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Abstract

We develop, and implement in a Finite Volume environment, a density-based approach for the Euler equations written in
conservative form using density, momentum, and total energy as variables. Under simplifying assumptions, these equations
are used to describe non-hydrostatic atmospheric flow. The well-balancing of the approach is ensured by a local hydrostatic
reconstruction updated in runtime during the simulation to keep the numerical error under control. To approximate the
solution of the Riemann problem, we consider four methods: Roe-Pike, HLLC, AUSM™-up and HLLC-AUSM. We assess
our density-based approach and compare the accuracy of these four approximated Riemann solvers using two classical
benchmarks, namely the smooth rising thermal bubble and the density current.

1. Introduction

It is common practice to divide numerical methods for the solution of the Euler equations into two
main categories: density-based and pressure-based. Both techniques compute the velocity field from the
momentum equation, however they differ in the practical use of the continuity equation. In density-
based approaches, the continuity equation is used to obtain the density field and the pressure field is
computed from the equation of state. On the other hand, in pressure-based approaches, the pressure field
is computed from a pressure correction equation (called Poisson pressure equation), which is obtained by
manipulating continuity and momentum equations. See, e.g., [1].

Traditionally, pressure-based solvers have been designed and mostly used for incompressible and
weakly compressible flows, while density-based methods were originally developed for high-speed com-
pressible flows. We are interested in the numerical simulation of non-hydrostatic mesoscale atmospheric
flows, which are governed by the mildly compressible Euler equations. Hence, in our first attempt to
design an efficient solver for these equations, we have chosen a pressure-based approach [2—6]. This solver
is part of GEA (Geophysical and Environmental Applications) [7], a Finite Volume-based open-source
package specifically designed for the quick assessment of new computational approaches for the simula-
tion of atmospheric and ocean flows. Despite the fact that atmospheric flows are mildly compressible,
the vast majority of the software packages for weather prediction adopts density-based approaches. So,
although our pressure-based solver yields accurate results when compared to data in the literature, we
present here a density-based solver, which is also going to be featured in GEA.

Density-based approaches typically employ a Riemann solver for the numerical approximation of the
flux function. For many practical applications, it is extremely expensive to solve the exact Riemann
problem as it is a fully non-linear system of equations [8]. Thus, approximate Riemann solvers were
developed to capture the main features of the Riemann problem solution at a reduced computational cost.
See, e.g., [9-14] and references therein. In this paper, we compare the results given by four approximate
Riemann solvers: Roe-Pike [10], HLLC [11], AUSM*-up [13,15] and HLLC-AUSM [13,15,16]. Since we
are interested in nearly hydrostatic flows, these approximated Riemann solvers are employed within a
well-balanced scheme, i.e., a scheme that preserves discrete equilibria, inspired from [17,18].
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We test our well-balanced density-based solver against numerical data available in the literature for
two classical benchmarks for mesoscale atmospheric flow: the smooth rising thermal bubble [19,20] and
the density current [21,22]. We show that when one uses a relatively coarse grid, there are noticeable
differences in the solutions given by the different methods to approximate the flux function, however
such differences become less evident as the mesh is refined. In [23], the authors state that there are
no discernible differences in the results obtained with different Riemann solvers when using a Spectral
Element method or a Discontinuous Galerkin method for the same benchmarks. However, they present
only results with a given mesh, presumably the finest considered. Since the level of mesh refinement
is typically a compromise between desired accuracy and required computational time with the available
computational resources, it is important to show how the solution changes when different Riemann solvers
are adopted so that one can make an informed decision on what Riemann solver to use for a given mesh.
We found that, unless the mesh is very fine, the Roe-Pike and HLLC methods give over-diffusive solutions.
Both the AUSM™*-up and the HLLC-AUSM methods are less dissipative and thus allow for the use of
coarser meshes. In particular, the HLLC-AUSM method is the one that gives the best comparison with
the data available in the literature, even with coarser meshes.

The rest of the paper is organized as follows. Section 2 presents the model, i.e., the mildly incompress-
ible Euler equations. Section 3 and 4 discuss the space and time discretization, respectively. Numerical
results are shown in Section 5, while some concluding remarks are reported in Section 6.

2. Problem definition

We consider the dynamics of dry atmosphere in a fixed spatial domain ). Let p be the air density,
u = (u,v,w) the wind velocity, p the fluid pressure and e the total energy density. Moreover, let ¢, be
the specific heat capacity at constant volume, T" the absolute temperature, g the gravitational constant,
and z the vertical coordinate. We write the total energy density as the sum of three contributions:
uf?
(1) e=U+K+®, U=c¢,T, KZT’ d =gz,

where U is the internal energy density, K is the kinetic energy density, and @ is the gravitational energy
density. The compressible Euler equations state the conservation of mass, momentum and energy in 2
over a time interval of interest (0,%¢]:

0

(2) £+V.(pu):0 inQX(O,tf],
a ~

(3) ((,;):)—FV'(pu@u)—i-Vp—i-pgk:O in Q x (0,tf],
0

) (apte)Jrv'(peu)Jrv.(pu):o in Q x (0,y],

where k is the unit vector aligned with the vertical axis z. Let v = z—f, where ¢, is the specific heat

capacity at constant pressure. System (2)—(4) is closed by a thermodynamics equation of state for p
which, based on the assumption that dry air behaves like an ideal gas, is given by

(5) p=pRT =pU(y—1) = pc,T (v - 1),

where R = ¢, — ¢, is the specific gas constant of dry air.

Although this section is devoted to the model at the continuous level, in anticipation of the results
presented in Section 5, we point out that at the numerical level artificial diffusion is typically introduced
for stability. One way to do so is to adopt a Large Eddy Simulation (LES) model (see, e.g., [4,24]). LES
models amount to adding an artificial diffusion term to the momentum and energy equations:

o ~

(6) (ap:) + V- (pu®u)+ Vp+ pgk — pigAu =0 in Q x (Oatf}a
d(pe) Ha nmr_ ;

(7) T + V- (pue) +V - (pu) — CpFTAT =0 in € x (0, 4],
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where p, is an artificial diffusivity coefficient and Pr is the Prandtl number. The definition of u, varies
depending on the LES model. In order to compare with well-knows results in the literature, in Section 5
we will consider u, constant in space and time since this is what is done in the references. Nonetheless,
the approaches described in this paper can be use with more sophisticated LES models.

We are interested in nearly hydrostatic flows, i.e., flows originating by a small perturbation of the
hydrostatic balance condition characterized by pressure pg and density pg such that:

(8) Vpo + pogk =0
Thus, we split pressure and density into mean hydrostatic value and fluctuation over the mean:

(9) p(x,t) = po(z) +9/(x, 1),
(10) p(x.t) = pol=) + p'(x.1),

where x = (z,y, z) is a point in the computational domain. Details on the importance of this splitting
can be found in, e.g., [25].

For the purpose of rewriting equation (2), (6) and (7) in compact vector form, let q = (p, pu, pe) be
the solution vector. We define the numerical flux

pu
(11) F(q)=|pu@u+pl|,
(pe+p)u
where I is the identity matrix, and source term
0
(12) S(q) = | —pgk
0

Finally, we introduce diffusion vector I' = (O, — g, —cp%> and tensor
T
0 0 O
(13) D=0 u 0
0 0 T

Then, we rewrite equations (2), (6) and (7) as:

(14) %4 4V ¥(a) - PAD(q) = S(a).

A quantity of interest for atmospheric problems is the potential temperature:

R
<p>cp

) ™= - )
Dy

where p, = 10° Pa is the atmospheric pressure at the ground. Similarly to the pressure and density, we
split 6 into mean hydrostatic value 6y and fluctuation over the mean 6’

(15) 6 =

A4

0(x,t) = 0o(2) + 0 (x,1).
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3. Space discretization

For the space discretization, we adopt the finite volume approach. We partition the domain 2 into
cells or control volumes §2;, with ¢ = 1,..., N., where N, is the total number of cells in the mesh. Let
A = A;n; be the surface vector of each face of the control volume, with n; the unit normal vector and
with j=1,..., M.

Let us start with the hydrostatic balance. Following the framework introduced in [17,18], we determine
the local hydrostatic reconstructions within each control volume €); in order to obtain a well-balanced
approximation. If in (15) we plug the hydrostatic value for all variables, we obtain

-2
bg to

From (5), we have Ty = po/(poR), which plugged into the equation above and after some manipulation

leads us to:
( poRbo ) K
Po = Pg .
Py

By differentiating the equation above with respect to z, we get:

) R\"[ po - 06y
™= < ) [v'ooﬂg 05+ 500 1p3]~

9z Py pj, 0z 0z
Since from (8) we have that % = —pog, we obtain
R\"0po 41 R\ 960y -1
- - 97 - _ _ i 79’7 9
Pg <pg) 02 YPo 0 P09 — Pg Ds Y 92 0 Po>
which can be rewritten as:
dpo poyg 90\ 1 1
92 (pg) RE vy 0

To have the local hydrostatic reconstruction within each control volume €;, we integrate equation (16)
over the interval [z; — Az; /2, z; + Az; /2], where z; is the vertical coordinate of the cell center of §2; and Az;
is the local vertical mesh size, using the condition po(z = z;) = po(z;), which is cell average density. Notice
that, alternatively, po(z;) could be computed by a global hydrostatic reconstruction used for entire vertical
columns in case the mesh is structured vertically (as is usually the case). See, e.g., [26,27]. The approach
adopted to solve equation (16) could heavely impact the robustness of the numerical method [17,18]. Since
we focus on nearly hydrostatic flows with uniform background potential temperature, we can analytically
integrate equation (16) to obtain:

(17) poi(2) = <P0(Zi)7_1 - Pv;lg(z - Zi)) i [z — Azi /2, 2 + Az /2],
where

~ po(z)”
(18) P = oo(21)

Note that po;(z) denotes the hydrostatic reconstruction of density within the control volume €;.
Equation (17) is equivalent to:

(19) p0,i(2) = Ppo,i(2)” in [z — Az/2, 2 + Az /2].

109



N. Clinco, M. Girfoglio, A. Quaini, G. Rozza

The integral form of equation (14) on each volume €2; is given by:

8qu+/ V-FdQ—F/ ADdQ:/ Sdf.
o, Ot Qi Qi Qi

By applying the Gauss-divergence theorem, the equation above becomes:

)
(20) qu+/ F.dA - T VD-dA:/SdQ.
q, Ot 09 9 o8

The discretization of the diffusion term in (20), i.e., the third term at the left hand side, gives:

(21) VD -dA~) VD, A;,

12195 :

J

where VD is the gradient of D at face j. On a structured, orthogonal mesh (see Figure 1), a second

order approximation of VD, is given by subtracting the value of D at the centroid of cell {2; from the

value of D at the centroid of €2;4; and dividing by the magnitude of the distance vector d; connecting
the two cell centroids:

D;y1—D;

(22) VDJ' ’ Aj = |dj|

Al

For non-structured, non-orthogonal meshes, one has to add an explicit non-orthogonal correction to the
right-hand side of (22) in order to preserve second order accuracy. See [28] for details.

D; A, Dit1
T T
[ 1
Q |d;| Qi1

Figure 1. Close-up view of two orthogonal control volumes.

For the discretization of the source term in equation (20), i.e., the term at the right hand side, we
follow [18]. Let

0 0
(23) So(a) = [ —pogk |, So(a) = | ro
0 0

Using (8) and then applying the Gauss-divergence theorem, we can write:
(24) / Sds %/ SodQ :/ VpodQ :/ So - dA ~ Zéo,j-Aj/ So-dA.~ - Sy, Aj,

where vagyj is the value of Sy at face j which is computed by using equation (19).
The discretization of the flux term in (20), i.e., the second term at the left hand side, requires more
attention. Hence, we treat it in a dedicated subsection.
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3.1. Treatment of the flux term

The discretization of the flux term in (20) gives:

(25) / F-dA~) fjAj
o9, i

where £, = F; - n; denotes the numerical flux through face j of ;. We choose to denote f; as a vector,
although for the first component of F; in (11), i.e., pu, the dot product with n; gives a scalar, and
similarly for the third component of F;. In the case of incompressible flows, the evaluation of f; requires
only interpolation from neighbouring cells. However, for compressible flows, fluid properties are not only
transported by the flow, but also by propagation of waves [29]. Thus, the numerical flux is obtained from
the solution of a Riemann problem at the cell interfaces

(26) f; = FlaL,;,qdr,)

where F is the adopted Riemann solver and qr, ; and qg ; the left and right state at face j. See Figure
2, where q; and q;41 are the average solution vector in control volumes €2; and ;1. Next, we describe
how to compute qr, ; and qr ; to have an equilibrium preserving reconstruction within £2;.

0, Qi1

Figure 2. Close-up view of two non-orthogonal control volumes.
Recall splitting (9) and (10) for density and pressure. In each cell ;, these splittings become:
(27) pi(x,t) = po.i(2) + Pi(x, 1),
(28) pi(x,t) = po,i(2) + pi(x, 1),

with poi(2) given in (19) and pgi(z) in (17). The perturbation is reconstructed with a standard piece-wise
linear approximation. For the sake of clarity, we present this reconstruction in 1D. Extension to higher
dimensions is not complicated, but notation can become cumbersome. In €2;, we have:

(29) iz, t) = pi(zi, t) + L(p;)(z — 27),
(30) pi(a,t) = pi(wi t) + L(p)(x — 23),
where

(31) L(p;) = L (Di—1(p), Dita1(p)),
(32) L(p;) = Z(Di—1(p), Dit1 (),

are the slopes of the pressure and density perturbation with the application of a proper limiter .Z. We
adopt a monotonized central limiter [30]. Moreover, following [17,18] we set

pi(xi) — pi(@i-
(33) Dya(p) = LI oty = i ) o),

(34) Di_1(p) = pi(i) — py(wi—1)

! - t) = C ) — (2:).
T —xio1 pili 1) = p(@i,t) — po.i(z)
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A standard piece-wise linear reconstruction is also applied to the velocity u. We omit the formulas
for u, since from the formulas above for the reconstruction of a scalar fluctuation one can easily write
down the formula for each velocity component. Once u; is computed in every £2;, one uses equation (5)
to compute temperature T; and equation (1) to compute the total energy density e;.

Finally, we can write the interface solution vectors qr, ; and qg; in 1D:

qar,; = q(z; + Az;/2), drj; = d(ziy1 — Aziy1/2).

Now that we have qr; and qgrj, equation (26) is completed with the choice of Riemann solver F.
Several options are available in the literature for the computation of f; (26). See, e.g., [9-14]. In this paper,
we will compare the results given by four approaches: Roe-Pike [10], HLLC [11], AUSM™-up [13,15] and
HLLC-AUSM [13,15,16]. These methods are briefly explained in the subsections below.

For simplicity of notation, from now on we will drop the j index from qr, ; and qg, i.e., we will use
qr, and qpr with the understanding that we are referring to face j in cell §2;. Similarly, we will drop the
Jj index from n;.

3.1.1. The Roe-Pike method

Perhaps, the best known of all approximate Riemann solvers is the one due to Roe [9]. The Roe-Pike
method represents an improvement over the classical Roe method. See [10] for details.
In the Roe-Pike method, one first computes the Roe average between left and the right state values:

~ ~ .~ ~ ~ _ /PLUL+t \/PRUR
p=+pLpr, u=(u,0,w)=
VPL + /PR
~ hr, + h - ~
h= YPRLINPRIE G\ - 1)(h - K),
VPL + /PR
where h = U 4 p/p + K is the total enthalpy and @ is a modified speed of sound.
Then, one sets

&1:%32(2%—}7}%—56(1%—“1%))’ &2:(pL—PR)_]%7

a3z = p(vr, —vR), Q4= p(wy —wR), a5 = %(m —pr + paur — ur)),
and
(35) M=U—0 Md=A=M\=10 I =1u+a.

With a = (a,0,0), we define

1 1 0 0 1
(36) T = ji—a ,ro=lu|,r3=|e|, 4a=]e3]|, 5= Nﬁ—l—ﬁ ,
h —ua K v w h + ua

where es and ez are the second and third column of the identity matrix of size 3.
At this point, we have all the ingredients to compute the numerical flux:

5

1 1 o~
(37) f; = 5 (flaz) +f(ar)) - 2;ak‘)\k|rk,
where
prur -1 PRUR - 1
(38) flar) = [ prur®@ur-n+prn |, f(qr) = | prUR ® ur -0+ pgn
(prer +pr)ur -n (preRr + PR)UR -1
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3.1.2. The Harten-Lazx-van Leer contact method

The Harten-Lax-van Leer contact (HLLC) method is an improvement to the classical Harten-Lax-van
Leer Riemann (HLL) solver to solve systems with three or more characteristic fields. It was introduced
to avoid the excessive numerical dissipation of HLL for intermediate characteristic fields. We consider a
version of HLLC for the time-dependent Euler equations presented in [11].

The definition of f; in this method requires the left and right wave speed:

(39) SL:uL-ﬁ—aL, SR:uR~ﬁ—(IR,
and the so-called middle wave speed S* defined as:

g _ (pr —pr) + prup -0(Sp, —ug -n) — prug - N(Sg — ug - N)
pr(Sp —ur -n) — pr(Sg — ugr - n) '

(40)

In equation (39), ar, and ap are the left and right speed of sound:

pbL PR
(41) ap = Y, ar = Y-

The numerical flux is computed as:

(q7) if S*>0>5g,
(ap) if Sp=>02>S",
(ar)

f
f
(42) f=1{
£ if Sp<0,

where f(qr) and f(qg) are given by equation (38) and

1 (Sa —uq - M)pa
(43) f(ay,) = o (Sa —uq - N)pouy + (p* —pa) |, with a=R,L.
L (Sa —Uq - ﬁ)paea + (p* - pa)S*

In (43), p* is given by
(44) p* = pr(up -0 — Sg)(ur -0 —5") +pg.

3.1.3. The AUSM™ -up method

The AUSM™-up is an extension of the original advection upstream splitting method (AUSM) aimed
at improving the accuracy in applications involving for low Mach number flows [12,13].
The numerical flux f; is computed as follows:

™+ |m m— |m
(45) R ]
with
1 1 0
®p=|u,|, Pr=|ur|, N=|n
hr hr 0

In equation (45) 1 is the mass flow rate and p is the so-called interface pressure [12,13]. Below, we explain
how to compute these two quantities.
Let us start with p. Let M and Mg be the normal left and right Mach number

uz-n up-n aR +ar,
Mp = ;o Gy =

46 ML - 5 )
(46) ai/o ai/o 2
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where a7, and ap are defined in (41).
Then, p is given by
(47) p= 27 (Mp)pr + 27 (MR)pR + pus

where Z:5(1) is a polynomial defined as [12]:

M if |M|>1,
(48) PE(M) =
MFE [(£2 — M) F 3MM]] otherwise,
with
(49) M = %(M + M), M= %(M L)

In equation (47), p, is a diffusion term introduced to damp the pressure oscillations generated in the
limit M — 0. See [13] for details.
To compute the mass flow rate 7, we need to define

(50) M = 2§ (My) + 25 (Mg) + My,
where 225 (-) is a polynomial defined as:

M5 if |M|>1,

51 PEM) =
(51 2 (M) {M;t(l F MJ) otherwise.

Just like p, in (47), M, in (50) is a diffusion term. See [13] for details. Finally, 72 is given by

(52) = {CLl/ZJ\sz if M > 0,

ajoMpr otherwise.
3.1.4. The HLLC-AUSM method

The HLLC-AUSM method [13,16] combines the solution of the HLLC and AUSM approximate Rie-
mann solvers to create an extension of the HLLC method suited for low Mach number flows.
The numerical flux f; is computed as follows:

m+ | m — |
(53) fj:QHQ’LJrH Rk + PN,
where
0 0
o 0 ;o 0
L=+ Sy (p*—pr) |’ Pr=Pr Sk (p* — pR)
pr (Sp —uy - n) pr (Sk —ug - n)

Then the mass flow rate i is given by:

(54) o prur -0+ St (p; —pr) if S* >0,
pRUR -0+ Sg(pf — pr) otherwise,
where
Sa — Uy -1
(55) pr="20"Ua 1, W —RL.

So — S*
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4. Time discretization

While space discretization of problem(14) is rather involved, time discretization is rather simple. This
is the reason why we chose to present space discretization first.
Let us start by noting that we can conveniently rewrite the space-discrete version of system (20) as:

dq;
ot

with

Li(@)=—> So; +TY VD, - fA;.
J J J

To discretize (56) in time, we consider a time step At € RT. Let t" = nAt with n = 0,1,..., Ny and
ty = NpAt. We denote with f" be the approximation of generic variable f at time ¢".

We adopt a fully explicit fourth-order Runge-Kutta scheme [31] that applied to equation (56) reads:
find g7*! such that

At

(57) Q' =q'+ 5

(K1 + 2K, +2K3 + Ky),
where

At K
K, :,Ci(tn,qn), K> :ﬁz(tn+7,qn+At7l),
At K

K = Li(t" + 5 q" + At%), Ky = L;(t" + At,q" + AtKs).
We chose this scheme because it introduces little numerical dissipation. Lower order methods, like, e.g.,
BDF2, would lead to over-diffusion. We note that this is not the case for a pressure-based solver. See,
e.g., [2] for numerical results obtained with a pressure-based solver and BDF1 that do not display over-
diffusion.

Remark 1. In Section 3, we have described how one could build a well-balanced scheme in theory.
However, in order to mitigate the numerical error [17,18], the local hydrostatic profiles, pg;(z) and
po,i(%), defined in (17), (19) and used in (24), (27)-(28), (33)-(34) are updated at each time step: they
become py (z,t") and po;(z,t") computed from (17), (19) where po(z;) is replaced by the cell average
density at the current time instant po(z;, ¢"). Notice that pl(z;, t") = p}(z;,t") = 0, i.e., the equilibrium
reconstructions equal the total cell averages [17].

5. Numerical results

The goal of this section is to compare the accuracy of the different methods for the computation of the
numerical flux presented in Section 3.1. For this, we consider two classical benchmarks: the smooth rising
thermal bubble [19,20] and the density current [21,22]. Both tests involve a perturbation of a neutrally
stratified atmosphere with uniform background potential temperature over a flat terrain. Therefore, before
reporting the results for the two benchmarks, in Section 5.1 we show that an unperturbed stratified
atmosphere with uniform background potential temperature over a flat terrain remains unchanged up to
a certain tolerance. This is important for illustrating the well-balanced property of our solver. Then, our
results for the smooth rising thermal bubble benchmark are presented in Section 5.2, while Section 5.3
reports the results for the density current test.

We would like to point out that neither the rising bubble nor the density current benchmark has an
exact solution. Hence, one can only have a relative comparison with other numerical data available in
the literature.

All the simulations in this section have been carried out with GEA [7].
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5.1. Hydrostatic atmosphere

We consider an initial resting atmosphere over a flat terrain. A well-balanced scheme is expected to
maintain the atmosphere still for a long time interval with a reasonable accuracy. The computational
domain in the zz-plane is Q = [0, 16000] mx [0, 800] m?. In this domain, the hydrostatic atmosphere,
initially at rest, is free to evolve until ¢ = 25 days [2,18,24]. We impose a no-flux boundary condition at
all the boundaries. The initial potential temperature is §° = 300 K.

We consider a uniform mesh with mesh size h = Az = Az = 250 m [2,18] and we set the time step
to At = 0.1 s. Figure 3 shows the time evolution of the maximal vertical velocity wpq.. We see that in
the “worst” case (HLLC-AUSM method) W, does not exceed le — 9 m/s over the 25 day period. All
the other methods keep the value of w4, even lower.

1078

107°

M

10—10

Wmax

10-11

—— Roe-Pike
10-12 HLLC

—— AUSM*-UP
—— HLLC-AUSM

10-13
0 5 10 15 20 25

days

Figure 3. Hydrostatic atmosphere: time evolution of the maximal vertical velocity wmaa for all the methods for the
computation of the numerical flux under consideration.

We conclude that all methods to compute the numerical flux considered in this paper preserve the
hydrostatic equilibrium with reasonably good accuracy.

5.2. Smooth rising thermal bubble

For this benchmark, the computational domain in the zz-plane is = [0, 1000] x [0, 1000] m? and the
time interval of interest is (0, 600] s. The initial potential temperature profile is

0.5
(58) 6° = 300 + 5 [1 + cos (W)} ifr <r,=250m, 6°=300otherwise,

Tc

where 7 =+/(x — 2.)2 + (2 — 20)2, (¢, 2¢) = (5000,2000) m is the radius of the circular perturbation.
The local (i.e., in each cell) initial density is given by equation (17). The initial velocity field is zero
everywhere. The initial total energy is given by:

(59) L=U"+0

where ® = gz and U = ¢,T°, with T° that can be computed from 6° in (58). No-flux boundary conditions
are imposed on all walls.

We consider two meshes with uniform resolution: h = Az = Az = 2.5,5 m. We set At = 0.05
s. Furthermore, following [3] in (6)-(7) we set p, = 15 m?/s and Pr = 1. We compare our numerical
results with the results reported in [3,20]. The results in [20] are obtained with a density-based approach
developed from a Godunov-type scheme, similar to the approach used in this paper, but Discontinuous
Galerkin and Spectral Elements methods are used for space discretization. For this reason, we considered
also the results from [3], which were obtained with a different approach (i.e., pressure-based) but with
the same space discretization method (i.e., a Finite Volume method in GEA [7]).

Figure 4 shows the potential temperature perturbation computed at ¢ = 600 s with mesh h = 2.5 m
and all the methods for the computation of numerical flux in Section 3.1. We notice no visible difference
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Figure 4. Rising thermal bubble: perturbation of the potential temperature computed at ¢ = 600 s with mesh h = 2.5 m
and the Roe-Pike (top left), HLLC (top right), AUSM™-up (bottom letft), and HLLC-AUSM (bottom right) methods.

in the solutions given by the different methods. Moreover, we have very good qualitative agreement with
the results in [3,20]. For an easier comparison with the results in [3,20], Figure 5 depicts the profile of
the potential temperature perturbation along z = 700 m at ¢t = 600 s. The reference values from [3,20]
correspond to mesh size h = 5 m, while we show the results for h = 2.5, 5 m. We see that all the curves are
rather close to each other, with the following minor exceptions: around the maxima for both A = 2.5,5
m and around x = 300 and x = 700 for h = 5 m. In addition, our approach does not exhibit the same
oscillations, supposedly numerical, around x = 200 and = = 800 as in [20].

For a more quantitative comparison, Table 1 reports the maximum and the minimum value of the
velocity components. Overall, the best agreement with the data from [3,20] is for the values given by
the HLLC-AUSM method. The AUSM™-up scheme is slightly more dissipative, while the ROE-Pike and
HLLC methods dissipate even more.

Table 1. Rising thermal bubble: maximum and minimum values of the horizontal
component u and vertical component w of the velocity at ¢ = 600 s.

Method h (m) | wmin (m/s) | Umaz (m/S) | Wmin (M/S) | Wmaz (m/s)
Ref. [20] 5 -2.16 2.16 -1.97 2.75
Roe-Pike 5 -1.65 1.65 -1.60 2.47
Roe-Pike 2.5 -1.80 1.80 -1.68 2.50
HLLC 5 -1.62 1.62 -1.60 2.46
HLLC 2.5 -1.80 1.80 -1.68 2.50
AUSM T -up 5 -1.75 1.75 -1.65 2.50
AUSM™-up 2.5 -1.87 1.87 -1.70 2.50
HLLC-AUSM 5 -1.85 1.85 -1.69 2.48
HLLC-AUSM | 2.5 -1.92 1.92 -1.71 2.51
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Figure 5. Rising thermal bubble: profile of the potential temperature perturbation along z = 700 m at ¢ = 600 s given by
the different methods to compute the numerical flux with mesh A = 2.5 m (left) and mesh A = 5 m (right). Reference 1 is
taken from [20], while Reference 2 is from [3].

5.3. Density current

The computational domain of this benchmark is © = [0, 25600] x [0, 6400] m? in the zz-plane and the
time interval of interest is (0,900] s. The initial potential temperature profile is

1
(60) 0 = 300 — ?5 [1+ cos(nr)] if r <1, 6° =300 otherwise,

2 2
where r —\/(‘T—m‘> + (%) , with (z,,2,) = (4000,2000) m and (x.,z.) = (0,3000) m. The local

zr
initial density field is given by equation (17). The initial velocity field is zero everywhere. The initial
total energy is given by equation (59). No-flux boundary conditions are imposed on all walls.

We consider four meshes with uniform resolution: h = Az = Az = 200, 100, 50, 25 m. We set At = 0.05
s. Furthermore, in (6)-(7) we set y, = 75 m?/s and Pr = 1 as done in [2,21,22].

Figure 6 illustrates the perturbation of potential temperature ¢’ at ¢t = 900 s computed with all the
meshes and all the methods for the computation of the numerical flux in Section 3.1. With the finest
mesh (h = 25 m), all the methods are able to capture a clear three-rotor structure, which is in good
agreement with the results reported in the literature for the same resolution. See, e.g., [2,21-24,32]. With
mesh h = 50 m, the three-rotor structure is still well captured by the AUSM™'-up and HLLC-AUSM
methods, while the Roe-Pike and HLLC methods dampen the smallest recirculation. With mesh h = 100
m, the smallest recirculation is significantly damped by the AUSM™-up and HLLC-AUSM methods too.
With the same mesh, the Roe-Pike and HLLC solutions have the main rotor and a prolonged recirculation
resulting from the merging of the smaller rotors. Finally, we see that mesh h = 200 m is too coarse and
no method is able to provide an accurate solution. From now on, we will consider only meshes h = 25, 50
m.

Figure 7 compares the potential temperature perturbation along z = 1200 m at ¢ = 900 s computed
with meshes h = 50,25 m and the data in [23], which refer to resolution 25 m. We recall that the data
in [23] are obtained with a spectral element method and a discontinuous Galerkin method. For this
benchmark, these two methods give results so close that the corresponding curves appear superimposed.
For this reason, we label them just as Reference in Figure 7.

Let us first comment on the results in Figure 7 obtained for mesh h = 50 m (left panel). With
the HLLC-AUSM method, we get results that are in good agreement with the reference values, with the
exception of the negative peaks associated with the two larger rotors. The same mismatch at these negative
peaks is observed also for the AUSMT-up method, which additionally gives a smaller (in absolute value)
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Figure 6. Density current: potential temperature fluctuation 6’ given by all the numerical methods for the flux computation
at t = 900 s with meshes h = 25 m (first row), h = 50 m (second row), h = 100 m (third row), h = 200 m (fourth row).

negative peak for the smallest recirculation. The curves related to the HLLC and Roe-Pike methods,
which are almost superimposed, show larger differences at the negative peaks and are off phase with
respect to the Reference. Looking at the results for mesh h = 25 m (right panel in Figure 7), we see
that the curves obtained with the different methods are almost superimposed. With the exception of
the amplitude of the negative peaks, they are in very good agreement with the reference values. This is
remarkable if we consider that the results in [23] are obtained with high-order methods, while we use a
second order accurate finite volume method.

h =50 m h=25m
0.0 fmemmees J - 0.0 e

-2 . 5 ----- Reference ?0 '2 . 5 """ Reference

9/

—— Roe-Pike —— Roe-Pike
HLLC HLLC
—— AUSM*-UP —— AUSM*-UP
‘5 . O —— HLLC-AUSM _5 O —— HLLC-AUSM
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Figure 7. Density current: potential temperature perturbation 6" along z = 1200 m at t = 900 s given by all the methods
for the computation of the numerical flux with mesh A = 50 m (left) and 2 = 25 m (right). The Reference data are taken
from [23] and refer to resolution 25 m.

The front location for this benchmark is defined as the location on the ground where ¢/ = —1 K.
Table 2 reports the front location at ¢ = 900 s computed with meshes h = 25,50 m. In the table, we
report also the range of mesh sizes (from 25 m to 200 m) and front locations obtained with 14 different
methodologies in [22]. We observe that in all the cases our results fall well within the values reported
n [22]. Additionally, we note that the front locations obtained with mesh A = 25 m are all within 20 m
of each other, in a domain that is 25.6 Km long. This increases to 65 m with mesh A = 50 m, which is
still pretty good given the size of the domain.
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Table 2. Density current: front location at ¢ = 900 s ob-
tained with the different methods and meshes h = 50, 25
m. For reference [22], we reported the range of mesh sizes
and front location values obtained with different meth-

ods.
Method Resolution [m] | Front Location [m)]
Roe-Pike 50 14724
Roe-Pike 25 14780
HLLC 50 14720
HLLC 25 14780
AUSMT-up 50 14885
AUSM T -up 25 14790
HLLC-AUSM 50 14765
HLLC-AUSM 25 14800
Ref. [22] (25, 200) (14533,17070)

6. Concluding remarks

We developed, and implemented in a Finite Volume environment, a well-balanced density-based solver
for the numerical simulation of non-hydrostatic atmospheric flows. To approximate the solution of the
Riemann problem, we considered four methods: Roe-Pike, HLLC, AUSM™*-up, and HLLC-AUSM. We
assessed our density-based approach and compared the accuracy of these four methods through two
well-known benchmarks: the smooth rising thermal bubble and the density current.

We found that the solutions given by the different approximated Riemann solvers differ noticeably
when using coarser meshes. Specifically, unless the mesh is very fine, the Roe-Pike and HLLC methods
give over-diffusive solutions, while both the AUSM™*-up and the HLLC-AUSM methods are less dissipative
and thus allow for the use of coarser meshes. In particular, the HLLC-AUSM method is the one that gives
the best comparison with the data available in the literature, even with coarser meshes. The differences
in the solutions given by the approximated Riemann solvers become less evident as the mesh gets refined.
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