ) \d x & + \sum _{j = 1}^N \iint _{\Omega _T} v_k ^{(m_j - m)(p_j - 1)} \lvert \partial _j (v_k^m - M^m)_+ \rvert ^{p_j} \d x \d t \leq C \iint _{\Omega _T} \lvert f \rvert ^{\bar p\prime } \chi _{[v_k > M]} \d x \d t,\end {align}


$M\geq M_*$


$C$


$k$


$M$


\begin {align*}\varphi = (T_k([u_k]_h)^m - M^m)_+ \zeta _{0,\tau }^\delta ,\end {align*}


$M\geq M_*$


$s\mapsto (T_k(s)^m - M^m)_+$


$C^1$


$h \to 0$


$\delta \to 0$


\begin {align}F(s) :=& \int _0^s ( T_k( \sigma )^m - M^m)_+ \d \sigma = \begin {cases} 0 & \text {if } s < M, \\ \b [s, M] & \text {if } s \in [M, k), \\ \b [k, M] + (s - k)(k^m - M^m) & \text {if } s \geq k, \end {cases} \label {prop:functFdef}\end {align}


$\b $


\begin {align*}\iint _{\Omega _{T - h}} \partial _t ( [u_k]_h ) \varphi \d x \d t = \iint _{\Omega _{T-h}} \zeta _{0,\tau }^\delta \partial _t F( [u_k]_h ) \d x \d t = & - \iint _{\Omega _{T - h}} (\zeta _{0,\tau }^\delta )' F( [u_k]_h ) \d x \d t \\ \xrightarrow [h \to 0]{} & - \iint _{\Omega } (\zeta _{0,\tau }^\delta )' F( u_k ) \d x \d t \\ = & \frac {1}{\delta } \int _{\tau -\delta }^{\tau } \int _\Omega F( u_k ) \d x \d t - \frac {1}{\delta } \int _0^{\delta } \int _\Omega F( u_k ) \d x \d t \\ \xrightarrow [\delta \to 0]{} & \int _\Omega F(u_k) (x, \tau ) \d x.\end {align*}


$\delta \to 0$


$F$


$u_k \in C([0, T]; L^2(\Omega ))$


$F(u_k)(\cdot , 0) = F(\tfrac {1}{k} + u_0(\cdot ))$


$\tfrac {1}{k} + \lVert u_0 \rVert _{L^\infty (\Omega )} \leq M.$


\begin {align*}\iint _{\Omega _{T - h}} [\hat {A}^k(x, t, u_k, \nabla u_k)]_h \cdot \nabla \varphi \d x \d t \xrightarrow [h \to 0]{} \iint _{\Omega _T} \zeta _{0,\tau }^\delta \hat {A}^k(x, t, u_k, \nabla u_k) \cdot \nabla (v_k^m - M^m)_+ \d x \d t.\end {align*}


$[\hat {A}^k]_h$


$\varphi $


$h\to 0$


$L^p$


$h\to 0$


$h\to 0$


$\delta \to 0$


$\tau \in (0, T)$


\begin {align}\label {gggr} \int _\Omega F( u_k )(x, \tau ) \d x + &\iint _{\Omega _\tau } \hat {A}^k(x, t, u_k, \nabla u_k) \cdot \nabla (v_k^m - M^m)_+ \d x \d t = \iint _{\Omega _\tau } f(v_k^m - M^m)_+ \d x \d t.\end {align}


\begin {align*}\partial _j (v_k^m - M^m)_+ = \chi _{\{M < u_k < k\}} m u_k^{m - 1} \partial _j u_k = \chi _{\{M < u_k < k\}} m v_k^{m - 1} \partial _j u_k,\end {align*}


$\partial _j u_k = m^{-1} v_k^{1-m} \partial _j (v_k^m - M^m)_+$


$\{M<u_k<k\}$


$v_k$


\begin {align}\label {est:hatAk} &\hat {A}_j^k(x, t, u_k, \nabla u_k)\partial _j(v_k^m - M^m)_+ = a_j(x,t,u_k)\lvert m_j v_k^{m_j - 1} \partial _j u_k \rvert ^{p_j - 2} m_j v_k^{m_j - 1}\partial _j u_k \partial _j (v_k^m - M^m)_+ \geq c v_k^{(m_j - m)(p_j - 1)} \lvert \partial _j (v_k^m - M^m)_+ \rvert ^{p_j}.\end {align}


$v_k\leq k$


\begin {align}\label {est:b-F} c \left (v_k^{\frac {m + 1}{2}} - M^\frac {m + 1}{2}\right )_+^2 \leq \b [v_k, M] \chi _{\{v_k > M\}} = F(v_k) \leq F(u_k).\end {align}


$\varepsilon $


\begin {align}\label {eq:energyestvkbeta} \notag \iint _{\Omega _\tau } f(v_k^m - M^m)_+ \d x \d &t \leq c_\varepsilon \iint _{\Omega _\tau } \abs {f}^{\bar p\prime } \chi _{\{v_k > M\}} \d x \d t + \varepsilon \iint _{\Omega _\tau } (v_k^m - M^m)^{\bar p}_+ \d x \d t \\ &\leq c_\varepsilon \iint _{\Omega _\tau } \abs {f}^{\bar p\prime } \chi _{\{v_k > M\}} \d x \d t + c \varepsilon \sum _{j = 1}^N \iint _{\Omega _\tau } \lvert \partial _j (v_k^m - M^m)_+\rvert ^{p_j} \d x \d t,\end {align}


\begin {align*}\int _\Omega \left (v_k^{\frac {m + 1}{2}} - M^\frac {m + 1}{2}\right )_+^2(x,\tau ) \d x + \sum _{j = 1}^N \iint _{\Omega _\tau } v_k ^{(m_j - m)(p_j - 1)} \lvert \partial _j (v_k^m - M^m)_+ \rvert ^{p_j} \d x \d t \\ \leq c_\varepsilon \iint _{\Omega _\tau } \abs {f}^{\bar p\prime } \chi _{\{v_k > M\}} \d x \d t + c \varepsilon \sum _{j = 1}^N \iint _{\Omega _\tau } \lvert \partial _j (v_k^m - M^m)_+\rvert ^{p_j} \d x \d t.\end {align*}


$v_k \geq 1$


$(v_k^m - M^m)_+$


$\varepsilon $


$\tau $


$(v_k^m)$


$L^{\bar p}(\Omega _T).$


\begin {align}\label {itsamee} \lVert v_k^m \rVert _{L^{\bar p}(\Omega _T)} & \leq \left ( \iint _{\Omega _T} (v_k^m - M_*^m)_+^{\bar p} \d x \d t + \iint _{\Omega _T} (v_k^m - M_*^m)_{-}^{\bar p} \d x \d t \right )^\frac {1}{\bar p} + M_*^m \lvert \Omega _T \rvert ^\frac {1}{\bar p} \\ \notag & \leq c \left [ \iint _{\Omega _T} (v_k^m - M_*^m)_+^{\bar p} \d x \d t \right ]^\frac {1}{\bar p} + cM_*^m \lvert \Omega _T \rvert ^\frac {1}{\bar p} \\ \notag &\leq c \left [\sum _{j = 1}^N \iint _{\Omega _\tau } \lvert \partial _j (v_k^m - M_*^m)_+\rvert ^{p_j} \d x \d t \right ]^\frac {1}{\bar p} + c M_*^m \lvert \Omega _T \rvert ^\frac {1}{\bar p},\end {align}


$v_k \geq 1$


$(v_k^m - M_*^m)_+$


\begin {align}\label {def:K0} \lVert v_k^m \rVert _{L^{\bar p}(\Omega _T)} & \leq c\left ( \iint _{\Omega _T} \abs {f}^{\bar p^\prime } \d x \d t \right )^\frac {1}{\bar p} + cM_*^m \lvert \Omega _T \rvert ^\frac {1}{\bar p} =: K_0,\end {align}


$K_0$


$\Omega , N, \mathbf {p}, \mathbf {m}, T, f, g$


$u_0$


$k$


$u_k$


$L$


$\Omega , N, \mathbf {p}, m, T, f, g$


$u_0$


$k$


$k,$


$u_k \leq L$


$\Omega _T.$


$(v_k)$


$f\equiv 0$


$v_k \leq M_*$


$k$


$f\neq 0$


$1< q_i \leq p_i$


$1 < \bar q < N$


$\bar p < N$


$q_i:= p_i$


$i$


$q_i := p_i$


$i \geq 2$


$q_1$


$M\geq M_*$


$j\in \mathbb {N}_0$


\begin {align*}M_j := M(2 - 2^{-j})^{\frac {2}{m + 1}}, & \hspace {0.5em} Y_j := \iint _{\Omega _T} (v_k^\frac {m + 1}{2} - M_j^\frac {m + 1}{2})_+^\frac {2\thinspace m \bar q}{m + 1} \d x \d t & \textnormal {and} \hspace {0.5em} E_j := \Omega _T \cap \{v_k > M_j\}.\end {align*}


$\mu := \tfrac {m+1}{m}$


$v_k$


\begin {align}\label {DeGiorgiderivativeestimate} \lvert \partial _i (v_k^{\frac {m + 1}{2}} - M_{j+1}^\frac {m + 1}{2})_+^\frac {2}{\mu } \rvert & \leq \tfrac {2\thinspace m}{m + 1} (v_k^{\frac {m + 1}{2}} - M_{j+1}^\frac {m + 1}{2})_+^{\frac {2m}{m + 1} - 1} \lvert \partial _i (v_k^{\frac {m + 1}{2}} - M_{j+1}^\frac {m + 1}{2})_+ \rvert \\ \notag & \leq \tfrac {2\thinspace m}{m + 1} v_k^\frac {m - 1}{2} \chi _{\{v_k > M_{j+1}\}}|\partial _i v_k^{\frac {m + 1}{2}}| \\ \notag & = \lvert \partial _i (v_k^m - M_{j+1}^m)_+ \rvert .\end {align}


$Y_{j+1}$


$q_i$


$v_k \geq 1$


$E_{j+1}$


$\sigma $


\begin {align}\label {DeGiorgifirstestimates} Y_{j + 1} &\leq \lvert E_{j+1} \rvert ^\frac {\mu }{N + \mu } \left ( \iint _{\Omega _T} (v_k^\frac {m + 1}{2} - M_{j+1}^\frac {m + 1}{2})_+^{\frac {2\bar q}{N} + \frac {2\bar q}{\mu }} \d x \d t \right )^\frac {N}{N + \mu } \\ & \leq \lvert E_{j+1} \rvert ^\frac {\mu }{N + \mu } \left (\int _0^T \left [ \int _\Omega (v_k^\frac {m + 1}{2} - M_{j+1}^\frac {m + 1}{2})_+^2 \d x \right ]^\frac {\bar q}{N} \left [\int _\Omega (v_k^\frac {m + 1}{2} - M_{j+1}^\frac {m + 1}{2})_+^\frac {2 \bar q^*}{\mu } \d x \right ]^\frac {\bar q}{\bar q^*} \d t \right )^\frac {N}{N + \mu } \nonumber \\ & \leq \lvert E_{j+1} \rvert ^\frac {\mu }{N + \mu } \left ( \esssup \limits _{\tau \in (0, T)} \int _\Omega (v_k^\frac {m + 1}{2} - M_{j+1}^\frac {m + 1}{2})_+^2 (x, \tau ) \d x\right )^\frac {\bar q}{N + \mu } \nonumber \left (\int _0^T \left [\int _{\Omega } (v_k^\frac {m + 1}{2} - M_{j+1}^\frac {m + 1}{2})_+^\frac {2 \bar q^*}{\mu } \d x \right ]^\frac {\bar q}{\bar q^*} \d t \right )^\frac {N}{N + \mu } \nonumber \\ & \leq c \lvert E_{j+1} \rvert ^\frac {\mu }{N + \mu } \left ( \esssup \limits _{\tau \in (0, T)} \int _\Omega (v_k^\frac {m + 1}{2} - M_{j+1}^\frac {m + 1}{2})_+^2 (x, \tau ) \d x\right )^\frac {\bar q}{N + \mu } \left ( \int _0^T \prod _{i = 1}^N \right [ \int _\Omega | \partial _i (v_k^\frac {m+1}{2} - M_{j+1}^\frac {m+1}{2})_+^\frac {2}{\mu } |^{q_i} \d x \left ]^\frac {\bar q}{N q_i} \d t \right )^\frac {N}{N + \mu } \nonumber \\ & \leq c \lvert E_{j+1} \rvert ^\frac {\mu }{N + \mu } \left ( \esssup \limits _{\tau \in (0, T)} \int _\Omega (v_k^\frac {m + 1}{2} - M_{j+1}^\frac {m + 1}{2})_+^2 (x, \tau ) \d x\right )^\frac {\bar q}{N + \mu } \nonumber \left ( \int _0^T \prod _{i = 1}^N \left [ \int _\Omega \lvert \partial _i (v_k^m - M_{j+1}^m)_+\rvert ^{q_i} \d x \right ]^\frac {\bar q}{N q_i} \d t\right )^\frac {N}{N + \mu } \nonumber \\ & \leq c\lvert E_{j+1} \rvert ^\frac {\mu }{N + \mu } \left ( \esssup \limits _{\tau \in (0, T)} \int _\Omega (v_k^\frac {m + 1}{2} - M_{j+1}^\frac {m + 1}{2})_+^2 (x, \tau ) \d x\right )^\frac {\bar q}{N + \mu } \nonumber \prod _{i = 1}^N \left ( \iint _{\Omega _T} \lvert \partial _i (v_k^m - M_{j+1}^m)_+\rvert ^{q_i} \d x \d t \right )^\frac {\bar q}{q_i(N + \mu )} \nonumber \\ & \leq c\lvert E_{j+1} \rvert ^\frac {\mu }{N + \mu } \left ( \esssup \limits _{\tau \in (0, T)} \int _\Omega (v_k^\frac {m + 1}{2} - M_{j+1}^\frac {m + 1}{2})_+^2 (x, \tau ) \d x\right )^\frac {\bar q}{N + \mu } \nonumber \prod _{i = 1}^N \left ( \lvert E_{j+1}\rvert ^{1 - \frac {q_i}{p_i}} \left ( \iint _{\Omega _T} \lvert \partial _i (v_k^m - M_{j+1}^m)_+\rvert ^{p_i} \d x \d t \right )^\frac {q_i}{p_i} \right )^\frac {\bar q}{q_i(N + \mu )} \nonumber \\ & \leq c\lvert E_{j+1} \rvert ^{\frac {\mu }{N + \mu } + (\frac {1}{\bar q} - \frac {1}{\bar p})\frac {N\bar q}{N + \mu }} \left ( \iint _{E_{j+1}} \abs {f}^{\bar p^\prime } \d x \d t \right )^{\frac {\bar q}{N + \mu }(1 + \frac {N}{\bar p})} \nonumber \\ \notag & \leq c \lvert E_{j+1} \rvert ^{\frac {\mu }{N + \mu } + (\frac {1}{\bar q} - \frac {1}{\bar p})\frac {N\bar q}{N + \mu } + (1 - \frac {1}{\sigma })\frac {N \bar q}{N + \mu }(\frac {1}{N} + \frac {1}{\bar p})} \left ( \iint _{\Omega _T} \abs {f}^{\sigma \bar p^\prime } \d x \d t \right )^{\frac {\bar q}{\sigma (N + \mu )}(1 + \frac {N}{\bar p})} \\ \notag & = c|E_{j+1}|^{1 + \delta } \left ( \iint _{\Omega _T} \abs {f}^{\sigma \bar p^\prime } \d x \d t \right )^Q,\end {align}


\begin {align*}\delta := \tfrac {N \bar q}{N + \mu }(\tfrac {1}{N} - \tfrac {1}{\sigma }(\tfrac {1}{N} + \tfrac {1}{\bar p})), \quad Q := \tfrac {\bar q}{\sigma (N + \mu )}(1 + \tfrac {N}{\bar p}).\end {align*}


$\delta > 0$


$\lvert E_{j + 1} \rvert $


\begin {align}\label {DeGiorgiEstimate} \lvert E_{j + 1} \rvert & = \lvert E_{j + 1} \rvert M^{-m \bar q} 2^{(j + 1)\frac {2m \bar q}{m + 1}} (M_{j + 1}^{\frac {m + 1}{2}} - M_j^{\frac {m + 1}{2}})^\frac {2m \bar q}{m + 1} \\ & \leq M^{-m \bar q} 2^{(j + 1)\frac {2m \bar q}{m + 1}} \iint _{E_{ j + 1 } } (v_k^{\frac {m + 1}{2}} - M_j^{\frac {m + 1}{2}})_+^\frac {2m \bar q}{m + 1} \d x \d t \notag \\ \notag & \leq M^{-m \bar q} 2^{(j + 1)\frac {2m \bar q}{m + 1}} Y_j.\end {align}


\begin {align}\label {est:fastgeom} Y_{j+1} & \leq K M^{-m\bar q(1+\delta )} b^j Y_j^{1+\delta },\end {align}


\begin {align*}K:= c \left ( \iint _{\Omega _T} \abs {f}^{\sigma \bar p^\prime } \d x \d t \right )^Q, \quad b = 2^\frac {2m\bar q(1+\delta )}{m+1} > 1.\end {align*}


$(Y_j)_{j=0}^\infty $


\begin {align}\label {condY0convg} Y_0 \leq K^{-\frac {1}{\delta }} M^{m\bar q \frac {(1+\delta )}{\delta }} b^{-\frac {1}{\delta ^2}}.\end {align}


$Y_0$


\begin {align*}Y_0 \leq c \norm {v_k^m}_{L^{\bar p}(\Omega _T)}^{\bar q} \leq c K_0^{\bar q},\end {align*}


\begin {align*}c K_0^{\bar q} \leq K^{-\frac {1}{\delta }} M^{m\bar q \frac {(1+\delta )}{\delta }} b^{-\frac {1}{\delta ^2}},\end {align*}


\begin {align}\label {bound_lower_M_new} M \geq \gamma (K_0^{\bar q\delta } K)^\frac {1}{m \bar q(1+\delta )},\end {align}


$\gamma $


$\Omega _T$


$k$


$M\geq M_*$


\begin {align}M := \max \{M_*, \gamma (K_0^{\bar q\delta } K)^\frac {1}{m \bar q(1+\delta )} \},\end {align}


$k$


$M$


\begin {align*}\iint _{\Omega _T} (v_k^\frac {m + 1}{2} - 2M^\frac {m + 1}{2})_+^\frac {2\thinspace m \bar q}{m + 1} \d x \d t \leq Y_j \xrightarrow [j\to 0]{} 0,\end {align*}


$v_k \leq 2^\frac {2}{m+1}M =: L$


$\Omega _T$


$(v_k)$


$v_k$


$u_k$


$k\geq L$


$u_k \leq L$


$\tfrac 1k \leq u_k \leq L$


$k$


$T_k$


$\hat {A}^k$


\begin {align*}\hat {A}^k_j(x,t,u_k,\nabla u_k) &= a_j(x, t, u_k) \lvert m_j u_k^{m_j - 1} \partial _j u_k \rvert ^{p_j - 2} m_j u_k^{m_j - 1} \partial _j u_k \\ &= a_j(x,t,u_k)|\partial _j u_k^{m_j}|^{p_j-2}\partial _j u_k^{m_j},\end {align*}


$u_k$


$k$


$u_k$


\begin {align}\label {eq:weakformuk} &\iint _{\Omega _T} \sum ^N_{j=1} a_j(x,t,u_k)|\partial _j u_k^{m_j}|^{p_j-2}\partial _j u_k^{m_j} \partial _j \varphi - u_k\partial _t \varphi \d x\d t = \iint _{\Omega _T} f \varphi \d x \d t.\end {align}


$j \in \{1,\dots , N\}$


$(\partial _j u_k^m)^\infty _{k=1}$


$L^{p_j}(\Omega _T)$


$(\partial _j u_k^{m_j})^\infty _{k=1}$


$L^{p_j}(\Omega _T)$


$\varphi = (u_k^{\varepsilon } - (g + \tfrac {1}{k})^{\varepsilon }) \zeta _{\tau _1,\tau _2}^\delta $


$\zeta _{\tau _1,\tau _2}^\delta $


$0<\tau _1 <\tau _2< T$


$\varepsilon \in (0,1]$


$u_k$


$u_k$


$g + \tfrac {1}{k}$


$u_k$


$u_k(0)$


$L^2(\Omega )$


$h\to 0$


\begin {align}\label {eq:vanishinginitialtimeterm} \langle u_k(0), \Exx {\varphi }(\cdot , 0) \rangle = \int _\Omega u_k(x, 0) \Exx {\varphi }(x, 0) \d x \xrightarrow [h \to 0]{} 0,\end {align}


$\varphi $


$[0,\tau _1]$


\begin {align}\label {convg:source} \iint _{\Omega _T} \Ex {f}\varphi \d x \d t &\xrightarrow [h \to 0]{} \iint _{\Omega _T} f (u_k^{\varepsilon } - (g + \tfrac {1}{k})^{\varepsilon }) \zeta _{\tau _1,\tau _2}^\delta \d x \d t .\end {align}


\begin {align}\label {est:parabterm} \iint _{\Omega _T} \partial _t \Ex {u_{k}} \varphi \d x \d t & = \iint _{\Omega _T}\partial _t \Ex {u_k} (\Ex {u_k}^{\varepsilon } - (g + \tfrac {1}{k})^{\varepsilon }) \zeta _{\tau _1,\tau _2}^\delta \d x \d t + \iint _{\Omega _T} \partial _t \Ex {u_k} (u_k^\varepsilon - \Ex {u_k}^\varepsilon ) \zeta _{\tau _1,\tau _2}^\delta \d x \d t \\ \notag & = \iint _{\Omega _T}\partial _t \Ex {u_k} (\Ex {u_k}^{\varepsilon } - (g + \tfrac {1}{k})^{\varepsilon }) \zeta _{\tau _1,\tau _2}^\delta \d x \d t + \iint _{\Omega _T} \tfrac {1}{h}(u_k - \Ex {u_k}) (u_k^\varepsilon - \Ex {u_k}^\varepsilon ) \zeta _{\tau _1,\tau _2}^\delta \d x \d t \\ \notag & =: I_a + I_b \geq I_a,\end {align}


$I_b\geq 0$


$t \mapsto t^\varepsilon $


$I_a$


\begin {align}\label {convg:Ia} I_a &= \iint _{\Omega _T} \Ex {u_k}^{\varepsilon }\partial _t \Ex {u_k}\zeta _{\tau _1,\tau _2}^\delta \d x \d t - \iint _{\Omega _T} \partial _t \Ex {u_k} (g + \tfrac {1}{k})^{\varepsilon } \zeta _{\tau _1,\tau _2}^\delta \d x \d t \\ \notag &= -\iint _{\Omega _T} \tfrac {1}{\varepsilon +1}\Ex {u_k}^{\varepsilon +1} (\zeta _{\tau _1,\tau _2}^\delta )'(t) \d x \d t + \iint _{\Omega _T} \Ex {u_k} \partial _t ((g + \tfrac {1}{k})^{\varepsilon } \zeta _{\tau _1,\tau _2}^\delta ) \d x \d t \\ \notag &= \frac 1\delta \int ^{\tau _2}_{\tau _2-\delta } \int _\Omega \tfrac {1}{\varepsilon +1}\Ex {u_k}^{\varepsilon +1}\d x \d t - \frac 1\delta \int ^{\tau _1 + \delta }_{\tau _1} \int _\Omega \tfrac {1}{\varepsilon +1}\Ex {u_k}^{\varepsilon +1}\d x \d t + \frac 1\delta \int ^{\tau _1 + \delta }_{\tau _1} \int _\Omega \Ex {u_k} (g + \tfrac {1}{k})^\varepsilon \d x \d t - \frac 1\delta \int ^{\tau _2}_{\tau _2-\delta } \int _\Omega \Ex {u_k} (g + \tfrac {1}{k})^\varepsilon \d x \d t \\ \notag & \quad + \iint _{\Omega _T} \Ex {u_k} \partial _t ( g + \tfrac {1}{k})^\varepsilon \zeta _{\tau _1,\tau _2}^\delta \d x \d t \\ \notag &\xrightarrow [h\to 0]{} \frac 1\delta \int ^{\tau _2}_{\tau _2-\delta } \int _\Omega \tfrac {1}{\varepsilon +1}u_k^{\varepsilon +1}\d x \d t - \frac 1\delta \int ^{\tau _1 + \delta }_{\tau _1} \int _\Omega \tfrac {1}{\varepsilon +1}u_k^{\varepsilon +1}\d x \d t + \frac 1\delta \int ^{\tau _1 + \delta }_{\tau _1} \int _\Omega u_k (g + \tfrac {1}{k})^\varepsilon \d x \d t - \frac 1\delta \int ^{\tau _2}_{\tau _2-\delta } \int _\Omega u_k (g + \tfrac {1}{k})^\varepsilon \d x \d t \\ \notag & \qquad + \iint _{\Omega _T} u_k \partial _t ( g + \tfrac {1}{k})^\varepsilon \zeta _{\tau _1,\tau _2}^\delta \d x \d t.\end {align}


\begin {align}\label {convg:elliptic} &\iint _{\Omega _T} \Ex {A(x,t,u_k,\partial _1 u_k^{m_1},\dots , \partial _N u_k^{m_N})} \cdot \nabla \varphi \d x \d t \xrightarrow [h \to 0]{} \iint _{\Omega _T} A(x,t,u_k,\partial _1 u_k^{m_1},\dots , \partial _N u_k^{m_N}) \cdot \nabla \big (u_k^{\varepsilon } - (g + \tfrac {1}{k})^{\varepsilon }\big ) \zeta _{\tau _1,\tau _2}^\delta \d x \d t.\end {align}


\begin {align*}&\frac 1\delta \int ^{\tau _2}_{\tau _2-\delta } \int _\Omega \tfrac {1}{\varepsilon +1}u_k^{\varepsilon +1}\d x \d t + \frac 1\delta \int ^{\tau _1 + \delta }_{\tau _1} \int _\Omega u_k (g + \tfrac {1}{k})^\varepsilon \d x \d t + \iint _{\Omega _T} u_k \partial _t ( g + \tfrac {1}{k})^\varepsilon \zeta _{\tau _1,\tau _2}^\delta \d x \d t \\ &\quad + \iint _{\Omega _T} A(x,t,u_k,\partial _1 u_k^{m_1},\dots , \partial _N u_k^{m_N}) \cdot \nabla \big (u_k^{\varepsilon } - (g + \tfrac {1}{k})^{\varepsilon }\big ) \zeta _{\tau _1,\tau _2}^\delta \d x \d t \\ &\leq \!\frac 1\delta \!\hspace {-0.5mm}\int ^{\tau _1 + \delta }_{\tau _1}\hspace {-2mm} \int _\Omega \tfrac {1}{\varepsilon +1}u_k^{\varepsilon +1}\d x \d t + \hspace {-0.5mm} \frac 1\delta \int ^{\tau _2}_{\tau _2-\delta } \int _\Omega u_k (g + \tfrac {1}{k})^\varepsilon \d x \d t +\iint _{\Omega _T} f (u_k^{\varepsilon } - (g + \tfrac {1}{k})^{\varepsilon }) \zeta _{\tau _1,\tau _2}^\delta \d x \d t.\end {align*}


$C_1$


$k$


$\delta $


$g$


$f$


$u_k$


$\delta \to 0$


\begin {align}\label {est:intermediate} \int ^{\tau _2}_{\tau _1}\int _\Omega A(x,t,u_k,\partial _1 u_k^{m_1}, \dots , \partial _N u_k^{m_N}) \cdot \nabla u_k^{\varepsilon } \d x \d t &\leq C_1 -\int ^{\tau _2}_{\tau _1}\int _\Omega u_k \partial _t ( g + \tfrac {1}{k})^\varepsilon \d x \d t \\ \notag &\quad + \int ^{\tau _2}_{\tau _1}\int _\Omega A(x,t,u_k,\partial _1 u_k^{m_1}, \dots , \partial _N u_k^{m_N}) \cdot \nabla (g + \tfrac {1}{k})^{\varepsilon } \d x \d t.\end {align}


$g\equiv 0$


$g\geq \varepsilon _0$


\begin {align}\label {est:timeder-g} \left |\int ^{\tau _2}_{\tau _1}\int _\Omega u_k \partial _t ( g + \tfrac {1}{k})^\varepsilon \d x \d t\right | \leq c\varepsilon _0^{\varepsilon -1}\iint _{\Omega _T}|\partial _t g| \d x \d t =: C_2,\end {align}


$(u_k)_{k = 1}^\infty $


$C_2$


$\partial _t g$


$u_k$


\begin {align}\label {chainrule-consequences} \partial _j u_k^{\varepsilon } = \tfrac {\varepsilon }{m}u_k^{\varepsilon -m} \partial _j u_k^{m}, \qquad \partial _j u_k^{m_j} = \tfrac {m_j}{m} u_k^{m_j - m}\partial _j u_k^m.\end {align}


$a_j$


\begin {align}\label {elliptic-term-with-eps2} A(x,t,u_k,\partial _1 u_k^{m_1}, \dots , \partial _N u_k^{m_N}) \cdot \nabla u_k^{\varepsilon } &=\sum _{j = 1}^N a_j(x,t,u_k)|\partial _j u_k^{m_j}|^{p_j-2}\partial _j u_k^{m_j} \partial _j u_k^{\varepsilon } \geq c \varepsilon \sum _{j = 1}^N u_k^{(m_j-m)(p_j-1) - m + \varepsilon }|\partial _j u_k^{m}|^{p_j}.\end {align}


\begin {align*}(m_j-m)(p_j-1) - m < 0,\end {align*}


$\varepsilon \in (0,1]$


$u_k$


$u_k$


\begin {align}\label {est:elliptic-new} A(x,t,u_k,\partial _1 u_k^{m_1},\dots , \partial _N u_k^{m_N}) \cdot \nabla u_k^{\varepsilon } \geq \gamma \sum _{j=1}^N |\partial _j u_k^{m}|^{p_j},\end {align}


$\gamma > 0$


$(u_k)_{k = 1}^\infty $


$g$


\begin {align}\label {est:spaceder-g} \notag A(x,t,u_k,\partial _1 u_k^{m_1},\dots , \partial _N u_k^{m_N}) \cdot \nabla (g + \tfrac {1}{k})^{\varepsilon } &= \sum ^N_{j=1} a_j(x,t,u_k)|\partial _j u_k^{m_j}|^{p_j-2}\partial _j u_k^{m_j} \varepsilon (g + \tfrac {1}{k})^{\varepsilon -1} \partial _j g \\ &\leq c \varepsilon \varepsilon _0^{\varepsilon -1} \sum ^N_{j=1} u_k^{(m_j-m)(p_j-1)}|\partial _j u_k^m|^{p_j-1}|\partial _j g| \\ \notag & \leq c\sum ^N_{j=1} |\partial _j u_k^m|^{p_j-1}|\partial _j g| \\ \notag & \leq \frac {\gamma }{2}\sum ^N_{j=1} |\partial _j u_k^m|^{p_j} + C_\gamma \sum ^N_{j=1}|\partial _j g|^{p_j}.\end {align}


$\tau _1 \to 0$


$\tau _2\to T$


\begin {align*}\frac {\gamma }{2} \iint _{\Omega _T} \sum _{j=1}^N |\partial _j u_k^{m}|^{p_j}\d x \d t \leq C_1 + C_2 + C_\gamma \iint _{\Omega _T} \sum _{j=1}^N |\partial _j g|^{p_j} \d x \d t,\end {align*}


$k$


$g$


$(u_k)_{k = 1}^\infty $


$(u_k(x,t))^\infty _{k=1}$


$(x,t) \in \Omega _T$


$(u_k)^\infty _{k=1}$


$L^q(\Omega _T)$


$1\leq q<\infty $


$l\geq k$


$u_k$


$u_l$


\begin {align*}\partial _t u - \nabla \cdot A(x,t,u,\nabla u) = f,\end {align*}


\begin {align*}A_j (x, t, u, \xi ) &:= \, a_j(x, t, u) \lvert m_j T(u) ^{m_j - 1} \xi _j \rvert ^{p_j - 2} m_j T(u) ^{m_j - 1} \xi _j, \\ T(u) &:= \min \{ L, \max \{u, \tfrac 1l\}\},\end {align*}


$L$


$u_k$


$u_k(0) \geq u_l(0)$


$u_k = 1/k + g \geq 1/l + g = u_l$


$\partial \Omega \times (0,T)$


$u_k \geq u_l$


$\Omega _T$


$(k,l)$


$l\geq k$


$N_{k,l}$


$u_k \geq u_l$


$\cup N_{k,l}$


$L^q(\Omega _T)$


$1\leq q < \infty $


$(u_k)_{k = 1}^\infty $


$L^q(\Omega _T)$


$u$


$(\partial _j u_k^m)^\infty _{k=1}$


$L^{p_j}(\Omega _T)$


$\partial _j u^m$


$(\partial _j u_k^{m_j})^\infty _{k=1}$


$L^{p_j}(\Omega _T)$


$\partial _j u^{m_j}$


\begin {align*}\mathcal {A}_j^k := A_j(\cdot ,\cdot ,u_k,\partial _1 u_k^{m_1},\dots , \partial _N u_k^{m_N})\end {align*}


$L^{p_j'}(\Omega _T)$


$L^{p_j'}(\Omega _T)$


$\mathcal {A}_j \in L^{p_j'}(\Omega _T)$


\begin {align}\partial _j u_k^m &\xrightarrow [k\to \infty ]{} \partial _j u^m \textnormal { weakly in } L^{p_j}(\Omega _T), \\ \partial _j u_k^{m_j} &\xrightarrow [k\to \infty ]{} \partial _j u^{m_j} \textnormal { weakly in } L^{p_j}(\Omega _T), \\ A_j(\cdot ,\cdot , u_k, \partial _1 u_k^{m_1},\dots , \partial _N u_k^{m_N}) &\xrightarrow [k\to \infty ]{} \mathcal {A}_j \textnormal { weakly in } L^{p_j'}(\Omega _T). \label {convg:Ajweak}\end {align}


$u$


\begin {align}\label {eq:weakformforuwithmathcalA} \iint _{\Omega _T} \mathcal {A}\cdot \nabla \varphi - u \partial _t \varphi \d x \d t = \iint _{\Omega _T} f \varphi \d x \d t,\end {align}


$\varphi \in C^\infty _{\textnormal {o}}(\Omega _T)$


$\mathcal {A} := (\mathcal {A}_1, \ldots , \mathcal {A}_N),$


$u$


$u_k$


\begin {align*}\tfrac 1k \leq u_k = \tfrac 1k + g + w_k,\end {align*}


$w_k \in L^{\bf p}(0,T;\overline W^{1,\bf p}_{\textnormal {o}}(\Omega ))$


$w_k + g \geq 0$


$(\varphi _j)\subset C^\infty (\Omega \times [0,T])$


$\varphi _j \to w_k$


$L^{\bf p}(0,T;W^{1,\bf p}(\Omega ))$


$w_k$


$(\varphi _j)$


$L^\infty $


\begin {align*}0 \leq (g + \varphi _j)_+\xrightarrow [j\to \infty ]{} (g+w_k)_+ = g+w_k \quad \mbox {in} L^{\bf p}(0,T;W^{1,\bf p}(\Omega )).\end {align*}


\begin {align}\label {massaro} \tfrac 1k \leq \tfrac 1k + (g + \varphi _j)_+\xrightarrow [j\to \infty ]{} \tfrac 1k + g + w_k = u_k \quad \mbox {in} L^{\bf p}(0,T;W^{1,\bf p}(\Omega )).\end {align}


$m$


$m\geq 1$


$(\varphi _j)$


\begin {align}\label {strange-convergence} \left (\tfrac 1k + (g + \varphi _j)_+\right )^m \xrightarrow [j\to \infty ]{} u_{k}^{m} \quad \mbox {in} L^{\bf p}\left (0,T;W^{1,\bf p}(\Omega )\right ).\end {align}


$\varphi _j$


\begin {align}\label {asdf} \left (\tfrac 1k + (g + \varphi _j)_+\right )^m \in (\tfrac 1k + g)^m + L^{\bf p}(0,T;\overline W^{1,\bf p}_{\textnormal {o}}(\Omega )).\end {align}


\begin {align}\label {spaceofukbeta} u_k^m \in ( \tfrac 1k + g)^m + L^{\bf p}(0,T;\overline W^{1,\bf p}_{\textnormal {o}}(\Omega )).\end {align}


\begin {align*}L^{\bf p}(0,T;\overline W^{1,\bf p}_{\textnormal {o}}(\Omega )) \ni u_k^m - ( \tfrac 1k + g)^m = [u_k^m - g^m] + [g^m - ( \tfrac 1k + g)^m].\end {align*}


$u^m - g^m$


$L^{\bf p}(0,T;W^{1,\bf p}(\Omega ))$


$k\to \infty $


$u^m - g^m$


\begin {align*}u^m - g^m \in L^{\bf p}(0,T;\overline W^{1,\bf p}_{\textnormal {o}}(\Omega )),\end {align*}


$u$


$u$


$C([0,T]; L^{m+1}(\Omega ))$


$\zeta \in C^\infty ([0,T];\R )$


$1$


$0$


$T$


$\varphi = H_\delta (t)\zeta (t) \psi (x)$


$\psi \in C^\infty _{\textnormal {o}}(\Omega )$


$H_\delta $


\begin {align*}\frac {1}{\delta } \int ^\delta _0 \int _\Omega u \psi \d x \d t =& \iint _{\Omega _T}\mathcal {A}\cdot \nabla \psi (x) H_\delta (t)\zeta (t) - f H_\delta (t)\zeta (t) \psi (x) \d x \d t - \iint _{\Omega _T} u H_\delta (t)\zeta '(t) \psi (x) \d x \d t.\end {align*}


$\delta \to 0$


\begin {align}\label {initialval-mystery1} \int _\Omega u(x,0) \psi (x) \d x = & \iint _{\Omega _T}\mathcal {A}\cdot \nabla \psi (x) \zeta (t) - f \zeta (t) \psi (x) \d x \d t - \iint _{\Omega _T} u \zeta '(t) \psi (x) \d x \d t.\end {align}


$u_k$


\begin {align*}\int _\Omega (u_0 + \tfrac 1k) \psi (x) \d x = & \iint _{\Omega _T}A(x,t,u_k, \partial _1 u_k^{m_1},\dots , \partial _N u_k^{m_N})\cdot \nabla \psi (x) \zeta (t) - f \zeta (t) \psi (x) \d x \d t - \iint _{\Omega _T} u \zeta '(t) \psi (x) \d x \d t.\end {align*}


$k\to \infty $


\begin {align}\label {initialvalmystery2} \int _\Omega u_0 \psi (x) \d x = & \iint _{\Omega _T}\mathcal {A} \cdot \nabla \psi (x) \zeta (t) - f \zeta (t) \psi (x) \d x \d t - \iint _{\Omega _T} u \zeta '(t) \psi (x) \d x \d t.\end {align}


$\psi \in C^\infty _{\textnormal {o}}(\Omega )$


$u(\cdot , 0) = u_0$


$u_k$


\begin {align*}\tfrac {1}{m+1}\int _\Omega |u_k(x,T)|^{m+1}\d x - \tfrac {1}{m+1}\int _\Omega |u_k(x,0)|^{m+1}\d x & = \iint _{\Omega _T} f(x,t)(u_k^m - (g(x,t)+\tfrac 1k)^m) - \mathcal {A}^k(x,t)\cdot \nabla (u_k^m - (g(x,t)+\tfrac 1k)^m)\d x \d t \\ &\quad + \int _\Omega (g(x,T) + \tfrac 1k)^m u_k(x,T)\d x \d t - \int _\Omega (g(x,0) + \tfrac 1k)^m u_k(x,0)\d x \d t \\ & \quad -m \iint _{\Omega _T} (g(x,t) + \tfrac 1k)^{m-1}\partial _t g(x,t) u_k(x,t)\d x \d t ,\end {align*}


$\mathcal {A}^k(x, t) = A(x,t,u_k,\partial _1 u_k^{m_1}, \dots , \partial _N u_k^{m_N})$


$u_k$


$[-T, 2T]$


\begin {equation}\tilde {u}_k(t)= \begin {cases} u_k(-t)& \text {if } -T \leq t \leq 0,\\ u_k(t) & \text {if } 0\leq t \leq T,\\ u_k(2T-t) & \text {if } T \leq t \leq 2T. \end {cases} \label {Xeqn7-99}\end {equation}


$\tilde {\mathcal {A}}^k$


$\tilde f$


$\mathcal {A}^k$


$f$


$\Omega \times (-T,2T)$


$u_k$


$\mathcal {A}^k$


$f$


$v\zeta ^\delta _{t_1,t_2}$


$v\in C^\infty _{\textnormal {o}}(\Omega )$


$t_1 < t_2$


$\delta \to 0$


\begin {equation}\label {eq:withv} \int _{\Omega } (u_k(x,t_2)-u_k(x, t_1)) v(x) \d x = \int _{t_1}^{t_2}\int _{\Omega } (f(x,s)v(x) - \mathcal {A}^k(x,s) \cdot \nabla v(x)) \, \d x \d s.\end {equation}


$v$


$L^2(\Omega )\cap \overline {W}^{1,\bf p}_{\textnormal {o}}(\Omega )$


$t_1=t-h$


$t_2=t$


$v= \big (u_k^m - (g+\tfrac 1k)^m\big )(\cdot , t)$


$[0,T]$


\begin {align}\label {porkyburger} \iint _{\Omega _T} &(u_k(x,t)-u_k(x,t-h))(u_k^m(x,t) - (g(x,t)+\tfrac 1k)^m)\, \d x \d t \\ \notag &= \int ^T_0 \int ^t_{t-h}\int _\Omega \big (f(x,s)(u_k^m(x,t) - (g(x,t)+\tfrac 1k)^m) -\mathcal {A}^k(x,s)\cdot (\nabla u_k^m(x,t) - \nabla (g(x,t)+\tfrac 1k)^m)\big )\d x \d s \d t.\end {align}


$s\mapsto \tfrac {1}{m+1}s^{m+1}$


\begin {equation*}\tfrac {1}{m+1}u_k(x,t)^{m+1} - \tfrac {1}{m+1}u_k(x,t-h)^{m+1} \leq u_k^m(x,t)(u_k(x,t) - u_k(x,t-h)).\end {equation*}


\begin {align}\label {monreale} \tfrac {1}{m+1} & \int ^T_{T-h} \int _\Omega u_k(x,t)^{m+1}\d x \d t - \tfrac {1}{m+1}\int ^0_{-h} \int _\Omega u_k(x,t)^{m+1}\d x \d t \\ \notag &= \iint _{\Omega _T} \left (\tfrac {1}{m+1}u_k(x,t)^{m+1}(x,t) - \tfrac {1}{m+1}u_k(x,t-h)^{m+1}\right ) \d x \d t \\ \notag &\leq \int ^T_0 \int ^t_{t-h}\int _\Omega \big (f(x,s)(u_k^m(x,t) - (g(x,t)+\tfrac 1k)^m) \nonumber - \mathcal {A}^k(x,s)\cdot \nabla (u_k^m(x,t)-(g(x,t)+\tfrac 1k)^m)\big )\d x \d s \d t \nonumber \\ \notag & \quad + \iint _{\Omega _T}(g(x,t) + \tfrac 1k)^m (u_k(x,t) - u_k(x,t-h)) \d x \d t.\end {align}


\begin {align*}\iint _{\Omega _T}(g(x,t) + \tfrac 1k)^m (u_k(x,t) - u_k(x,t-h)) \d x \d t & = \iint _{\Omega _T} (g(x,t) + \tfrac 1k)^m u_k(x,t)\d x \d t - \int ^{T-h}_{-h}\int _\Omega (g(x,t+h) + \tfrac 1k)^m u_k(x,t)\d x \d t \\ & =\int _0^{T-h} \int _\Omega \left ((g(x,t) + \tfrac 1k)^m -(g(x,t+h) + \tfrac 1k)^m\right ) u_k(x,t)\d x \d t \\ & \quad + \int ^T_{T-h} \int _\Omega (g(x,t) + \tfrac 1k)^m u_k(x,t)\d x \d t - \int ^0_{-h}\int _\Omega (g(x,t+h) + \tfrac 1k)^m u_k(x,t)\d x \d t.\end {align*}


$h$


\begin {align*}\frac 1h \iint _{\Omega _T}(g(x,t) + \tfrac 1k)^m (u_k(x,t) - u_k(x,t-h)) \d x \d t & = -\int ^{T-h}_0 \int _\Omega \frac {\big ((g(x,t+h) + \tfrac 1k)^m - (g(x,t) + \tfrac 1k)^m\big )}{h}u_k(x,t)\d x \d t \\ & \quad + \frac 1h \int ^T_{T-h} \int _\Omega (g(x,t) + \tfrac 1k)^m u_k(x,t)\d x \d t - \frac 1h \int ^0_{-h}\int _\Omega (g(x,t+h) + \tfrac 1k)^m u_k(x,t)\d x \d t \\ \xrightarrow [h\to 0]{} & -m \iint _{\Omega _T} (g(x,t) + \tfrac 1k)^{m-1}\partial _t g(x,t) u_k(x,t)\d x \d t \\& \quad + \int _\Omega (g(x,T) + \tfrac 1k)^m u_k(x,T)\d x \d t - \int _\Omega (g(x,0) + \tfrac 1k)^m u_k(x,0)\d x \d t.\end {align*}


$h$


$h\to 0$


\begin {align*}\tfrac {1}{m+1}&\int _\Omega u_k(x,T)^{m+1}\d x - \tfrac {1}{m+1} \int _\Omega u_k(x,0)^{m+1}\d x \\ &\leq \int ^T_0 \int _\Omega \big (f(x,t)(u_k^m(x,t) - (g(x,t)+\tfrac 1k)^m) - \mathcal {A}^k(x,t) \cdot \nabla (u_k^m(x,t) - (g(x,t)+\tfrac 1k)^m) \big )\d x \d t \\ &\quad -m \iint _{\Omega _T} (g(x,t) + \tfrac 1k)^{m-1}\partial _t g(x,t) u_k(x,t)\d x \d t + \int _\Omega (g(x,T) + \tfrac 1k)^m u_k(x,T)\d x \d t - \int _\Omega (g(x,0) + \tfrac 1k)^m u_k(x,0)\d x \d t.\end {align*}


\begin {align*}\iint _{\Omega _T} &(u_k(x,t+h)-u_k(x,t))(u_k^m(x,t)- (g(x,t) + \tfrac 1k)^m)\, \d x \d t\end {align*}


$u$


$u$


\begin {align*}\tfrac {1}{m+1} \int _\Omega |u(x,T)|^{m+1}\d x - \tfrac {1}{m+1}\int _\Omega |u_0|^{m+1}\d x &= \iint _{\Omega _T} f (u^m - g^m) - \mathcal {A} \cdot \nabla (u^m - g^m) \d x \d t -m \iint _{\Omega _T} g^{m-1}\partial _t g u \d x \d t \\& \quad + \int _\Omega g(x,T)^m u(x,T)\d x \d t - \int _\Omega g(x,0)^m u(x,0)\d x \d t.\end {align*}


\begin {equation*}\int _{\Omega } (u(x,t_2)-u(x, t_1)) v(x) \d x = \int _{t_1}^{t_2}\int _{\Omega } (f(x,s)v(x) - \mathcal {A}(x,s) \cdot \nabla v(x)) \, \d x \d s,\end {equation*}


$v=u^m(x,t) - g^m(x,t)$


$u_k$


$u$


$g+\tfrac 1k$


$g$


$\mathcal {A}^k$


$\mathcal {A}$


$u$


$L^{m+1}(\Omega )$


$u(\cdot , 0) = u_0$


\begin {align}\label {minty1} \notag \big ( &A(x,t,u_k, (\partial _j u_k^{m_j})^N_{j=1}) - A(x,t,u_k, (\partial _j u^{m_j})^N_{j=1})\big )\cdot (\nabla u_k^m - \nabla u^m) \\ \notag &= \sum ^N_{j=1} a_j(x,t,u_k)\tfrac {m}{m_j}u_k^{m - m_j}\big [|\partial _j u_k^{m_j}|^{p_j-2}\partial _j u_k^{m_j} - |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\big ](\partial _j u_k^{m_j} - \partial _j u^{m_j}) \\ \notag &\quad + \sum ^N_{j=1} a_j(x,t,u_k) \tfrac {m}{m_j}(u_k^{m -m_j} - u^{m - m_j})\big [|\partial _j u_k^{m_j}|^{p_j-2}\partial _j u_k^{m_j} - |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\big ]\partial _j u^{m_j} \\ &=: h_k + i_0,\end {align}


$i_0$


$u=0$


$\partial _j u^{m_j}$


$m-m_j$


$u$


\begin {align}\label {minty2} \big ( A&(x,t,u_k, (\partial _j u_k^{m_j})^N_{j=1}) - A(x,t,u_k, (\partial _j u^{m_j})^N_{j=1})\big )\cdot (\nabla u_k^m - \nabla u^m)\notag \\ & = A(x,t,u_k, (\partial _j u_k^{m_j})^N_{j=1}) \cdot \nabla (u_k^m - g^m) \notag - A(x,t,u_k, (\partial _j u_k^{m_j})^N_{j=1})\cdot \nabla (u^m - g^m) \notag - A(x,t,u_k, (\partial _j u^{m_j})^N_{j=1})\cdot (\nabla u_k^m - \nabla u^m)\notag \\ &=: i_1-i_2 - i_3.\end {align}


\begin {align}H_k& := \iint _{\Omega _T} h_k \d x \d t = \iint _{\Omega _T} i_1 \d x \d t - \iint _{\Omega _T}i_2\d x \d t - \iint _{\Omega _T}i_3 \d x \d t - \iint _{\Omega _T}i_0 \d x \d t \\ \notag &=: I_1 - I_2 - I_3 - I_0.\end {align}


$h_k \geq 0$


\begin {align}\label {i_0} i_0 = \sum ^N_{j=1} a_j(x,t,u_k) \tfrac {m}{m_j} &\left [\left (\frac {u}{u_k}\right )^{m_j-m} - 1\right ] \big [|\partial _j u_k^{m_j}|^{p_j-2}\partial _j u_k^{m_j} - |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\big ] u^{m-m_j}\partial _j u^{m_j}.\end {align}


$\partial _j u_k^m$


$u_k$


\begin {align*}u^{m -m_j}\partial u^{m_j} = c \partial _j u^m \in L^{p_j}(\Omega _T).\end {align*}


$u_k$


\begin {align*}\frac {u}{u_k} \leq 1.\end {align*}


\begin {align}\label {lim:I0} |I_0| & \leq c\sum ^N_{j=1} \left [ \iint _{\Omega _T} \left |\left (\frac {u}{u_k}\right )^{m_j-m} - 1\right |^{p_j}|\partial _j u^m|^{p_j} \d x \d t\right ]^\frac {1}{p_j} \left [ \iint _{\Omega _T}\hspace {-0.7mm} |\partial _j u_k^{m_j}|^{p_j}+ |\partial _j u^{m_j}|^{p_j} \d x \d t\right ]^{\frac {p_j-1}{p_j}} \xrightarrow [k\to \infty ]{} 0,\end {align}


$k$


$I_3$


\begin {align}I_3 &= \iint _{\Omega _T} \big (A(x,t,u_k, (\partial _j u^{m_j})^N_{j=1})-A(x,t,u, (\partial _j u^{m_j})^N_{j=1})\big ) (\nabla u_k^m - \nabla u^m) \d x \d t + \iint _{\Omega _T} A(x,t,u, (\partial _j u^{m_j})^N_{j=1}) \cdot (\nabla u_k^m - \nabla u^m) \d x \d t \\ \notag &:= I_3^a + I_3^b.\end {align}


$I_3^a$


\begin {align}\label {est:I^a_3} |I^a_3| &\leq c\sum ^N_{j=1}\left [\iint _{\Omega _T}|a_j(x,t,u_k) - a_j(x,t,u)|^{p_j'}|\partial _j u^{m_j}|^{p_j}\d x \d t\right ]^\frac {p_j-1}{p_j} \left [\iint _{\Omega _T} |\partial _j u_k^m|^{p_j} + |\partial _j u^m|^{p_j}\d x \d t\right ]^\frac {1}{p_j}.\end {align}


$k\to \infty $


$u_k$


$u$


$a_j$


$I^a_3$


$k\to \infty $


$I^b_3$


$k\to \infty $


\begin {align}\label {lim:I3} \lim _{k\to 0}I_3 = 0.\end {align}


$I_2$


\begin {equation}\label {lim:I2} I_2= \iint _{\Omega _T} i_2 \, \d x \d t \xrightarrow [k\to 0]{} \iint _{\Omega _T} \mathcal {A} \cdot \nabla (u^m - g^m) \, \d x \d t\end {equation}


$I_1$


\begin {align*}I_1 &= \iint _{\Omega _T} A(x,t,u_k, (\partial _j u_k^{m_j})^N_{j=1}) \cdot \nabla (u_k^m - (g+\tfrac 1k)^m) \d x \d t \\ &\quad + \iint _{\Omega _T} A(x,t,u_k,(\partial _j u_k^{m_j})^N_{j=1}) \cdot \nabla ((g+\tfrac 1k)^m - g^m) \d x \d t \\ &=: I_1^a + I_1^b.\end {align*}


$I_1^b$


$k\to \infty $


\begin {align*}|I_1^b| \leq \sum ^N_{j=1} \left (\iint _{\Omega _T}|\mathcal {A}_k^j(x,t)|^{p_j'}\d x \d t\right )^\frac {1}{p_j'}\left (\iint _{\Omega _T}m^{p_j}|(g+\tfrac 1k)^{m-1} - g^{m-1}|^{p_j}|\partial _j g|^{p_j} \d x \d t\right )^\frac {1}{p_j},\end {align*}


$\mathcal {A}_k^j$


$k\to \infty $


$g$


$I^a_1$


\begin {align}\label {Ia-expr} \notag I_1^a &= \iint _{\Omega _T} f(x,t) (u_k^m - (g(x,t)+\tfrac 1k)^m)\d x \d t -m \iint _{\Omega _T} (g(x,t) + \tfrac 1k)^{m-1}\partial _t g(x,t) u_k(x,t)\d x \d t + \int _\Omega (g(x,T) + \tfrac 1k)^m u_k(x,T)\d x \d t \\ & \quad - \int _\Omega (g(x,0) + \tfrac 1k)^m u_k(x,0)\d x \d t +\tfrac {1}{m+1}\int _\Omega |u_k(x,0)|^{m+1}\d x - \tfrac {1}{m+1}\int _\Omega |u_k(x,T)|^{m+1}\d x.\end {align}


$(u_k(\cdot ,T))^\infty _{k=1}$


$L^{m+1}(\Omega )$


$w \in L^{m+1}(\Omega )$


$u_k$


$\varphi \in C^\infty _{\textnormal {o}}(\Omega )$


\begin {align*}\int _\Omega u_k(x,T) \varphi (x)\d x =& \int _\Omega (u_0 + \tfrac {1}{k})\varphi \d x - \iint _{\Omega _T} A(x,t,u_k, \partial _1 u_k^{m_1},\dots , \partial _N u_k^{m_N}) \cdot \nabla \varphi \d x \d t + \iint _{\Omega _T} f(x,t)\varphi (x) \d x \d t.\end {align*}


\begin {align*}\int _\Omega w \varphi \d x \d t = \int _\Omega u_0 \varphi \d x - \iint _{\Omega _T}\mathcal {A}\cdot \nabla \varphi + f\varphi \d x \d t = \int _\Omega u(x,T)\varphi \d x,\end {align*}


$u$


$u(0) = u_0$


$\varphi $


$u(T) = w$


\begin {align*}\liminf _{k\to \infty } \int _\Omega u_k^{m +1}(x,T) \d x \geq \int _\Omega u(x,T)^{m +1} \d x.\end {align*}


$I_1^b$


$u_k(\cdot , T)$


$u_k$


\begin {align}\label {limsup:I1} \limsup _{k\to \infty } I_1 &\leq - \tfrac {1}{m+1}\int _\Omega |u(x,T)|^{m+1}\d x + \tfrac {1}{m+1}\int _\Omega |u_0|^{m+1}\d x + \iint _{\Omega _T} f (u^m - g^m) \d x \d t \notag \\ & \quad +\int _\Omega g(x,T)^m u(x,T)\d x \d t - \int _\Omega g(x,0)^m u(x,0)\d x \d t -m \iint _{\Omega _T} g^{m-1}\partial _t g u \d x \d t \notag \\ &= \iint _{\Omega _T}\mathcal {A}\cdot \nabla (u^m - g^m) \d x \d t,\end {align}


$I_0$


$I_1$


$I_2$


$I_3$


\begin {align*}\limsup _{k\to \infty } H_k &\leq \limsup _{k\to \infty } I_1 - \lim _{k\to \infty } I_2 - \lim _{k\to \infty } I_3 - \lim _{k\to \infty } I_0 = 0.\end {align*}


$h_k$


$h_k \to 0$


$L^1(\Omega _T)$


$(h_k)$


$a_j$


$m - m_j$


$(u_k)_{k = 1}^\infty $


$c>0$


\begin {align*}c \sum ^N_{j=1}\big [|\partial _j u_k^{m_j}|^{p_j-2}\partial _j u_k^{m_j} - |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}\big ](\partial _j u_k^{m_j} - \partial _j u^{m_j}) \leq h_k \xrightarrow [k\to \infty ]{} 0,\end {align*}


$\partial _j u_k^{m_j}$


$\partial _j u^{m_j}$


$u_k$


$u,$


$A$


\begin {align}\label {eq:pwconvergenceofAj} \mathcal {A}^k(x, t) = A(x, t, u_k(x, t), (\partial _j u_k^{m_j}(x, t))_{j = 1}^N) \xrightarrow [k \to \infty ]{} A(x, t, u(x, t), (\partial _j u^{m_j}(x, t))_{j = 1}^N),\end {align}


$\Omega _T.$


$\mathcal {A}_j$


$L^{p_j^\prime } (\Omega _T)$


$\mathcal {A}_j^k$


$(\beta ^j_l)_{l=1}^\infty $


$(\mathcal {A}_j^k)^\infty _{k=1}$


$\mathcal {A}_j$


$L^{p_j^\prime }(\Omega _T)$


$(\beta ^j_l)^\infty _{l=1}$


$\mathcal {A}_j$


$(\beta ^j_l)^\infty _{j=1}$


$A_j(\cdot , \cdot , u, (\partial _j u^{m_i})_{i = 1}^N)$


$\mathcal {A}$


$A(\cdot , \cdot , u, (\partial _i u^{m_i})_{i = 1}^N)$


$u$


$u$


$($


$)$


\begin {align*}\int ^{t_2}_{t_1}\int _{\Omega } \phi \partial _t [u]_{\bar h} + \left [A(x,\cdot ,u,\partial _1 u^{m_1},\dots , \partial _N u^{m_N})\right ]_{\bar h} \cdot \nabla \phi \,\d x \d t \leq (\geq )\int ^{t_2}_{t_1}\int _{\Omega } [f]_{\bar h} \phi \d x \d t\end {align*}


$\phi \in L^{\bf p}(0,T; \overline {W}^{1,{\bf p}}_{\textnormal {o}}(\Omega )) \cap L^\infty (\Omega _T)$


$0\leq t_1 < t_2 \leq T$


$u$


$u^m \in L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


$k>0$


$v:=\max \{u,k\}$


\begin {align}\label {chioggia} \iint _{\Omega _T} \sum ^N_{j=1} a_j(x,t,v)|\partial _j v^{m_j}|^{p_j-2}\partial _j v^{m_j} \partial _j \eta - v\partial _t \eta \d x\d t \leq \iint _{\Omega _T} f\chi _{\{u>k\}} \eta \d x \d t,\end {align}


$\eta \in C^\infty _{\textnormal {o}}(\Omega _T)$


$v$


$f\chi _{\{u>k\}}$


\begin {align*}\varphi = \eta \varphi _h, \quad \varphi _h = \frac {(\Exx {u^m} - k^m)_+}{(\Exx {u^m} - k^m)_+ + \mu },\end {align*}


$\Exx {\cdot }$


$\mu >0$


\begin {align}\label {Loacker} u \partial _t \varphi &=\Exx {u^m}^\frac 1m\partial _t \varphi + \big (u - \Exx {u^m}^\frac 1m\big ) \partial _t \varphi \notag \\ &= \Exx {u^m}^\frac 1m\partial _t \varphi + \big (u - \Exx {u^m}^\frac 1m\big ) \varphi _h \partial _t \eta + \big (u - \Exx {u^m}^\frac 1m\big )\partial _t \varphi _h \eta \notag \\ &\leq \Exx {u^m}^\frac 1m\partial _t \varphi + \big (u - \Exx {u^m}^\frac 1m\big ) \varphi _h \partial _t \eta ,\end {align}


\begin {align*}\partial _t \varphi _h = \frac {\mu \partial _t (\Exx {u^m} - k^m)_+}{\left ( (\Exx {u^m} - k^m)_+ + \mu \right )^2} = \frac {\mu \chi _{\{\Exx {u^m} > k \}}\partial _t \Exx {u^m}}{\left ( (\Exx {u^m} - k^m)_+ + \mu \right )^2} = \frac {\mu \chi _{\{\Exx {u^m} > k \}} \tfrac 1h (\Exx {u^m} - u^m)}{\left ( (\Exx {u^m} - k^m)_+ + \mu \right )^2},\end {align*}


\begin {align}\label {chelsea} &\iint _{\Omega _T} \sum ^N_{j=1} a_j(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j} \partial _j \varphi - \Exx {u^m}^\frac 1m\partial _t \varphi - \big (u - \Exx {u^m}^\frac 1m\big ) \varphi _h \partial _t \eta \d x\d t \leq \iint _{\Omega _T} f \varphi \d x \d t.\end {align}


$h\to 0$


\begin {align*}\iint _{\Omega _T} \Exx {u^m}^\frac 1m\partial _t \varphi \d x \d t & = \lim _{\varepsilon \to 0} \iint _{\Omega _T} (\Exx {u^m}+\varepsilon )^\frac 1m\partial _t \varphi \d x \d t \\ &= - \lim _{\varepsilon \to 0} \iint _{\Omega _T} \tfrac 1m (\Exx {u^m} + \varepsilon )^{\frac 1m-1} \partial _t \Exx {u^m}\varphi \d x \d t \\ &= - \lim _{\varepsilon \to 0}\iint _{\Omega _T} \tfrac 1m (\Exx {u^m}+\varepsilon )^{\frac 1m-1} \frac {(\Exx {u^m} - k^m)_+}{(\Exx {u^m} - k^m)_+ + \mu } \partial _t \Exx {u^m} \eta \d x \d t \\ &= - \lim _{\varepsilon \to 0} \iint _{\Omega _T} \partial _t F_\varepsilon (\Exx {u^m}, k, \mu ) \eta \d x \d t = \iint _{\Omega _T} F_0(\Exx {u^m}, k, \mu ) \partial _t \eta \d x \d t,\end {align*}


\begin {align*}F_\varepsilon (\theta ,k,\mu ) := k+ \int _{k^{m}}^\theta \tfrac {1}{m} (s+\varepsilon )^{\frac {1}{m}-1} \frac {(s-k^{m})_+}{(s-k^{m})_+ + \mu } \d s, \quad \varepsilon \geq 0.\end {align*}


\begin {align}\lim _{h\to 0} \iint _{\Omega _T} \big (u - \Exx {u^m}^\frac 1m\big ) \varphi _h \partial _t \eta \d x\d t = 0.\end {align}


\begin {align*}\partial _j \varphi = \partial _j \eta \varphi _h + \eta \partial _j \varphi _h= \partial _j \eta \varphi _h + \eta \frac {\mu \chi _{\{\Exx {u^m} > k \}}\partial _j \Exx {u^m}}{\left ( (\Exx {u^m} - k^m)_+ + \mu \right )^2},\end {align*}


\begin {align}\label {nonono}&\iint _{\Omega _T} \sum ^N_{j=1} a_j(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j} \partial _j \varphi \d x \d t\notag \\ & = \iint _{\Omega _T} \sum ^N_{j=1} a_j(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j} \partial _j \eta \varphi _h \d x \d t + \iint _{\Omega _T} \sum ^N_{j=1} a_j(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j} \eta \frac {\mu \chi _{\{\Exx {u^m} > k \}}\partial _j \Exx {u^m}}{\left ( (\Exx {u^m} - k^m)_+ + \mu \right )^2}\d x \d t \notag \\ &\xrightarrow [h\to 0]{} \iint _{\Omega _T} \sum ^N_{j=1} a_j(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j} \partial _j \eta \frac {(u^m - k^m)_+}{(u^m - k^m)_+ + \mu } \d x \d t\notag + \iint _{\Omega _T} \sum ^N_{j=1} a_j(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j} \eta \frac {\mu \chi _{\{ u^m > k \}}\partial _j u^m}{\left ( (u^m - k^m)_+ + \mu \right )^2}\d x \d t.\end {align}


$\partial _j u^{m_j}\partial _j u^m \geq 0$


\begin {align*}&\iint _{\Omega _T} \sum ^N_{j=1} a_j(x,t,u)|\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j} \partial _j \eta \frac {(u^m - k^m)_+}{(u^m - k^m)_+ + \mu } - F_0(u^m,k,\mu ) \partial _t \eta \d x \d t \leq \iint _{\Omega _T} f \eta \frac {(u^m - k^m)_+}{(u^m - k^m)_+ + \mu } \d x \d t.\end {align*}


$\mu \to 0$


$\Omega _T$


$u$


$f_u$


$v$


$f_v$


$u,v \in C([0,T]; L^1(\Omega ))$


$u^m$


$v^m$


$L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


\begin {equation}\label {cases} u \geq \varepsilon \quad \mbox {a.e. in } \Omega _{T}\end {equation}


$\varepsilon >0$


$v\geq u$


$\partial \Omega \times (0,T)$


\begin {equation}\label {est:compprinciplespecialcase} \int _{\Omega } (u-v)_+ (x,t_2) \d x \leq \int _{\Omega } (u-v)_+ (x,t_1) \d x + \iint _{\Omega \times [t_1,t_2]\cap \{v<u\}}(f_u - f_v) \d x \d t,\end {equation}


$0\leq t_1<t_2\leq T$


\begin {equation}\label {phi} \phi = H_\delta (u-v), \quad \mbox {where} 0<\delta \leq \min \{1, \tfrac {\varepsilon }{2}\}.\end {equation}


$\phi $


$u$


$u$


$u$


$v$


$\hat v:= \max \{v,\tfrac {\varepsilon }{2}\}$


$\delta $


$\varepsilon $


\begin {align}\label {partialjphi} \phi &= H_\delta (u - v) = H_\delta (u - \hat v), \nonumber \\ \partial _j \phi &= \delta ^{-1}\chi _{\{0< u-\hat v < \delta \}} \partial _j(u-\hat v),\end {align}


$\partial _j \phi $


$L^{p_j}(\Omega _T)$


$\phi $


$u^m$


\begin {align*}u^m = v^m + w + \psi ,\end {align*}


$w$


$L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


$w\leq 0$


$\psi $


$L^{\bf p}(0,T; \overline {W}^{1, {\bf p}}_{\textnormal {o}}(\Omega ))$


$(\psi _k) \subset C^\infty (\Omega \times (0,T))$


$\supp \psi _k \subset K_k \times [0,T]$


$K_k \Subset \Omega $


$\psi $


$L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


\begin {align*}u_k &:= \max \{ (\tfrac {\varepsilon }{2})^m, v^m + w + \psi _k\}^\frac 1m, \\ \phi _k &:= H_\delta (u_k - \hat v).\end {align*}


$\phi _k$


$K_k\times [0,T]$


$\phi _k$


$\phi $


$\phi $


$\phi _k$


$L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega ))$


$u_k$


$u_k$


$\partial _j u_k$


$\partial _j u$


$L^{p_j}(\Omega _T)$


$u_k$


$u$


$H_\delta $


$\phi _k$


$\phi $


$L^q(\Omega _T)$


$q< \infty $


\begin {align*}\partial _j \phi _k = \delta ^{-1}\chi _{\{0< u_k - \hat v < \delta \}} \partial _j(u_k - \hat v).\end {align*}


$\partial _j \phi $


$L^{p_j}(\Omega _T)$


$u_k$


$\partial _j u_k$


$u$


$v$


$\phi $


\begin {align}\label {uvestscombined} &\int ^{t_2}_{t_1}\int _{\Omega } \phi \partial _t [u-v]_{\bar h} + \left [A(x,\cdot ,u,(\partial _j u^{m_j})^N_{j=1}) - A(x,\cdot ,v,(\partial _j v^{m_j})^N_{j=1})\right ]_{\bar h} \cdot \nabla \phi \,\d x \d t \leq \int ^{t_2}_{t_1}\int _{\Omega } [f_u - f_v]_{\bar h} \phi \d x \d t.\end {align}


$f=u-v$


\begin {align*}\int ^{t_2}_{t_1}\int _{\Omega } \phi \partial _t [u-v]_{\bar h}\d x \d t = \int ^{t_2}_{t_1}\int _{\Omega } \partial _t [u-v]_{\bar h} H_{\delta }(u-v) \d x \d t &\geq \int ^{t_2}_{t_1}\int _{\Omega } \partial _t [G_{\delta }(u-v)]_{\bar h} \d x \d t \\ &= \int _{\Omega \times \{t_2\}}[G_{\delta }(u-v)]_{\bar h} \d x - \int _{\Omega \times \{t_1\}} [G_{\delta }(u-v)]_{\bar h} \d x,\end {align*}


\begin {align*}\int _{\Omega \times \{t_2\}}\left [G_{\delta }(u-v)\right ]_{\bar h} \d x &\leq \int ^{t_2}_{t_1}\int _{\Omega } \left [A(x,\cdot ,v,(\partial _j v^{m_j})^N_{j=1})-A\left (x,\cdot ,u,(\partial _j u^{m_j})^N_{j=1}\right ) \right ]_{\bar h} \cdot \nabla \phi \,\d x \d t \nonumber \\ &\quad + \int ^{t_2}_{t_1}\int _{\Omega } [f_u - f_v]_{\bar h} H_{\delta }(u-v) \d x \d t +\int _{\Omega \times \{t_1\}} [G_{\delta }(u-v)]_{\bar h} \d x .\nonumber \end {align*}


$h\to 0$


$G_\delta $


$u$


$v$


$h\to 0$


\begin {align}\label {est:scirocco} \int _{\Omega \times \{t_2\}} G_{\delta }(u-v) \d x &\leq \int ^{t_2}_{t_1}\int _{\Omega } \big ( A(x,t,v,(\partial _j v^{m_j})^N_{j=1})-A(x,t,u,(\partial _j u^{m_j})^N_{j=1})\big ) \cdot \nabla \phi \,\d x \d t \nonumber \\ &\quad + \int ^{t_2}_{t_1}\int _{\Omega } (f_u - f_v) H_{\delta }(u-v) \d x \d t +\int _{\Omega \times \{t_1\}} G_{\delta }(u-v) \d x .\end {align}


\begin {align}\label {mangiatorella} &\int ^{t_2}_{t_1}\int _{\Omega } \left (A(x,t,v,(\partial _j v^{m_j})^N_{j=1})-A(x,t,u,(\partial _j u^{m_j})^N_{j=1})\right ) \cdot \nabla \phi \,\d x \d t \\ &= \int ^{t_2}_{t_1}\int _{\Omega } \left (A(x,t,v,(\partial _j v^{m_j})^N_{j=1})- A(x,t,u,(\partial _j v^{m_j})^N_{j=1})\right ) \cdot \nabla \phi \,\d x \d t \nonumber + \int ^{t_2}_{t_1}\int _{\Omega } \left (A(x,t,u,(\partial _j v^{m_j})^N_{j=1})- A(x,t,u,(\partial _j u^{m_j})^N_{j=1})\right ) \cdot \nabla \phi \,\d x \d t.\end {align}


$\partial _j \phi $


$A$


$a_j$


\begin {align}\label {est:accardi} &\left | \int ^{t_2}_{t_1}\int _{\Omega } \left (A(x,t,v,(\partial _j v^{m_j})^N_{j=1})-A(x,\cdot ,u,(\partial _j v^{m_j})^N_{j=1})\right ) \cdot \nabla \phi \,\d x \d t \right | \\ & \leq \sum _{j=1}^N \int ^{t_2}_{t_1}\hspace {-1mm}\int _{\Omega } |a_i(x,t,v) - a_i(x,t,u)||\partial _j v^{m_j}|^{p_j-1} \chi _{\{0< u-\hat {v}<\delta \}}\tfrac 1\delta |\partial _j u-\partial _j \hat {v}|\, \d x\d t \nonumber \\ &\leq c \sum _{j=1}^N \int ^{t_2}_{t_1}\int _{\Omega } |u-v||\partial _j v^{m_j}|^{p_j-1} \chi _{\{0< u-\hat {v}<\delta \}}\tfrac 1\delta |\partial _j u-\partial _j \hat {v}|\, \d x\d t \nonumber \\ \nonumber & \leq c \sum _{j=1}^N \int ^{t_2}_{t_1}\int _{\Omega }|\partial _j v^{m_j}|^{p_j-1} \chi _{\{0< u-\hat {v}<\delta \}} |\partial _j u-\partial _j \hat {v}|\, \d x\d t,\end {align}


$v=\hat v$


$u-\hat v < \delta $


$\delta \to 0$


\begin {align}\label {fontalba} &\int ^{t_2}_{t_1}\int _{\Omega } \left (A(x,t,u,(\partial _j v^{m_j})^N_{j=1})- A(x,t,u,(\partial _j u^{m_j})^N_{j=1})\right ) \cdot \nabla \phi \,\d x \d t \\ \nonumber & =\sum _{j=1}^N \int ^{t_2}_{t_1}\int _{\Omega } a_j(x,t,u)(|\partial _j v^{m_j}|^{p_j-2}\partial _j v^{m_j} - |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j})H_\delta '(u- \hat v) (\partial _j u - \partial _j \hat v) \d x \d t.\end {align}


\begin {align*}\partial _j u - \partial _j \hat v &= \tfrac {1}{m_j}(u^{1-m_j}\partial _j u^{m_j} - \hat {v}^{1-m_j}\partial _j \hat {v}^{m_j}) = \tfrac 1{m_j} u^{1-m_j}(\partial _j u^{m_j} - \partial _j \hat {v}^{m_j}) + \tfrac 1{m_j}(u^{1-m_j} - \hat {v}^{1-m_j}) \partial _j \hat {v}^{m_j}.\end {align*}


\begin {align}\label {panna} &\sum _{j=1}^N \int ^{t_2}_{t_1}\int _{\Omega } a_j(x,t,u)(|\partial _j v^{m_j}|^{p_j-2}\partial _j v^{m_j} - |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}) H_\delta '(u- \hat v) \tfrac 1{m_j} u^{1-m_j}(\partial _j u^{m_j} - \partial _j \hat {v}^{m_j})\d x \d t \\ \nonumber & +\sum _{j=1}^N \int ^{t_2}_{t_1}\int _{\Omega } a_j(x,t,u)(|\partial _j v^{m_j}|^{p_j-2}\partial _j v^{m_j} - |\partial _j u^{m_j}|^{p_j-2}\partial _j u^{m_j}) H_\delta '(u- \hat v) \tfrac 1{m_j}(u^{1-m_j} - \hat {v}^{1-m_j}) \partial _j \hat {v}^{m_j} \d x \d t.\end {align}


$v = \hat v$


$H_\delta '(u-\hat v)$


$\delta \to 0$


$s \mapsto s^{1-m_j}$


$[\varepsilon /2, \infty )$


$m_j \geq 1$


$u$


$\hat v$


\begin {align*}H_\delta '(u- \hat v) |u^{1-m_j} - \hat {v}^{1-m_j}| \leq c H_\delta '(u- \hat v)|u-\hat v| \leq c.\end {align*}


$\delta \to 0$


$A$


$\delta \to 0$


$\delta \to 0$


$\kappa \in (0,\varepsilon )$


$u_\kappa = \max \{\kappa , u\}$


$u_\kappa $


$v$


\begin {equation*}\int _{\Omega } (u_\kappa - v)_+ (x,t_2) \d x \leq \int _{\Omega } (u_\kappa - v)_+ (x,t_1) \d x + \iint _{\Omega \times [t_1,t_2]\cap \{v<u_\kappa \}}(f_u\chi _{\{u>\kappa \}} - f_v) \d x \d t.\end {equation*}


$\chi _{\{ v < u_\kappa \}}$


$\chi _{\{v<u \}\cup \{u=v=0\}}$


$\kappa \to 0$


$u(0)\leq v(0)$


$0\leq f_u \leq f_v$


\begin {align*}\int _{\Omega \times \{t\}} (u-v)_+ \d x \leq 0,\end {align*}


$t \in (0,T)$


$V^{\bf p,\bf m}_q$


$(u_k)_{k = 1}^\infty $


$V^{\bf p,\bf m}_q$


$(u_k)_{k = 1}^\infty $


$L^q(\Omega )$


$(\partial _j u_k^{m_j})_{k=1}^\infty $


$L^{p_j}(\Omega )$


$L^p$


$u\in L^q(\Omega )$


$v_j \in L^{p_j}(\Omega )$


$j \in \{1,\dots N\}$


\begin {align*}u_k \rightarrow u \textnormal { in } L^q(\Omega ), \quad \partial _j u_k^{m_j} \rightarrow v_j \textnormal { in } L^{p_j}(\Omega ) \textnormal { for all } j \in \{1,\dots , N\}.\end {align*}


$v_j = \partial _j u^{m_j}$


$m_j \geq 1$


\begin {align*}|u_k^{m_j} - u^{m_j}| \leq m_j(|u_k|^{m_j - 1} + |u|^{m_j-1})|u_k - u|,\end {align*}


$q\geq m_j$


$u_k^{m_j} \to u^{m_j}$


$L^1(\Omega _T)$


$m_j < 1$


$\gamma = 1/m_j$


\begin {align*}|u_k^{m_j} - u^{m_j}| \leq c |u_k - u|^{m_j}.\end {align*}


$q \geq m_j$


$u_k^{m_j} \to u^{m_j}$


$L^1(\Omega _T)$


$\varphi \in C^\infty _{\textnormal {o}}(\Omega )$


\begin {align*}\iint _{\Omega _T} u^{m_j} \partial _j \varphi \d x \d t = \lim _{k\to \infty } \iint _{\Omega _T} u_k^{m_j} \partial _j \varphi \d x \d t = - \lim _{k\to \infty } \iint _{\Omega _T} \partial _j u_k^{m_j} \varphi \d x \d t = \iint _{\Omega _T} v_j \varphi \d x,\end {align*}


$v_j = \partial _j u^{m_j}$


$\bar p > 2$


$\hat g = g + \tfrac 1k$


$\hat u_0 = u_0 + \tfrac 1k$


\begin {align*}\hat A_j(x,t,u,\xi ) = a_j(x,t,u)|\xi _j|^{p_j - 2}\xi _j,\end {align*}


$0<c_1 \leq a_j \leq c_2$


$|a_j(x,t,u) - a_j(x,t,v)| \leq c_3|u-v|$


$x,t,u,v$


\begin {align*}\hat g &\in L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega )) \cap L^2(\Omega _T;[0,\infty )), \quad \partial _t \hat g \in L^2(\Omega _T), \\ f &\in L^{\bar p'}(\Omega _T;[0,\infty )), \quad \hat u_0 \in L^2(\Omega ;[0,\infty )).\end {align*}


$u \in L^{\bf p}(0,T; W^{1, {\bf p}}(\Omega )) \cap C([0,T]; L^2(\Omega ))$


\begin {equation}\label {problemwithgeneralf} \begin {cases} \partial _t u - \nabla \cdot \hat {A}(x, t, u, \nabla u) = f & \textnormal {in} \;\; \Omega _T, \\ u = \hat g & \textnormal {on} \;\; \partial \Omega \times (0,T), \\ u(\cdot , 0) = \hat u_0 & \textnormal {in} \;\; \Omega \times \{0\}. \end {cases}\end {equation}


$u - \hat g$


$L^{\bf p}(0,T;\overline W^{1,\bf p}_{\textnormal {o}}(\Omega ))$


$\bar p' \geq 2$


$\alpha =1$


$\bar p' < 2$


$f_l := \min \{l,f\}$


$l\in \N $


$w_l$


$L^{\bf p}(0,T; W^{1,\bf p}(\Omega )) \cap C([0,T]; L^2(\Omega ))$


\begin {equation}\label {eq:reallyapproximativeproblem} \begin {cases} \partial _t w_l - \nabla \cdot \hat {A}(x, t, w_l, \nabla w_l) = f_l & \text {in} \;\; \Omega _T, \\ w_l = \hat g & \text {on} \;\; \partial \Omega \times (0,T), \\ w_l(\cdot , 0) = \hat u_0 & \text {in} \;\; \Omega \times \{0\}. \end {cases}\end {equation}


$w_l$


$w_l$


$w_l$


$w_l$


\begin {align}\label {est:wlfirstenergy} \iint _{\Omega _T} \sum ^N_{j=1} |\partial _j w_l|^{p_j} \d x \d t + \sup _{\tau \in [0,T]}\int _{\Omega } w_l^2(x,\tau )\d x &\leq C_1(f,\hat g,\hat u_0,\Omega ,T), \\ \iint _{\Omega _T} |w_l - \hat g|^{\bar p} \d x \d t &\leq C_2(f,\hat g, \hat u_0,\Omega ,T), \label {wlLbarpbound}\end {align}


$C_1$


$C_2$


$l$


$\varphi = (w_l - \hat g)\zeta ,$


$\zeta \in C^\infty _{\textnormal {o}}((0,T);[0,\infty )),$


\begin {align}\label {taseanteanois} \iint _{\Omega _T} \hat {A}(x, t, w_l, \nabla w_l) \cdot \nabla w_l \zeta - \frac {w_l^2}{2} \zeta ' \d x \d t & \leq \iint _{\Omega _T} \hat {A}(x, t, w_l, \nabla w_l) \cdot \nabla \hat g \zeta \d x \d t - \iint _{\Omega _T}w_l (\partial _t \hat g \zeta + \hat g \zeta ') \d x\d t \\ &\quad + \iint _{\Omega _T} f_l (w_l - \hat g)\zeta \d x \d t, \notag \end {align}


$\partial _t [\tfrac {w_l^2}{2}]_{\bar h} \leq \partial _t [w_l]_{\bar h} w_l,$


$(iv)$


$s \mapsto \tfrac {s^2}{2}$


$f_l$


\begin {align}\label {btut} \iint _{\Omega _T} f_l (w_l - \hat g)\zeta \d x \d t &\leq \iint _{\Omega _T} c_\varepsilon |f|^{\bar p'}\zeta + \varepsilon |w_l - \hat g|^{\bar p}\zeta \d x \d t \leq c_\varepsilon \iint _{\Omega _T}|f|^{\bar p'}\zeta \d x \d t + c\varepsilon \iint _{\Omega _T} \sum ^N_{j=1} |\partial _j (w_l - \hat g)|^{p_j} \zeta \d x \d t,\end {align}


$0\leq f_l \leq f$


\begin {align*}\iint _{\Omega _T} c\sum ^N_{j=1} |\partial _j w_l|^{p_j} \zeta -\frac {w_l^2}{2} \zeta ' \d x \d t &\leq c\iint _{\Omega _T} \sum ^N_{j=1} |\partial _j \hat g|^{p_j}\zeta + |f|^{\bar p'}\zeta \d x \d t - \iint _{\Omega _T} w_l\big (\partial _t \hat g \zeta + \hat g \zeta ' \big ) \d x \d t.\end {align*}


$\zeta = \zeta ^\delta _{\tau _1, \tau }$


$\delta \to 0$


$\tau _1 \to 0$


\begin {align*}c \iint _{\Omega _\tau } \sum ^N_{j=1} |\partial _j w_l|^{p_j} \d x \d t + \frac 12 \int _{\Omega } w_l^2(x,\tau )\d x & \leq c\iint _{\Omega _\tau } \sum ^N_{j=1} |\partial _j \hat g|^{p_j} + |f|^{\bar p'}\d x \d t + \frac 12 \int _{\Omega } {\hat u_0}^2 \d x - \iint _{\Omega _\tau } w_l \partial _t \hat g \d x \d t + \int _{\Omega }w_l \hat g(x,\tau ) \d x \\ &\leq c\iint _{\Omega _\tau } \sum ^N_{j=1} |\partial _j \hat g|^{p_j} + |f|^{\bar p'} + |\partial _t \hat g|^2 \d x \d t + \tfrac 12\norm {\hat u_0}_{L^2(\Omega )}^2 + c \int _\Omega \hat g^2(x,\tau ) \d x \\ &\quad + \frac 14\int _{\Omega } w_l^2(x,\tau )\d x + \frac {1}{8T} \iint _{\Omega _\tau } w_l^2 \d x \d t,\end {align*}


$w_l$


$\hat g$


$\partial _t \hat g$


$\tau $


\begin {align*}\frac {1}{8T} \iint _{\Omega _\tau } w_l^2 \d x \d t \leq \frac {1}{8T} \int ^\tau _0 \sup _{s\in [0,\tau ]} \int _\Omega w_l^2 (x,s)\d x \d t \leq \frac 18 \sup _{s\in [0,T]} \int _\Omega w_l^2 (x,s)\d x,\end {align*}


\begin {align*}\iint _{\Omega _T} \sum ^N_{j=1} |\partial _j w_l|^{p_j} \d x \d t + \sup _{\tau \in [0,T]}\int _{\Omega } w_l^2(x,\tau )\d x &\leq c\iint _{\Omega _\tau } \sum ^N_{j=1} |\partial _j \hat g|^{p_j} + |f|^{\bar p'} + |\partial _t \hat g|^2 \d x \d t + c\norm {\hat u_0}_{L^2(\Omega )}^2 + c \sup _{\tau \in [0,T]}\int _{\Omega } {\hat g}^2(x,\tau )\d x,\end {align*}


\begin {align*}\iint _{\Omega _T} |w_l - \hat g|^{\bar p} \d x \d t \leq c\iint _{\Omega _T} \sum ^N_{j=1} |\partial _j(w_l - \hat g)|^{p_j} \d x \d t \leq c\iint _{\Omega _T} \sum ^N_{j=1} |\partial _j w_l|^{p_j} + |\partial _j \hat g|^{p_j} \d x \d t,\end {align*}


$(w_l)^\infty _{l=1}$


$L^2(\Omega _T)$


$u$


$(w_l - \hat g)^\infty _{l=1}$


$L^{\bar p}(\Omega _T)$


$u - \hat g$


$u - \hat g \in L^{\bar p}(\Omega _T)$


$(\partial _j w_l)^\infty _{l=1}$


$L^{p_j}(\Omega _T)$


$L^{p_j}(\Omega _T)$


$\partial _j u$


$(\hat {A}_j(\cdot , \cdot , w_l, \nabla w_l))^\infty _{l=1}$


$L^{p_j'}(\Omega _T)$


$\hat {\mathcal {A}}_j \in L^{p_j'}(\Omega _T)$


$f_l \leq f_{l+1}$


$(w_l)^\infty _{l=1}$


$(w_l)^\infty _{l=1}$


$u$


\begin {align}\label {eq:appbdryconditionsatisfied} u - \hat g \in L^{\bf p}(0,T;\overline W^{1,\bf p}_{\textnormal {o}}(\Omega )),\end {align}


$u$


$w_l$


$u$


\begin {align}\label {eq:ustrange} \iint _{\Omega _T} \hat {\mathcal {A}} \cdot \nabla \varphi - u \partial _t \varphi \d x \d t = \iint _{\Omega _T} f\varphi \d x \d t,\end {align}


$\varphi \in C^\infty _{\textnormal {o}}(\Omega _T)$


$u$


$C([0,T];L^2(\Omega ))$


$u(0) = \hat u_0$


$\alpha =1$


\begin {align*}\iint _{\Omega _T} \tfrac 12 (u - \hat g - w)^2\zeta ' \d x \d t &= \iint _{\Omega _T} \hat {\mathcal {A}}\cdot \nabla (u - \hat g - w) \zeta \d x \d t + \iint _{\Omega _T}f ( w + \hat g - u) \zeta \d x \d t + \iint _{\Omega _T}(u - \hat g - w)\partial _t (w + \hat g) \zeta \d x \d t\end {align*}


$w= \Exx {u - \hat g}$


$f$


$u -\hat g$


$L^{\bar p}(\Omega _T)$


$f$


$u$


$\hat g + \Exx {u - \hat g}$


$C([0,T];L^2(\Omega ))$


$\hat g$


$u(0) = \hat u_0$


$w_l$


$u$


$\varphi = H_\delta (t)\zeta (t) \psi (x)$


$\psi \in C^\infty _{\textnormal {o}}(\Omega )$


$l\to \infty $


$u$


$u$


\begin {align}\label {Raviartappu} \iint _{\Omega _T} \hat {\mathcal {A}} \cdot \nabla (u - \hat g) \d x \d t = \tfrac 12\norm {\hat u_0}_{L^2(\Omega )}^2 - \tfrac 12 \norm {u(T)}_{L^2(\Omega )}^2 + \iint _{\Omega _T} f(u-\hat g)\d x \d t - \int _\Omega \hat u_0 \hat g(0)\d x + \int _\Omega u \hat g(x,T)\d x - \iint _{\Omega _T} u \partial _t \hat g \d x \d t.\end {align}


$w_l$


\begin {align}\label {Raviartappwl} \iint _{\Omega _T} \hat {A}(x, t, w_l, \nabla w_l) \cdot \nabla (w_l - \hat g) \d x \d t &= \tfrac 12\norm {\hat u_0}_{L^2(\Omega )}^2 - \tfrac 12 \norm {w_l(T)}_{L^2(\Omega )}^2 + \iint _{\Omega _T} f_l(w_l - \hat g)\d x \d t - \int _\Omega \hat u_0 \hat {g}(0)\d x \\ \notag &\quad + \int _\Omega w_l \hat {g}(x,T)\d x - \iint _{\Omega _T} w_l \partial _t \hat g \d x \d t.\end {align}


$\alpha =1$


$f$


$f$


$u - \hat g$


$L^{\bar p}(\Omega _T)$


$f\in L^{\bar p'}(\Omega _T)$


$(w_l)^\infty _{l=1}$


$(\partial _j w_l)^\infty _{l=1}$


$\partial _j u$


$j \in \{1, \dots , N\}$


\begin {align*}h_l:= \big (\hat A(x,t,w_l, \nabla w_l) - \hat A(x,t,w_l, \nabla u)\big )\cdot (\nabla w_l - \nabla u) &= \sum ^N_{j=1}a_j(x,t,w_l)(|\partial _j w_l|^{p_j -2}\partial _j w_l - |\partial _j u|^{p_j-2}\partial _j u)(\partial _j w_l - \partial _j u) \\ & \geq c \sum ^N_{j=1} (|\partial _j w_l|^{p_j -2}\partial _j w_l - |\partial _j u|^{p_j-2}\partial _j u)(\partial _j w_l - \partial _j u).\end {align*}


\begin {align*}\big (\hat A(x,t,w_l, \nabla w_l) - \hat A(x,t,w_l, \nabla u)\big )\cdot (\nabla w_l - \nabla u) &= \hat A(x,t,w_l, \nabla w_l)\cdot (\nabla w_l - \nabla \hat g) + \hat A(x,t,w_l, \nabla w_l)\cdot ( \nabla \hat g - \nabla u) \\ &\quad - \hat A(x,t,w_l, \nabla u)\cdot (\nabla w_l - \nabla u) \\ &=: i_1 + i_2 - i_3.\end {align*}


\begin {align*}I_3 := \iint _{\Omega _T} i_3 \d x \d t &= \sum ^N_{j=1}\iint _{\Omega _T}\big (a_j(x,t, w_l) - a_j(x,t,u)\big )|\partial _j u|^{p_j-2}\partial _j u(\partial _j w_l - \partial _j u) \d x \d t + \iint _{\Omega _T} \hat A(x,t,u, \nabla u)\cdot (\nabla w_l - \nabla u) \d x \d t.\end {align*}


$l\to \infty $


$(\partial _j w_l)^\infty _{l=1}$


$L^{p_j}(\Omega _T)$


$a_j(x,t,u)$


$u$


$w_l$


$u$


$(\partial _j w_l)^\infty _{l=1}$


\begin {align}\label {applimI3} \lim _{l\to \infty } I_3 = 0.\end {align}


\begin {align}\label {applimI2} I_2 := \iint _{\Omega _T} i_2 \d x \d t \xrightarrow [l\to \infty ]{} \iint _{\Omega _T} \hat {\mathcal {A}} \cdot ( \nabla \hat g - \nabla u) \d x \d t.\end {align}


\begin {align}\label {appI1expr} I_1 := \iint _{\Omega _T} i_1 \d x \d t &= \tfrac 12\norm {\hat u_0}_{L^2(\Omega )}^2 - \tfrac 12 \norm {w_l(T)}_{L^2(\Omega )}^2 + \iint _{\Omega _T} f_l(w_l - \hat g)\d x \d t - \int _\Omega \hat u_0 \hat {g}(0)\d x + \int _\Omega w_l \hat {g}(x,T)\d x - \iint _{\Omega _T} w_l \partial _t \hat g \d x \d t.\end {align}


\begin {align}\label {appfimit} \iint _{\Omega _T} f_l(w_l - \hat g)\d x \d t = & \iint _{\Omega _T} f (w_l - \hat g)\d x \d t + \iint _{\Omega _T} (f_l - f)(w_l - \hat g)\d x \d t \\ \notag \xrightarrow [l\to \infty ]{} &\iint _{\Omega _T} f (u - \hat g)\d x \d t,\end {align}


$(w_l(T))^\infty _{l=1}$


$L^2(\Omega )$


$(w_l(T))^\infty _{l=1}$


$L^2(\Omega )$


$u(T)$


$u$


$w_l$


\begin {align}\label {applimwlT} \liminf _{l\to \infty } \norm {w_l(T)}_{L^2(\Omega )}^2 \geq \norm {u(T)}_{L^2(\Omega )}^2.\end {align}


\begin {align}\label {applimsupI1} \limsup _{l\to \infty } I_1 &\leq \tfrac 12\norm {\hat u_0}_{L^2(\Omega )}^2 - \tfrac 12 \norm {u(T)}_{L^2(\Omega )}^2 + \iint _{\Omega _T} f(u-\hat g)\d x \d t - \int _\Omega \hat u_0 \hat g(0)\d x + \int _\Omega u \hat g(x,T)\d x - \iint _{\Omega _T} u \partial _t \hat g \d x \d t \\ \notag &= \iint _{\Omega _T} \hat {\mathcal {A}} \cdot \nabla (u - \hat g) \d x \d t,\end {align}


\begin {align*}\limsup _{l\to \infty } \iint _{\Omega _T} h_l \d x \d t = 0.\end {align*}


$h_l$


$(h_l)^\infty _{l=1}$


$L^1(\Omega _T)$


$h_l$


$h_l$


$(\partial _j w_l)_{l = 1}^\infty $


$\partial _j u$


$(\partial _j w_l)^\infty _{l=1}$


$\partial _j u$


$w_l$


$u$


$a_j(x,t,u)$


$u$


$(\hat A(x,t,w_l,\nabla w_l))^\infty _{l=1}$


$\hat {\mathcal {A}}$


\begin {align*}\hat {\mathcal {A}} = \hat {A}(x, t, u, \nabla u).\end {align*}


$u$

https://orcid.org/0009-0002-9225-6873
mailto:antonella.nastasi@unipa.it
mailto:emiliano.pena@math.uu.se
mailto:matias.vestberg@math.uu.se
https://doi.org/10.1016/j.na.2026.114141
https://doi.org/10.1016/j.na.2026.114141
http://crossmark.crossref.org/dialog/?doi=10.1016/j.na.2026.114141&domain=pdf
http://creativecommons.org/licenses/by/4.0/

A. Nastasi et al. Nonlinear Analysis 271 (2026) 114141

We also require that each coefficient function a; is Lipschitz continuous in u for fixed (x, ), that is, there is a constant ¢ > 0 such that
|aj(x,t,u)—aj(x,t,u)| <clu-v|. 1.3)
For the right-hand side we assume
f € L7 (Q: [0, o0)), (1.4)

where j is defined as

TR
pi=|—= — N (1.5)
<N,§1’Pf>

P is its corresponding Holder conjugate exponent, and ¢ satisfies
c>1+ %. (1.6)
In the isotropic case p; = p, the assumption regarding f coincides with the assumption in [1]. We consider initial values of the form
ug € L*(Q), uy>0. a.7)

In order to prove existence, we need to impose the following condition which expresses the fact that the exponents m; are not allowed
to differ too much from each other:

m; < p;.m. 1.8)

In fact, this condition is intimately tied to the very definition of solutions to the Cauchy-Dirichlet problem adopted in this work. Under
the assumption (1.8) it turns out that for any solution u to (1.1), the function 4™ has a spatial gradient. This observation motivates a
formulation of the Cauchy-Dirichlet problem which is consistent with that of the special case m; = m, which was considered earlier
for example in [2]. For the precise definition we refer to Section 2. The existence of the gradient of 4™ is a surprising regularity
result which is not apparent from the natural definition of weak solutions, in which one requires each function «" to have a weak
derivative only in the x;-coordinate direction. In connection to this result, we also prove the time-continuity of solutions on the time
interval into a dual space and into Ll"(’;] (Q).
We consider boundary values of the form

g€ L¥(Qp) N LPO, T; W'P(Q)), 0,8 € L2 Q). (1.9)
g>2¢g,>0,0rg=0,

and refer to Section 2 for the definition of the anisotropic Sobolev Space LP(0, T; W 'P(Q)). The condition on the second row is a subtle
point related to the choice of a test function which allows us to use weak compactness of Sobolev spaces as a part of the strategy for
proving existence (see Lemma 5.6 for details).

To put our contribution into context we remark that previous works regarding the existence of solutions to the Cauchy-Dirichlet
problem for doubly nonlinear anisotropic parabolic equations focused on the special case m; = m. This is the case for example in the
work of Sango [3] where existence for the model case with vanishing boundary condition and a fairly general right-hand side was
proved via a semidiscretization method. Degtyarev and Tedeev in [4] prove the existence of solutions to the model case of the Cauchy
problem in RN x (0, T), including an additional u-dependent term and a Radon measure as initial data. Also bounded spatial domains
and vanishing boundary data on Q x (0, T) are considered in the same setting. Vestberg treats the case of general structure conditions
and boundary data in [2] using Galerkin’s method, again assuming m; = m.

For the anisotropic porous medium equation, i.e. allowing different m; but requiring p; =2, a very singular solution was con-
structed by Vazquez in [5]. However, to our knowledge existence of solutions to the Cauchy-Dirichlet problem in the fully doubly
nonlinear case with both different p; and m; has not been established previously. Our aim in this article is to start to close this gap.

Our method for proving existence draws inspiration from Bogelein-Dietrich-Vestberg [1] as well as Sturm [6], where the existence
of solutions for certain doubly nonlinear isotropic problems is proved. The idea is to approximate our Cauchy-Dirichlet problem
with a suitable sequence of anisotropic problems without double nonlinearity and to find a solution in the limit by establishing a
sufficiently strong rate of convergence.

Another novelty of this study is the comparison principle (Theorem 2.7) for weak sub- and super-solutions to (1.1). In simple
words, the comparison principle states that a sub-solution « and a super-solution v which satisfy u < v on the parabolic boundary
of the domain, must have the same property in the whole domain. Despite its seeming simplicity, there are many open questions
related to the comparison principle for doubly nonlinear equations; indeed only some special cases have been treated so far. The
main difficulties are due to the lack of a weak time derivative and, in particular, at points where the solution is close to zero. Thus,
the comparison principle is still far from being fully understood even for doubly nonlinear isotropic problems.

In this article we prove a comparison principle for solutions to (1.1) inspired by the work Bogelein-Strunk [7], where a comparison
principle for the isotropic model case of doubly nonlinear equations was obtained under the assumption that the larger (super)solution
has a positive lower bound on the lateral boundary. Our result is obtained under similar assumptions. The double nonlinearity and
the anisotropy involving the exponents m; and p;, as well as the dependence of the coefficients on the solution itself, make the
generalization of the comparison principle to our setting nontrivial. Using the comparison principle, we are able to prove a uniqueness
result (Theorem 2.8) for solutions to (1.1).
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In this work we consider the range m; > 1 for the exponents, but it may be possible to extend our results to the case where the
smallest exponent satisfies m < 1 by means of a change of variables. Namely, the corresponding equation for v := u™ has the property
that the smallest exponent is exactly 1, however with the additional difficulty of a new exponent 1/m appearing in the term with the
time derivative. Extending the results of the current paper to this setting would therefore correspond to treating also the case m < 1.
Due to the already high level of technicality in the present work, we chose to leave any further investigation of this case to future
publications.

Before concluding the introduction, some historical notes are in order. Doubly nonlinear isotropic equations were first introduced
in the 1960s by Lions [8] and Kalashnikov [9]. The term doubly nonlinear refers to the presence of nonlinearity in both the elliptic and
parabolic components of the equations. Alternatively, as is the case for the equations we study, both nonlinearities can appear in the
elliptic part. Doubly nonlinear equations have a wide range of applications in various physical contexts, including the flow of non-
homogeneous non-Newtonian fluids and the simultaneous movement in surface channels of underground water. Further applications
can be found, for example, in the book by Antontsev-Diaz-Shmarev [10].

The existence theory for isotropic doubly nonlinear equations has a long history. Lions [8] considered the model case for p > 2.
Raviart [11] and later Bamberger [12] studied the model case for the signed orthotropic equation under different assumptions on the
source term. Alt-Luckhaus [13] first considered general structure conditions. Later works on existence for various classes of doubly
nonlinear isotropic equations include Bernis [14], Ivanov [15], Ishige [16], Ivanov-Mkrtychan-Jager [17] and Laptev [18-20].

Anisotropic elliptic problems were introduced in the 1980s by Giaquinta [21] and Marcellini [22]. Existence of solutions in R” in
the elliptic and parabolic case without double nonlinearity was proved by Bendahmane and Karlsen in [23]. They also allow advection
and lower order terms.

The literature on comparison principles for various diffusion equations is vast. The parabolic p-Laplace equation was treated by
DiBenedetto [24]. The model case for anisotropic equations without double nonlinearity was considered by Ciani [25]. For comparison
principles for the porous medium equation, we refer to Avelin-Lukkari [26], Kinnunen-Lindqvist-Lukkari[27] and Li-Peletier[28].

Comparison principles for isotropic doubly non-linear equations were obtained by Alt-Luckhaus [13], Bamberger [12] and Diaz
[29]. In these papers, some additional hypotheses on the time derivative are required, which are quite restrictive and are generally
difficult to verify. Ivanov [15] and Ivanov-Mkrtychan-Jéger [17] avoid assumptions on the time derivative and allow time-dependent
boundary data, but require bounded and strictly positive sub- and super-solutions. For Trudinger’s equation, a special case of doubly
nonlinear diffusion, a comparison principle was established by Lindgren-Lindqvist [30] under the hypothesis that either the sub- or
super-solution is strictly positive for p > 2, and with some additional assumption in the case p € (1, 2).

The dependency on time of the boundary data is not assumed in the approach proposed by Otto in [31], which allowed him to
prove a comparison principle for weak sub- and super-solutions with time independent lateral boundary data for a class of doubly
nonlinear equations. His approach also does not require any extra regularity hypotheses on the sub- and super-solutions. Following a
similar approach, Bogelein-Duzaar-Gianazza-Liao-Scheven [32] proved a comparison principle for nonnegative solutions of general
doubly nonlinear isotropic equations involving time-independent vector fields, with one of the solutions vanishing on the lateral
boundary. Similar techniques were later adopted by Vestberg [2] to obtain a comparison principle under similar assumptions for
doubly nonlinear anisotropic equations in the case m; = m. In the model case for anisotropic diffusion without double nonlinearity,
some comparison principles were proved in Ciani-Mosconi-Vespri [33].

The article is structured as follows. In Section 2, we present the general setting and state the main results: the existence theorem
(Theorem 2.5), the comparison principle (Theorem 2.7) and the uniqueness result (Theorem 2.8). In Section 3, we introduce basic tools
needed for the arguments, such as Sobolev embeddings, mollifications in time, as well as various algebraic identities and estimates.
We also prove a comparison principle for anisotropic equations without double nonlinearity, which is used later in the proof of the
existence of solutions. In Section 4 we establish the existence of the weak gradient of u™. The proof of the existence of solutions is
presented in Section 5. Finally, in Section 6 we prove the comparison principle (Theorem 2.7).

2. Setting and main results

In this section we define the concept of weak solutions to the Cauchy-Dirichlet problem on Q := Q x (0, 7). We also present our
main results. We start by presenting the anisotropic Sobolev spaces that appear in the definitions. Given a vector p = (p|, ..., py) with
p; > 1 we set

WP(Q) :={ve W@ |ove LA (Q), j € {1,...,N}}.

When considering solutions to boundary value problems, it is natural to work with the space
P . %O Lp
W, (Q) 1= Cr Q) cWPQ)),

i.e. the closure of C°(Q) in WIP(Q) w.r.t. the norm u - |Jul| Lt Z,N=1 [10;ull 17/ () As we are working with evolution equations we
will also need the following space involving time:

LPO,T; WP(Q) := {v e L'O,T; W' Q) |o,v € LP1(Qp), j € {1,...,N}}.

—1, . . —I, o .
Aided by the inclusion i : WOP(Q) < L!(Q), the continuous linear maps 9, : WOP(Q) — LPx(Q) and the space E consisting of equiv-

_1_ .
alence classes of all measurable functions (0,7) - W OP(Q), we may now introduce the Banach space
_1’
LP(0,T; W, (Q) = {u € E |iou € L'(0,T; L'(Q)), dyou € L4 (0, T; LP*(Q)),

3
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ke{l,....,N}} ,

which represents functions taking the value zero on the lateral boundary 0Q x (0, T'). This is a rather abstract looking definition relying
on the Bochner integral, but as one might expect, the space is also isomorphic to a space of functions defined on Q.

—1,
Lemma 2.1. The space LP(0,T; Wo'p(Q)) is isometrically isomorphic to the closure of CP(Qy) in {f € LY(Qp) | 0, f € LP(Qp)} with
respect to the norm

N

v 1ol g + 219,00 20y
j=1

For the proof we refer to [2].
Given the form of the equation, it seems natural to consider weak solutions of (1.1) residing in a set of the form:
VP = (ue LUQqp) | 0,u" € LY (@p)),
where the exponent g at least needs to satisfy
q> max{mj |ljef{l,...,N}},

so that each function 4™/ is integrable, which makes it meaningful to investigate the existence of weak derivatives of these functions.
In principle, one could also consider local integrability instead. The set qu‘m is closed under scalar multiplication, but not under
addition, and hence it is not a vector space. It is however a complete separable metric space when endowed with the metric

N

d(u,v) 2= llu = vll oo,y + D N0u™ = 3,0 | 11, -
Jj=1

See Appendix A for the proof of completeness. Separability can be deduced by embedding qu’m isometrically into a subset of L7(Q) x
LP1(Qp) X -+ X LPN (Qy) via the mapping u — (u, d,u™, ..., 0nu™N).
We define ¢, := max ({m +1u{m;lje(l,.. ,N}}) and focus on solutions belonging to the space

pm .__ /pm
yem = ypm,

since the additional L™*!-integrability is natural for establishing the time-continuity of solutions satisfying our type of boundary
condition on 9Q X (0, T). For the details we refer the reader to the application of Lemma 3.7 in Section 5.4. Note however, that since
we actually show the existence of bounded solutions, the precise choice of the integrability exponent is not of critical importance.

Although the definition of our function space only requires each function «” to have a weak partial derivative in the jth coordinate
direction, in the parameter range (1.8) it turns out that the function «™ has a gradient and that 9,u™ € Lféc(QT). For the proof of this
fact we refer to Section 4. The existence of the gradient of u™ serves also as a motivation for our definition of solutions to the
Cauchy-Dirichlet problem, and in fact we will prove the existence of solutions for which o;u™ is in L” (Qy).

We use the following notion of weak solutions of the equation.

Definition 2.2 (Weak solutions). A function u € VP™ is a solution of (1.1) if

N
// 2aj(x,t,u)ldjum/|”!_20ju"'!()j(p—u(),(pdxdt:/ fodxdt, 2.1)
Qr j=1 Qr

for all ¢ € CS(Qp).
We use the following notion of sub- and super-solutions.

Definition 2.3 (Sub (super) - weak solutions). A function u € VP™ is a sub (super)-solution of (1.1) if

N
// 2 a;(x,t,u)|0;u™ |pf’20ju'"/'0j(p —ud,pdxdr < (Z)// fodxdt, (2.2)
Qr j=1 Qr

for all non-negative ¢ € C*(Qr).

Note that a function is a solution iff it is both a sub- and super-solution. We are now ready to introduce the notion of a weak solution
to the Cauchy-Dirichlet problem.

Definition 2.4. Let f, g and y satisfy (1.4), (1.9) and (1.7), respectively. We say that u € VP™ is a solution to the Cauchy-Dirichlet
problem

ou— Zjil 9; (a;Cx, t,w)|0;u™ |P720,u™ ) = f in Q,

u(x, 0) = up(x) in Q, (2.3)
u=g on dQ x (0, T),

if the following conditions hold:
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1. u is a solution to the PDE in the sense of Definition 2.2.
2. u € C([0,T]; L™ (©)) and u(0) = uj.

—1,
3. um € g+ LP(O.T: W, ().

Since m > 1, the boundedness of g and the fact that g is in LP(0, T; W P(Q)) together imply that also g is in LP(0, T; W 'P(Q)). Thus,
our notion of initial values is rather similar to the approach taken in [2].

2.1. Existence

For the Cauchy-Dirichlet problem we prove the following existence result.

Theorem 2.5. Let Q be open and bounded. Suppose that a; satisfy (1.2) and (1.3). Let uy and f and g satisfy (1.4), (1.7) and (1.9)
respectively. Then there exists a solution u € L®(Qy) to the Cauchy-Dirichlet problem (2.3) in the sense of Definition 2.4.

The strategy of the proof can be summarized as follows:

1. Introduce an approximating sequence of anisotropic PDEs without double nonlinearity for which the existence of solutions to the
Cauchy-Dirichlet problem is known.

2. Conclude that the resulting sequence (u;);2, of solutions satisfy a comparison principle, in order to obtain lower bounds on the
whole domain Q; by comparison with suitable constant functions.

3. Prove a uniform upper bound for the solutions «, by means of a De Giorgi type iteration.

4. Conclude using the upper and lower bounds that u, satisfies the original equation for large k.

5. Deduce strong and pointwise convergence of the sequence ()} | via the comparison principle, and weak convergence of spatial
partial derivatives via energy estimates.

6. Use Minty’s trick to conclude pointwise convergence of the partial derivatives, in order to show that the limit function u solves
the original equation.

2.2. Comparison principle

We prove a comparison principle for solutions of (1.1). The techniques employed in the proof draw inspiration from the approach
in [7], where a comparison principle for the model case for doubly nonlinear equations was proved under similar assumptions.
However, since we deal with a more general class of fully nonlinear anisotropic evolution equations great care needs to be taken
when adapting the strategy. Both the dependence of the coefficients on the solution itself and the presence of distinct coefficients p;
and m; require some attention. Again, working in the parameter range (1.8) makes it natural to consider solutions u for which 4™ has
a gradient.

—1,

Definition 2.6. For functions v, u™ in LP(0,T; W 'P(Q)) we say that u < v on dQ x (0,T) if " — v™), € LP(0,T; WOP(Q)). The

definition can be extended to the case where u or v is replaced by a constant in the obvious way.

Note that for functions v™, u™ in LP(0,T; W'P(Q)) we have that u < v in the sense of Definition 2.6 if and only if u™” = v™ + w + y for
—1,] . i

some w in LP(0,T; WP(Q)) with w < 0 and some y in LP(0,T; WOP(Q)). We can now state the comparison principle.

Theorem 2.7. Let u be a weak subsolution with right-hand side f, and let v be a weak supersolution with right-hand side f, in the sense
of Definition 2.3. Assume furthermore that u,v € C([0,T]; L' (Q)) and that u™, v™ € LP(0,T; W "P(Q)). Suppose that v > £ on dQ x (0, T) in
the sense of Definition 2.6 for some € > 0. If v > u on 0Q X (0, T) in the sense of Definition 2.6, we have

/(u =) (x,1))dx < // X{v<uyoiu=v=0} SuX >0y — fp)dxdr + /(u =), (x,1))dx (2.4)
Q Qx[ty,17] Q

for every 0 <t <t, <T. Inparticular, if0 < f, < f,, and u(0) < v(0) then

u<v, a.e. inQr. (2.5)
2.3. Uniqueness

The comparison principle allows us to conclude the uniqueness of solutions to the Cauchy-Dirichlet problem in the cases where
the boundary values are bounded from below by a positive constant.

Theorem 2.8. Let f, uy and g satisfy the assumptions (1.4), (1.7) and (1.9) respectively. Suppose furthermore that g > ¢ for some & > 0.
Then there exists exactly one solution u in C([0,T]; L™+ (Q)) n L®(Qy) with ™ € LP(0, T; W 'P(Q)) to the Cauchy-Dirichlet problem (2.3)
in the sense of Definition 2.4.

Proof. Existence, continuity in time into L”+!(Q) and boundedness follow from Theorem 2.5. Uniqueness follows from Theorem 2.7
since, for two solutions u, v with the same initial and boundary conditions and right-hand side, we obtain (2.5) where the roles of u
and v are interchangeable, and thusu =v. O

Remark 2.9. Due to the assumption in Theorem 2.7 of continuity only into L!(Q), one can in fact formulate a somewhat stronger
uniqueness result. Namely, there can only be one function u in VP™ n C([0, T]; L' (Q)) satisfying the conditions (1) and (3) of Defini-
tion 2.4 and such that (0) = u, as an element of L(Q).
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3. Preliminaries

In this section we introduce some notation and various lemmas that will be used in the subsequent arguments.

3.1. Notation

Throughout this work we denote
Aj(x, tu, ) 1= aj(x,t,u)léjl”l_zéj., (x,1,u,6) € Qp xR RV, je{l,...,N},
and work with the vector valued map A = (A,, ..., Ay), which allows us to express Eq. (1.1) in divergence form:
ou—V - Ax, t,u,0u™, ..., 0gu"N) = f.

The only case where A takes a different meaning is Section 3.5 which is self-contained and focuses on a different type of equations.
For brevity, the vector (x,#,u,0,u™, ...,dyu™N) will occasionally be denoted by (x,,u, (a,u'"/ )/.N=1).

ForO0<r <7, <Tandé € (0, %(72 - 1,)) we introduce the trapezoidal function

0 ifr <z,
57Nt —1)) ift €[z, 7 +61,
gfm(z) =41 ifr e () +6,1,—6), 3.1)
1-6 Yt —1,+06) iftelr,-6,1],
0 ift >r,.

Given 6 > 0 we define the Lipschitz function H; : R - R,

0 if s <0,
Hy(s) =12 ifo<s<s, (3.2)
1 ifs>6.
We also denote
s 0 if s <0,
Gy(s) :=/0 Hyo)do =45 if0<s<ad. (3.3)

s—g if 6 <s.

Throughout this work, ¢ will denote a generic positive constant which may change value from line to line.

3.2. Algebraic quantities and estimates

The following result was proved in [34].
Lemma 3.1. Lety > 1. For all a,b € R we have
la—bl" <cl|lal"" a—1b""'b (3.4
for a constant ¢ = c(y).
Given m > 0 and u, v > 0, we define

blu, v] := m+rl(uerl — " " w-v) = mlﬂ(v”"*'l — "™y —u" = u™). (3.5)
Observe that this quantity is nonnegative. This can be seen directly by considering the relation between b and the convex differentiable
function u — Lu"’“, or as a consequence of (3.6) below. The following estimate for b which has been proved in [35] will be useful

in the proof of Lemma 5.2.

Lemma 3.2. Letm > 1 and u,v > 0. Then, there exists a constant ¢ depending only on m such that the following estimate holds true

m+1 m+1

1 mtl m+l )
PR A S AU R L N (3.6)

We will employ the following Lemma of fast geometric convergence in the De Giorgi iteration argument. A proof can be found in
[36].

Lemma 3.3. LetC >0, b> 1,5 >0 and let (Y})}io be a sequence of positive real numbers such that
Y, < Cb/'Y/.'”, jeN.
If
1 _ L
Yo <CT5b 2,

then Y; converges to zero as j — .
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3.3. Time mollifications

In this work we will use two different types of mollifications in time for functions defined on space-time cylinders. For v € L'(Q;)
and 4 € (0,T), we recall that the Steklov average of v is defined as

t+h
[V]p(x, 1) = % / v(x,s)ds, (x,1) € QX (0, T — h), 3.7)
t
and its reversed analogue is defined as
t
[v]j(x,1) := % / v(x,s)ds, (x,1) € Qx(h,T). (3.8)
t—h

We also recall the definition of the exponential time mollification, utilized previously in [37,38] and many other later papers, which
for h € (0,T) and v € L'(Qy) is defined as

! s—t
[olly(x, 1) 1= %/ e h v(x, s)ds. (3.9
0

In this case, the reversed analogue takes the form

T =5
[vl;(x,0) = %/ e v(x,s)ds. (3.10)
1

For details regarding the properties of the exponential mollification we refer to [37, Lemma 2.2], [38, Lemma 2.2] and [6, Lemma
2.9]. Some properties of the Steklov average were mentioned already in [39] and [24]. The properties of the above mollifications
that we will use have been collected for convenience into the following two lemmas.

Lemma 3.4. Let v € L'(Qr) and p € [1, ). Then, the Steklov average defined in (3.7) satisfies the following properties:
@) If v € LP(Qy) then [v], € LP(Qy),

Iolalle@py < 0l Loy)s

and [v], = vin LP(Qy).
(ii) Ifdjv € LP(Qy) in the weak sense for some j then also 9;[vl, € LP(Qp),

9,0l = [0;0],
and 9,[v], — 9;v in LP(Qy) as h — 0.
(i) If v € C([0,T]; LP(Q)), then for any t € (0, T), [v],(-.1) — v(-.1) in LP(Q).
(iv) If v € LP(Qy) then d,[v], € LP(Q x (0, T — h)), 8,[v]; € LP(Q x (h,T)) and

v(x,1) — v(x,t — h)

v(x,t+ h) — v(x,1)
’ h

h
Lemma 3.5. Suppose that v € L'(Qp), and let p € [1, ). Then the mollification [v]),, defined in (3.9) has the following properties:

[0l (x.1) = d,lul =

@) If v € LP(Qy) then [[v]l, € LP(Qy),

ITolnll o,y < N0l ey

and [[v]l, - vin L?(Qy). A similar estimate also holds with [v]);, on the left-hand side.
(i) In the above situation, [v]l, has a weak time derivative 9,[[v], on Q; given by

vl = 30 = [wlly),
whereas for [v]l;, we have
vl = 3 (vl — o).
(iii) If v has a weak partial derivative in space then so does [v], and [v]l;, and
9;llvll, = [[0; 01y, 9;[lvll, = [0 vl
(iv) If v € LP(0,T; LP(Q)) then [[v]l,, [v]l; € C([0,TT; LP(2)).

The following lemma will be used in the proofs of the comparison principles of Theorems 2.7 and 3.13. The proof can be found in
[Lemma 3.1, [7]].

Lemma 3.6. Let§ > 0, H; and G be defined as in (3.2) and (3.3), and f € C(0,T; L'(Q)). Then, for any 0 < h < T the following inequality
holds

0,[G5(N)];, < OLfIRHs(f) ae. inQr.
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3.4. Properties of functions and Sobolev embeddings

The following lemma shows that solutions to a Dirichlet-type problem, with the vector field A replaced by a general vector valued
map A of sufficiently high integrability, also possess a time-continuity property.

Lemma 3.7. Suppose that u, g € L®(Qr) are non-negative functions with
u" € g" + [P0, T; W, (@)
Suppose also that
A:Qr RN, A€ L”§(QT), fer’ Q). 9geLXQp),
and that

/ A Vo —uo,pdxdt = / fedxdt, (3.11)
Qr Qr
holds for all ¢ € C°(Qy). Then u has a representative in C([0,T; LmH(Q)).

Proof. Following the approach of [2, Lemma 3.10] we can verify that
// b[u,(w+g'")i]C’(t)dxdt=// A~V(u'"—w—g"’)éj+f(w+g'"—u'")(dxdt+// (u—(w+g'")$)0,(w+g’")édxdt,
Qp Qr Qr

(3.12)

with the choice w = [u" — g"]);, and { € CP((0,T); [0, 0)). Here we denote s* = |s|*~1s for any @ > 0 and s € R, so that the above
expression makes sense regardless of the signs of the functions. The only nontrival part of the argument is the potentially weaker
integrability assumption on f in our case. However, since both u and g are bounded, this poses no problems. Utilizing (3.12) as in
the proof of [2, Lemma 3.11] we therefore end up with

lim  sup /
J=oreloT\N Ja
for a suitable sequence 4; — 0 and some set N C [0, T'] of measure zero. The integrability property of J,¢ and the fact that g is bounded

show that g € C([0,T]; L9(Q)) for any q € [1, o). Similarly, Property (iv) of Lemma 3.5 and the boundedness of g" and u™ show that
™ — g’"]];lj € C([0,T]; L1(Q)) for any g € [1, ). Together with the essentially uniform convergence in the L"*+!(Q)-norm established

in (3.13), we conclude that u has a representative in C([0,T]; L"*1(Q)). O

m+1

(x,7)dx =0, (3.13)

1

u— ([[u’" -&"l, +g'")m

The following embedding theorem is a version of [40, Proposition 2.3] with «; = 1, (appearing already in [41]) adapted to the
setting of this paper. Here we are able to consider a general bounded domain Q as opposed to the rectangular sets considered in [40]

by working with the smaller space Wé’p (Q) rather than Wol"’ (Q) which appears in [40]. In fact, our result follows from approximating

—1,
any u € WOP(Q) by smooth compactly supported functions which can trivially be extended to a rectangular domain. Applying [40,
Proposition 2.3] to the approximating sequence and passing to the limit we obtain (3.14).

—1,
Lemma 3.8. Let Q C RV be a bounded domain and assume that p < N. There exists a constant C(N, p) > 0 such that for allu € W OP(Q),

N 1
N
il < € TT10,0 5 (3.14)
j=

Remark 3.9. A careful analysis of the proof of [40, Proposition 2.3] in the case «; = 1 shows that the constant C in (3.14) can in
fact be chosen as

N
c= [H(‘ +5°/1))
j=1

Therefore, by combining Holder’s inequality, (3.14) and Young’s inequality we have in the case p < N:

1
N

<1+p" (3.15)

. b N P N

5 _p x p* p Npj p
lull? 5, < 19177 (/W dx)’ <c@ M~ ] [/w,-uvv dx] Y <c@ Qv Z/w,-uw dx.
Q e Q i—1JQ
j=1 j=1

Also in the range p > N we have a similar estimate. To see this, choose exponents | < g; < p; so that § = %. Then g < p, § < N and

q* = p. Hence, Lemma 3.8 and the observation made in (3.15) combined with Holder’s inequality and Young’s inequality show that
N y , N y LN
Pdx = 7 7T q*/N PO N p/N SO N Pj
[iurax= [ ac<a+q) [0, < a+pP1ai¥ TTiopui, < ot S, o
1 . .
Thus, the functions u € WOP(Q) satisfy an estimate of the form

_ N
/Iulﬁdxsc(ﬁ, NlQlv Z/Ia,ul”f dx, (3.16)
Q =)

for any choice of exponents p; > 1.
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3.5. Comparison principle for anisotropic parabolic p-Laplace equations

In this subsection we prove a comparison principle for anisotropic equations without double nonlinearity. The model case has
been addressed already in [25] (see also [33]). As we we did not find any source containing the proof in the case of general structure
conditions, we present it here for completeness. We will use this comparison principle in the proof of the existence of solutions in
Section 5 in order to obtain a uniform lower bound for the solutions to (5.6).

In this subsection we consider equations of the form

ou—V-Alx,t,u,Vu) = f, (3.17)

and solutions to the Cauchy-Dirichlet problem

ou—V-Alx,t,u,Vu)= f in Qp,
u=g on 9Q x (0,T), (3.18)
u(-,0) = ug in Qx {0},

where A = A(x,t,u, &) is a Carathéodory vector field satisfying the following structure conditions:

pj—l1

N ”;
[4;(xtu, O] < A< €17 + alx, t)> , (3.19)
k=1
N
AGxtu, &) - &2 A7 Y 1P = b(x, 1), (3.20)

Jj=1

where a, b are non-negative functions in L!(Q;) and A > 0. In order to prove a comparison principle we also need the following weak
monotonicity condition:

(Ax, t,u,8) — A(x, t,u,m)) - (E—n) 2 0. (3.21)

We also need to assume that each component 4; is Lipschitz continuous in the u-variable in the sense that there exists a constant
L > 0 such that for every x,t, & and every u, v,

pj—1

N »;
|A;(x. 1,1, 8) = Aj(x.1,0,8)| < Llu— v|<c(x, DRI |Pk> , (3.22)

k=1

where c is an element of L!(Q;). In this subsection we consider source terms f in L?>(Qy), boundary values g € LP(0, T; W P(Q)) and
initial values u, in L%(Q). For the sake of clarity we explicitly state the definition of weak solutions to (3.17).

Definition 3.10. A function u € LP(0, T; W1P(Q)) n L*(Qr) is a weak solution to Eq. (3.17) if and only if, for all ¢ € CZ(Qy),

// A(x,t,u,Vu) - Vo dxdt—// uo; @ dxdt:// fo dxdr.
Qr Qr Qr

As a consequence of the definition we have the following mollified weak formulation involving Steklov averages.

—1,
Lemma 3.11. If u is a weak solution to Eq. (3.17), then for every t,,t, € (0,T — h) such that t; < t, and any ¢ € LP(0,T; WOP(Q)) n
L2(Qr),

tp 5]
/ / o, [ul,@ dxdt + [A(-, -, u, Vu)], - Vo dxdt = / /[f]h(p dxdt. (3.23)
n Je n Je
For every t|,t, € (h,T) such thatt, <t, and any ¢ € LP(0, T;W;'p(ﬂ)) n LX(Qp),

t '
/2 / 0;[ulp + [AC, -, u, Vu)l;, - Vo dxdt = / ’ /[f];,(p dxdr. (3.24)
1 Q t Q

We consider the following standard definition of solution to problem (3.18).
Definition 3.12. Let uy € L*(Q) and f € L*(Qp). A function u € LP(0, T; W'P(Q)) n C([0,T]; L*(Q)) is a solution to the Cauchy-
Dirichlet problem (3.18) if and only if

(1) uis a solution to Eq. (3.17) in the sense of Definition 3.10,
(2) u(?) = up in L*(Q) ast — 0,

(3) ueg+ LPO.T;W. ().

We are now in conditions to state and prove the comparison principle for problem (3.18). This result does not follow directly from
the comparison principle in [2], since here we allow the vector field A to be time-dependent.

9
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Theorem 3.13. Let A be a Carathéodory vector field that satisfies (3.19), (3.20) and (3.22). Let u be a solution to problem (3.18) with
initial data u, and right-hand side f, € LZ(QT), and boundary data g, € LP(0, T; W 'P(Q)). Let v be a solution to problem (3.18) with initial
data v, < u, and right-hand side f, < f,, and boundary data g, € LP(0,T; W 1P(Q)) such that g, < g, in Q. Then v < u in Q.

Proof. We recall the function Hj introduced earlier in (3.2) and use Hgz(v — u) as test function in the weak formulations (3.24)
satisfied by « and v to obtain, for every 7,,t, € (h,T),

L5} L5}
/ / Hz(v—u)d,[v— uldxds + / / [AC, -0, V) = AC, - u, Vi)]j(x, s) - V(v — ”)é1(0<v—u<5) dxds (3.25)
1 Q 1 Q

2
=/ /[fu_fu]hHg(U—u) dxds.
n Ja

Given that v — u can be written as w + (g, — g,), for w € LP(0, T WOP(Q)) and g, — g, < 0in Q, an approximation argument justifies
the choice of test function. Using Lemma 3.6 with f = v —u, we can estimate the first integrand on the left-hand side of (3.25) as
follows:

0,[Gs(v — )]y (x,1) < Hs(v — u)(x,1)0,[v — ulj(x,1).

We can therefore estimate the first integral on the left-hand side of (3.25) as
tp 5]
/ / Hy(v — w)o,[v — ul;, dxds > / / 0,[G5(v — )] dxdt = /[Gﬁ(u — w)]j,(x, 1) dx — /[Gﬁ(u — W] (x,1;)dx
1 Q I Q Q Q

[ — Gs(v—u)(x,t,)dx — / Ggs(v—u)(x,t;)dx.
h—0 Q Q

Passing to the limit 4 — 0 in the other terms of (3.25) poses no problem and we end up with

b}
/ Gs(v —u)(x,1p)dx — / Gs(v —u)(x,1)dx + / / (AGx, 1,0, Vo) = A(x, t,u, Vu)) - V(v — u)%;({o@_m} dxdr (3.26)
Q Q t JQ

t
5/2/(fu—f,,)H5(U—u)dxdt‘
t JQ

The integrand of the third integral in (3.26) can be estimated using the monotonicity condition (3.21) and the Lipschitz continuity
(3.22) as

(Ax,1,0, Vo) = A(x, t,u, Vu)) - V(v — u)% Hio<omucs) = (A 1,0,V0) = A(x, 1,0, V) - V(0 — u)% X{0<0-u<s)
+ (A(x, 1,0, V) — ACx,t,u, Vu)) - V(v — u)é)({(kv,uq;)

> (Ax, 1,0, Vu) — A(x, t,u, Vu)) - V(0 — u)% X(0<o—u<s)

pj-l1
N N o
>-LY) <c(x, N+ Y |6ku|pk> 10,0 = 0l X{0<o—u<s)-
j=1 k=1

Combining the last estimate with (3.26) and noting that the integral on the right-hand side of (3.26) is non-positive since f, > f,,
we end up with

pj—1
Non N R
/Ga(v—u)(x,tz)dx—/G,;(v—u)(x,tl)deLZ/ / c(x,t)+2|6ku|‘”k 10,0 = 3,1l ¥{0<p—u<s) dx L.
Q Q i—1 Jt Q —
Jj=17h k=1

Passing to the limit § — 0 the integral on the right-hand side vanishes due to the Dominated Convergence Theorem, and we end up
with

/(U —u),(x,1)dx < /(v —u),(x,1p). (3.27)
Q Q

Finally, passing to the limit t; — 0 in (3.27) is possible due to the time-continuity of v — u and we end up with

/(U—u)+(x,t2)dx5/(v—u)+(x,0)=0,
Q Q

where the last equality follows from the fact that v, < u,. This concludes the proof that u > v in Q. O
4. Existence of the gradient of u™

In this section we prove that for solutions u in VP™ to Eq. (1.1) in the parameter range (1.8), the function «™ in fact has a weak
gradient satisfying d,u™ € Lf ;C(QT) for all j € {1,..., N}. The argument is subtle as we do not assume any a priori time continuity
for our solutions. In order to prove the existence of the gradient of u™ we need a weak formulation involving the exponential time
mollification. However, this formulation requires some notion of time continuity, and the standard method for proving the time

10
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continuity into an L?-space, used for various doubly nonlinear equations for example in [6,34,42], would in our setting require that
we already knew that 4™ has a gradient. In order to avoid a circular reasoning, we will instead use the following lemma which
establishes the continuity of u on the time interval into a dual space.

Lemma 4.1. Let V denote the closure of CS*(Q) in the space
{ve L"V/m@Q) |0, € LP/(Q)).

Let u € VP™ be a weak solution to (1.1) in the sense of Definition 2.2. Then u has a representative in C([0,T],V’). Especially, for all
71,7, €[0,T],

llu(z;) —u(z)llyr < Clzy — 107, (4.1)

where y = (max{max {p;}, (m + 1)/m})~\. Here u(?) is regarded as an element of the dual of V by the standard embedding
(u(®),v) := / u(t)vdx. (4.2)
Q

Proof. We will show the estimate (4.1) for 7|, 7, € [0,37T /4]. A similar argument can be used to treat the partially overlapping interval
[T /4,T] which completes the proof. It is sufficient to show the estimate (4.1) for |7, — 7| < 1. Namely, this proves the continuity
which implies that the left-hand side of (4.1) remains bounded for all 7|, z,. Thus, in the case |r; — 7,| > 1 the estimate will hold by
choosing C sufficiently large. We thuslet 0 < 7; < 7, < 3T /4 and |r; — 7,| < 1. For § € (0,T/4) we can consider the Steklov averages
[uls, which are defined on Q X [0,3T /4]. As in (4.2), also [u]4(¢) can be interpreted as an element of V.

Taking ¢ € C°°($2) and considering the weak formulation with the test function
(p(x)nr 0N where r,rl H=¢ fl 5 WE end up with

1 T1+6 1 +6
([uls()) = [uls(zy), @) = —/ /u(pdxdt - —/ /u(pdxdt (4.3)
6 7] Q s T Q

N
= //Q Zaj(x,t,u)wju'"/|pf—2aju'"/ajgonfl’rz(t)dxdt+ //Q f(x,z)nfm(zyp(x)dxdz.
T j=1 T

Using Hélder’s inequality, the fact that 0 < ° < < Xjz,,ry+s) and recalling that ¢ is independent of time, we have

71,7

ﬁ‘—l
N pj—t

T +6 1
[([uls(z)) = [uls(zp), @) < ¢ Z (/ / [9;u™i|Pi dxdt) 10,01l i @yl 72 + 6 = 7|
Jj=1

1

)+6 ) mtl m
+ </ [ dxdr) 1l Lonsimy |72 + 6 = 7,757
7] Q

< < Z”a u™ ”ij(g )”aj(P”L”J @t ”f”LmH(QT)||(P||L(m+l)/m(9)>(|fl - nl" +6")

2

=z

m
s( ZMau . )+||f||Lm+1(gT)>||<p||V(|r1—r2|y+67>.
=

The expression in the brackets of the last line is a constant independent of 5. Moreover, by density, we may replace ¢ by any element
of V. This confirms that
[Ileds(z) = [uls (2Dl < Cl7y — 1|7 +67),

for a constant C independent of §. By the convergence properties of the Steklov average, we can conclude that [u]; converges to u also in
L4(0,T; V"), and hence that for some sequence § ; — 0 we have that [u] 5, converges pointwise to some limit function w : [0,T]\ N - V'
where N is a set of measure zero. By the pointwise convergence, w satisfies

[leo(z)) — w()llyr < Clzy =157, (4.9

for all 7,7, € [0,T]\ N. Since V' is complete, w has a unique extension satisfying (4.4) for all 7,, z, in [0, T]. By the pointwise a.e.
convergence, w is a representative of u as a map into V. O

Using the time continuity we can obtain the following mollified weak formulation.

Lemma 4.2. For dll ¢ € C$(Qr) we have

N
// Z[[a(x,‘,u)laju'"l |pf_26jum/]]h0j(p+0,[[u]]h(pdxdt:<u(0),[[(p]];l(~,0))+/ [f1,edxdz, (4.5)
Qr j=1 Qr

where u(0) denotes the value of u at time zero, when regarded as a map into V'. The brackets again denote dual pairing of V' and V.

11
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Proof. We use the weak formulation (2.1) with the test function [¢]l; Hs5(r) where Hy(?) is defined as in (3.2).
We can write the parabolic term as

6
// ua,([kp]];,H,,(z))dxdz:// ua,[[wl];,H5(z)dxdz+1/ /uII(p]];,dxdt.
Qr Qr 6 Jo Ja

In the first term on the right-hand side passing to the limit § — 0 is straight-forward. In the second term we can add and remove a
term and use the duality pairing between V and V' to obtain

S 5 S
1 / / ullgll(x. 1y dxdr = - / / u(l@lli(x. 1) — [l Cx. 0)) dxdr + L / (u(®). 1@l 0) dr.
6Jo Ja 6Jo Ja 6 Jo

The first integral on the right-hand side vanishes in the limit 6 — 0 due to the Lipschitz continuity of [¢]l; and the Dominated
Convergence Theorem. For the second term on the right-hand side, the time continuity established in Lemma 4.1 implies that

8
L[ w1016 00— 0 ot 0.
0 6=0

Thus, passing to the limit 6 — 0 in the weak formulation we have

N
// 3 a;x.twlou™ 175720, 10,01 — ud, Ll dxdr = (u(0). L@l 0)) + // gl dxdr,
Qr j=1 Qr

where we have also used Property (iii) of Lemma 3.5 for the exponential time-mollification. Moving the mollification from ¢ over
to the elliptic term and the right-hand side is standard, and to treat the term involving the time derivative we use Property (ii) of
Lemma 3.5, ending up with (4.5). O

We are now ready to prove the existence of the gradient of u™.

Proposition 4.3. Let u € VP™ be a weak solution to (1.1) in the sense of Definition 2.2 and suppose that the exponents m; satisfy (1.8).
Then u™ has a weak gradient and d;u™ € Lféc(QT)for all je{l,...,N}

Proof. We denote u; := max{d,u} and use the mollified formulation (4.5) with the test function
Q= (“5)SII/,

where y € C*(Q7; [0, 1]) and € € (0, 1) is a parameter which will be taken sufficiently small. This choice of the test function is justified
since we can write

.
(up) = max (6™, u™ )",

and s — max{§",s}™ isa Lipschitz piecewise C!-function, which allows us to use the Chain Rule for Sobolev functions. By a similar
argument, we can deduce that (u;)" also has a gradient. Denoting ([u],); := max{$, [ull,}, we can treat the parabolic term as

0,[ully = 0, lull, (([ulln) ) v + Ol ((us5) = ((Mulln) )" )wr > 0, Mully, (M) 5) W

where we obtain the last estimate by using Property (ii) of Lemma 3.5 and the fact that s — max{4, s}¢ is increasing to see that
0,[ull, ((us)® — ([ullps)?) = %(u = Luell) ((g)* = ((Mull)g)?) = 0.
Thus, defining

u
G; R->R, G.sw =/ max {4, s}*ds,
0

we can use the chain rule for Sobolev functions to conclude that

// o lull,pdxdt > // 0, [lull, ((Mully)s)wdxdt = / (),(Ggyé([[u]]h))l[/dxdt =- // G, 5([ully)o,w dxdt (4.6)
Qr Qr Qr Qr

—>—// G, s(u)o,wdxdt
h—0 o

Z—// G, 5(w)|o,w|dxdt.
Qr

In the elliptic term we have directly the limit

N N
/ Z[[a(x, .,u)|6jum/'|P/—2aju”'j]]haj<pdxdt—> // Za(x,t,u)lbjum/'|P/—2ajumj0j(pdxdt.
Qr j=] h=0 Jar i3

The terms of the last sum can be split as follows:

a;(x, t,u)|0;u™ |Pi720;u™ 0, = a;(x, 1, u)|0;u™ |7 720,u™ 0 (us) y + a;(x, t,u)|0,u™ [P1720;u™ 0,y (uy ). 4.7)

12
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Noting that 0;(u;)° vanishes a.e. on the set {u < §}, we can treat the first term on the right-hand side as

a;(x, 1) 0;u™ 171720, 0, (uy) yr = a;(x, t,w|0uy 1P ~20u; 9;(us) y (4.8)

m -7m)(p/-71)7m+£

_ ( J m\p;
= ca;(x, 1, uug [0;ug |y

>c

- —1)—
R PV
The second term on the right-hand side of (4.7) can be estimated using Young’s inequality as
a;(x, t,u)|0;u™ |Pi720;u™ 0,y (us)* > —c|o;u™ |77t |0,y |(us)® > —c|o;u™ [P — ]| (us)“P. (4.9)
We also note that

J=1

N
1u(0), T4 (- 0] < c<|||1(p11h<-,0)||Um+1>/m(g> + Z||[[aj¢ﬂh<~,0>||m<g>>m» 0,

where the convergence of the norms can be deduced from the expression of ¢ and the Dominated Convergence Theorem, utilizing
the fact that ¢ = 0 for small values of ¢.
For the source term in (4.5) we have

// L/ T dxdt— // Fodxdr.
Qr h—0 Qr

Thus, taking into account (4.6), (4.8) and (4.9), after passing to the limit in (4.5), we get
// WO oy dxdr < c// 10,u™ 17/ + 10,1 (u5)" + G 5@)|0w] + f(us) wdxdr.
Qr Qr

Since we consider 6 € (0, 1), we have the estimates
0<G s <u™ +1, us <u+l,

which then imply
// u;m/—m)@f—l)—'"“|aju:$n|pjv,dxd, < c// 10;u™ |Pi + |0,y (uPs + D+ @t + Dlo,w| + f(u® + Dy dxdr. (4.10)
Qr Qr

Since we consider the parameters range (1.8), we have that
(m/ - m)(l’j -1)-m<Q,

and thus we can take an ¢ so small that the exponents of u; appearing on the left-hand side of (4.10) are non-positive. Hence, we can
estimate
u(mj—m)(pl—l)—m+e

5 >1, foru<l,

which allows us to conclude that

// [0;u3 |7 i<ty dxdt < c// [0;u™i |Pi + |0,y P uPi + 1) + Wt + DIdw| + £ e + Dy dxdr. (4.11)
Qr Qr
On the other hand, on the set {u > 1} we also have u; > 1, so we can estimate

0,177 = cul " 0,0 1P < eu" " 0, P < eloju P, (4.12)

Combining (4.11) and (4.12), we have
// |()ju5m|p1q/dxdt <c // |0ju'"j |7 + |6j1//|1’/(u51’/ + D)+ @t + Diow| + f@u® + Dy dxdr.
Qr Qr

Note that the right-hand side remains bounded independently of 6. Since for any open subset V' :=U X (¢,1,) € Q; we can choose
a y such that w = 1 on V, the last estimate shows that (9 U, is a bounded sequence in L (V). Thus a subsequence converges
weakly to some limit function v; € L% (V). Since u}' also converges to u” in LY(Qy), we see that v ;= 0;u™ on V. By considering an

exhaustion Q = U/?'; |V, of open subsets V; compactly contained in Qr, we can thus confirm that »™ has a weak gradient and that
pj

gume L) Q). O

As a simple consequence of the previous proposition, we obtain the continuity for solutions of sufficiently high integrability as

functions on the time interval into L{’(’;'(Q).

Corollary 4.4. Let u € VP™ be a weak solution to (1.1) in the sense of Definition 2.2 and suppose that the exponents m; satisfy (1.8).
Suppose also u € L™ ‘"‘”‘“’f)(QT). Then u has a representative in C([0,T]; L;’(’;l(g)).

Proof. One can apply the reasoning of the proofs of Lemma 4.1 and Lemma 4.2 in [34] with the choice « = 1 to the function u™.
The difference in the form of the elliptic term does not affect the argument, as only the integrability properties of the vector field are
relevant. Terms arising due to the right-hand side f can be treated since f € L” (Q;) and the inequality (3.16) guarantees that the
appropriate test function lies in L?(Q;) so that we have dual exponents in these terms. [

13
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5. Existence of solutions

In order to prove the existence we introduce a family of Cauchy-Dirichlet problems which approximate the original problem, and
for which existence is already known. We will prove that a sequence (u;);2 , of solutions to the approximating problems converges to
a solution to the original problem.

5.1. Approximating solutions and structure conditions

For k € N we introduce the truncation T}, : R — R,
Ty (s) :=min {k, max {s, i } }
and define a modified vector field AF = (A%, ..., AX) as
Al 1,u,8) 1= a0 |m T @)™~ &P m T, (5.1)
= a(xtom!? T ™ g 2,

. A~k p;i—2
S{C R AD] I 1EaE

It follows directly from the upper and lower bounds imposed on q; in (1.2) that the vector field A¥ satisfies the following structure
conditions

[AS et )] < byl 1P (5.2)

N
At u,8) - &2 ¢ Y 1EI, (5.3)

Jj=1

for some k-dependent constants b, and c,. Using the Lipschitz continuity condition (1.3) and the boundedness of the coefficients q;
together with the Lipschitz continuity and boundedness of the functions T}, we obtain the Lipschitz continuity of the coefficients 55?
with respect to the u-variable:

|ak(x, 1,u) = @ (x, 1, 0)] < e fu—ol. 5.4

We also have the strict monotonicity property:

N

(ARG, tu,8) = ARGt m) - € —m) = ) @k (1€ 1772, — g 1P272n,)(E; = my) > 0, 3 & # 1. (5.5)
i=1

Due to the properties (5.2), (5.3) and (5.5), we can conclude that there is a solution u; in LP(0,T’; WLP(Q)) n C([0,T]; L2(Q)) to the
problem

duy =V - A¥(x, t,uy, V) = f in Qr,
we=g+ 7 on Q% (0,7), (5.6)
(-, 0) =y + 7 in Qx{0}.

In the range p < 2 this follows directly by applying the existence result in [2] with a = 1, as f isin L? (Q;) and ' > 2 = (¢ + 1)/a. In
the range p > 2 one can use the existence result in [2] with the right-hand side f; := min{/, f} to find a sequence of solutions which
in the limit / — oo converge to a solution to (5.6). For the reader’s convenience, the argument, which shares many features with the
proof of our main existence result, is summarized in Appendix B.

The vector field A* satisfies all the conditions for the comparison principle in Theorem 3.13. Since the right-hand side, the initial

values and the boundary values are nonnegative by assumptions (1.4), (1.7) and (1.9), and since the constant functions i are solutions

to (5.6) with f = 0 we can apply Theorem 3.13 with v = %, u = u, to obtain the following lemma.

Lemma 5.1. Let u, be a solution to problem (5.6). Then u, > % in Q.

5.2. Global boundedness for the approximative solutions

We now prove a global bound for the solutions to the approximative problems (5.6) that is independent of k. We will make
extensive use of the quantity

M, = max{|lug|lpe ) gl Loy} + 1. (5.7)
We begin by establishing an energy estimate.

14
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Lemma 5.2. Let u; be a weak solution to the problem (5.6) in the sense of Definition 3.10, and define v, := T, ou, = min{k,u,}. Then v,
satisfies

c;ses[&l;;];/n(u:;l - MR, T)dx+2// o g o - M, 17 dxdr SC//QTlflﬁ’;([Uk>M]dxdt, (5.8)
for all M > M, with a constant C which is independent of k and M.
Proof. We recall the trapezoidal function defined in (3.1) and choose

@ = (Tl )™ = M™),E

as test function in the mollified weak formulation (3.23). The test function vanishes on the lateral boundary for M > M, and lies in
the correct Sobolev space by the Chain Rule for Sobolev functions since s — (Tj(s)” — M™),. is piecewise C! with bounded derivative.
Our goal is to first pass to the limit # — 0 and then take § — 0. For the parabolic term we introduce the function

s 0 ifs<M,
F(s) := / (Ty(6)" — M™), do =3 b[s, M] if s € [M, k), (5.9)
0 blk, M]+ (s — k)(k" — M™) if s > k,

where, b is defined as in (3.5). We observe that

// 0,([uk]h)(pdxdt:// Cg’ra,F([uk]h)dxdt:—// (ngr)’F([uk]h)dxdt
Qr_p Qr_p

'HO / (COT) F(uy)dxdt

5
=5 /175,/51F(uk)dxdt_5/o AF(uk)dxdt

— [ F(up)(x,7)dx.
6—0 Q

In calculating the limit 5§ — 0 we utilize the fact that F is Lipschitz and u;, € C([0,T]; L>(Q)). The second term on the penultimate row
vanishes in the limit since F(u;)(-,0) = F(% + uy(-)) and % + llupll Loy < M. For the elliptic term, we note that

// [Ak(x,t,uk,Vuk)]h~V(pdxdtﬂ>// &0 ARGty Vi) - VU = M™), dxdt.
Qr_p - Qr

This follows since each component of [A*], and the corresponding partial derivative of ¢ converge as h — 0 in L?-spaces of matching
Holder exponents to the corresponding unmollified quantities. Passing to the limit 2 — 0 on the right-hand side in the weak formu-
lation can be justified in a similar manner. Thus, after passing to the limits # — 0 and § — 0 in all terms of the weak formulation we
obtain for a.e. 7 € (0,T)

/ F(u)(x, 7)dx+ // AXGx,tuy, V) - VO = M™), dxdt = / FWP =M™, dxdr. (5.10)
Q Q, Q,
The Chain Rule for Sobolev functions shows that

(W =M™y = X(M<upry My 0 = X(M<ug<ry MUy 0y
so that d,u; = m~! u}(‘"’a (v — M™), on the set {M <u; < k}. This observation and the definition of v allows us to compute
(m;—m)(p;~1)

-1 m;—1
pi—2 j m m
ol mjv 0ju0; (v — M™) . > cv,

/ijf(x, g, Vug)0; (U = M™), = a;(x,t,up)|m; o U,

Y [0,y — M™% (5.11)
Since v, < k we can combine (5.9) and the left inequality in (3.6) to conclude
2
mil m+1
c(vk2 - MT> < blog. My om = F() < Fuy). (5.12)
+

Using Young’s inequality with ¢ we have

/Q f(uZ’—M”’)erxdtScE//g |f|ﬁ’;((uk>M}dxdt+s/ " =M™ dxdr

CE//Q |f|ﬁ')( (0> M) dxdt+ceZ/ [0;(v) — M™) [P dxdt, (5.13)

where, in the last step we utilize the Sobolev-Troisi inequality (3.16) slice-wise. Utilizing each estimate (5.11)—(5.13) to treat the
corresponding term in (5.10) we obtain

m+l .
/sz(”kz - ) (x. T)dx+2// OO0, = M 1P dxdr

15
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Sc&.// Lf 17 L>M}dxdt+c52// [9; @y — M™), |Pidxdt.
Q

Since v > 1 on the set where (v} — M™), is nonzero, we can absorb the terms in the sum on the right-hand side into the corresponding
terms on the left-hand side by choosing ¢ sufficiently small. Taking the essential supremum over = we recover (5.8). O

Corollary 5.3. The sequence () is bounded in LP(Qr).
Proof. Note that

10 Loy < (// " — MM dxdt+/ " — M™? dxdt)

Qr Qr
< c[/ (v = M;")frdxdt]

Qr

1
1
<c [Z// 10, (W — M™), |7 dxdt] +eM™MQr|7,
J=

where in the last step we use (3.16). Since v, > 1 on the set where (o =M, is nonzero, we can use the energy estimate (5.8) to
bound the sum on the last row of (5.14), to obtain

i

1
+ M"|Qr|? (5.14)

=

1
+cM]|Qr|?

1
S b 1
o7l scay) < c<//g 1717 dxdz)” +eMP(Qr|7 =1 K, (5.15)
T

where K, depends on Q, N,p,m,7, f, g and u, but is independent of k. O

Lemma 5.4. Let u; be a weak solution to the problem (5.6) in the sense of Definition 3.10. There exists a constant L depending upon
Q,N,p,m,T, f,g and u, and independent of k such that, for sufficiently large k, u;, < L a.e. in Qp.

Proof. We first prove a uniform upper bound for the functions (v,). If f/ =0, Lemma 5.2 implies that v, < M, for all k. We may thus
assume that f # 0. We choose numbers 1 < ¢; < p; so that 1 <§ < N. If p < N we can take ¢; := p; for all i. Otherwise, this can be
achieved by setting ¢; := p; for i > 2 and taking ¢, as close to 1 as necessary. Let M > M, and define for every j € N,:

2 m+l 2mg
M; = MQ2-27)m, Y, /(u - M2 ) dxdr and E; :=Qpn{v, > M;).

In the following calculations we denote y := "*! for convenience. Since vy, is bounded from above and below by positive constants,
two applications of the Chain Rule for Sobolev functions allow us to obtain the following estimate:
m+l m+] 2 m+] m+] 2m m+l m+l

2 u 2m _ el 2
0/, ” =M 2L < 22w - MO 0,
mtl

M2 (5.16)

B

2m 3 2
U XM 1007 |

= 10,(W] = M7, ).

To estimate Y;,; we apply Holder’s inequality first over the whole domain, and then only in space. We estimate one of the resulting
factors by its essential supremum over time and apply Lemma 3.8 for the exponents g; in the other factor. The spatial derivatives can
be further estimated upwards using (5.16) and another application of Holder’s inequality, after which we end up with terms that can

be bounded from above using the energy estimate (5.8) (since v, > 1 on E; ). After this, another application of Holder’s inequality
introduces the parameter ¢ tied to the integrability condition (1.4). All in all the calculation takes the form:

N
m+l mtl 241_,,@ N+u
Y1 < 1By ¥ // @2 =M 2] " dxdr (5.17)
i N
m+l mtl 5 5 ml m+l 20* 7 R
2 ]
+1|N+u / [/(u Mj+1 )+dx] /Q(U" /+l ) dx dr
_ - N
q 4q
e mtl m+l N+ T mtl ml 24° 7 N
<|E; |V esssup'/(v2 - ) (x, 7)dx / /(v 2 M. 2N dx| dr
Jj+ we01) Ja k ;+I 0 o k Jj+l 7+
e v N
e m+1 m+l N+u T m+1 m+1 z N
<c|E; | esssup/(u 2 M2 ) (x,7)dx / /|0-(u T -M 2| x] Nai dt)
I o) Jo * AR 0 H a @k J+l

_H mtl m+1 +u £ NM
<c|Ejy |V esssup/(ukz - M 2 )i(x 7)dx / [/w(u - M) dx]
re(0.1) Jo M,

16
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q _
e m+l m+l N+u N m
S c|Ejyq| N esssup/(uk2 —M 2 ) (x,7)dx </ |6,—(u;€”—Mjm+l)+|"idxdt>
7e(0,7) JQ i=1 Qr

q

u mil m+, Nen N 7, % q,-(/\7+,4)
< c|E; |V esssup/(v - )2 (x, 7)dx 1| <// [0, = M™ ) Ipidxdt> '
j+ weo1) Jao k j+1 ];][ J+ o ik Jj+1/+

I

=z

=0+

(,, e
<clE; |N+f' PNW // |f|”dxdt

1L -1 L s 0+ 5)
< el By | V70T M T )(// 1717 ax dr> u

= c|E +1|'+5<// 1717 dxdz>,

where we denote

5= gh(g = (5 +3) Q= G-+ 5.

N+u N o N rr(N+;4)

Note that (1.6) guarantees that § > 0. For the set | E;,;| we have the following bound:

-mq (!+1)m 2 _ 2 \m
[Ejp| = Ej4 IM™M2 “(M M; )l (5.18)

o U+l)ﬂ T m+l 2m1
< MM m+l (v - )+* dxdr
E/+]

< Mfmq20+1)% Y/

m+l1 mtl omg

Combining (5.17) and (5.18) we have

Yj+| < KMfmq(lJr(S)bjyjHé’ (519)

., o 2mg(1+6)
=c<ﬂ |f1°° dxdt) , b=2"wmiT > 1.
Qr

Thus, by Lemma 3.3, (Yj);-io converges to zero provided that

where

_(148) _ 1
5 b 62, (5.20)

The definition of ¥, and (5.15) show that

1
Yo<K 5 M

Yy < CIIU"’IIQL,,(Q )< ek,

so we conclude that (5.20) is satisfied if
_(1+6)
ch <K~ F MM a2
which can be rephrased as
e 1
M > y(KJ° K)mii+s (5.21)

for some y depending on the data and Q; but independent of k. This bound, together with the fact that M > M, which was also
required in our argument, are both satisfied if we set

. 1
M :=max{M,, (K’ K)mi1+ }, (5.22)

and the expression on the right-hand side is independent of k. With this choice of M,

m+1 m+1 2mgq
2 >\ m+l
/ (l)k —2M 2 )Jr dxdtst—0> 0,
Qr =

2
which shows that v, <2w+T M =: L a.e. on Q. This is our uniform upper bound for the sequence (v;). Considering the definition of
v, as a truncation of u, this implies that, for k > L, we also have that u, < L. O

Remark 5.5. Considering that i <u, < L we see that for sufficiently large k, the truncation T, appearing in the definition (5.1) of
A* can be removed, which shows that

-1 m;—1
pi—2 J
Qw7 miu, " 0juy

k m"
Aj (et up, Vi) = aj(x, t, uk)lmjuk’

17
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m; o9 m;
=a;(x,1, uk)l()juk" |Pi 0juk’,

where in the last step we have used the Chain Rule. Thus, u, satisfies the original equation for sufficiently large k. That is, u satisfies
N
// Y a; et |0;u” 1P720,u,” 0,0 — uyd,pdxdt = / fedxdt. (5.23)
Qr j=1 Qr

5.3. Weak convergence, compactness and pointwise convergence

Lemma 5.6. Foradll j € {1,..., N} the sequence (9; u’”) lS bounded in L/ (Qr). In particular, the sequences (9; k’ ), are also bounded

in L”(Qp).

Proof. We use the mollified weak formulation (4.5) that involves the exponential mollification in time (3.9) with the test function
=@, —(g+ %)E)C fl - where Cf] - isasin (3.1),0 < 7; < 7, < T and ¢ € (0, 1] is a parameter to be chosen later. This is an admissible

test function since u, belongs to the correct anisotropic parabolic Sobolev space, and since u, attains the values of g + % over the

lateral boundary. Observe as well that the time continuity of u, allows us to interpret u,(0) as an element of L?(Q) in this case. We
will perform estimates for each term in (4.5) and pass to the limit 42 — 0. For the first term on the right-hand side of (4.5) we have

(uy (0), [[(p]];l(n()))=/Quk(x,0)[[(p]];,(x,0)dx—’:6> 0, (5.24)

which can be seen by the Dominated Convergence Theorem, using also the fact that ¢ vanishes on [0, 7;]. For the source term on the
right-hand side of (4.5) we have

1 )
//QT |If]]h(pdxdtm> //QT f(ui —(g+ E)E)gﬂ’fz dxdt. (5.25)
We treat the parabolic term in (4.5) as follows:
//Q 0, 1 dxdr = //Q Oyl (I T, = (g + 2L dxo‘lz+//Q Oyl Tl — M D5)S2  dxed (5.26)
T T T

= //Q Ol T ([ 1, — (g + i)ﬁ)gfm2 dxdr + //Q i(uk — T )i, = T D5)S2 . dxedt
T T
= I +1,>1,

where the last estimate follows from the fact that I, > 0 since ¢ — #* is increasing. We split I, into two integrals and use the Chain
Rule and integration by parts as follows:

I,= // L 0, g2, dedr - // Ollye + e? | dxdr 5.27)
Qr o
‘// Sl @ (’)dxdt+// i 140,(( + P°C0  dxdt
71+8 71+6
/ / [[ukﬂsﬂ dxdr — —/ / [[uk]]€+1dxdt+ / /[["kllh(g+ ¥ dxdr — _/ /lluk]]n(g+ 1)¢ dxdr
-8 e+l e+ s
+// [, 11,0, (g + %)%fli’fzdxdt
/ / e+1dxdt_l/n+5/ Lu”ldxdt.'.l/fwé/” (g+ l)ﬁdxdt—l/fz /u (¢ + L) dxdr
h—>0 5 =6 o k 6 7] QEJrl k o 71 Q k k ] -6 JQ k k
I w0,(g + ¢ )Cf 7, dxdr.

For the elliptic part we have, recalling Remark 5.5,

//QT[[A(x,t,uk,t)luZl’,,.,aNu;"N)]]h~Vq;dxdth—_>0> //QT A(x,t,uk,dlu;("l,,.., N) V( —(g+ )E)gfl T2dxdt (5.28)

Using the estimate (5.26) in (4.5) and taking into account the limits (5.24), (5.25), (5.27) and (5.28) we end up with

T1+6
-/ /HI uetl dxde + / /uk(g+%)fdxdz+// wed,(g + 0 dxdr
=6 7] Q Qr

1
+ //Q ACe tug 0y Oni™) -V (uf = (g 4+ ) €7 dxdr
T

1 71+6 . . »
SE/Tl /Qa-H uy dxdr += /r7 é/uk(g+ )dxdt+// f(uk (g+ ))quzdxd’

18



A. Nastasi et al. Nonlinear Analysis 271 (2026) 114141

We omit the first two terms on the left-hand side since they are non-negative, and note that all three terms on the right-hand side can
be bounded by a constant C; independent of k and § since g is bounded, f is integrable and since the functions u, satisfy a uniform
upper bound. Therefore, when passing to the limit 6 — 0 we obtain:

T 2
/ /QA(x,z,uk,aluf‘,...,aNu;"N).VuidxdzsCl—/ /Quka,(g+%)fdxdz (5.29)
7] 7

)
+/ /A(x,t,uk,alu:",...,0NuZN)-V(g+%)gdxdt.
T Q

If g = 0, the integrals on the right-hand side of (5.29) vanish, so that the right-hand side is bounded by a constant. Otherwise, we are
in the case g > ¢, due to (1.9). For the first integral on the right-hand side of (5.29) we then obtain the upper bound

)
/ /uka,(g+i)‘dxdt gceg-l// 10,g|dxdr =: C,, (5.30)
7] Q Qp

due to the uniform upper bound for (u)? . Note that C, is finite due to the integrability of J,g. The positive lower and upper bound
for the function u; allows us to calculate using the Chain Rule:

m

£ _ £ &-my m mjo_ mj mpmm o m
0juk— —u 0juk, oju,’ = L 0juk. (5.31)

Using these identities and the lower bound for the coefficients a; we can write
N
mj my £ _ Mjp:—2 mj £
A(x, t,uk,aluk - ,0Nuk )-Vup = Z aj(x,t,uk)ldjuk |Pi ()juk ojuy = ce
j=1 Jj=1

Z

(mj—m)(p;—1)—m+
ukmj m)(p; m+e

[0, |P. (5.32)

Condition (1.8) guarantees that
(mj - m)(Pj -1)-m<Q,

so fixing a sufficiently small € € (0,1] we can ensure that the exponents of u, appearing in the last expression of (5.32) are all
non-positive. Therefore, using the uniform upper bound for the functions u,, we obtain from (5.32) the estimate

N
ACe tug, 0y O™ ) - Vg 2y ) 101, (5.33)
Jj=1

for some y > 0. For the integrand in the second integral on the right-hand side of (5.29) we utilize the second identity in (5.31), the
uniform upper bound for ()2, and the uniform lower bound for g appearing in (1.9), and Young’s inequality to make the estimate

N
1 m; _ m; 1 e—
AGe tug, 0y OntN) - V(g + 1) = Zaj(x,t, uploju, 1120, (g + 1)1 osg
=1
< (m—m)(p,—1)
)
Sceeg-lzuk' P70 0,um P08 (5.34)

Jj=1

-1
<c |0/”Z|pj [9;8l

M = M=

J
N

o\ +C, Y 10,gl".

j=1 j=1

<!
2

Using the estimates (5.30), (5.33) and (5.34) for the corresponding terms in (5.29), and taking z; — 0, 7, > T we end up with

N N
Z// Z|aju;g|ﬂjdxdzscl+c2+c,// Z|ajg|l’/dxdt,
2 lay j=1 Qr j=1

from which the first claim of the lemma follows since the right-hand is a finite constant independent of k due to the integrability
properties of the spatial derivatives of g appearing in (1.9). The second claim follows from the first claim combined with the Chain
Rule and the uniform upper bound for the functions (u);,. O

Lemma 5.7. The sequence (u;(x, 19)}oil) is decreasing and convergent for a.e. (x,t) € Q. The sequence (uy)52, converges in L1(Qy) for all
1<g< oo

Proof. We will use the comparison principle from Theorem 3.13. Suppose ! > k. Then both u; and ; satisfy the PDE
ou—V-Ax,t,u,Vu) = f,
with
Aj(xtu ) 1= a(xtw)lm T@)™ ™ g P2 m Tw™ e,
T() := min{L, max{u, 1}},

19
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where L is the uniform upper bound for the functions u, obtained in Lemma 5.4. Since u,(0) > ;(0) and sinceu, =1/k+g>1/I+g=
u; on 9Q X (0, T), we have, by the aforementioned comparison principle, that u, > u, a.e. in Q. For every pair (k, /) with / > k we can
thus exclude a set N, ; of measure zero outside of which u; > u; and thus the convergence is monotone outside UN, ; which is a set of
measure zero. The uniform upper bound and the pointwise convergence a.e. also imply convergence in every LI(Q;) for 1 < ¢ < o
via the Dominated Convergence Theorem. [

Remark 5.8. We have seen that (up)pe, converges pointwise and in L9(Q;) to a bounded limit function u. Due to Lemma 5.6 we
may pass to a subsequence so that (9;u}");2 | converges weakly in L/ (Qr), and we may conclude that the limit is 0,u™. Similarly, due
to Lemma 5.6, we may assume also that (0ju’:j o, converges weakly in L? (Qr) to o;u™ . Finally, the structure conditions show that
the functions

k . m m
Aj 1= Aj(4,~,uk,()1uk1,...,6NukN)

are bounded in L” ] (Qr) which means that we may assume that they converge weakly in L” ] (Qr) to some limit A ; € L’ f (Q7). To sum
up we have the following convergence results.

6ju;("—> aju'" weakly in L% (Qp), (5.35)
k—o0

oju,’ — 0,u™ weakly in L% (Qr), (5.36)
k—o0

Ayt O o Oyt N )—— A, weaKly in L% @) (5.37)
-0

Due to (5.37) and Lemma 5.7 we can pass to the limit in (5.23) and conclude that u satisfies the condition

/ A -V —ud,pdxdt = // fodxdt, (5.38)
Qr Qr

for all p € C(Qr) where A :=(Ay,..., Ay), following the notation introduced in Remark 5.8.
5.4. Boundary values, time continuity and initial data

We proceed to prove that u satisfies the boundary condition in the sense of Definition 2.4. Due to the boundary condition appearing
in (5.6), and the lower bound for u, established in Lemma 5.1, we can write

1 1
% §uk=;+g+wk,
—1, . . . .
where w;, € LP(0,T; W Op(Q)). From this estimate we also see that w; + g > 0. Take a sequence (¢ ;) CC®QX[0,T] of functions with

compact support in space such that ¢; - w, in LP(0,T; WP(Q)). Since w,, is bounded we may also assume that the sequence (¢ ;) is
bounded in the L*-norm. Note that we also have

0 (g+0))y o (B +wy =g+ wy inLP(0, T; W1P(Q)).
Thus,
SprErel—— THgtwe=u inLPO,T;W'P(Q). (5.39)

1.1
k=%

Due to the lower bound in (5.39) the quantity on the right-hand side of the inequality can be raised to the power m. The fact that
m > 1 and that (¢;) is uniformly bounded then shows that

1 " . R
(Z F(g+ (pj)+) — PO W), (5.40)
Since the functions ¢; are compactly supported in space we see that
1 " 1 m P
(1+@+0),) € +o"+ PO.T:W, (@), (5.41)
Since the set appearing in (5.41) is closed we have due to the limit (5.40) that
—1,
W' € (1 +g)" + LPO.T: W, (). (5.42)
Thus we have
_l’p
LPO,T; W, Q) D = (1 + )" =[] ="l +[g" = (7 + )",

The expression in the first square brackets on the right-hand side converges weakly to u™ — g” in LP(0, T; W 'P(Q)), see also Remark 5.8.
The expression in the second square brackets converges to zero strongly in the limit k — oo, so that the sum of the two expressions
converges weakly to u™ — g™. Since the weak and strong closure of convex sets coincide, we conclude that

—1,
W —g" e LPO,T; W, (),

20
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which means that u satisfies the boundary conditions in the sense of Definition 2.4. Thus, we can apply Lemma 3.7 and conclude that
u is in C([0, TT; L™ (Q)).

We move on to address the initial data. Let { € C*([0,T]; R) be a smooth function which takes the value 1 near 0 and vanishing
near 7. Using (5.38) with a test function of the form ¢ = H(1){(t)y(x) where y € CP(Q) and the function H; was defined in (3.2),
we have

5
1 / / uy dxdt = // A - Vy(x)Hs()E(@) — fHs;@)E(@w(x)dxdr — // uH(s(t)é"(t)q/(x)dxdt.
6Jo Ja Qr Qr
Passing to the limit 6 — 0 we end up with
/ u(x, Ow(x)dx = // A - Vy(x)¢@) — fEOw(x)dxdr — // u¢' (Hy (x)dx dt. (5.43)
Q Qr or
Using the same test function in the equation satisfied by u;, we have
/ (uy + Py (x)dx = // At g, 0O u™N) -V ()E () — FE@Ow(x)dxdr — // ut’ Oy (x)dxdr.
Q Qr Qr
Passing to the limit K — co we obtain
/ ugy (x)dx = // A - Vy(x)¢@) — fFEOw(x)dxdr — // ul' Oy (x)dxdr. (5.44)
Q Qr Qr

Noting that the right-hand sides of (5.43) and (5.44) are identical, and taking into account that v € Ce Q) is arbitrary, we conclude
that u(-,0) = ug.

Lemma 5.9. The functions u, satisfy the condition

m%l/ﬂluk(x,T)l'””d ——/Iuk(x 0)|'"+1dx—/ Fe @] — (g0 + ¢ )"’)—Ak(x 1)V - (g(x, 1) + )'")dxdt

m+1
+ /Q(g(x, T)+ ;)"’uk(x, T)dxdt — /Q(g(x,O) + E)muk(x, 0)dxdt
- m//g (g(x,n) + %)m_la,g(x,t)uk(x,t)dxdt,
T
where A¥(x,1) = ACx,tug, 004", .. Oy ™).
Proof. We extend u, to the time interval [T, 2T] by reflection, i.e.

u (—1) if —-T<1<0,
i () = Qu (1) if0<t<T, (5.45)
u, 2T —1) if T <t <2T.

Similarly, consider extensions .A* and f of the functions A and f to the set Q x (=T,2T). In the following, we will denote the
extended maps simply by u,, A* and f. Using the weak formulation (5.23) with a test function of the form vg’fl‘tz where v € CP(Q)
and 7, < t, we have after and passing to the limit 5 — 0:

/(uk(x, 1)) — u(x, 1)) o(x)dx = / ’ /(f(x, Hvx) — A¥(x, s) - Vo(x)) dxds. (5.46)
Q n Je

—1,
By approximation, the equation remains valid for v in L%(Q)n WOP(Q). Let 1, =¢—h and 1, =t. We can, due to (5.42), choose
v=(uf —(g+ i)m)(-, t) and integrate over the time interval [0, T] to obtain

/ (g (x, 1) —uy (x,t — h))(uZ’(x, 1) —(g(x,1) + i)"’) dxdt (5.47)
Qr

T 1
= / / / (e, )@, = (86,1 + ™) = AF(x, ) - (Vu(x, 1) = V(g(x, 1) + 1)™)) dxdsdt.
0 t—h JQ
By the convexity of the map s — m%ls’"“, we have the pointwise estimate

™ = ey et = )™ < G, D (x, 1) = g (x, £ = ).

Using this estimate in (5.47) we have

0
— / / e, )" dxdr - — / / u (x, 0" dxdr (5.48)

= // (m+1uk(x [)m+1(x 1) — m+] ——uy (x, 1 — )m+1)dxdl
Qr
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T t
s/ / /(f(x,s)(u;’(x,z)-<g(x,t)+i)'")-Ak(x,s).V(u;f(x,t)-(g(x,r)+i)M))dxdsdz
0 t—h JQ

+// (g(x,1) + %)'"(uk(x,t)—uk(x,t—h))dxdt.
Qr

We can now split the integral on the last row of (5.48) and perform a change of variables as in the second resulting integral as follows:

T-h
(806 1) + 2 )" (e, 1) —up (x, t — W) dxde = [ (g0, 1) + ~)"uy (x, ) dxdt — (8(x, 1+ h) + 2)"uy (x, 1) dxds
Qr k Qr k —h Q k
T-h
= / / (et 0+ 1" = g+ )+ " Jux, 1 dxdr
0 Q

T 0
+/ /(g(x,t)+ DMy (x, t)dxdt—/ /(g(x,l+h)+ My (x, 1) dxdr.
T-hJQ -hJQ

Dividing the last equation by 4 we obtain

1 1 T-h r ((@0x 1+ h)+ 1" = (g(x, D) + 1))
— / (g(x, 1) + )" (uy (x, 1) — uy (x, t — h))dxdt = —/ / ug(x, 1)dxdr
h Ja, k 0 Q h

T 0
+ l/ /(g(x,t)+ l)'"uk(x, t)dxdr — l/ /(g(x,t+h)+ l)"'uk(x, t)dxdt
h Jr-nJa k hJ_nla k

— = m/ (8G.1) + 1)1, g(x, )y (x, Hdx dt
h—0 Qr k

+ /(g(x, T)+ )"y (x, T)dxdt - /(g(x, 0) + 1)"ug(x, 0)dxdr.
Q Q
Thus, by dividing (5.48) by h and passing to the limit 2~ — 0 we end up with

1 m+1 _ m+1
— /ﬂuk(x,T) dx Quk(x,O) dx

m+1
T
< / / (G D@1 = (801 + ™) = AF (e, 1) - V(] (x, 1) = (g(x, ) + 1)™)) dxde
o Ja
- m/ (80, 1) + )" 9,80x, N (x, 1) dxdt + /(g(x, T)+ 1)"uy (x, T)dxdr — /(g(x,O) + )" (x, 0)dxdr.
Qr Q Q
An estimate in the reverse direction can be obtained by analysing the quantity
/ (g (x, 1+ h) =y O, D)) (x, 1) = (g(x, 1) + i)’") dxdt
Qr

in an analogous manner. [
We now prove an analogue of Lemma 5.9 for u.

Lemma 5.10. The function u satisfies the condition

L / lu(x, T)|"™* ! dx — L / |uo| ™! dx = // fW—-g"n—-A-V@u" - g"dxdt - mﬂ g"'0,gudxdt
m+1 m+1
Q Q Qr [om
+ / g(x, T)"u(x, T)dxdr — / g(x,0)"u(x, 0)dxdr.
Q Q
Proof. The proof is similar to that of Lemma 5.9. We use (5.38) to obtain the equation
L4}
/(u(x, ty) —u(x,t)))v(x)dx = / /(f(x, sv(x) — A(x, s) - Vo(x)) dxds,
Q 1 Q

which replaces (5.46). Here we can take v = u™(x, 1) — g"(x,t) and proceed as before. We thus replace u, by u, g + % by g and A* by A.
In the argument we also need the previously established time continuity of  as a map into L"*!(Q), see the text after (5.38). Finally
we also use the fact that u(-,0) = u,. O

5.5. Pointwise convergence of the gradient

Using the second identity of (5.31) we can write

(AGx, 1y, (a/.uff');v D) = Aty (dju'"f)jlil)) (V! = V™)

N

m m—m; mj .o m; pi=2 . m; ;

= Zaj(x, t, ”k)m_/uk / [ldjuk’|”/ oju,” —o;u™i|Pi ()ju"’f](z)juk/ —0;u™)
=
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N
+ z a;(x,t, uk)%(u:'im’ - u'"_'"/)[|0ju:'j |p!_26ju:/ —|o;u™ |p/_20/-u'"!]6jum/
N J
Jj=1
I, (5.49

with the understanding that i, vanishes on the set where u = 0, since 0;u™ vanishes a.e. on this set. Thus the potentially negative
exponent m — m; appearing on u in this expression does not pose any problems. On the other hand, note that we can write

(AGx, 1y, (a/.u'k"f)jf.V D) = A g, Q™)L )) - (Vi) = Vu'™)

= A(x,t, uk,(ajuff)le) V@ = g") = AGx. tuy, (O L) - V™ = g™ = A g, Q™)) - (V! = Vu™)

=i =iy — s, (5.50)

Combining (5.49) and (5.50) we can write

H, :=// hkdxdt=// ildxdt—// izdxdt—// i3dxdt—// i dxdt (5.51)
Qr Qr Qr Qr Qr

= I, -5 -I;— 1,

Note that &, > 0. We have that

N mi—m

. m u ! mjp;=2 mj mi\pi=25 ,m;], m—m; m;

Iy —j;aj(x,t,uk)m—/ [(Z) - 1] [|ajuk i ou,’ — [0;u™ |Pi™=0;u /]u J0,u™ . (5.52)

By the weak convergence of 0;u]' and the strong convergence of u, we can deduce that the Chain Rule is valid for the last factor:
u" i ou™ = co;u™ € LPi(Qr).

Due to the monotone pointwise convergence of u, established in Lemma 5.7 we have

APt
Uy

Thus, Holder’s inequality and the Dominated Convergence Theorem allows us to calculate

1] ch [//QT <%>mﬁm—1

where we also use Lemma 5.6 to guarantee that the second integral has an upper bound independent of k. We further divide I; to
see that

1
7 o _ .
|ajum|l’/ dxdz] [// |0ju:/|p, + |6jumj |7 dxdt] Pi S 0, (5.53)
QT —00

I = //Q (ACe 1 upe, (u™) I ) = ACx 1w, (0,u™) ) (Vi) = Vu™)dxdr + //Q ACe,tu, (™)) - (Vi = Va™)dxdr - (5.54)
T T
. b
=I5+

To treat I{ we use Holder’s inequality:

N [ 1
e <ey [//ﬂ la, (x, 1) — a,(x, 1,0) [ 10,u™ |7 dxdt] N [//Q |0,u |77 + [0,u™ P dxdt] " (5.55)
j=1 T T

The first integral on the right-hand side vanishes in the limit k - oo due to the pointwise convergence of u, and the u-continuity and

boundedness of a; and the second integral can again be bounded using Lemma 5.6. Thus we have confirmed that I§ vanishes in the

limit k - o0. By the weak convergence established in Remark 5.8 we also have that Ié’ vanishes in the limit k — . Thus
lim I; = 0. (5.56)
k=0 ~
As for I,, we have that
I, = // iy dxdt—— // A V@™ - g") dxdt (5.57)
Qr k=0 Qr
by weak convergence, see Remark 5.8. In order to estimate I, we first divide this term as
I = A g, @ N ) V@™ = (g + Ly dxdr
o R e k k
Mmj\N L\m m
+ [/ A(x,t,uk,(()juk )j:I) - V(g + Z) —gMydxdr
Qr
_. b
= I +1).
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Note that 1 f’ vanishes in the limit kK — oo since, by Holder’s inequality,

N £ L
<y (// AL el dxdt> 7 (// mPi)(g + Lyt — g P01 dxdz)
j=1 Qr Qr

and the integrals involving Ai remain bounded as k — oo, whereas the other integrals vanish in the limit due to space of g and the
Dominated Convergence Theorem. In order to analyse I we use Lemma 5.9 to see that

II” = // f(x, l)(u;{" —(g(x,)+ %)m)dxdt - mﬂ (g(x, )+ %)m_l(),g(x, Hu(x, 1)dxdr + /(g(x, T)+ %)'"uk(x, T)dxdt
Qr Qr Q

—/(g(x,0)+i)’”uk(x,O)dxdt+m+rl/ |uk(x,0)|'"+‘dx-L/ lug (x, T)|" ! dx. (5.58)
Q Q Q

m+1

From the energy estimates obtained in Lemma 5.2, we see that the sequence (T, is bounded in L"™*!(Q), therefore a subse-
quence converges weakly to some w € L™ (Q). Utilizing the equation for u;, we can write, for any ¢ € Ce(Q),

/uk(x,T)(p(x)dx=/(u0+%)(pdx—// A(x,r,uk,alu;”',...,aNu;"N)~Vq;dxdz+// Fx, Dp(x)dxdt.
Q Q Qr Qr

Passing to the limit in the previous equation we end up with

/uxpdxdt:/uorpdx—// .A-V(p+f(pdxdt=/u(x,T)(pdx,
Q Q Qr Q

due to the Eq. (5.38) satisfied by u and the fact that u(0) = u,. Since ¢ is arbitrary, we have confirmed that u(T) = w. Then, from the
weak convergence we have

lim inf / ut (x, Tydx > / u(x, T)™ ! dx.
® Ja Q

k—

The convergence of I ]b, the weak convergence of u, (-, T) and the strong convergence of u;, combined with (5.58) show that

limsup I, §—m+_1/ |u(x,T)|m+ldx+ﬁ/|u0|m+ldx+ﬂ S —g™dxde
Q Q Qr

k— o0

+/g(x,T)"’u(x,T)dxdt—/g(x,O)'”u(x,O)dxdt—m// g'"_ld,gudxdt
Q Q Qr

= / A-V@u™ —g™dxdr, (5.59)
Qr

where in the last step we use Lemma 5.10. Combining the limits (5.53), (5.56), (5.57), (5.59) for I, I, I, and I; respectively, we
have
limsup H; <limsup I} — lim I, — lim I3 — lim I, = 0.
k=00 k=00 k— o0 k—o0 k—o0
By the non-negativity of h, this confirms that #, — 0 in L'(Q;). Hence, a subsequence of (/,) convergences pointwise a.e. to zero.
The lower bound for a;, the non-positivity of the exponents m —m; in (5.49) and the uniform upper bound for ()2, show that for
some ¢ > 0,
N
m m; m;
O P20 — 100 P 204" (0u — 0,u™ ) < hy —> 0,
C;[l | i = 10U P20, | 0y = 0,uM) <y oo

and hence 0 ju:] converges pointwise a.e. to d;u"/ . This combined with the a.e. pointwise convergence of u to u, and the fact that A

is a Carathéodory vector field, imply that

ARG ) = AGe g (e, 0. O (e, ) —— ACx. L ), 0" (e ). (5.60)

/
a.e. in Q. By definition A ;1s the weak limit in L") (Qr) of the coordinate functions Af (see Remark 5.8), so Mazur’s Lemma guarantees

. ’
that a sequence ()2, of convex combinations of (Aj? >, converges to A; strongly in L") (Qy). Passing to another subsequence we may
assume that (ﬂlf )j2, converges pointwise a.e. to A ;. However, by (5.60) the sequence (ﬁ[j );'; . also converges a.e. to A jConu, (0 ju’"r)fi D>

and thus A coincides with A(., -, u, (a[u”’z)ifi - In light of (5.38) this confirms that u satisfies the original equation. [

6. Comparison principle

This section is devoted to the study of the comparison principle for the doubly nonlinear Eq. (1.1). We note that the sub- and
super-solutions defined in Definition 2.3 satisfy estimates involving the Steklov average.
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Lemma 6.1. Let u be a sub (super)-solution. Then the following estimate is true:
1) 5]
/ / B0, [uly, + [A(x, - u,00u™, ..., dnu"N)], - Ve dxdr < (z)/ /[f];l¢dxdt
1 Q 1 Q

forall ¢ € LPO, T; W, (@) 0 L=(Q;) and all 0 < 1, < 1, < T.
The proof of the following result utilizes methods from [43, Lemma A.1] and [7, Lemma 2.4].

Lemma 6.2. Let u be a sub-solution of (1.1) in the sense of Definition 2.3. Suppose also u™ € LP(0,T; W'P(Q)). Then for any k > 0, the
function v := max{u, k} satisfies

N
// Z a;(x,t, U)l()jumj |1’/—2de"'! 0;n — vondxde < // S Xusryndxdt, (6.1)
Qr j=1 Qr

for all non-negative n € C*(Qr). That is, v is a sub-solution to the original equation with the modified right-hand side f y{, -
Proof. We use the estimate (2.2) for sub-solutions with the test function

(™17 — &™)
(AT DN

where [-]);, denotes the reversed exponential time mollification as defined in (3.10) and y > 0. In the parabolic term we can estimate

P=NPps P =

1 1
ud, @ = [u"1" 0, + (u = [u"1" ) 0,0
1 1 1
= [[u’"]]i’l” 0,9 + (u - IIu'"]]iz” )qoha,n + (u - IIu'"]]i” )0,(ph;1
1 1
<"1 0,0 + (u— [u" 1" ) @n0sm. (6.2)
where in the last step we use Lemma 3.5 (ii) to calculate

) Ho, ([ Ty, — k™)., HX >k S Mg By >k %(H“m]]h —u™)
= = =
ey - k) + 1) (D - kY, + ) (Al — k) + )

to see that the term omitted in the estimate (6.2) is non-positive. Thus, we end up with

N 1 1
// Z a;(x,t,u)|0u™ |Pj*20jumjaj(p - [[uml];'l" 0,p — (u - [[u'"J];r'n )(phatndxdt < // fodxdr. (6.3)
Qr j=1 Qr

We will perform some estimates and eventually we will pass to the limit as 4 — 0. In the second term on the left-hand a limit procedure
and two integrations by parts show that

1 1
// [[u”']];'l" 0,¢pdxdt = lim // ([u™1z, + €)m 0, dxdt
Qr -0 Qr

1
= —lim// i([[u"’]];l +£)E_16,|Iu'"]];,(pdxdt
Qr

-0

o P T ( i et o M
__ll_{%//gT ;([[u I +9) —(IIum]];,—k'")++yar[[u Tpndxdt

= —1lim // 0, F,([u" 15, k, p)ndxde = // Fo([u"1I,, k, u)o,ndxdr,
-0 Qr Qr

where

0

1 s — k™
F.(0.k. u) :=k+/ i(s+e)ﬁ_l ( )+
.

_m—ds, e>0.
(s — k"), +u

For the last term on the left-hand side of (6.3) we note that

1
lim // (u— ™" )@nomdxdt = 0. (6.4)
h=0 Jl o, h
Noting that
HX >k 95 1™ 17

(Ml = kmy, + )

0;@p = 0@y +n0; @ =0Np, +1
we can calculate
N
/ Z a;(x,t,u)|0;u" Ipf_zdjumidj(pdxdt
Qr j=1
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o;[u"T;,

HX (w5 >k
// Za (x,t,u)|0;u J|p/_20 u™io; n@hdxdt+// Za (x,t,u)|0;u J|p/_20 u™in (0 >4} dxdr

(Tl = kmyy + p)’

m

5 ( m km)Jr ) (Mm>k)0ju
Za(xtu)k)u J|PiT0;u™ 0;n — dxdt + Za(x t,u)|0;u™ |PiT"0,u /n—zdxdt.
= @k oy £ (= k), + )

The last term is non-negative since, by the Chain Rule ;4™ 0;u™ > 0. Taking into account these limits and estimates we end up with

N m m m
—k K

// 2 a;(x, t,u)|0,u™ Pi720,u™ 0, u-Fo(u k, ﬂ)atndxdt<// fn udxdz.
o 4 wm —km, +p —km),

Finally, passing to the limit 4 — 0 we end up with (6.1). O

The following result is a preliminary version of the comparison principle where we assume that the subsolution is bounded from
below by a positive constant on the whole domain Q.

Proposition 6.3. Suppose that u is a weak subsolution with right-hand side f, and that v is a weak supersolution with right-hand side f, in
the sense of Definition 2.3. Assume furthermore that u, v € C([0,T]; L'(Q)) and that u™ and v belong to LP(0,T; W1P(Q)). Assume that

u>e ae inQp (6.5)

for some € > 0. If v > u on 0Q x (0, T) in the sense of Definition 2.6, we have

/(u —0),(x,1))dx < /(u —0),(x,1))dx + // — f,)dxdt, (6.6)
Qx[t,t,In{v<u}

forevery0 <t <t, <T.
Proof. Let
¢ = Hg(u—v), where0 < 4§ < min{l, % . 6.7)

We prove that ¢ is an admissible test function in the estimates of Lemma 6.1. Due to the lower bound for u we can see by the Chain
Rule and the function space of u that u itself has a gradient. We cannot draw the same conclusion for v, however 9 := max{v, %} has
a gradient due to the Chain Rule. Noting that in the range of the parameters § and £ we have

¢ =Hz(u—v)=Hs(u—-0),
0,0 = 67" K{o<u_s<s) 0, — D), (6.8)

we see that 9;¢ is in L?/(Qr) as required. To see that we can also approximate ¢ by smooth functions with compact support in space,
we recall that 4™ has the representation

="+ w+y,
where w in LP(0, T; W1'P(Q)), w <0, and y in LP(0,T ;W(l)’p(g)), see the comment after Definition 2.6. Thus we can pick a sequence
(¥) € C®(Q x (0, T)) with suppy, C K, x [0,T] for some K, € Q converging to y in LP(0,T; W'P(Q)). We define
u, = max{(%)'", V" 4w+ u/k}i,
by = Hy(uy — D).

Note that ¢, vanishes outside of K, x [0,T]. Thus, we can approximate ¢, by smooth functions that are compactly supported in
space by convolution with standard mollifiers. To conclude that ¢ is a valid test function it is thus sufficient to show that ¢ can be
approximated by ¢, in the norm of LP(0, T; W P(Q)). Due to the positive lower bound for u,, we see that u, has a gradient and that
d;u). converges to d;u in LP/(Qy). By passing to a subsequence we may also assume that u, converges pointwise a.e. to u, and by
the boundedness of Hs we can then conclude the convergence of ¢, to ¢ in every LI(Qy), ¢ < co. Finally, we can write the partial
derivatives as

0 = 5711{0<uk—ﬁ<6)aj(uk - 0).

Comparing this with the expression for d;¢ in (6.8) we can deduce the convergence in L” (Qr) using the aforementioned convergences
of u and 0,uy.
Applying Lemma 6.1 to u and v with the test function ¢ and subtracting the two estimates we have

L5} L5}
/ /qba,[u—u];, + [A(x, 0N )~ A, v, (ajum/);vzl)]h -V dxdr s/ /[fu — folpbdxdr. (6.9)
1 Q I8 Q

By Lemma 3.6 with f = u — v, we have that

t t t
/2/¢6,[u—v];,dxdt=/2/6,[u—v];,H5(u—v)dxdlZ/2/d,[Gé(u—U)];ldxdt
1 Q 1 Q 1 Q
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= / [Gs(u—v)];dx — / [Gs(u— v)]j dx,
Qx{n} Qx{r}

and combining this estimate with (6.9) we end up with

L4}
/QXM [G,;(u—u)]hclxg/tI /Q[A(x,-,v,(aju’"/‘)j’\il)—A(x,-,u,(aju’"/)l_]il)]h-V¢dxdt

t
+/2/[fu—fv];,H,;(u—u)dxdt+/ [Gs(u — v)]; dx.
n Ja ax(i)

Passing to the limit 2 — 0 in the integrals involving G; is justified due to the time continuity of 4 and v. In the other terms we can
pass to the limit 2~ — 0 due to Holder’s inequality. Thus, we have

]
/ Gsu—v)dx < / / (Ax, 1,0, (0;0™ )j.V:I) — A(x, 1, u, (O;u" )j.V:I)) -V dxdt
Qx{1,) n Ja
15}
+/ /(fu — ) Hy(u — U)dxdt+/ G(u— v)dx. (6.10)
1 Q Qx{1}
We split the elliptic term as follows

/2/9(A(x,t,v,(()juml)j].v:I)—A(x,t,u,(()juml)j].V:I)>-V¢ dxdr (6.11)
n

1y 5]
=/f /Q(A(x,t,v,(djv"’f)j]il)—A(x,t,u,(djvmj)j]il)>-V¢dxdt+/t /ﬂ(A(x,z,u,(aju'"/)jfil)—A(x,z,u,(ajumf)ji\;l)).V¢dxdz.
1 1

Using the precise expression for o ¢ established in (6.8), the expression for A and the Lipschitz continuity (1.3) of the coefficients a s
we can estimate the first integral on the right hand side of (6.11) as follows

t
‘/2/ (AGe 10,00 ) = AGe 00" ) ) - Vb dxde (6.12)
1 Q

N 1
L— 1 A
<y / / a6, ) = a5, 10,0 1271 F10-py H 10 — 0,61 dxd
j=1 t JQ
N 1 .
<c 2/ / lu = v||9;0™ |1’j"l[0<u_ﬁ<6]5|aju—0jﬁ| dxdr
j=171 JQ

N 1
ch/ /|aju'"/|Pr1;({0<u_ﬁ<5,|a/u-ajﬁ| dxd,
j=171 JQ

where we use the fact that v = 0 on the set where u — & < §. The expression on the last line of (6.12) disappears in the limit § — 0 due
to the Dominated Convergence Theorem.
The second integral on the right-hand side of (6.11) can be written as

/Z/Q(A(x,z,u,(ajum/)f’zl)—A(x,z,u,(aju’"/)f’zl))-qu dxdr (6.13)
1

N iy
=Z/ /aj(x,z,u)(w/u'"f|"f-zaju'"/ —10;u™ |Pi729;u™) H }(u — 0)(9;u — 0,0)dx .
i=1 /1 Q
By the Chain Rule, we have
A1 1-m; i Al=miy amiy 1 1-m; . A 1 , 1—=m; Al=m;\q ~m;
aju—ajv—m—/(u m/()jum/ -0 m/ajum/)_m—ju m/(()jumj—ajym/)+m—j(u mj _p '"/)ajy'”/_

Using this calculation we can split the right-hand side of (6.13) as follows

N t)
2/ /ﬂaj(x,z,u)(wju'"f|1’r20ju'"f - |aju'"/|Przaju'"f)H(;(u—o)ijulf’"f(aju'"f - 0;0™)dxdt (6.14)
j= 1

N t)
+2/t /ﬂaj(x,z,u)(wju'"f|1’f20jv'"f —|aju’"/|przaju'"f)H(;(u—0)mlj(u1*’"f - 0'7M)9;0™ dxdr.
j= 1

The first sum is nonpositive due to monotonicity and the fact that v = o on the set where H}(u — 0) is nonzero. We show that the

second sum converges to zero in the limit 5 — 0. To see this, note that the map s — s' ™ is Lipschitz on the interval [e/2, o) since
m; > 1. Since u and  take values in this interval, we can estimate

Hju—0)|u' ™™ — 0™ | < cHju—0)lu—10| <e.
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Thus, we can use the Dominated Convergence Theorem to see that the second sum in (6.14) vanishes in the limit § — 0. We have
verified that the term involving A on the right-hand side of (6.10) can be written as a sum of a non-positive term and other terms
that vanish in the limit § — 0. Therefore, passing to the limit § — 0, we end up with (6.6). O

Using Proposition 6.3, we can now prove the comparison principle of Theorem 2.7. Note that this is a more general result compared
to Proposition 6.3 as we only require the supersolution to be bounded from below on the lateral boundary by a positive constant.

Proof of Theorem 2.7. Let k € (0,¢) and set u,, = max{x,u}. Due to Lemma 6.2 we can apply Proposition 6.3 to u,. and v to conclude
that

/(uK —0),(x,tp)dx < /(u,( —v),(x,1)dx + // (fuXusxy — fp)dxdt.
Q Q QxI1y.h1n{v<u, }

Since y{,<y, ) CONVEIges t0 y(,cuju(u=v—0; POINtwise as k — 0, we use the Dominated Convergence Theorem to obtain (2.4). Finally, if
u(0) < v(0)and 0 < f, < f,, we see that the last integral on the right-hand side of (2.4) vanishes, and the integrand in the first integral
is non-positive. This leads to the estimate

/ w—v),dx <0,
Qx{r}

for all ¢ € (0, T), which confirms (2.5). [
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Appendix A. Completeness

Lemma A.1. The metric space V"™ is complete.

Proof. Let (T be a Cauchy sequence in qu’m. Then (e, isa Cauchy sequence in L4(2) and (aju;"f e, Isa Cauchy sequence in
LPi(Q). By the completeness of L”-spaces, there is u € L4(Q) and v ; € LPi(Q) for every j € {1,... N} such that

w —uin LYQ), 0u’ — v;in L?(Q) for all j € {1,...,N}.

It is now sufficient to show that v; = 9;u™. If m; > 1 then
mj mj| <« m;—1 m.—1
fu, = u™ | < mp(luge ™™+ |ul™ ™) uyg —ul,

and we can use Holder’s inequality and the fact that g > m; to conclude that u:l/ — " in L'(Qq). If m; < 1 we can instead use the
basic estimate (3.4) with y = 1/m ; to see that

|u:'j —u"i| < cluy, —ul™.

The fact that g > m ; allows us again to use Holder’s inequality and conclude that u:j — u™ in L'(Qy). Thus, for all ¢ € C(Q),

u"i 3, pdxdt = 1im// um‘fd-(pdxdt=—lim[/ 6-um’(pdxdt=[/ v;@dx,
‘//QT J k—o0 Qr k= k—oo Qr 17k Qr J

which confirms that v; = 0,u™. O

Appendix B. Existence of solutions to the approximating problem

This appendix is devoted to the proof of Theorem B.1, which confirms that (5.6) has a solution also in the range p > 2. The theorem
is formulated and proved in a slightly more general setting than required, and the existence of solutions to (5.6) follows by choosing
g=g+ 1l =uy+ 1.

Theorem B.1. Suppose that

n _ -2
A;(x tu,8) = a;(x, L, wl&; 1778,
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with0 < ¢; < a;<¢ and la;(x, t,u) — a;(x,t,0)| < czlu— vl for all x,t,u,v and
g € LPO,T;W'P(Q) N L*(Qr;[0,)), 0,8 € L*(Qr),
£ e L7 (©:10.00)), iy € LX(; [0, c0)).
Then there exists a solution u € LP(0, T; W 'P(Q)) n C([0, T]; L2(Q)) to the problem
du—V-Ax,t,u,Vu)= f in Q,
u=4g on 0Q x (0,7T), (B.1)
u(-,0) = iy in Qx {0}.
—1,
As in the main part of the article, the boundary condition by definition means that u — § belongs to LP(0, T Wop(Q)). If p’ > 2, the
result follows directly from [2, Theorem 2.5] in the case « = 1. In the range 5’ < 2 we define f; := min{/, '} for / € N. By [2, Theorem
2.5] there is a solution w; in LP(0, T; WP(Q)) n C([0,T]; L*(Q)) to the problem
dw; =V - Alx,t,w,Vw)) = f; in Qp,
w, =8 on Q% (0,7), (B.2)
w(-,0) = f in Qx {0}.
Applying the comparison principle of Theorem 3.13 to w; and the zero-function we see that w, is non-negative. The strategy of the
proof is to show that the functions w, converge to a solution to (B.1). For this reason we need the following uniform estimates.

Lemma B.2. The functions w, satisfy

N
// Zlajw,l”/dxdt+ sup /wlz(x,r)dxSCl(f,g,ﬁo,Q,T), (B.3)
Qr jo wel0.T1JQ
// lw, — g7 dxdt < Cy(f, &, iy, Q,T), (B.4)
Qr

for constants C, and C, that are independent of 1.

Proof. Testing the weak formulation of the equation in (B.2) mollified with the reversed Steklov-average with the test function
@ = (w; — &), where { € C((0,T); [0, 0)), we end up with

N w? .
// A(x,t,w,,Vw,)~Vw,§—T[C’dxdts// A(x,t,wl,Vw,)~V§§dxdt—// w; (0,8 + ¢ dxdt (B.5)
Qp Qr Qr

+ / filw, - )¢ dxdr,
Qr

2
where for the treatment of the parabolic term we have used the estimate o, [ﬂ];l < 0,[w,]w;, which itself follows from (iv) in

Lemma 3.4 and the fact that s S— is convex. We treat the term involving f; using Young’s inequality and (3.16) as follows:

// fi(w; — g)é’dxdt<// cIprC+6|w, |”§dxdt<c// |f|pi_,’dxdt+c5// Zld(w, &)|Pi ¢ dxdr, (B.6)
Qr j=

where we also used the fact that 0 < f; < f. We find a lower bound for the first term on the left-hand side of (B.5) side using the
structure condition (5.3) and an upper bound for first term on the right-hand side using (5.2) and Young’s inequality. Combining
these estimates and (B.6) we obtain

// Zw w,|”/§——§ dxdt<c// Z|a gIP¢ + 117 ¢dxdr - // w; (0,8 + 8¢') dxdr.
Qr  j=1 Qr j=1 Qr

Taking ¢ = ¢ f . and passing to the limits § — 0 and 7; — 0 we have

// Z|a w,|? dxdt + = /wl(x ‘r)dx<c// Z|a 817 + 1P dxdr + = / dx—// w,a,gdxdz+/w,g(x,r)dx
Q. Q
// Z|a &1 + 1717 + 19,81 dxdr + L 12|12, /gfz(x,r)dx
@t/

+l/ (x r)dx+—// w[ dxdt,
4 Ja

where in the last step we used Young’s inequality on the terms containing products of w; and g or 9,§. Taking the supremum over =
and noting that the last term can be bounded by

// w; dxdt< — sup /wlz(x,s)dxdtgl sup /wlz(x,s)dx,
0 sel0] 8 ser0,r1Je
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we finally end up with
N N
// ZlajW,|l’/dxdt+ sup /wf(x,r)dxgc// Zlajélpj +|f|[7’ +IaIgA|2dxdt+c||120||229 +c¢ sup /§2(x,r)dx,
or A refo,r1Ja o = L@ e Ja

which is an estimate of the form of (B.3). To prove (B.4) note that, by (3.16), we have

N N
// |w,_g|ﬁdxdt5c/ Zldj(wl_g)|p/dxdr§c// Zlajwlv‘/ +|ajg|l’/ dxdt,
Qr Qr j=1 Qr j=1

and then combine the last estimate with (B.3). O

From (B.3), (B.4) and the structure condition (5.2) we can conclude the following:

1. The sequence (w));2, is bounded in L*(Qr) and thus a subsequence converges weakly in this space to a limit function which we
denote by u.

2. The sequence (w; — §);2, is bounded in L?(Qr) and thus a subsequence converges weakly in this space to a limit which we may
identify as u — g. Thus, u — § € LP(Qy).

3. Each sequence (d;w));2, is bounded L”/(Qy) so a subsequence converges weakly in L?/(Qr) to a function which we may identify
as o;u.

~ /
4. By the structure condition each sequence (4; (., -, w;, Vw));?, is bounded in L (Qr) so a subsequence converges weakly to some
A /
A; € LP1(Qy).

Moreover, the comparison principle of Theorem 3.13 and the fact that f; < f;,; imply that the sequence (w,)}2, is pointwise increasing
almost everywhere. Combining this fact with Mazur’s Lemma we can also conclude that (w));2, converges pointwise a.e. to u.
Since the weak and strong closure coincide on vector subspaces we can conclude that

u—ge PO, T;W. @), (B.7)

i.e. u satisfies the correct boundary condition. By passing to the limit in the equation satisfied by w, we see by the above convergences
that u satisfies the equation

/ A-V(p—ud,(pdxdt=/ fodxds, (B.8)
Qr Qr

for all ¢ € CS(Qp).
Lemma B.3. The function u has a representative in C([0, T]; L*>(Q)) and u(0) = fi,.

Proof. Using the weak formulation as in the proof of [2, Lemma 3.10] in the special case ¢ = 1 we end up with
// %(u—g—w)zé"dxdtz/ A~V(u—§—w)§dxdt+// f(w+§—u)§dxdt+/ (u—§—w)o,(w+ §)¢{dxdr
Qr Qr Qr Qr

where the choice w = [[u — £]l; is admissible. The only difference is the integrability of the source function f, but since u — ¢ lies in
L?(Qp) we still have dual exponents in the terms involving f. Thus, also the proof of the time continuity of [2, Lemma 3.11] works in
the current setting: we are able to approximate u essentially uniformly with the functions g + [u — £]; which belong to C([0, T]; L?(Q))
due to the properties of § and the exponential time mollification. In order to prove that u(0) = i, we test the equations for w; and u
with ¢ = H;(1){ ()w(x) where w € C(Q) and pass to the limit / — o as in Section 5.4. [

It remains to show that u satisfies the equation in (B.1).

Lemma B.4. The function u satisfies the identity

/ A-V(u-g)dxdr = %||a0||2LZ(Q)-%||u(T)||2L2(Q)+// f(u—g)dxdt—/ﬁog(O)dx+/ug(x,T)dx—// ud,gdxdr.  (B.9)
Qr Qr Q Q Qr

whereas w; satisfies

// A(x,t,wy, V) - V(w, — §)dxdr = %||120||22(9)_%llw,(T)lliz(Q)+// f,(w,—g)dxdt—/ﬁog(O)dx (B.10)
Qr Qr Q

+/w/§(x,T)dx—// w,; 0,8 dxdt.
Q Qr

Proof. Both identities are essentially versions of [2, Lemma 3.13] in the case « = 1 except for the fact that the integrability assumption
on f is different. In the proof of (B.9), any terms involving f can be treated using the fact that u — & is in L?(Q;) due to (2), and the
fact that f € L? (Q7) by assumption, so that also in the current setting we have dual exponents in these terms. [

Lemma B.5. For a suitable subsequence still labeled (w));? | we have that (d;w));, converges pointwise a.e. to d;u for every j € {1,...,N}.
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Proof. We define
N

hy o= (ACetwy, Vioy) = AGx, 1wy, V) - (Vwy = Vi) = ) a; (et w)(10,w; 17 720,w; — 10;u]P5720,u)(0; w0, — 9;u)
j=1
N
> ¢ 3 (10;uwy17720;uw; — 10;ul?i~20;u)(0; 1w, — 0;u).
j=1

On the other hand
(Ax,t,wy, Vwy) = Ax, t,w;, V) - (Vw, — Vi) = A(x, t, w;, Vw)) - (Vw; — V) + A(x,t,w;, Vw)) - (Y — Vi)
— A(x,t,w;, Vu) - (Yw, — Vu)
=i +iy —is.

We have

N
I = // iydxdt = Z// (aj(x,t, w,)—aj(x,t,u))|aju|p!_20ju(()jw, —6ju)dxdt+// A(x,t,u, Vu) - (Vw; — Vu)dxdr.
Qr j=1#Qr Qr

The integrals in the sum are seen to vanish in the limit / — co due to Holder’s inequality, the boundedness of the sequence (d;w));2, in
L%/ (Qy), the continuity of a;(x,,u) with respect to u, the pointwise convergence of w; to u and the Dominated Convergence Theorem.
The last integral vanishes by the weak convergence of the derivatives (9;w));2,. Thus,

lim I; = 0. (B.11)

—00

By (4) we have

I, :=// izdxdt—>// A - (V§ - Vuydxdt. (B.12)
Qr -0 Qr

We use (B.10) to write

I :=//Q ildxdtz%||120||2LZ(Q)—%llw,(T)llsz(m+[/g f,(w,—gr)clxdz—/ang(omx+/Qw,g(x,r)dx—//Q w;0,8dxdt.
T T T

(B.13)

We can calculate

// Ji(w; —g)dde=// f(w,—g)dxdt+// (fi = Hw; — §dxds (B.14)
Qr Qr Qr

— [ ru-paxa

I—00 QT

where we use the weak convergence established in (2) to treat the first integral on the right-hand side on the first line. The second
integral on the right-hand side vanishes in the limit due to the uniform bound (B.4), Holder’s inequality and the Dominated Con-
vergence Theorem. Since (w,(T D52, is bounded in L?(Q) we may, after passing to a subsequence, assume that (w(T));2, converges
weakly in L%(Q) to a limit function which may be identified as u(T) by testing the equations for u and w; in a suitable manner, as
done in the main existence proof of this paper. The weak convergence then implies that

timinf{|w, (T3, o) 2 a5 g - (B.15)
Using (B.14) and (B.15) in (B.13) we end up with
limsup 1, < oI, g, = DI, o +//Q flu—g)dxds - /ang(md“/gug(x, T)dx—//Q ud,g dxdr (B.16)
T T

/ A-Vu-g)dxds,
Qr

where in the last step we also used (B.9). Combining (B.11), (B.12) and (B.16) we have

lim sup// h;dxdt = 0.
IS Qp

Since h; is non-negative this means that (,);2| converges to zero in L'(Qr) and by passing to a subsequence we may assume that &,
converges pointwise a.e. to zero. By the definition of 4, this means that (d;w,);?, converges pointwise a.e. to o;u. O

Proof of Theorem B.1. The pointwise convergence of (d;w,);2, to 0;u established in Lemma B.5, the pointwise convergence of w; to u

and the continuity of a (x, t,u) Wr.tu show that (A(x, 1, wy, Vwy))2 | converges pointwise to A. Thus, a standard application of Mazur’s
lemma as in the proof of our main existence result shows that

A = A(x,t,u, Vu).

Combined with (B.8) this confirms that u satisfies the equation in (B.1). By Lemma B.3 the initial condition in (B.1) is satisfied and
by (B.7), the boundary condition in (B.1) is also satisfied. O
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