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Abstract

The use of algebraic tools of operational and umbral nature is exploited
to develop a new point of view and to extend the theory of Hermite
polynomials, with more than one variable also of complex nature. The
techniques we adopt includes multivariable/many index Hermite- Kampe-
de-Feriet polynomials of order two and higher. It will be shown that the
treatment, foreseen here, simplifies the study of the relevant properties
and the associated computational technicalities.

1 Introduction

Two variable Hermite — Kampe —deé Feriet (HKdF) polynomials of order

2

n21"1"

Z: (n— 2r Ir! 1)

with generating function

1" ttyt?
E § = 2
— n = 2)

have been shown to be characterlzed by a wealth of properties [1], [2],

which have provided a significantly simplifying tool to study their prop-
erties, get a more thorough understanding of the underlying theory and
enter deeply into the their link with other families of special polynomials
and functions [3]. The ordinary counterparts are just a particular case of
the HKdF and indeed we have [4]
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Hn(x,fg) = Hen(x) 3)

H,(2z,—1) = Hn(z)
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From eq. () we find that, by keeping y = 0, the polynomials reduce the
corresponding monomial in z, namely

H,(z,0) =z" (4)

More in general it has also been shown that they are quasi-monomials [5]
according to the relationships

PH”(x7y) = nH”—l(x7y)
MH”(x7y) = Hn+1($7y)

Where P , M are derivative and multiplicative operators defined as

P=0,
R (6)
M =x+ 2y,

and eventually yields the relevant differential equations satisfied by this
family of polynomials

MPH,(2,y) = nHn(z,y) )

which, in differential form, reads

If y is treated as an ordinary constant (keeping e. g. y = —1/2) eq. ()
reduces to the second order ODE

1 /
z —xz +nz=0

z(z) = Hen(x) ©)

The HKdF polynomials have also appeared in the mathematical literature
under the name of Heat polynomials [6], since they are a “natural” solution
of the Heat equation

H,(z,0) =z" (10)

The previous equation is a straightforward Cauchy problem, which yields,
as corollary, the following operational definition [2]

Hy(z,y) = "% 2" (11)
The higher order Hermite [2]

( ) L%J xn—mryr
" =n! —_ 12
n(@y) =n Z (n —mr)lr! (12)
r=0
with generating function
Nt m S
SO H (@) = e (13)
n=0

satisfy the generalized heat equation [2],[6]



(14)
H™ (z,0) = 2"
and the operational definition
HY™ (2,y) = €% 2" (15)

In this article, we discuss the extension of the previous properties to the
case of Hermite polynomials with complex variables. We start by consid-
ering polynomials of the type

Hy(z,y) > z=x1+iz2 € C,y €ER

16

H,(z,w) > z=z1+izs € C,w =y +iy: € C (16)
namely, order 2 HKdF with one complex and one real and with to complex
variables. The first family (with y a negative constant) has been used to
present a deeper formulations of the theory of coherent states[7][8][9]. It is
evident that, a natural extension of the operational definition in eq. (),
yields

Hu(z,y) = €205 H, (21, y) = e/*20m 4%, g (17)

which can be exploited to derive the relevant generating function (namely
the same in eq.(I) with z instead of =) and the alternative definition in
terms of seriequ

" H,(iz2,y)
Hu(zy)=nl> ﬁx (18)
r=0
Before going further into specific details, we provide an idea of the for-
malism we are going to apply, by studying examples of how the previous
notions are helpful in computations. We consider therefore the following
one dimensional improper integral

+oo
L@b)= [ Hu(z,y)e ™ dy (19)

Re(b) >0

and use the operational definition in eq.(II]) to rewrite the previous inte-
gral as

In(z,b) = E(y,b)z"
. +oo 20
E(y7b) _ / 6y8§e—by2dy ( )

— o0

The operator E(y,b) when acting on the monomial z" | defines a fur-
ther family of Hermite and can be worked out in a non-integral form, by
treating it as a conventional Gaussian integration, namely by keeping the
second derivative in the exponential as an ordinary constant and obtaining

0 52 oo
INote that e'*2%=1T¥9%; — ¥, r(':f%y)a;l



Blu.b) = [Fet @)

Therefore, on account of the previous (3], we eventually find

— 5_41,61 n_ (4)

The conclusion we have just obtained can be stated with other means,
but the procedure, we have followed is remarkable, in its simplicity.

The second example involves the evaluation of integrals of a complex two
variable Hermite, namely

+oo
I1.(81,82,a,b,y) = Ho (1481 +i(z2+82), y)e 13 dayday (23)

— 0o

(note that we have indicated the double integral with fj;o F(x1, xg)e_‘””%_b’”%dxl dzo
instead of using fR2 F(z1, xg)e*‘””f*bz; dz1dz2)

which can be worked out by the use of the generating function method,
developed in [2]. Multiplying indeed both sides of ([23)) by ¢t" and summing

up over the index n, we find

X un
2
n=0

—+ o0
. 2 . 2 2
In(51,527a,b7 y) _ 6(61+162)t+yt / 6(x1+wc2)te axy bx2d$1d$2 _

—o0

3|k

3

— T Gatid)t+(y+gg —g5)t2

Vab
(24)

The exponential function on the rhs of the previous identity can be ex-
panded in HKdF of order 2, namely

X n
U ) LU ; R
e Z H, |61+ 2,y + w0 (25)

and after equating the t-like powers in eq. (23] we can conclude that

1 1
In(61,0,a,b,y) = \/L_an (&H&,wa—ﬂ) (26)
a

In order to underscore the implications offered by the formalism, we dis-
cuss the extension of the previous example to the case (same notation as
before for the integral in R? )

toe a2 —bp2 —cy?
In(617627a7 b7 C) = Hn(£81+51+7,(x2+52)7y)6 axi—bxy—cy dxldedy
) (27)
—azx2—bx2—cz?
(note that [, F(z1, 2, x3)e” **1~ "2~ 3 dz duodrs —
- fj;o F(m17$27333)6_“%_(”%_“%dmldxgdxg )

can be evaluated by the use of the same procedure, which eventually yields



G " (61+1d2)t toe (z1+iwg)t+yt? —ax?—bz3—cy?
E — I, (61,02,a,b,¢c) = e 172 e\ T2 e 4r1Tor2 dridzedy =
n=0 n! -

3/2
7T 6(61+i62)t+%(%—%)t2+41—ct4

Vabe
(28)
The integral can be written in a closed form, using a slightly more general
form of the previously introduced higher order Hermite. The exponential
function on the rhs of eq. (28) is the generating function of HKdF polyno-
mials of order 4. They are multivariable HKdF, defined by the generating
function [10]

>, n 4 s
Z er(L )(xl, T2, T3,T4) = eXs=17st (29)
n=0
where
7w — G HE, (21,22, w3)7
) = T
L3 (30)
3
H _ T
H® (21, 2, 23) = 0 th’?')xi%
— (n—=3n)!
They satisfy the obvious (but important propertyﬁ
H(4) T1,T2,T3, 0) = H(a) T1,T2,T3
o ) = HY (@1,22,25) o

H{Y (21,22,0,0) = Hy(a1,72)

According to eqs. (29) and (28)), the integral (27)) can eventually be written
as

7T3/ (4) 1 1
[n(617627a7 b7 y) (61 +1527 4a 4_b7074_c) (32)
vabc

Let us consider the case of two complex variables and note that

o0 n
tn 2 2 . . .
Z mHﬂ _ ezt+wt _ ex1t+y1t emzt-HyQt = Z Hn(mh y1|7,x27 zyg)
n=0 s=0
~ n
Hy(z1,y1)ima, iy2) = Z <8> Hy s(x1,y1)Hs (2, iy2) =
s=0

= e_'”a o H103, (z1 + iz2)"

(33)

and the use of the integration procedure, developed before, leads to

2
™ 16— ld—c
I(61,02,a,b,¢,d) = ——=H" (61 +id2, ~ —,0,— 34
”(1 2,Q,0,C ) \/m 1+ 102 ab 4 cd ( )
In this introductory section we have fixed the main lines of the formalism,
we will develop in the forthcoming sections, where it will be exploited
to treat , among the other things, integrals involving products of two
complex variables Hermite polynomials.

2The superscript (2) is not explicitly mentioned, unless specifically needed.



2 Two-index Complex Hermite

Before entering into the specific details of this section, we introduce the
two index/two variable Hermite, originally proposed by Hermite himself
[IT][A] and reformulated, in a different context, in [12][2] where they have
been defined as

min[m,n]
) _ Terfr(xvy)Hn*T(sz)
Hon(w,ys zywlr) =mint 3 —— P Sy (35)
=0

z,y,z,w, T € C

The relevant generating function is provided by the following extension of
the single index counterpart

= um vn Tu+ u2+zv+wv2+ruv
> — —Humu(z,y;2,w|r) = ™ (36)
m! n! ’
m,n=0
where “tau” has the role of entanglement between the couple of variables
(z,y) and (z,w). In operational form the polynomials in eq. (B3] can be

written as

yai-ﬁ—wai h

Hm,n($7y§27w|7') =€ m,n(m7z|7')

min[m,n] r ome—r

homn (@, 2|7) = mint Y m (37)

hmon(x, 2|T) = e Omw (z™y™)

where A, (2, 2|7) are the incomplete Hermite polynomials discussed in
[13][14].

These elementary properties are useful for practical purposes. Let us now
consider the integral

+o0]

Im,n((;ﬂ?:y?wva) = / Hm(l'+57 y)Hn(x+n7w)e*a12dx (38)

Re(a) >0, 6,n,y,w € C
and note that it can be explicitly worked out by the use of the previously

foreseen procedure, employing the generating function method. We find
indeed

m ,n

> um™w 2 2.5 Foo 2
é _Im,n(67777y7w7a) = eyu ot u+nv/ 6*041 +z(“+v)dx =

m! n!
m,n=0 -0

| T dutnot(ytgg )u+(wt g5 )v?+ 52
a
(39)

And eventually

™ 1 1,1
[m7”(67777y7w7a) = \/;Hm,n <67y+ E;"Lw + E %) (40)



The extension of the previous result to the complex Hermite case is simply
given by

Im,n(517527y17y27 CL,b) =
+oo
= Hp(z1 4+ 61 4 i(x2 + 02),y1)Hn(z1 + 61 + i(2x2 + 52)7y2)67az%7bz§dm1dm2

—oo

Re(a), Re(b) >0

(41)
Which in terms of multi-index Hermite reads
I’m,n(517 5272117192:@7 b) =
T 1b—a l1b—a l1lb—a
= Hpn (102,50 + o 1 i, + | T
\/@ <1+22y1+4 ab 1+12y2+4 ab |2 ab)
(42)

This is a general result, which follows from the request of convergence of
the integral, ensured by the conditions on the constants a, b.

In the case in which the Hermite’s appearing in the definition of the inte-
gral in eq.(34) are the ordinary family we have the correspondence

H,(2z,—1) =2"H, (x ﬁ) (43)
And, if the following conditions are satisfied
1 1
Re(a), Re(b) >0, 0<a<b; 5:1+E’ d1,2=0 (44)

we find, on account of eqs. ([B9) [ Il the “orthogonality” identity

1 1 27 "nl
Imn <0,07 -1 —Ia,a) = W—ném,n
ay/ie (15)

1—a

Om,n = Kronecker delta

a result already well-established in the literature (see [9] and references
therein).

We can now play with the operational rules, we established before, to
work out Gaussian integrals involving two index Hermite. Regarding e.
g. the two index case, the use of operational rule [B7), allows to transform
the integral

+oo
Inn(z, z;a,b|T) = Hm’n(x,y;z,w|7)efay27bw2dydw (46)

— o0

into

+oo 2 1wd? —ay?—buw?
I n(z, 2z;a,b|7) :/ eV T T T dydw hamon (z,2]T)  (47)

—o0

The use of the previously outlined integration procedure, yields



1(1lpd 194 1 1
I (z, z;0,b|7) = ei(fllax+ll>az)hm,n(x7z|7') = LH,(,f”i’l) (a@ —; 2,

Vab Vab 4a
(48)

The explicit form of the (4,4,1) polynomials of order m, n is obtained quite
straightforwardly by the use of the operational identity (IH]), namely

min[m,n] 4 4
H(4’4’1)(x1 wo: , wa|r) = min! Z T’"Hy(n)_r(th)Hy(L_)r(x?,,m)
m,n 425 X3, o — ri(m —r)l(n—r)!

(49)
A further use of the previous formalism allows the derivation of the inte-
gral reported below including Gaussian integration on complex variables.
Namely

+o0 ) . —ay?—by3
Hu (1, y1 + iy2) Hn (22,1 — iyz)e” "1 "2 dyrdyz =
oo (y1+iy2)d3, +(y1—iy2)d2 —ayi—by3 Ty o
:/ e Y1) Gy T T2 % T T2 dy dyo (2] 2y )

By applying the same procedure as before, namely performing the Gaus-
sian integrals by treating second derivatives as ordinary algebraic quanti-
ties, we end up with

—+ o0

2 b2
Ho(21,y1 + iy2) Hn(x2,y1 — iy2)e” 17 "2 dyidys =
—oo
T 4,4,2) 1 1
_ H% D, e
\/% m,n (x1720_ ,582,20' |U+>

N | =

o+ =

)

HSw? (21, w25 3, 24|7) = min!

min(| ], % ]
22 U HG o (w1, 22)HYY, (w3, 34)
rl(m — 2r)l(n — 2r)!

(51)

r=0

In this section we have accomplished some steps towards the integration of
Gaussian integrals containing different forms of Hermite like polynomials,
with real and complex variable. In the forthcoming sections we move to
more advanced computations.

3 Umbral formalism for complex Hermite

Before entering the main topic of this section we prefer to use the argu-
ment we have discussed so far to introduce the Hermite-umbral formalism.
In the previous sections we defined multi-variable (> 2)/one index Her-
mite, they satisfy the evolutionary PDE

aleﬁm)(m, T2, ey Tn) = Z G;SHr(Lm)(xl, T2, ooy T
s=2 (52)

Hflm)(xl, 0,..,0)=z"

i

)



and thus they can be expressed in terms of the operational identity

H™ (21,22, ..oy ) = €252 %5: g7 (53)

It is evident that this property too can be exploited to treat families of
Gaussian integrals involving HKdF and more advanced forms.
As starting example of this section, we consider the integral

+oo
I,(8,a,b) = H,(z+9, y)efaz27by2dxdy (54)

— o0

and use the operational notation to write it as

+oo 2

I.(6,a,b) :/ e " &, (z,0)dr
+oo Cby2 o2

D, (z,0) :/ eV TV% dy(z + §)"

The function ®,(z, ) is easily derived as indicated below

_ 7 ko (4) I N L A O N N S N
D, (x,0) = \/;e b (x+5) = H, ( +9, 4b> \/;e 25 H,, (5, 46)

Therefore, in conclusion, we obtain

+oo o 1 ot
(0, a,b) 1// T 05 T b 5T dpd" =
1

s 1 1
— eda 552 +15 554 "= L g@W (s 0
/ab /ab n ) b b

A more advanced example is just given by

(56)

+oo
I.(0,a1,02,a3) = / Y (z1 +9, 30271’3)6_(1”%_@%%_asxgdwldmdxs =

3 1 1
— T g©® (s 0, — 0, —
ajazas " ( 7 7 4(127 ’ 4(13)

amenable for a straightforward generalization to the n — th variable case.

(58)

In ref. [I5] it has been shown that the umbral formalism (for an intro-
duction to the umbral indicial technicalities see [16]) allows to cast the
Hermite polynomials in the form of a Newton binomial, namely

Ho(z,y)) = (z 44 h) "0
rmw (59)
os (7))

An analogous treatment has been exploited in a recent interesting paper
(see ref. [I7]) where the third order HKdF have been written in umbral

A r!
yhTSOO =

- 3
r(z+1)’



form by the use of an extension of the operator yiL’" written in terms of
circular functions.
In this article we introduce the umbral operator defined as

H™ (2,9)) = (z + b /5)" 00
r! (60)

o = = S
m¥P0 F(%‘Fl) ml=],r

and write the m — th order Hermite according to

m 7 n = n n—r I tp
Hf(b )(amy)) = (x+ "\L/ghm) @Yo = Z <T>$ ym hm<p0 =

r=0

_ “(n\ .. r! = _ i n nemr (mr)l .
;)<r>w F(%Jrl)y 5mL%J’T;<mr>m F(r—l—l)y
(61)

which, clearly, coincides with the definition we have already given in the
previous section.

It is furthermore worth noting that Ry o are the well-known Hermite num-
bers [I8] (OEIS -A067994), h3po (the third order Hermite numbers) are
listed in OEIS as sequence A101109, the higher order sequences B:n>3<po
are (apparently) not yet listed in OEIS.

It is furthermore evident that the operational definition in terms of expo-
nential operators now reduces to a straightforward variable shift identity

HY™ (2,y) = e Vom0t (62)

If we accept the umbral definition, the complex Hermite can be written
as

H,(Lm) (z1+ix2,y) = (x1+ize+ wﬁm%o = ¢ V¥hmO: (z1+ix2)" 0o (63)

which can simplify the study of the relevant formal properties.
Regarding e. g. the derivative of the polynomials (63 with respect to the
variable y, we find

1—m A

m n 7 n—
O HL™ (2,9) = —y (24 %/Ghm)" ™ 00 (64)

On the other side it is evident that, by the use of the definition (59), we
end up with

m/gh m/Th m
e Vyhmz ZnSOO —e Yyhm Oz 8002" — 6yaz Z” (65)

Before closing this article we consider worth to go back to the incom-
plete Hermite (34) (7)), which have been exploited to deal with complex
variable, defined

min[m,n] rm—r=n—r
T
hm n\<, z - In!
n(2,2|7) = min ZT:O ri(m —r){(n —r)! (66)

z =121+ 1T2, Z =11 — T2

The quantity 7 is usually assumed to be 1, here we consider it to be
a variable, possibly complex. Albeit a particular case of the two index

10



Hermite, they were studied, in more recently times, by Ito [I3] and later
by other authors [19]. If note that

2z = x% + x%
1 (67)
0uz = (02, +02,)

we argue from the second of eqs. (B7) that they are solutions of the
diffusive equations

Orhmn = (02, + 02 ) (68)

According to the use of the operational methods discussed so far it is
straightforward to conclude that

oo
2 2
_ b . .
/ e 1T 2, o (@1 4 dwe, 21 — ix2|T)dT1dTe =

- (69)

T la—>5 la—20 la+b
:—Hmn 07_ 707_ o
Vab < 4 ab 4 ab |T+2 ab )

A further element of discussion we like to underscore is that of integrals in-
cluding products of Hermite polynomials, Gaussian and Bessel functions.
We start therefore by considering the example

+oo 2
i1 (z,a) :/ e Jn(z,y)dy (70)

— o0
where J, (z,y) is a two variable Bessel function [3] specified by the follow-
ing series expansion and generating function

+oo
Jn(z,y) = Z Jn—21(2) Ji(y)

l=—o0
Ix x 1 y 2 1
Z t" I (x,y) = cE =)+ (7=3) (71)

oo z\n+2r
In(2) = Z(—l)r% = n-th cylindrical Bessel function
=0

The use of the previously outlined methods, yields

n=—oc0 e (72)

In order to get a definitive result, further comments are needed. We
remind therefore that the generating function given below

11



B E) S g
. )= N T (x,y)

n=—oo

JI (z,y) Z In—at(x) 1 (y) (73)
l=—o0
oo (_)n+27‘
I.(y) = Z: m = modified Bessel of first kind

Thus finding from eq. ([72))

. 1
In = —_ 8a [(4) JR— 4
sIn(z,a) =4/ P JI,, (x, Sa) (74)

Within the context of generalized multivariable Bessel an important role
is played by the so called Hermite Bessel functions [3] defined by the
operational identity

(75)

2n+2r pl(n +r)!

The last example, we consider worth to discuss in order to stress the
flexibility of the method, is

—+oo
s Tnm(@, 2 a) = / eV Ho(e, )i Jm(zy)dy  (76)

— o0

and can be explicitly worked out as

T _ay? y(02+0%) n
saaInm(z,2,a0) = e eV =T dy 2" T (2) =
- (77)

:\/Z 1D (0" 1, (2))

The final result is provided by the action of the exponential operators on
a monomial and on a Bessel function. We note first that

L (02+02)2 n_m — g&42) i i i —
e (m z ) n,m x, 4@727 4a|2a

min(L 1,13 ) @ W )
= mln! 22: ’ <i>’" Hn 2r (l’, 4a) Hm 2r (Z7 E)

2a rl(n —2r)!(m — 2r)!

(78)

r=0

therefore, in conclusion, we end up with

_ Iy (=’ (4,4,2) 1 1.1
1GHInm(z, 2,0) = \/;Z mHn,m+23 T, =i o lge
s=0

(79)
The last points we have touched on yields an idea of how wide are the
implication offered by the methods, we have foreseen so far.

12



In this article we have shown that much progress can be done on the
study of different families of Hermite polynomials, by the use of methods
developed in the course of the last years. These techniques have benefit-
ted from the contributions grown in different math field of researches and
have also been shown to be a powerful tool in applications [2][20][2I] are
within the framework of a reformulation of special functions and polyno-
mials in terms of different types of operational methods, including those
of umbral nature.

In a forthcoming paper we will apply the methods, we have outlined here,
to problems associated with the non-paraxial evolution of elliptical Gaus-
sian beams. An example in this direction is the recently published article
in [22], where it has been shown that operators of the type R , with «
being a complex variable, play a central role in the study of the solution
of the Helmholtz equation (see also [21]).
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