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GRADIENT HIGHER INTEGRABILITY FOR DOUBLE PHASE PROBLEMS ON
METRIC MEASURE SPACES

JUHA KINNUNEN, ANTONELLA NASTASI, CINTIA PACCHIANO CAMACHO

ABsTrRACT. We study local and global higher integrability properties for quasiminimizers of a class of double
phase integrals characterized by nonstandard growth conditions. We work purely on a variational level in
the setting of a metric measure space with a doubling measure and a Poincaré inequality. The main novelty
is an intrinsic approach to double phase Sobolev-Poincaré inequalities.

1. INTRODUCTION

Assume that (X, d, ) is a complete metric measure space endowed with a metric d and a doubling measure
u and supporting a weak (1, p)-Poincaré inequality. Let 2 be an open subset of X. This paper discusses
regularity properties of the minimal p-weak upper gradient of quasiminimizers of the double phase integral

[ Heg)du= [ @+ (gl dn, (1)
Q Q

With o
1<g§1+§, 0<a<l, Q=logCp,
p

where p > 1 and Cp is the doubling constant of the measure. Observe that () is a notion of dimension
related to the measure p. For example, in the Euclidean n-space with the Lebesgue measure we have QQ = n.
The double phase functional in (L)) is denoted by

H(z,z) =zl +a(x)|z|]?, 2€9, zeR.

The nonnegative coefficient function a is assumed to be a-Hdlder continuous with respect to a quasi-distance
related to the underlying measure pu, see (23] below for the precise definition. This reduces to the standard
Holder continuity with the exponent «, if the measure is Q-Ahlfors—David regular.

The main feature of the functional (1)) is that it switches between two different types of growth conditions
determined by the coefficient function a. When a(z) = 0, the variational integral in (1)) reduces to the
familiar problem with p-growth and when a(z) > ¢ > 0 we have the (p, ¢)-problem. Thus the zero set
{a(z) = 0} plays a decisive role in ([LI). The main advantage of the notion of quasiminimizer of (LI is
that it simultaneously covers a large class of problems where the variational integrand F': Q x R xR — R
satisfies the Carathéodory conditions and

MH(z,2) < F(z,u,z) < AH(z,z), 0<A<A<oo,

for every € Q and u,z € R. For quasiminimizers with the p-growth on Euclidean spaces, see [4] 14l [15],
and on metric measure spaces, see [I], 2] [24] 25| 26]. This paper extends the theory for quasiminimizers on
metric measure space to the double phase problems.

The natural function space for a local quasiminimizer of (L) is u € N2 () with H(-, g.) € LL.(),
where N1:! denotes the Newtonian—Sobolev space on a metric measure space, see [1], [21] and [38]. We
show that if w is a local quasiminimizer of (1), then H(z,g,) is locally integrable to a slightly higher
power than one, see Theorem We also discuss the corresponding question up to the boundary for
quasiminiminimizers with boundary values, see Theorem [£4l For this kind of local higher integrability
results in the Euclidean case, see [3] [13] [I4] (15, 16, B3, B4]. For the corresponding global results, we refer
to [I8, 23]. For results with functionals of the type (LI in the Euclidean setting, we refer to [5l [6] [7, [8, @]

28] 29] 30} [35, 36]. Higher integrability questions for variational problems on metric measure spaces have
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been studied in [I0] 111 12} 19} 20} 27, 32], B1l B7]. Our work shows that the corresponding theory can be
developed for double phase problems on metric measure spaces. The argument is based on energy estimates,
double phase Sobolev-Poincaré inequalities and a self-improving property of reverse Holder inequalities.

2. PRELIMINARIES

Throughout the paper, positive constants are denoted by C' and the dependencies on parameters are listed
in the parentheses. We assume that (X, d, 1) is a complete metric measure space with a metric d and a Borel
regular measure p. The measure p is assumed to be doubling, that is, there exists a constant Cp > 1 such
that

0 < p(Bz,) < Cppu(By) < 00, (2.1)
for every ball B, in X. Here B, = B,(z) = {x € X : d(y,z) < r} is an open ball with the center z € X and
the radius 0 < r < co. The following result gives a notion of dimension related to a doubling measure.

Lemma 2.1 ([I], Lemma 3.3). Let (X,d, 1) be a metric measure space with a doubling measure . Then

HEB W) S o ( r )Q , (2.2)

1(Br(z)) R

for every 0 <r < R< oo, z € X andy € Br(x). Here Q = log, Cp andC:CB2.

A complete metric measure space with a doubling measure is proper, that is, closed and bounded subsets
are compact, see [Il Proposition 3.1]. We discuss the notion of upper gradient as a way to generalize modulus
of the gradient in the Euclidean case to the metric setting. For further details, we refer to the book by Bjérn
and Bjorn [I].

Definition 2.2. A nonnegative Borel function ¢ is said to be an upper gradient of function u : X — [—00, 0]
if, for all paths v connecting z and y, we have

() - u(y)| < / gds,

.
whenever u(x) and u(y) are both finite and f,y gds = oo otherwise. Here z and y are the endpoints of ~.

Moreover, if a nonnegative measurable function g satisfies the inequality above for p-almost every path, that
is, with the exception of a path family of zero p-modulus, then g is called a p-weak upper gradient of u.

For 1 < p < oo and an open set ) C X, let

HuHvaP(Q) = ”u”LP(Q) + inf ||g||LP(Q)7

where the infimum is taken over all upper gradients g of u. Consider the collection of functions u € LP(f)
with an upper gradient g € LP(§2) and let

NUYP(Q) = {u s ||ully1r(o) < o0}
The Newtonian space is defined by
NYP(Q) = {u: ||ullyis) < 00}/ ~,
where u ~ v if and only if ||u — v||n1.p(q) = 0.

The corresponding local Newtonian space is defined by u € Nllo’f () if u e NVP(Q) for all Q' € Q, see
[T, Proposition 2.29], where ' €  means that €’ is a compact subset of 2. If u has an upper gradient
g € LP(Q), there exists a unique minimal p-weak upper gradient g,, € L?(Q) with g,, < g p-almost everywhere
for all p-weak upper gradients g € LP(Q2) of u, see [I, Theorem 2.5]. Moreover, the minimal p-weak upper
gradient is unique up to sets of measure zero. For u € N1'P(Q) we have

lullvrr@) = llullLe@) + lgullr @),
where g, is the minimal p-weak upper gradient of u. The main advantage is that p-weak upper gradients
behave better under LP-convergence than upper gradients, see [I, Proposition 2.2]. However, the difference
is relatively small, since every p-weak upper gradient can be approximated by a sequence of upper gradients
in LP, see [I, Lemma 1.46]. This implies that the N!P-norm above remains the same if the infimum is taken
over upper gradients instead of p-weak upper gradients.
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Let © be an open subset of X. We define Nj%(Q) to be the set of functions u € N'4(X) that are zero
on X \ © p-a.e. The space N, %(Q) is equipped with the norm | - || y1.4. Note also that if (X \ Q) = 0, then
Ny (Q) = N4(X). We shall therefore always assume that (X \ Q) > 0.

The integral average is denoted by

1
up = uduz—/udu.
" ]{3 u(B) Jp

We assume that X supports the following Poincaré inequality.

Definition 2.3. Let 1 < p < co. A metric measure space (X, d, 1) supports a weak (1, p)-Poincaré inequality
if there exist a constant Cp; and a dilation factor A > 1 such that

][ lu - up,|du < Cpyr (][ gﬁdu) "
B B)\’l"

T

for every ball B, in X and for every u € L{ (X).

As shown in [22] Theorem 1.0.1 | by Keith and Zhong, see also [I, Theorem 4.30], the Poincaré inequality
is a self-improving property.

Theorem 2.4. Let (X,d,u) be a complete metric measure space with a doubling measure p and a weak
(1,p)-Poincaré inequality with p > 1. Then there exists € > 0 such that X supports a weak (1,q)-Poincaré
inequality for every ¢ > p—e. Here, € and the constants associated with the (1, q)-Poincaré inequality depend
only on Cp, Cpr and p.

The following result shows that the Poincaré inequality implies a Sobolev—Poincaré inequality, see [1]
Theorem 4.21 and Corollary 4.26].

Theorem 2.5. Assume that p is a doubling measure and X supports a weak (1, p)-Poincaré inequality and
let @ =logy, Cp be as in ([22)). LetlSp*S%forl§p<Q and 1 < p* < oo for Q@ < p < oo. Then X
supports a weak (p*, p)-Poincaré inequality, that is, there exist a constant C = C(Cp,Cpy,p) such that

1
<][ u—up,|” du) C<or <][ gu du) ;
r Baxr

for every ball B, in X and every u € Li (X).

loc

The following notation and assumptions will be used throughout the paper. For the coefficient function
a:X — [0,00) in (IT]), we assume that there exists «, 0 < o < 1, such that

N (11 k)
[a]a_m,yeﬂlzv;éy 5#($7y)a < ’ (23)

where J,, is a quasi-distance given by

1
0u(9) = (1(Buay)(@)) + p(Bugayy@)) 'C, wy € X, a4y,
Here @ = log, Cp is as in ([2.2]) and we set 0, (z,z) = 0.

Remark 2.6. A measure is called Ahlfors—David regular, if there exist constants 0 < C; < (5 < oo such
that

C17% < (B, (x)) < Cor@, (2.4)
for every x € X and 0 < r < diam(X). If the measure p is Ahlfors-David regular, then §,(z,y) ~ d(z,y)
for every z,y and, consequently, [a], < oo if and only if a is Hélder continuous with the exponent «.

We assume that q o
1<d<14 2, (2.5)
p Q
where p > 1, ais as in (23) and Q = log, Cp is as in (Z2)).
By ([23), Theorem [Z4] and Theorem 23] there exists s = s(Cp,p, q), with 1 < s < p < ¢ < s*, such that
X supports a (s*, s)-Poincaré inequality, that is,

1 1
s

(7[ lu—ug,|" du) S <or (7[ a5 du) , (2.6)
BT BQAT
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for every ball B, in X and every u € L _(X) with C = C(Cp,Cpr, A\, p,q). We keep track on dependencies
and denote

C(data) = C(Cp,Cp1, A\, p,q, K, , [a]a)-

Here K is the quasimimizing constant in Definition [Z7] below. By the structure of a double phase functional
we have g, € LP(£2). However, we cannot conclude that g, € LI(), since the function ¢ may be zero on a
subset of 2. Next we discuss the definition of a local quasiminimizer.

Definition 2.7. A function u € N2 (Q) with H(-,g,) € LL.(Q) is a local quasiminimizer on €2, if there
exists a constant K > 1 such that

/ H(z,gy)dp < K H(z,g,)du,
Q' N{u#v} Q' N{u#v}

for every open subset € €  and for every function v € N'1(Q') with u — v € Ny*' ().

Then we give a definition of quasiminimizers with boundary values.

Definition 2.8. Let w € NV1(Q) with H(-, g,) € L'(Q). A function v € NV1(Q) with H(-,g,) € LY(Q) is
a quasiminimizer on {2 with the boundary values w, if u —w € NO1 1(Q) and there exists a constant K > 1
such that

/ H(z, gu)dp < K H(z, gv) dp,
Q' N{u#v} Q' N{u#v}
for every open subset ' C  and for every function v € N'(Q') with u — v € Ny*' ().

The main difference in the definitions above is that the assumption v € NL!(Q) with H(-, g,) € LL (%)
in the local case is replaced with u € N1(Q) with H(-,g,) € L*(). It is obvious that a quasiminimizer
with boundary values is a local quasiminimizer.

We state a local energy estimate for the double phase problem.

Lemma 2.9. Assume that u € N2'(Q) with H(-,g,) € LL.(Q) is a local quasiminimizer in Q and let

loc loc

B, C Br € Q be concentric balls. Then there exists a constant C = C(K,q) such that
H(z,g,)dp < O/ H (Im) dp.
B, Br R —-T
Proof. Let 1 be a (R—r)~1-Lipschitz cutoff function such that 0 <7 < 1,7 =1o0n B, and n = 0 in X \ Bg.

Let v =u — n(u — up,). By the Leibniz rule for the upper gradients ([I], Lemma 2.18]), we have

|u_uBR|

1- -
R, +(1=xz,)9

9o < |u—upglgy + (1 —n)gu <
Since u is a local quasiminimizer and u — v € N& ’1(B r), by Definition [Z77] we obtain

H(z,g,)dp < H(z,gu)dp < K [ H(x,g,)dp
B, Br Br

< 21K / H(w,w) du—i—/ H(x,g,)du | .
Br R—r Br\B,

By adding K27 [, H(x,gu)dp to the both sides of [2.1), we get
U — UBR
(1+ K29 H(z,g,)du < K29 Hlx,—=2 ) dp+ H(z,g,)dp | .
B, Br R—r Br

This implies

/ H(z,gu)dp <0 (/ H (xw> dp + H(I,gu)du>
r Br R—r Br

s(R—rrP/ |u—uBR|Pdu+<R—r>*q/ a|u—uBR|qdu+o/ H(w, g2) dp,
Br B

R Br
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with 6 = % < 1. We apply a standard iteration lemma, see [I7, Lemma 6.1], to obtain

H(z,9.,)du <C | H (w m) du,
B, Br R—T
where C' = C(q, K). O

Next we discuss a global energy estimate for quasiminimizers with boundary values.

Lemma 2.10. Let w € NY1(Q) with H(-,g,) € L' (). Assume that w € NY1(Q) with H(-,g.,) € L'(Q)
is a quasiminimizer on Q with u —w € Nol’l(Q) and let B, C Bgr be concentric balls. Then there exists a
constant C' = C(K, q) such that

/ H(:C,gu)du§0</ H(w,u_w) du—i—/ H(:E,gw)du>.
B,.NQ BrNQ R—r BrNQ

Proof. Let 1 be a (R—r)~-Lipschitz cutoff function such that 0 <5 <1,7=1on B, and =0 in X \ Bg.
Let v = u — n(u — w). Then n(u —w) € Ny (Br N Q) and thus v — u € N,"'(Br N Q). By Definition 28
we obtain

/ H(z,gu)dp < K H(z,gv)dp,
BRrN BRrN
where v = u 4+ n(w — u). Since
lu — w]
9o < lu—wlgn + A =mgu + 190 < 57+ (1 = XB,)9u + gu;

we obtain

/ H(z,g.)dp < / H(z,gu)dp < K H(z,g,)dp

B,NQ BrNQ2 BrNQ2

°—
< 3K / H (x,
( BrNQ R

w> du+/ H(x,gu)dw/ H(z,gw)dp | -
-Tr (Br\B,)NQ BrNQ

By filling the hole and iterating as in the proof of Lemma 2.9, we arrive at
/ H(I,gu)du§0</ H<xu) du+/ H(I,gw)du>,
B,.NQ BrNQ R—r BrNQ
where C' = C(¢, K). O

3. DOUBLE PHASE SOBOLEV—POINCARE INEQUALITIES

This section discusses double phase Sobolev—Poincaré inequalities. We consider interior and boundary
estimates separetely. We begin with interior estimates.

Lemma 3.1. Assume that u € N,2'(Q) with H(-,g,) € LL(Q). Let ag = infsep,,, a(z). Then there exist

loc

a constant C' = C(data) and exponents 0 < de <1 < dy < oo, with dy = d1(Cp,p,q) and dy = d2(Cp, p,q),

such that
q\ d1 ar %
<]l < ) du) s0<]1 (9% + aog)™ du) , (3.1)
BT BQAT

whenever Bay, € €.
Proof. By [2.6]) there exists s, with 1 < s < p < ¢ < s*, such that

<][ S* d“) ' s¢ (]{9 9u d/‘)i : (3.2)

Let % <ds<land1l<d; < %. Since pdy < qdy < s* and s < pdy < qda, by Holder’s inequality, we have

pd1 ﬁ ﬁ
][ du) <cC (][ gh® du) : (3:3)
- Boaxr

p

U — up,. +a
0

U — Uup,.

r

U —up,

r

U — Uup,

r
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(.

and

qd1 qdy ﬁ
—=| du| <cC (][ gi® du) :
Baxr

g\ d1 %
Al )
B,
1
pd1 dy qdy
) el
B, B,
1 1
do da
<C ((]l gh* du) + ag <][ gi du) )
Baxr Baxr
L
2
C (]Z gh dp + ]Z (aogd)™ du)
BQAT BQAT

N
C(][ <gz+aogz>2du) ,
BQAT

where C' = C(Cp, Cpr, A, p,q). Observe that all integrals are finite, since

. o

2 2

(]Z (g% + aog?)™ du) < (]Z (g% + a(z)g?)™ du)
Baxr Baxr

< ][ (g7 + a(z)g%) dp
BZ)@

It follows that

p

U —up, +ap

U — Uup,

r

2
S

U —Uup,. U — up,.

r r

IN

IN

= H(z, g,)dp < o0.

Baxr

Then we consider an interior double phase Sobolev—Poincaré inequality.

Lemma 3.2. Assume that u € N2N(Q) with H(-, g,) € L. _(Q). Then there exists a constant C = C(data)

loc loc

and exponents 0 < do < 1 < d; < 0o, with di = dy1(data) and dy = d2(data), such that

1

1
d1 a d
U —up, _ a _a-p 2
<]Z " (I, r ) dH) =¢ (1 + ”gu”%”?Bzm)u(B”‘T)Q ’ ) < B H(z,9)" dﬂ) ,
r 227

whenever Boy, € ().

Proof. First assume that

ap = inf a(z) > 2[a]a(20%u(Barr))?, (3.4)

TEBox,

where @ = log, Cp is as in Lemma 2.1l Note that, for every z,y € Bay,, we have

Oulx,y) = (/‘(Bd(z,y)(x)) + M(Bd(ryy)(y)))l/g
< ((Bare(2)) + u(Bare (y))/?
< (2u(Bon)) 9 < (203 u(Baar)) /€.
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By ([B4) we obtain
2a9 = 2a(x) — 2 (a(x) — agp) > a(x) + ap — 2 (a(z) — ag)
> a(z) + 2[a]a (20 u(B2xr)) ™9 = 2 (a(z) — ag)

>a(e)+2 sup HEEINOCH (B )0 =2 al) — )
> afw) + 2% a() — al)| — 2 (o) — ao)

> (o) +2_ swp (a(e) = aly)) = 2(a(e) o)

> ofa) + 20(z) ~2_inf a(y) ~2(a(z) ~ a0) = a0),

for every & € Bay,. On the other hand, we have a(x) > inf,ep,,, a(x) = ag for every © € Bay,. This implies
that ap < a(x) < 2aq for every x € Bay,. By Lemma 3] we conclude that

1 1
. dy En . P . gy d1 ar
<][ H@ﬂ) dM) :<][ (ﬂ ¢ afay |12 ) du)
" T . ' T
u—u p u—u a 4 %
<C <][ < =i + ag Br ) du)
B, T

<C <][ (g% + aog)™ du) : (3:5)
Baxr

1

da

<c(f (g awl)” )

1
a3
<C ( H(z,gu)™ du) 5
Boaxr
where C' = C(data), di = dy(data) and dz = da(data) with 0 < ds <1 < dj < 0.
Next we consider the case which is complementary to [34]), that is,

ap = inf a(z) < 2[a]a(2C3u(Bar))* . (3.6)

TEBox,

Notice that, for every z € By, and y € B,., with y # x, we have

ols) = alo) < fa(e) - )] = =205, )" < [alode. )" (3.7

Note that, for every & € By, and y € B,., with y # z, we have
1/Q
5u(.) = (1(Ba(a (@) + 1B ®))
< (u(Bar () + p(Baxr ()
< (2u(Bsa))"'? < Cp(Barr)/?,
where C'= C(Cp). By B.1), we get
a(y) < a(x) + Clalap(Bax)™'?,
where C' = C(Cp, «). By taking infimum over all z € 2AB,., we obtain
aly) < il a(e) + Clalap(Bar)*/?
TE€Bax,
< 2[a]a(2C%N(B2>\T))a/Q + C[a]aM(B%T)a/Q
= O[a]aU(B%T)a/Qa
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where C' = C(Cp, a). By taking supremum over y € B;., we conclude that

sup a(y) < Clalap(Baar)™<.
yEB,

It follows that

1 1
_ dy v _ p a\ £
(o) ) (f (e o) o
» r - r r
d ar
_ P _ ay d1 1
< (f ( —Le 4 Cla]ap(Bar)™/? | —2= ) du)
B, r T
u—ug. pdy dr u—ug. qdy dr
< ][ — | de) o+ Clalap(Bar)™'? ][ —| du
1p a—p
qdy a1 q qdy qdy
u—u u—u
where C' = C(Cp, «). Since gd; < s* and s < p, (B.2)) and Holder’s inequality imply
1
_ qd1 qdy -
][ I au) <c <][ 9" du) "
- r Baxr
where C' = C'(data). Thus we have
qdy % =L
u—up, P _ _a-p
(J[ = du) <C <][ 9u du) = Cllgull§ ol #(Barr) ™7,
r r Boxr "
where C' = C(data). By ([B.8)) we obtain
d ar d ol
1 1 qai 149
U — Uup,. U —Uup,. q—p a _g-p
(o) an) " (f [ ) o it 7).
where C' = C'(data). Since qd; < s* and s < pdq, by (B.2) we have
1p
_ qdy dy q di
][ u up,. dM §C<][ ggdgdu) 2
r r Boxr
1
d =
<of wrae® a)
Boxr
1
da
=C ( H(z,g,)% du) .
Boxr
This completes the proof. O

Next we discuss a Sobolev inequality for functions which vanish on a large set, see [26].

Lemma 3.3. Assume that u € Nlbcl () with H(-,gy) € LL.(Q). Let B, be a ball and ap = inf,ep,,, a(z).
Assume that there exists v, 0 < v < 1, such that

p{z € By fu(z)| > 0}) < yu(Br).

Then there exist a constant C = C(data,~) and exponents 0 < da < 1 < dj < oo, with dy = di(data) and
dy = dy(data), such that

(£ (

u

r

P wlay 4 % d %
vao 2) @) <o (f o+ sy an) "
BQAT
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Proof. As in the proof of Lemma [B1] there exists s, with 1 < s < p < ¢ < s*, such that (82]) holds. Let
A ={x € B, : Ju(z)] > 0}. We observe that
u

() <(f,

By Holder’s inequality we obtain

fup, | < = [ Juldp <
" N(BT) A

1

s* s
u
du) + ’ﬂ .
r
a1

d < d .
(B - lul® du <~ ” lul® dp

By B3) and B2]) we conclude that
1
u 1

(1—71—;*)(][ Ts du)s g(f du> gc(][ gidu)s, (3.10)
B, » Boaxr

where C' = C(data). Since pd; < gdy < s* and s < pdy < qdz, by Holder’s inequality, we have

U — Uup,

(3.9)

r

U —up,

r

1 1
(][ u pd1 du) pdy <c (][ gﬁdzdu) pds ’
T Baxr
and ) )
(][ L du) e (]Z giidzdu) -
T Baxr
where C' = C(data, ). The rest of the proof follows as in the proof of Lemma Bl O

Then we consider a local double phase Sobolev—Poincaré inequality.

Lemma 3.4. Assume that u € Nﬁ)Cl(Q) with H(-,g,) € L .(Q). Let B, be a ball and assume that there
exist v, 0 < v <1, such that

p{z € By : |u(z)] > 0}) < yu(By).
Then there exists a constant C' = C(data,~) and exponents 0 < dy < 1 < dy < oo, with di = di(data) and
dy = do(data), such that

u\ 41 d_ll a—p o _a-p d %
<]{9 H (:r ;) du) <C (1 + 19ullzo By 1 (Baxr) @~ 7 ) < . H(z, gu) 2du) :
[ 227

Proof. As in the proof of Lemma [B.2] we consider two cases [B.4]) and (B6). If (34) holds, then as in (3]

with % instead of @ and Lemma 3.3 we obtain

1

1
d En a5
(F )" ) <o (f, maran)”.
BT r BZ)@

where C' = C(data, ), di = dy(data) and do = do(data) with 0 < dy <1 < d; < co. On the other hand, if
B8) holds, then as in (B.8]), we obtain

(F, " o) < (£, 21 =l 1) )
- (][T " du) : + Clajap(Baxr) /@ (][T r " d“> '
<C (]éT o du) air (1 + [a)ap(Baxe)*/Q (]ér qd du>‘;df> |

where C' = C(Cp, «). Since gd; < s* and s < pds, (B10) and Holder’s inequality imply

qd1 ﬁ %
(L) e (f, ew)’
B, Baxr

u

r

u

u

r

u

r

u

r
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where C' = C(data, ). As in the proof of Lemma B.2] we have

(£ 17
(fn )" )" <o (f |2

a—p

N\ w .~ )
dp <C ][ g4 dp = OngHLp(BQM),U(BMT) P
Baxr

and thus

a—p

qdy T a—p a_a-p
di) (14 Ngull ol (B 57 )

where C' = C(data,~). Since gqd; < s* and s < pda, applying (B.10) as in the proof of Lemma B3] we have

(.

u

qd1 ﬁ %
du) <C (][ gh du)
r Baxr
1

c <][B% (g% + a(z)gl)™ du) s

£y
= C < H(xvgu)d2 d:u) 9
BQAT

where C' = C(data, ). This completes the proof. O

IN

4. LOCAL AND GLOBAL HIGHER INTEGRABILITY RESULTS

The main goal of this work is to get global higher integrability for quasiminimizers. In the metric setting,
the improvement of integrability is obtained by using a metric space version of Gehring’s lemma, whose proof
can be found, for example, in [I] or [39].

Lemma 4.1. Let f € L (Q) and g € Lg (X), o > 1, be non-negative functions and let X\ > 1. Assume

loc loc

that there exist a constant Cy and an exponent 0 < d < 1 such that

%
fdu<C (( fddu) +][ gdu>,
Br Bir Bir

for every ball B with Byg € Q). Then there exist a constant Cy = Co(Cp,C1,d,\) and an exponent
e =¢(Cp,C1,d,\) > 0 such that

™= 2
<][ frre du) <Oy < fdu+ (][ g9’ du) ) ,
Br Bir Bir

for every ball Br with Byr € ).
Next we discuss local higher integrability of the upper gradient of a local quasiminimizer.

Theorem 4.2. Let Q be an open subset of X and let Q' € Q" € Q. Assume that u € N2'(Q) with
H(-,gu) € L{,.(Q) is a local quasiminimizer in Q. Then there exist a constant C = C(data, ", ||gul| Lr (o))

loc

and an exponent € = e(data, ", ||gu || r)) > 0 such that

1
1+e
( H(z,g.)' " du) <C H(x,gy)dpu.
Q/ Q//

Proof. Let Bay, € ”. By Lemma 2.9 there exists a constant C' = C(K, ¢) such that
H(z,g,)dp<C | H (rc w) dp.
B, r

Br
P

On the other hand, by Lemma [3.2] we obtain

d

Uu—mu _ a__49-p
£ (550 ) < 0 (14 It B3 5) (f mgan)”,
r 227
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where 0 < d = d(data) < 1 and C' = C(data). This implies that

d

H(gu) i <. (14 1l B8 5) (f g0 )

B% Baxr

where C' = C(data).
By ([Z5) we have & — -2 > 0 and thus we obtain

a—p d

f H(x,gu>dusc(1+||gu||i;g’m)u<sz”>%T)( H(x,guwdu),
B2 Boar

where C' = C'(data). This implies that

1
d

]Z H(z,g.)dp < C( H(z,gu)* du) : (4.1)
B, /2 Baxr

for every ball with Bay, € Q" with C = C(data, Q", ||gullzr)). The constant C' depends on Q" and on
llgull ey, but once u and Q" are fixed, the obtained reverse Holder inequality is uniform over all balls
with Bay, € Q”. By Lemma [AT] there exist a constant C' = C(data, ", [|gu||Lr(o)) and an exponent
e = e(data, Q" [|gull Lr(y) > 0 such that

1+e
(][ H(:v,gu)lﬁdu) <cf  H@g)ds,
BT/2

Baxr

for every ball with Bay, € €. Since { is compact, we can cover it by a finite number of such balls and
conclude that

1
T+e
( H(w,gu)”adu) <C | H(z, g.)dp
Q Qr

Remark 4.3. If the measure is Ahlfors—David regular, see [2.4)), we have
W(Bar,) 55" < Cr- ),

where a — Q( —1) > 0 by (235). As in the proof of Theorem [1.2] there exist a constant C' = C(data) and
an exponent 0 < d = d(data) < 1 such that

1

da
HGgu) i < (14 I, ) (£, Ho 0 )
B% Boxr

whenever Bay, € 2 with 0 <7 < 1. A similar argument can also be applied in Lemma and Lemma [3.4]
Finally, we are ready to prove the main result of the paper, which states higher integrability for the weak

upper gradient of a quasiminimizer over the entire domain under the assumption that the domain satisfies a
uniform measure density property.

Theorem 4.4. Assume that € is a bounded open set in X with the property that there exists a constant -y,
0 < v <1, for which

u(Br(z) N Q) < yu(Br(z)),
for every x € X \ Q and R > 0. Assume that w € N¥(Q) such that H(-,g,) € L°(Q) for some o > 1.

Assume that u € NV (Q) with H(-, g,) € L'() is a quasiminimizer in Q with u —w € Ny*' (Q). Then there
exist a constant C = C(data, v, Q, |gu—wl|Lr(0)) and an exponent ¢ = e(data,y,Q, [|gu—wllLr(0)) > 0 such

that
(/QH(:v,gu)”E du)llﬁ <C (/QH(,T,gu) du+ (/QH(%gw)" du);> '
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Proof. Let B, be a ball with B, N # ) and 0 < r < 1. Then there exist two alternatives: either Bsy, C
or Bax \ Q # (0. If By, C Q, then By, € 2 and, as in (1)), we have

1
d

][ H(z,g,)du <C ( H(z,9.)% du) , (4.2)
B, 2 Baxr

where C' = C(data, Q, [|gull1r(0))-

Then we discuss the case Bsy, \ @ # (0. Let 29 € B3, \ © and consider Br(zg) with R = 8\r. Since the
center of B, is contained in Bsy,(xo), we have B, C Byx-(z9) = Bg (x0). Let B = Br(xo). We note that
Bsyr C Br and pu(Br N Q) < yu(Bgr), with 0 < v < 1. Since u — w = 0 p-almost everywhere in X \ Q, we
obtain

p({z € Br : lu(x) — w(z)| > 0}) < yu(Br).
By Lemma [2.10] there exists a constant C' = C'(K, q) such that

[ onegase([  a(n ) [ Hegoa). (13)
BrNQ BrnNQ R BrNQ

We consider the first term on the right-hand side of ([@3]). Since v — w = 0 p-almost everywhere in X \ Q
and gy—, = 0 p-almost everywhere in X \ Q, by applying Lemma B4 with u — w, we obtain

1 U —w U—w
5 e (27 ) W=, 1 (5 ) 0
1
<C (1 + ng—w|‘%;€BQAR)M(B2AR)%7%) ( H(2, gu—w)" dM) ' ;
where C' = C(data,~) and 0 < d = d(data) < 1. Since B, C Be (x0), B, NQ # 0 and 0 < r < 1, we have
BrNQ # 0 and 2AR = 16\%r < 16A\2. This implies that
Boar C " = {y € X : dist(y, Q) < 24)\*}.
By (28] we have % — % > (0 and thus we obtain

Baxr

-

1 / ( u — w) _ a _g-p d
— H|x,— du <C|(1+ GJu—w qpp 7] O~ »p ( H Ty Gu—w dy,
/L(BR) BrNQ R ( H HL @ ( ) ) Baxr ( )

This implies that

#/ H(:Cu_w> du<C( H(x,g )ddu)d
W(Br) JBpno "R B Baxr e

1
=C (7/ H(xagu—w)ddﬂ> )
#(Baxr) J B,y pne
where C' = C(data, v, Q, |gu—wl|Lr(0)). Thus we have

=

577 o () 9= (i |, )
— Hlz,— | du<C|—— H(x, gy—w)"dp
/’L(BR) BrNQ R /’L(B2>\R) BaxrN$2 ( )

1 1
S C (7 / H(:E,gu + gw>dd,u)
BQXR BaaxrN$2

d

= (u Bm o g H @9+ H i g0)%) d“) d (4.4)
d . 1 4 L
=¢ ( I B2>\R Box nQ H(z, gu) d#) + (m /meﬂ H(z,gy) d,u> )
<c ( ) ¢ L H(x,gm) |
Iz B2>\R BoxrNQ 1(Baxg) J s i
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where C' = C(data, v, Q, |gu—wllLr(0)). By @3), E4) and the doubling property (Z.II), we obtain

!
— H(z,gy)dp
M(Bg) BgnQ ( )

1 uU—w 1
gc( / H<a: )d,u+7/ H(z, gw du)
1(Br) BrNQ R w(Baxr) BoxrNQ ( )

1
1 d 1
<C <7/ H(z, gy ddu) +7/ H(z,gw)dp |,
( (Baxr) BaxrNQ ( ) 1(B2xr) BaxrNQ ( )

where C' = C(data, v, Q, |gu—wlLr))-
Let f = H(z,gu)xa and g = H(x, gw)xq. Since Br C B, C Bg, we obtain

]é% fdp<cC oy fdp<C ((J{Bmf”ldu)é +]émgdu>
_o <]zB

whenever By, \ Q # 0. If Bz C Q, by (£2) we have

%
fdMSC(][ fddu) <c <][
B% BQAT BIG>\2T
fdu<C (f fddu> +][ gdu
B% B B

16727

1

d
fddu> +][ gdp |,
B

16127

1
d
fddu> +]é gdp

16127

16727

It follows that

16227

13

for every ball B, in X with 0 < r < 1. Note that this is trivially true for balls with B, N Q) = (), since the

left-hand side is zero. By a straight forward covering argument we have

3 fdu§0<<]€3T fddu)% +]érgdu>

for every ball B, in X with 0 <7 < 1. Here C' = C(data, 2,7, ||gu—w| r()) and 0 < d = d(data) < 1. Note
carefully, that the constant C' depends on the underlying set Q and on ||gy—wl/zr(0), but once the domain
Q) and the boundary function w are fixed, the obtained reverse Holder inequality is uniform over balls B, in
X with 0 < r < 1. By an application of Lemma ET] there exist a constant C' = C(data,v, 2, [|gu—w| £r©))

and an exponent € = e(data, 2,7, ||gu—wllzr(0)) > 0 such that

(B% f1+sdu>1is SO(]éde‘“L (]grg“du)%)

for every ball B, in X with 0 < r < 1. Thus, we have

1 =
—— H(z,g,) " dp
<N(Bg) /B% nQ

for every ball with B, in X with 0 < r < 1. Since 2 is bounded, we may cover it by a finite number of balls

Brj(acj),j: 1,2,...,N, with 0 <r; <1. By summing over j =1,..., N, we obtain

1

(/Q H(x,g4)""* du) e </Q H(z,gu) dp+ (/Q H(z, gw)’ du>;> ,
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where C' = C(data, v, Q, |gu—wlLr))- O
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