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ARTICLE INFO ABSTRACT

Communicated by Matteo Novaga We propose some general growth conditions on the function f = f (x,¢), including the so-called
natural growth, or polynomial, or p,q—growth conditions, or even exponential growth, in order

M'.SC: to obtain that any local minimizer of the energy integral [, f (x, Du)dx is locally Lipschitz
primary 35D30 . . - .
35715 continuous in €. In fact this is the fundamental step for further regularity: the local boundedness
35J60 of the gradient of any Lipschitz continuous local minimizer a-posteriori makes irrelevant the
49N60 behavior of the integrand f (x,¢) as || — +oo; i.e., the general growth conditions a posteriori are
secondary 35B45 reduced to a standard growth, with the possibility to apply the classical regularity theory. In
other words, we reduce some classes of non-uniform elliptic variational problems to a context
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1. Introduction

Let 2 be an open set in R”, n > 2, and x € Q C R", ¢ € R" be generic vectors. Let f = f (x,&), f : 2xR" - R be a nonnegative
continuous function in 2 x R". The related energy integral where to look for local minimizers is

v - /f(x,DU) dx. (1.1)
Q

As well known a local minimizer of the energy integral (1.1) is a Sobolev function u such that f (x, Du) € L]'OC () and fQ f(x,Du) dx <
/Q f (x, Du+ D) dx for every Sobolev function ¢ whose support is contained in Q.

In this manuscript we allow examples of anisotropic polynomial growth, a class of variational energy integrals which may have
singular (even not bounded) local minimizers. Such as for instance

v

Xp >

JxDv)= D ay(X)vgu, +

i,j=1
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with ¢ > 2 and (g j) being an n X n a positive definite matrix of locally Lipschitz continuous coefficients in Q2. We also allow
exponential growth such as, for example,

f (x, Dv) = exp(a (x) | Dv[?).

For these examples ellipticity holds, but not uniform ellipticity as in the statement (1.2) below.

Our aim is to propose some general growth conditions on the function f = f(x,¢) (including the previous polynomial and
exponential examples) in order to obtain that any local minimizer is locally Lipschitz continuous in 2. In fact this one is the fundamental
property for a local minimizer for further regularity: the local boundedness of the gradient of any Lipschitz continuous local minimizer
a-posteriori makes irrelevant the behavior of the integrand f (x,¢) as || — +oo; i.e., the general growth conditions a posteriori are
reduced to a standard growth, with the possibility to apply the classical regularity theory, valid in the uniform elliptic contexts
and obtain, when possible, C'-*—regularity as a consequence. In fact, having in force the local Lipschitz continuity considered in
this manuscript, also the C!*—regularity can be deduced under the same assumptions made in the context of natural growth, for
instance as in LadyZenskaja-Ural’ceva [1, Chapter 4, Section 61] or in Giusti [2, Sections 8.6 and 8.8]; see the p, g—growth cases
in [3, Section 7, Theorem D] and in [4, Corollary 2.2]. See also the recent non-uniformly elliptic approach and gradient Holder
continuity by DeFilippis-Mingione [5, Section 6.4].

The convexity with respect to the gradient variable ¢ € R” is the classical assumption on the function f = f(x,&) when we
consider existence of minimizers, once the class of competing v in (1.1) is fixed at the boundary d<2. The corresponding convexity
condition for a C2—function & — f (x,&), as well known, is related to the n x n matrix of second derivatives ( f:ifj)nxn and it is
the positivity of the quadratic form 2 € R* - ¥, . f; g (x, &) A;4;. When a strict qualified positivity is required, we have the ellipticity
condition Z,) i Je g () Ad; 2 m |4|?, valid for all 4,¢& € R", x € Q and for some positive constant m. More precisely, often it is
useful to emphasize the dependence of m on the gradient variable &; in fact more properly in general the constant m is replaced by
a function of &. In this manuscript we assume the following ellipticity condition

D frg, O A 2 g (ED AP, VAEER . x€Q,
ij

where g, : [0,+0) — [0,+o0) is a nonnegative function. Less standard is the bound from above for the n x n matrix of second
derivatives (f, fj)"x"‘ The classical case is the uniformly elliptic one. This happens when a similar bound exists from above too:

uniformly ellipticity: g, (1D 1417 < ) fre, (x,8) 4d; < Mgy (1ED 417, (1.2)
ij=1
for all A,¢ € R", x € 2, and for a constant M > 1. The main example is the p—Laplacian; i.e., when the integral in (1.1) is the
p—Dirichlet integral, with f (¢) = |£|P. In this case a computation shows

> See, ©4id; = plIEP 1A + (0 =2 Q&AM 1P
i=1

ij=1

and thus the validity of the uniformly elliptic estimates

p-Laplacian = plE/" AP < Y fee () id; < p(o—DIEP 1A,
i.j

for all 4,& € R", x € 2, when p > 2; otherwise, if 1 < p < 2, it is necessary to interchange the first and the last sides.

Let us go back to what we said at the very beginning of this introduction. It is known that perturbations of the p—Dirichlet integral
F& =&, &= (8.4, ....&,), for instance with either f (&) = Y1, |&]”, or £ (&) = [€]P+]|&,| with p < g, give rise to energy integrals
as in (1.1) which may admit not smooth local minimizers, even unbounded local minimizers; see for instance [4, Theorem 6.1]. In
these cases the uniform ellipticity condition (1.2) does not hold. In the non-uniformly elliptic case regularity of local minima may
not be true.

Another non-uniformly elliptic case which we like to emphasize is the exponential one, for instance with f (£) = el . In this
example a local minimizer of the corresponding energy integral in (1.1) a-priori not necessarily satisfies the Euler’s differential
equation. The reason is due to the fact that if u is a local minimizer, with /[, el gy < +o0, then to obtain the first variation and
the Euler’s equation, for any fixed test function ¢ we need to compute the limit, as # — 0 (h € R, h # 0), of the difference quotient

1 </ oI Dhe)? dx_/ o Dul? dx) :
h Q 0

if 9 = qu and n = 1 on a subset of Q (as usually it happens in the regularity approach), i.e. if ¢ = u and 4 > 0 on a subset Q' of @,
then [, elPw+hol gy = Jor eI+ IDul® gy thus the summability of e!®*” in general does not implies the summability of e(I+n’IDul?
because of the factor (1 + #)> > 1 and is not possible to go directly to the Euler’s equation. An energy integral of exponential type in
general is more difficult to be studied from the regularity point of view. The exponential energy integrals are not uniformly elliptic
and sometimes they need to be treated with appropriate specific techniques (see Cellina-Staicu [6]).

In this manuscript we propose a unified approach to regularity for minimizers of nonuniformly elliptic energy integral, which
include exponential growth and p, g—growth. This last case is related to the functions g, g, below in (1.3), when they are powers
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with exponents p, g; more precisely, g;, g, being compared with the second derivatives of f with respect to the gradient variable &,
the powers to compare g, g, respectively are |& |2 and 1+ |£]972, or (1 + |£]>)@=2/2, More in general we consider the

n
non-uniformly elliptic case: g (IED 141> < ), fee (x,&) 44; < g3 (1ED 14 (1.3)
ij=I
forall 4,¢£ e R”, x € 2, with g, g, : [0,+00) — [0, +00) nonnegative functions. Of course it is necessary to impose conditions on these
functions g, g, in order to obtain a-priori estimates for regularity. Full details are stated in Section 2 , together with the assumption
of the local Lipschitz continuity in 2 x R" of the gradient with respect to ¢ € R" of f = f (x,&); i.e. the local Lipschitz continuity of
Dyf )= x0) .

Nowadays many papers deal with regularity for non-uniformly elliptic problems. Limited to the more recent literature,
for interior regularity we refer to Colombo-Mingione [7,8], Baroni-Colombo-Mingione [9], Eleuteri-Marcellini-Mascolo [10],
Bousquet-Brasco [11], DeFilippis-Mingione [5,12,13], Mingione-Radulescu [14], Bogelein-Duzaar-Giova-Passarelli [15], DeFilippis-
Koch-Kristensen [16]; see also [17-21] and [10,22-24]. About recent boundary regularity under general growth conditions we
mention Cianchi-Maz’ya [25,26], Bogelein-Duzaar-Marcellini-Scheven [27], DeFilippis-Piccinini [28]. For Orlicz-Sobolev spaces, vari-
able exponents and double phase see Byun-Oh [29], Chlebicka [30], Chlebicka-DeFilippis [31], Crespo-Blanco-Gasifiski-Winkert [32],
Diening-Harjulehto-Hasto-Ruzicka [33], Hast6-Ok [34], Giannetti-Passarelli [35], Ragusa-Tachikawa [36]. Higher integrability and
stability of p, g—quasi-minimizers in double phase problems by Kinnunen-Nastasi-Pacchiano Camacho [37] and Nastasi-Pacchiano
Camacho [38-40]. Quasiconvex integrals of the calculus of variations in [41-43], and about partial regularity by Schmidt [44],
DeFilippis [45], DeFilippis-Stroffolini [46], Gmeineder-Kristensen [47].

Particularly related to this manuscript, the literature on regularity for non-uniformly elliptic problems, which consider at the same
time exponential growth, is less wide. It starts from [48, Section 6] for a class of non-uniformly elliptic equations including “slow”
exponential growth. The first regularity result specific for local minimizers in u € Wl(l)’c2 (£2) such that f (Du) € LI‘M (£2), possibly
with exponential growth, is in [49], which deals with energy integrals as in (1.1) with integrand f = f (¢) independent of x,
which partially inspired our research here. In the same year an approach to the vector-valued case was introduced in [50], later
generalized by Marcellini-Papi [51], both again related to f = f (¢) independent of x. The first extensions to /' = f (x, &) are due to
Mascolo-Migliorini [52] and DiMarco-Marcellini [53], who treated the vector-valued case, with f := g (x, |&|) of Uhlenbeck-type [54],
i.e. depending on the modulus |&|. Finally we mention Beck-Mingione [55] and DeFilippis-Mingione [13], who in particular studied
energy integrals of the form fg {g(|Dul) + h(x) - u} dx and they considered some sharp assumptions on the function 4 (x), which is
assumed to belong to a Lorentz space of the type L (n,1)(£2;R™) in dimension n > 2 (i.e., f0+°° meas {x € Q : |h(x)| > 4}'/"dA < +o0;
note that L™ c L(n,1) C L"), or h € L*(log L)* (2;R™) for some a > 2 when n = 2. Beck-Mingione and DeFilippis-Mingione
obtained the local boundedness of the gradient Du allowing exponential growth too; however the principal part of the energy
function is assumed to be either independent of x or depending on the modulus |£| of &; precisely, see in particular Theorems 1.7
and 1.13 in [55] and assumptions (4.1), (4.20) and Theorem 4.2 in [13]. Therefore the a-priori estimates of Theorem 2.2 below
seem to be new with respect to the known literature, and in particular with respect to the quoted references.

2. Statement of the main results

We consider a nonnegative function f = f(x,$), f : 2 xR" — R, whose gradient with respect to the {—variable D, f (x, &) =
(/5 x.0)

exist in the Wkl)‘c‘x’ —sense) satisfy the following ellipticity and growth conditions: for every open set ' compactly contained in 2 there
exist nonnegative increasing functions g, g,, g3 : [0, +00) — [0, +0), not identically equal to zero, such that

G UED AP Y, fre (0O Aid; < g2 (€D 122, @1
ij

is locally Lipschitz continuous in 2 x R”. We assume that the following second partial derivatives of f (which
n

i=12,...,

X e, 0| < s gD 2.2)

forall ¢, A€ R", k=1,2,...,n, a.e. x € '. These functions g, g,, g; are related to each other by

t a
(e 0)7 " 2 < M{l +/ Ve (s)ds} , (2.3)
0

2y-1

(g UED)T e <M 1+ f (2.8, 2.4)

1 1
GOSMA+) (g 1) (80) 2, (2.5)

for a positive constant M = M (2') and for all £ € R” and ¢ > 0. Finally, the exponents a, 8,y satisfy the bounds

2<a<2"=2(@p -1, (2.6)
2(a+2y—2)

for some y > 1. Here, as usual, we denote by 2* the Sobolev exponent defined by 2* = nzT" if n > 2, while 2* is a fixed real number

2
large enough when n = 2; precisely such that a < 2* and y < Z=2+2 _2‘”2.

3
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Remark 2.1. The conditions (2.6), (2.7) on the exponents a, f and y > 1 are satisfied if we choose, for instance,

ﬁ:%+5, and y=1+34, (2.8)

with2<a<2*-2(y-1)=2*-25,1<p<1+ % and 0 <5< n(iz). Indeed, with the choice y = 1+ §, (2.7) assumes the form

a+26 2(a+26)

a —_—
1< 3t 6= 2 n(a—2+26)"

which gives a« — 2 + 25 < %, thatis g < 1 + % Finally, we must satisfy the a—bound a < 2* — 25, i.e. 0 < § <

a=2(f—-6)<2p<2+ %, we obtain the sufficient bound for &

* .
2 > 2. Since

0<s<in o 4
SOSTITT e
In the particular case y = 1 conditions (2.6), (2.7) simplify into 2 < a <2*and 1 < § < - (jiz). For instance, for the so called
natural growth conditions with, up to multiplicative constants, g, (t) = t#=2, g, () = (1 + P2 for some p > 2, (2.3) becomes
1 a «
(1 + 12 tst{1+/ sg_lds} =M, (1+ﬁ") (2.9)
0

and it is satisfied for a constant M, and for all + > 0 by choosing a = 2. Similarly (2.4) holds for g, (r) = (1+1"% and
f(x,& > const [P if f = 1. Thus, in the natural growth conditions, the simplest choice is « = 2, § = 1 and y = 1. Similar
computations when y = 1 can be done for the p, g—growth case, with g, (t) = 72, g, (1) = (1 + 192 and f (&) > const |£|P for some

exponents g > p > 2. To test (2.3) we change p with ¢ in the left hand side of (2.9) and we obtain ¢ < % p- To test (2.4), we consider

the sufficient condition (1 + [£))772 |¢]> < M { 1+ (& |”}p , which holds with g < fp. In this case the natural choice, as in (2.8), is to fix
B = % when y =1 (i.e. 5§ = 0), under the constraint a —2 < 4 or equivalently g < 1+ %, which, written in the explicit form ¢ < 1 + g,
is a natural bound for p, g—growth variational problems without x—dependence (see for instance [49, Remark 2.1] or [7,10,18]).
Note however that in general the x—dependence and specifically the exponential growth need to choose the parameter y strictly
greater than 1, for instance as in (2.8). See details in Section 3.

We are ready to state in Theorem 2.2 below our regularity result, whose proof, divided into several steps, is given in Section 4.
With regularity of u we mean interior regularity, without fixing Dirichlet boundary conditions, or without other types of boundary
conditions. Precisely, we obtain local Lipschitz continuity estimates for u and also local estimates of the L?—norm of the nx n matrix
D?u of the second derivatives of a local minimizer u of the energy integral (1.1). A local minimizer is a Sobolev function u such that

/ f(x, Du) dx < +o0 and / f(x,Du) dx < / f(x, Du+y)) dx,
o Q o

for every w € W2 (Q) with support in the open set £’ whose closure is contained in Q. Theorem 2.2 is a regularity result for
smooth local minimizers u of the energy integral (1.1). These estimates are in fact a priori estimates: they hold for a priori smooth local
minimizers; precisely, for local minimizers u in the class

{ue w2 (') / | Du|? (gz(lDul))ZV‘l dx+/ 2 (| Dul) (D2u|2dx<+oo}, (2.10)
Q' Q

where these summability conditions are valid for all sets £’ compactly contained in €. As well known, the natural condition is to
impose finite energy for the local minimizer u; i.e. to belong to the class

{u ewh (@) :

while (2.10) is an a priori proper condition useful to prove the estimates (2.12)-(2.13) of Theorem 2.2.

The auxiliary assumption (2.10) should be removed later. Usually, the main steps for regularity are the a-priori estimates; the
following steps are obtained through an approximation procedure. A reference example of this method can be found in the first
Lipschitz continuity result under non-uniformly elliptic and general growth condition, obtained in [49, Step 5] for local minimizers,
however for the simpler case f (x,&) = f (), i.e. with f independent of x. A further approximation procedure to go from the a
priori estimates to full regularity was done in [10]: also this one is related to a special case; precisely with modulus-dependence
on the é—variable f (x,&) = g(x,|£|), named Uhlenbeck structure, recalling the celebrated paper [54] published in 1977 by Karen
Uhlenbeck.

Finally we observe that we do not assume structure conditions on the nonnegative function f : 2 xR" — R. In particular we do
not assume the mentioned Uhlenbeck structure with the modulus dependence f (x,&) = g(x, |€]) on the gradient variable, not even
the so-called double phase structure, with f = f(x,&) = |” + a(x)|£|9, where a(x) is a nonnegative coefficient which is equal
to zero somewhere in 2, neither the more general p, g—growth conditions, which are more general than the double phase case, but
which of course do not include exponential growth, a case on the contrary that enters in our Lipschitz continuous a-priori estimates
of Theorem 2.2.

f(x,Du) dx < +oo} s (2.11)
o

Theorem 2.2. Under the ellipticity and growth conditions (2.1)-(2.7), let u be a local minimizer of the energy integral (1.1) in the Sobolev
class (2.10). Then some uniform a-priori estimates hold for the L® —norm of the gradient Du and for the n x n matrix D?u of the second



P. Marecellini et al. Nonlinear Analysis 264 (2026) 113982

derivatives of u. Precisely, for every open set €' compactly contained in 2 there exist exponents 0,65 > 1, 6,,60, > 0 and a radius Ry > 0
such that

0,
||Du||iw(BP;Rn) S Tom (/BR (1 + f (Du)) dx> . (2.12)

03
/ gl(lDul)‘Dz ‘ dx < ot </B (1+ f (Du)) dx> , (2.13)
R

for every p, R with 0 < p < R < Ry, and for a positive constant c, where B,, By are concentric balls contained in Q' with respective radii
p R

The constant ¢ in (2.12), (2.13) depends on the dimension » and on the data, but it is independent of u itself. An explicit analytic
representation of the exponent 6, is given below in (4.48), as well as the analytic expression of 6,, 65, 6, in the proof of Theorem
2.2. The a priori estimate (2.13) is a Wi(z’cz (£2) —bound of the local minimizer u of the energy integral (1.1) only on subsets Q' cc Q
of the type {x e : g (|Du)]) > m} for fixed constants m > 0. For instance, when g; : [0, +00) — (0,+0) is a positive function
also at t = 0, i.e. when m = g, (0) > 0 as it happens in the nondegenerate p— Laplacian and p (x) —Laplacian cases. In fact in these
cases by (2.13), we get

2 )
the nondegenerate case:/ ‘D2u| dx < = p)"4 </ 1+ f (Du)) dx) . (2.14)
B, m

As an example related to the estimate (2.13), we mention here the degenerate case recently studied by Brasco-Carlier-Santambrogio
[56], Santambrogio-Vespri [57], Colombo-Figalli [58], Bogelein-Duzaar-Giova-Passarelli-Scheven [15]. It is a very degenerate case,
with f (x,1) = i (t— l)ﬂ’r — h(x)u (as before = |£|) and thus g, (1) = g, (t) =0 for all 7 € [0, 1] and g, () > 0 when 7 > 1. In this case,
when 4 =0, by Theorem 2.2 we deduce the L*—local gradient bound (2.12), while the ng’cz (22) —bound (2.13) gives contribution
only at the subset of 2 where |Du(x)| > 1, being indefinite the gradient Du (x) and the matrix of its second derivatives D%« (x) when
| Du(x)| < 1, since there any Sobolev function u, with |Du(x)| < 1, a-priori could be a minimizer.

3. Consequences and examples

We collect some examples which satisfy the hypotheses (2.1)-(2.7) and we state a specific version of Theorem 2.2 for each energy
integral discussed below. For the readers’ convenience we start by reporting two well-known properties which will be used to show
that the models proposed below satisfy the assumptions stated in the previous section. In Proposition 3.1 we represent the quadratic
form, associated to the nxn matrix (f, ) of the second derivatives of f (x, &) with respect to &, in the particular case when f depends
on ¢ only thought its modulus |£]. We recall that g, g,,83 : [0,+00) — [0,+0c0) are nonnegative increasing functions. They are not
identically equal to zero; the reason is to avoid the trivial case when the integrand f = f (x, &) satisfies all conditions (2.1)-(2.7) with
21, &, 83 identically equal to zero; in this trivial case any u € Wlé’cp (2) comes out to be a local minimizer of the “zero integral” and
of course regularity results do not hold. Thus there exists #, > 0 such that g,(ty) > g(ty) > 0 and, up to a rescaling, we can consider
ty < 1; therefore g,(1) > g,(1) > ¢ > 0. If necessary we multiply f, and thus g, g,. g3 too, by the positive constant 1/c to have

&) =g () =1. 3.1
We introduce a function g : 2 X [0,+00) = R, g = g(x,1), 1 € [0,+0), t = ||, g twice differentiable with respect to ¢ > 0, such that
fxO=gx1&h, V(x&)exR". (3.2)

Although we explicitly remember that our Theorem 2.2 deals with a general energy integrand f (x, &) not necessarily of the form
(3.2).

Proposition 3.1. Let f (x,&) be represented in the form g (x, |€|), as in (3.2), with partial derivative g, (x,t) locally Lipschitz continuous
in t € [0,+o0) for fixed x € L, with g, (x,0) = 0. Then the quadratic form associated to the n x n matrix (f 3 éj) satisfies the bounds

g1 (e ED 1417 < Y frg, (6O iy < g (xaED) 1417, 33)
ij

for all (x,&) € 2 xR", with g, and g, given by
@ in general g, = min g—’,gn and g, = max { &,g,, }
g,(X )

(i) g = and g, = g, if is increasing with respect to t at x € £2;

(iii) g, = g,, and g, = &, if g’(: D is decreasing with respect to t at x € £2.

Usually, it is not difficult to compute explicitly g; (|£]) and g, (|¢]) and to check the monotonicity of g, (x,?) /t. For instance
for an integrand related to the p—Laplacian, of the type (3.2), with f(x,&) = g(x,|&]) = a(x)|&]” and g(x,t) = a(x)t’, we have
g (x,1) /t = pa(x)t*~2; therefore we are in the case (ii) if p > 2, while (iii) holds when p € (1,2]. In this case, if ¢, < a(x) < ¢, for
all x € 2 (by ¢; we denote positive constants), then c;g,/f < g, < c4g,/t for all (x,1) € 2 x (0, +0); or equivalently ¢; <1g,/g < ¢4
for all (x,7) € 2 x (0,+o0). Please, note the “abuse of notation”, due to the fact that in Proposition 3.1 g, and g, are functions
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depending on (x,7) = (x, |£]), while in the ellipticity condition (2.1) they are functions g, = g, (|£]), & = & (|£|) independent of x.
Of course to go from g; in Proposition 3.1 to the g, in the left hand side of (2.1) we will consider the infimum of g, (x, |£|) with
respect to x; similarly, the supremum with respect to x for g,. In general, if g; < g, < ¢5g; for all (x, &) € 2 x R", we say that (3.3)
are uniformly elliptic conditions. Therefore the p—Laplacian is an uniformly elliptic operator. However in our Theorem 2.2 we do not
assume uniform elliptic conditions.

Proof of Proposition 3.1. For f (x,&) = g(x,|&]), as in (3.2), a computation shows
‘.
_ & &g slel-Gith (ﬁ _ L) &
fgi =8 EE fgi =8t e +& e = 5[5} L + 5"/ [H
for i,j =1,2,...,n, where, as well known, 8y is the Kronecker delta: 6 =1 if i =j and 6,;=0 if i # j. Therefore

1 & & (42 4 52 2
”21 Fagy a8 Ay = o (8- E)”Z:l GEAA + (B 24 22).
For the first sum we have Zl"] 1 E&iMid; = (Zf’ L GiAi )2 = (& A%, where (&, 4) is the scalar product of £, 4 € R". Then we get
ZZ/.:] f&{j (x,¢) /1,/11 = ? (g,, IE ) (&, /1) + =L IEI |A]?. By the Cauchy-Schwarz inequality |(¢, )| < |&] | 4], for all (x,) € Q X [0, +c0)

such that g, — | | > 0 we finally deduce

&3P < ngg(xé)/l,/l (80— ) 161 12 + £ 1417 = g, 14,

= |/:|2

for all 1 € R"; while, if at (x,1) € 2 x [0, +o0) we have g, — ﬁ <0 then

2 2 2 2
g AP = 5 (&0 — & ) 16 127 + £ 141 < fo,g (x.8) 4id; < & 1P,

for all 4 € R", which is equivalent to the conclusion in (7).

By computing the partial derivative %@ = w

t € (0,+00), then 1 — g’(f'”
x € Q, for all t € (0, +o0).

we see that at every x € @ such that g, (x,n)t — g, (x,1) > 0 for all

is increasing in (0, +o0) and vice versa. This proves (ii). Similarly for (iii) when g, (x,7)t — g, (x,1) <0 at

The following property is elementary and does not need a proof.
Proposition 3.2. Let t, € R. If h(7) is a continuous function in [ty, +oo0) such that lim,_,  , h(t) € R, then h(z) is bounded in [t, +o0).
3.1. Anisotropic energy integrals

We emphasize that in this example the condition in (3.2), i.e. f (x,&) = g (x, |£]), is not assumed. Not even f (x, &) should depend
on ¢ = (£,&,...,&,) € R" only through powers of its components ||, |£,|7, ..., |£,|™, for instance as frequently represented in
the recent literature on this subject, in the form f (x,&) = ¥/_; a; (x) |uy, " for some exponents p;, i =1,2,....n

We fix some indices in the set {1,2,...,n} in order to form a not empty proper subset; for instance we fix the index {n} and we
consider the energy integral

n
/( Z aij (X)“x,.“x/ + [ux
Q jj=1

with g > 2, where (g;; (x)) is an n x n positive definite matrix of locally Lipschitz continuous functions on Q. Precisely, for every
set ' compactly contained in 2 there exist positive constants ¢, ¢, such that c, (A% < Z” 14 (X) 44 < ¢y |4|% for all 2 € R” and
x € £'. Or more generally the anisotropic energy integrals has the form

A

where h is a real function defined in 2 x R" whose gradient D:h(x,¢) is locally Lipschitz continuous in € x R” with respect to
& € R" and ¢ > p > 2. Moreover h(x, Du) is locally uniformly elliptic and satisfies the standard (classical) p—ellipticity and growth
conditions

ey €72 141 < 2 hee, (5.8 Ady < e (1+1E1772) 1212, (3.6)

(3.4

U, q} dx, (3.5)

X |, o] <es 1! 37

for all £,4 € R" and k = 1,2,...,n, a.e. x € Q. In the particular case (3.4), with A(x,&) = Zw. a;; (x)&¢; and p = 2, then
i) b, g (GO Aid; = 2%, ai; (x) 4;4; and (3.6) is satistied with p = 2 (and different constants). It is not difficult to test the ellipticity
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and growth conditions of the integrand f (x,&) = h(x, &) +|&,|%; since fe, =hg forallie {1,2,....n—1}, f =h; +q |r§,,|"_2 &,, and
ff,-Xk = héiXk forallie{l1,2,...,n—1,n}, then

L IEPT AP < ) fee, (O Aidy S eq (1+161972) 1417, (3.8)
i.j

2 e 0| <l 3.9)

In order to test conditions (2.1)~(2.7), in this case we fix (up to the multiplicative constants) g, () = t*~2, g, (1) = 1+1972, g5 (t) = t*~1,
under the usual notation |£| = ¢. We start from (2.5), which takes the form
—1 2
h(t) = ? = <M,

1 1
(1+7)(10=2) 2 (1414-2)77 2 (1+17)(1414-2)77 2

for all ¢ € [0,+o00) and for a constant M > 0. As in Proposition 3.2, h(¢) is a bounded function in [0, +0) if it has a finite limit as
t = +o0. This finite limit condition lim,_, , ., () € R is reduced to the exponents’ inequality ’5’ <y+(q-2) (y — %) , which, fory =1,
simply means p < q. Therefore assumption (2.5) in this case holds with y = 1. Then (2.3) corresponds to

t
A+ 2 < M (1 +/ s = M1+ iy (3.10)
0
which is satisfied by a positive constant M and for all ¢ > 0, if we choose y = 1 and « in such a way that [(¢ —2) (2y - D],=; +2 =
g<a g ; i.e., if we choose a = 2%. To respect the conditions 2 < a < 2* =: % (there is not an upper bound for « when n = 2) we
need

n

2<28 <L o 1<l
p n n=2

< e

Let us now discuss assumption (2.4). For f (x,&) as in (3.5), being |f (x,&)| < ¢s (1 + |§|‘7), it corresponds to (1 + |§|"’2)2771 &% <
M {1 + |.§|q}ﬁ, which, in terms of exponents, gives [(g —2)(2y — 1) +2],; = g < fig. Thus % < B. To respect the conditions for f in

s 2(a=2+42y) _ 2« _ o« e a 2a
(2.7),ie. 1 < B < [—n(a—4+2y)],_1 = sy e choose f = 3 and we assume the condition 1 < 3 < e’

2<a<2+ %. Recalling that we already choose « = 2%, we finally impose the bound on %

which is equivalent to

1<2<1+ (3.11)

RS
BRI

As a consequence of Theorem 2.2, with parameters a = 2%, p= g = %, y = 1, we have proved the following result.

Example 3.3 (Lipschitz Continuity Result for Anisotropic Energy Integrals). Let 2 < p < g satisfy (3.11). Every local minimizer in the
Sobolev class (2.10) of the energy integral (3.5), or of the integral in (3.4) when p = 2, is locally Lipschitz continuous in 2 and
satisfies the uniform gradient estimate and the estimates for the n x n matrix D?u of the second derivatives of u stated in Theorem
2.2,

Remark 3.4. Similarly to the energy integrals (3.4), (3.5) considered in this Section 3.1, it is possible to deal with

/.Q(,-,/Zﬂ a;; (x)uxiuxj +a(x) q} dx,

with a locally Lipschitz continuous coefficient a(x) > 0 in €. Then the proof should proceed similarly to the proof given in this
section, by changing the choice of y = 1 with y = 1+, with § > 0 as explicitly described in Remark 2.1. If § > 0 ( and not § = 0 as
in the above proof), then the bound on the ratio :—i in (3.11) becomes more strict.

uxn MX"

q)dx or /{h(x,Du)+a(x)
Q

3.2. Exponential growth

We consider the energy integral
/ f(x,Du) dx = / DUl gy (3.12)
Q Q

related to the exponential growth case f(x,&) = ™I with a(x) positive locally Lipschitz function and = > 2. For simplicity, here
we consider 7 = 2. Under the notations of Proposition 3.1 we have f(x,¢&) = g (x,|£|) and

g(x,1) = RO g (x,n) = 2tae, gy (x,1) = 42a%e + 200",

Then g, (x,t) /t = 2a(x) a0 being product of positive increasing functions, is increasing with respect to ¢ € [0, +0) for all x € Q.
By (ii) of Proposition 3.1, (3.3) holds with g, (x,#) = g, (x.7) /t and g, (x,1) = g, (x,1).

Let 2’ be an open set compactly contained in Q2 and By a generic ball in £'. The coefficient belongs to Wkl)’coo () and thus is
Lipschitz continuous in £’ with a Lipschitz constant L uniform for all By C £2'. We define

p=min{a(x) : x EB_R} and ¢ =max{a(x): x GB_R}. (3.13)
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For every 6 > 1 we can choose the radius R = R(6) of the ball By small enough such that g < 0p; in fact g —p=a(x,) —a(x;) <
L|x, — x;| £2R and thus ¢ < p+2R < 6p if we choose, for instance, § = 1 + 3R/p. Therefore

g (x,1) /t =2a(x) O 2pe”’2, Y (x,1) € By X [0, +00)

and similarly, being ¢ < 0p, g, (x,t) < 41 [0p]° % +20pe®”” . Then, by considering the infimum with respect to x € By, of g (x, 0/t
and the supremum with respect to x € By of g, (x,1), the ellipticity condition (2.1) is satisfied in Bz with

g = cle"’2 and g1 =c, (1+1*) et (3.14)
and ¢ =2p, ¢, = (4p)* (with 0 > 1 also bounded above by 2). Firstly, we verify (2.3). Then for r > 7, > 1,
t 1y top2 b
/ gl(s)dsz/ \/gl(s)ds+p/ e2 sds=c+pe?" .
0 0 19
We apply Proposition 3.2 with A(f) := ((e4” (L+2)7 12y A+ ¢3”)e and we require
a2y -1 < ag (3.15)

in order to get a finite limit of A(f) as t — +oco0. We use here the possibility stated after the definition (3.13) of p, g; precisely,
% = 0, with 0 arbitrarily close to 1. Then (3.15) becomes 6p(2y — 1) < ap/2. As in Remark 2.1 we pose y = 1 + §, therefore we get

0p256 <p (% - 0). Note that 6p is a bounded quantity, since 1 < 8p < 2p. We can choose « > 2 and 6 sufficiently close to 1, so that

the right hand side is positive. Therefore we can also fix § sufficiently close to 0 in order to obtain the validity of the inequality in
(3.15). For these values of « and y assumption (2.3) holds. To verify (2.4), it is enough to prove that

@ (1+2)2 1 < M (14" (3.16)
Proceeding as in the previous lines, (3.16) holds if #(26+1) < g. The previous inequality is trivially true for g > 1, § sufficiently close

to 0 and 4 sufficiently close to 1. Now, we calculate g, (x,&) = 2a,, (x)tea™? (1+ a(x)r?). Since a(x) is a locally Lipschitz function,

then there exists a constant L > 0 such that ay, (x)‘ < L, so hypothesis (2.2) is satisfied with

g3(t) = e3¢ (1+7), (3.17)
where ¢; = (1+2p)2L (here we have used that ¢ < 6p and 1 < 8 < 2). To verify (2.5), we should prove that
1 1
(1 412) < M(L+17) ()2 (77 (1442))72,

If + —» 0%, the left hand side of the inequality goes to 0, while the right hand side converges to a positive number, so (2.5) holds
true. When ¢ — +oo0, (2.5) is reduced to the exponents’ inequality 6 <% -5 ) < %, which is true by choosing é sufficiently close to 0
and 6 sufficiently close to 1.

As a consequence, we get the following consequence of Theorem 2.2, with parameters § = % +6and y = 1+6, where 2 < a < 2%,

1<ﬁ<1+2 and 0 < § < —2— (see Remark 2.1).
n n(n—2)

Example 3.5 (Lipschitz Continuity Result Under Exponential Growth). Every smooth local minimizer of the energy integral (3.12) is
locally Lipschitz continuous in £ and satisfies the uniform gradient estimate (2.12) and the estimates (2.13) for the n X n matrix
D2y of the second derivatives of u.

3.3. p(x)—Laplacian and logarithm p(x)—Laplacian
We consider the energy integral
f (x, Du) dx = / | DulP™ dx (3.18)
Q Q

L2 (3), p(x) > 2. Under the notations

oc

related to the p(x)—Laplacian degenerate case f(x,&) = |£|P™, with variable exponent p(x) € W,
of Proposition 3.1 we have f(x,¢) = g (x, |¢]) and

g, =% g (x,1)=p)rOl g (x,1) = p(x) (p(x) — 1) P72,

Then g, (x,1) /t = p(x)t"®~2 is locally Lipschitz continuous with respect to ¢ € [0, +o0) for all x € €. By (i) of Proposition 3.1, (3.3)
holds with

g (1) =px)PP72 and g, (x,1) = p(x) (p(x) — 1) P72,

Let £’ be an open set compactly contained in 2 and By a generic ball in ©'. We define p = min{p(x) : x € B_R}, q = max{p(x) :
x € Bg}. Given 6 > 1, we choose the radius R of the ball By small enough such that g < 0p. Therefore, for every x € Bz and 1 > 1,
g (x,1) /t > pt’~2, and analogously, g,(x,1) < Op(@p — 1)t°?=2. Then, the ellipticity condition (2.1) is satisfied in By with

g =c;P? and g (1) = 1?72, (3.19)
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and ¢; = p, ¢; = 2p(2p — 1) (where we used that 6 > 1 is also bounded above by 2). Similarly for ¢ € [0, 1], indeed in this case it
is sufficient to interchange the supremum with the infimum and viceversa. So that we obtain g,(f) = ¢,1%77% and g,() = c,#"~2.
We observe that hypothesis (2.3) is automatically satisfied when 0 < ¢ < 1, since the left hand side is bounded from above
and the right hand side is bounded by a positive constant from below. In order to verify (2.3) for r > 1, we need to prove that

(czz"’l’—2)27_l r<M(1+ @t#‘) which, by Proposition 3.2, follows from the condition (8p —2) 2y — 1) +2 < p%. As in Remark
2.1 we pose y = 1 + 6, which gives

(ep—z)zagp(g—o>. (3.20)

Note that (6p — 2) is a bounded quantity, since 0 < 0p—2 < 2 (p — 1). The right hand side is positive if we fix a > 2 and 0 sufficiently
close to 1. Therefore we can also fix § sufficiently close to 0 in order to obtain the validity of the inequality in (3.20). For these
values of a and y assumption (2.3) holds.

In order to verify (2.4), it is enough to show that

(e 27 2 < M1+ ) (3.21)

Using Proposition 3.2, inequality (3.21) is true by imposing the following condition (6p — 2)(2y — 1) + 2y < pB. As previously done,
by Remark 2.1 we pose y = 1+ §, obtaining

Op—-125<p(f-0). (3.22)

Note that (fp — 1) is a bounded quantity, since 0 < p — 1 < 2p — 1. The right hand side is positive if we fix § > 1 and 6 sufficiently
close to 1. Therefore we can also fix § sufficiently close to 0 in order to obtain the validity of the inequality in (3.22). For these
values of f§ and y assumption (2.4) holds. Now we compute g, (x,1) = p,, ()P~ (1 4 p(x)logt). We observe that, even if ‘ Py, (x)‘
is locally bounded, because of the logarithmic factor, we cannot bound |grxk (x,1)| only with the exponential term -1, However,
since log? < 1 /w for every w > 0, we can find a constant ¢;, which depends on ® and on the L*® (B R) -bounds of p(x) and Px, (%),
such that g, (x, t)| <5 (14 007140), S0 we fix

&) =c; (1+ 177 1%0) (3.23)
In order to verify (2.5), we need to find a constant M such that

e (14+077199) < M(1L417) (e,72) 7 (ey®2)7 2 . (3.24)
We apply Proposition 3.2, imposing the following inequality on the exponents

0p(%—y)+w§§+1—y. (3.25)

We can verify that y = 1 is not a possible choice, since %q +w < %91) + < Lpis a false inequality even if ¢ = p. Then we follow
Remark 2.1 by posing y = 1+ 6 (and f = % + 6); from (3.25) we get 8p (% -§)+w< g — &, or equivalently %6p+co < g +6(g—1),
which in terms of the parameter § means (we choose for § the minimum possible value; i.e., when the equality sign holds)

_ (0-)p+2ew
5= e, (3.26)

Finally we observe that the value of § > 0 in (3.26) can be fixed as small as we like, by choosing 6 close to 1 and ® close to 0.

Therefore we can fix 6 > 1 and » > 0 such that the condition 0 <6 < - (iz) in Remark 2.1 is satisfied.

At this point, we can state the following consequence of Theorem 2.2.

Example 3.6 (Lipschitz Continuity for p(x) Laplacian Integral). There exist « > 2, p > 1, y > 1 and functions g, g,, g; defined as
(3.19) and (3.23) satisfying the ellipticity and growth conditions (2.1)-(2.7), such that every smooth local minimizer of the energy
integral (3.18) is locally Lipschitz continuous in £ and satisfies the uniform gradient estimate (2.12) and the estimates (2.13) for
the n x n matrix D?u of the second derivatives of u.

Similar computations can be carried out for the Orlicz type energy functionals (logarithm p(x)—Laplacian)
(8 = 16179 log(1 + 1),
where p(x) > 2 is a local Lipschitz continuous exponent. In this case we have to test the hypotheses set under the choice
g () =1""log(l+13), g 1) =172 (log(l+1)+1) g = (1+7112),

where we have omitted multiplicative constants for simplicity.
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3.4. Double phase case

We consider the energy integral
/ f (x, Du) dx =/ {lDuI” + a(x) |Du|"} dx (3.27)
Q Q

related to the double phase degenerate case f (x,&) = |&|” + a(x) |€|9, with 2 < p < ¢ and a nonnegative locally Lipschitz continuous
function in Q. We fix

g (D= 1177 g, (1ED) = 11972 and g5 (&) = €197,

where we have omitted multiplicative constants for simplicity.
We introduce a further exponent, greater than ¢, at the same distance ¢ — p from g; precisely g + (¢ — p) = 2q — p. Then for any
fixed b > 0, we consider the auxiliary variational problem, related to a multiple phase, of the form

F &) =[EP +a(x) €7 +b|E*aP (3.28)

and g, (|¢]) = |£1P72, g (&) = |&[297P2, g (&) = |£1771. We apply the regularity Theorem 2.2. In particular assumption (2.5) trivially
holds with y = 1. With the aim to test assumption (2.3), we note that

' o,
/ \/g](s)ds=/ spTds= u ;
0 0

p

s

therefore in order to obtain the validity of (2.3) we must impose 2q—p—2+2=2g—p < ga, that is [3) <1+ % Taking into account

the bound 2 < a < 2* s "2—"2 for a in (2.6) and letting a converge to the limit value 2* we finally obtain
it n> -
] A B
5 <1+3 oy 12 I+ -—=. (3.29)

Assumption (2.4) requires that 12972 < M {1+ + a(x)1 + btz‘ﬁ”}ﬂ , that is # > 1, which is true by assumption (2.7).

We remark that in the above considerations we used a nonnegative constant coefficient b which can be chosen equal to zero too,

the case which corresponds to the original energy integral (3.27) . Thus we have proved the following result, as a consequence of
the general Theorem 2.2.
Example 3.7. Under the bound (3.29) on the ratio g/p every local minimizer u € Wlif‘i_” (£2) to the double phase energy integral in
(3.27) (or, when b # 0, a minimizer of the integral related to the auxiliary integrand (3.28) as well) is locally Lipschitz continuous
in Q and satisfies the uniform gradient estimate (2.12) and the estimates (2.13) for the n x n matrix D?u of the second derivatives
of u.

4. Proof of Theorem 2.2
4.1. Step 1. Second variation

We consider a local minimizer u of the energy integral (1.1) under the supplementary assumptions (2.10). The local minimizer
u satisfies the Euler’s first variation in the weak form

n
/ Z f, (x. Du)y, dx =0,
Q=1

for every y € WOI’2 (£2). Since u € sz),cz (£2), we consider a generic integer k € {1,2,...,n} and y = —;7"’ = -0y, where ¢ € WOI’2 (2)
k

is a generic test function. By integrating by parts we get
n n
/Q ( > Jee, (. Duyuy o + X fe, Du)> @, dx=0. 4.1)
i,j=1 i=1

We make a further choice of the test function ¢, by posing ¢ = 112uxkd5(|Du|), where n € I/VOI’2 (2) and @ : (0,+c0) — (0,+c0) is a
nonnegative, increasing, locally Lipschitz continuous function in (0, +), to be chosen later. Then

Px, = 21,1y, @ (| Dul) + n’u, . ® (| Dul) + uy, @ (| Dul) | Dul,, .

4.1.1. Terms to estimate from to @

The left hand side in (4.1) now splits into six addenda

/sz@(wun

n

fiiéj (x, Du) U M Moy dx
ij=1

10
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n
[2] + / POADU) Y, frp (. D)ty it dx
Q

ij=1

n
(3] +/Qr]2d)’(|Du|) D fae, (o Dy uy, 1Dl dx

i,j=1

n
+/ 20® (1Dul) Y, £, (x. Dy uy, dx
Q i=1
n
(5] + [ #eaDuD Y 1o, (5 Dy,
Q i=1

(6] +/ W@ (|Dul) Y fr (x. Duyu, |Dul, dx=0. (4.2)
Q i=1

In the following sections we estimate (4.2) term by term.

4.2. Step 2. Main estimates

2
In the proof of Theorem 2.2 we use several times the elementary inequality <\/Za - #b) >0; ie., ab < ea® + ﬁb{ valid for
[3 2

all a,b € R and € > 0.

4.2.1. Estimate of the term in
In order to estimate of the term in we use here the Cauchy-Schwarz inequality for symmetric quadratic forms

ij=1

n 172 n 1/2
2
g/gz«p(|Du|)<,,2 S fos (x,Du)uxkauxjxk> ((uxk) 3 fee, (x,Du)nx[nxj) dx

i,j=1 ij=1

n
‘/ 2n® (| Du|) Z féié, (x, D”)”xjxk’?x,”xk dx
Q

n

ij=

n
1 2
szg/g,,hpqoun Y Fug, v Dwyug g dx+Z/Q<D(|Du|)(uxk)

f-f,ij (x, Du) ., Ny, dx.
ij=1 1

By the growth condition in the right hand side of the (2.1), for e = % we obtain

n
‘ / 2B (1Dul) Y, fre, (X Duytty 1y, dx
Q ij=1

n
2
<1 / 7°® (| Dul) Z fee, . Duyuy oy dx+2/ @ (| Dul) (uxk) & (|Dul) |Dn|? dx. 4.3)
Q ij=1 Q

We insert this inequality in Eq. (4.2) obtained in the previous Section 4.1.1. We chose to put some addenda in the left hand side

and some others in the opposite side; the reason is clear by taking into account the sign of all addenda and/or their absolute values.
In particular @ and are nonnegative as consequence of the ellipticity condition in the left hand side of (2.1). Precisely is

nonnegative after a sum with respect to k € {1,2,...,n}; see Section 4.2.3. Since “ < % plus the last term in (4.3), we get

%@+s ‘)+)EH+‘@)+2/Q|D;1|2tD(|DuI)(uxk)2g2(|Du|)dx. (4.4)

2
We observe that, when we sum both sides over k € {1,2,...,n}, in the right hand side of (4.4) we have ZZ=1 (uxk) = | Dul?.

4.2.2. Use of ellipticity in the term in
This is the simplest step among these estimates. We bound from below the addendum in @ by mean of the ellipticity condition

in the left hand side of (2.1)

n
2
/ PO (DUl Y, fre, (6 Dttty dx 2 / n’® (| Dul) g, (| Dul) | Duy, | dx.
Q Q

ij=1

by noting that for Sobolev functions u = u a.e. in 2. When we sum both sides over k = 1,2,...,n we observe that

Xij .Xk)(/
2 2
n — 2
Ty [Duy, | = | 0%

11
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4.2.3. Use of ellipticity in the term in

In order to estimate the term in we explicitly represent | Dul,,, recalling that for Sobolev functions the second order mixed
derivatives coincide

n 1/2 n
7} 2 Zk=1 Un Uy x;
D = — < ) = 4.5
IDul, = 5 <k§=1 ™ ) D (4.5)
Thus,

1

Dl U;I Feg, (o Dyt (1Dul)y, = ' fre (x. Du) (| Dul) (| Duly,. (4.6)

ij=1

2
Under the notation D (|Du|) = <|D"|x, | Duly, s ... |D“|x,,> and Zl’.'zl (|D“|x,) = |D (| Du|)|?, we sum over k in and we get

n

/anq)’(wun D e, (6 Dy uy (|Dul)y, dx 4.7)

i) k=1

= /Q 2@’ (|Dul) |Dul Y fre (x, Dw) (I Dul), (| Dul),, dx

ij=1
z/n2a>'<|Du|>|Du|g]<|Du|> D (IDul)|? dx.
Q

where in the last inequality we have used again the ellipticity condition in the left hand side of (2.1).

Remark 4.1. We use in (4.5) the Cauchy-Schwarz inequality

2\ 2
n 1
ZZ:I Uy Uyx; | Dul (Zk:l (uxkx,-) ) ! 2\ 2
= < = 2 ()

D =
Duly, Dul |Dul

k=1
Therefore

n 2 n
IDADuDP = Y (1Duly, ) < Y | Dy,
i=1

i=1

-3 <2 ()) = 3 (o) = o 9

Jj=

For the term in @, as represented in (4.7), by the growth condition in the right hand side of (2.1) we also deduce the estimate

n
0< / ' (1Dul) [Dul Y 1, (x. Du (| Dul), (| Dul, dx
Q ij=1

< [ ' (Db 1ul e (1D 1D (DD ax
Q
2
< [ 0’ (Dub 1Dul g, (Db | D% . “9)
2

At the beginning of Section 4.5, for the first step of the iteration procedure, we fix @ () = ¢ for all ¢ € [0, +o0), thus @' () = 1.
Therefore, as a consequence of (2.10), (4.9) shows that the term in is finite, as well as all the other addenda listed in Section 4.1.1,
when the iteration procedure starts with @ (¢) = t.

4.2.4. Estimate of the term in
For any fixed k € {1,2,...,n}, by the growth conditions (2.2) and assumption (2.5) we obtain

n
/ 20® (|Dul) Y, fr, O, Duy g, dx
Q

i=1

n
< [ 20101 @ (DuD 1Dul T, |7, (5.0 ax
Q i=1

s/anwmd><|Du|>|Du|g3<|Du|>dx
1 1
SZM/QnIDnI@(IDul)IDMI (14 1Dul’) (g1 (ADuD)? (g2 (1DuD)™? dx

< 2M/gf1|Dn|d’(|Du|)|Du| (1+1Dul’) (g, (1 Dub))’ dx.

We sum over k and, since the right hand side does not depend on &, we get

n

>

gan/ 01Dyl @ (|Dul) | Dul (1 + | Dul”) (g, (|Dul))’ dx.
k=1 Q

n
[ @4 Y, Fo, (5D,
Q i=1

12
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4.2.5. Estimate of the term in
We use the growth assumptions (2.2), (2.5) to get

n
‘/ @ (1Dul) Y. f, (x. Duyu,,  dx
Q i=1

< [ o Du g (1DuD [Du | ax
Q

y—
2

1 1 4
s1\4/an<1><|1)u|>(g1 (1DuD)? (1+ 1Dul’) (8, (1DuD) = (g2 (1Dub)? |Duy,| dx

1 1
SM/QHZ‘D(lDul)(gl (1Dub))? (1+1Dul") (g (1 DuD))’ ™ |Du, | dx

2
ggM/n2¢(|Du|)g1(|Du|) (Duxk dx
Q

M

+ 25 [ o (Dul) (1 + |Dul”)’ (g, (1Dul) ™™
Q

dx.
4e
" 2 .t
We sum over k and we observe that )/ _, ‘Duxk = |D u‘

n
k=1

n
JREICTD WA TS
Q

i=1

2 M 2 2r-1
SsM/nzqf'(lDul)& (1Dul) | D] dx+%/n2¢<|Du|)(1+|Duly) (&2 (1Dul) ™" dx.
Q Q

4.2.6. Estimate of the term in @

2
Similarly to the previous Sections, under the notation D (|Du|) = <|D'4|x,) and Z:’=1 (lDulX[> = |D(|Du))|?, by the
n

i=

Cauchy-Schwarz inequality and (2.2), (2.5), we obtain

n
‘/ n*®' (|Dul) Y fr, (x, Duyu, |Dul, dx (4.10)
Q i=1

2

<Zn: (fee, Du))2>; <2 (lDu|xi)2) dx

i=1

< / @' (| Dul)
Q

Uy,
< x/Z/!2 n*®' (| Dul) | Du| g5 (| Dul) | D (|Dul)| dx

1 r=1 r
< \/ZM/and”(IDuI) |Dul (g1 (|1Dul))2 (1+ |Dul”) (g, (1Du])) T (g (IDul))2 |D(|Dul)| dx

\/nM

4e

Sf\/;M/anfb’(lDul)lDulg. (1Dul) |D (|1 Du* dx + /-(2;12¢'(|Du|)|Du|(1+|Du|7)2(g2(|Du|))27_1 dx.

4.3. Step 3. Collecting together the previous estimates

First we make the previous estimates uniform each other with a sum over k € {1,2,...,n} where this has been not jet done. Then
we collect them, starting from the estimate of the term in with the inequality (4.4), with the nonnegative terms and in

the left hand side. By also taking the e—addenda of E and n in the left hand side, we obtain
2

(3 —eM)/ n*® (1Dul)g, (1Dul) | D% dx +(1 —s\/ZM)/ n’®' (|Dul) |Dul g, (| Dul) | D (| Dul)|® dx

“ ] ] T
san/ n1Dn| @ (|Dul) | Dul (1+Duf”) (g, (|DuD)’ dx

°
M _
+"4—£ / 7 (| Dul) (1+Dul”)* (g, (| Dul)) ™" dx
Q

\/nM

+
4e

/anm’(wuwww (1+1Dul")? (g, (1Dul)) ™" dx

13
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+2/ | Dnl? @ (1 Dul) | Dul® g (| Dul) dx.
Q

M

We chose £ = —— min { L2 }, so that % —eM > % and 1 — 5\/;:M > % too. Form the previous estimate we obtain the existence of
n
a positive constant ¢, = ¢, (n, M) such that

1 2 5 2 , )
E/Q” gl(IDu|)<tD(|Du|) |D2u[" + @' (1Dul) | Dul 1D (| Du)] > dx

s/gn|Dn|d><|Du|>|Du|(1+|Du|7)(g2<|Du|>)7 dx

2y—1

+/Q’12 (@ (|Dul) + @' (| Dul) | Dul) (1 + | Dul”)* (g, (| Dul))* ™" dx

+ [ 1Dl @ (Dub DUl g, (1Dul) ax.
Q
We make use of the inequality (4.8); i.e., |D (| Du|)| < |D2u‘. Therefore finally we get

i/ﬂnzgl (1Dul) (@ (IDul) + @' (| Dul) | Dul) | D (IDul)* dx (4.11)

S/inDnI‘P(IDuI)IDuI(1+|Du|’)(gz(IDu|))7 dx

2y—1

+/Qi12 (@ (|Dul) + @' (| Dul) | Dul) (1 + | Dul”)* (g, (| Dul))* ™" dx

+/ | Dnl? @ (| Dul) | Dul® g (| Dul) dx.
Q

4.4. Step 4. Use of the Sobolev inequality

We define the integral function G : [0, +c0) — [1,+0o0) by

t
G =1 +/ VP(s)g(s)ds. (4.12)
0

Since g, and @ are increasing, then fol V®(5)g,(s) < \/P()g, (1) - t and

! 2
(GO <2 <1 + ( / \/<D(s)g1(s)> > <2(1+@@g 7).
0

We deduce

| D(G(|Dul)|* < 2| Dy|*[G(| Dul)I? + 2#°[G' (| Dul))*| D(| Dul)|*
< 4 Dnl*(1 + @(| Dul)g, (| Dul)| Dul?) + 24#*®(| Dul)g, (| Dul) | D(| Dul)|*.

By integrating we get
/|D<n0<|Du|>)|2dxs4/ |Dn|2<1+<1>(|Du|>g1<|Du|)|Du|2>dx+2/n2<1><|Du|)g1<|Du|>|D<|Du|>|2dx. (4.13)
Q Q Q

When compared with the estimate (4.11), we note that the last addendum in the right hand side of (4.13), is less that or equal to
the left hand side of (4.11). By combining (4.11), (4.13) we obtain

/lD(nG(lDul))Fdxs/ | Dy|*(4 + 2¢o@(| Du|)g, (| Du|)| Du|*) dx (4.14)
Q 0
+2co/ 1| Dyl @ (| Dul) | Dul (1 + |Dul”) (g, (|1 Dul))” dx
Q

2y-1

+2co/r]2 ((15(|Du|)+d5’(|Du|)|Du|)(1+|Du|7)2(g2(|Du|)) dx.
Q

Recall that 2* = n% if n > 3, while 2* is any fixed real number greater than « if n = 2. By the Sobolev inequality, there exists a
constant ¢; such that

2/2
< / [(nG( Dul)> dx) < / | DG Dul)) dx. (4.15)
Q Q

which naturally can be combined with (4.14), as done in the next section.

14
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4.5. Step 5. Choice of the test function ®@

Let us define @(t) = ¢** for every t > 0, with 1 > 1. Making use of [48, Lemma 3.4 (v)] we can estimate the integral function
G(1) defined in (4.12) by

' '
G =1 +/ VO(s)g(s)ds > 1 + At_:l / g1(s)ds. (4.16)
0 0

Recall that the function g; : [0,+o0) — [0,+00) is increasing and not identically zero. Then, there exists 7, > 0 such that g,(r) > 0,
for every t > t,. Up to a rescaling, we can assume that 7, < I, so that

1
g()=¢c, >0, / Ve (s)ds =c3 > 0. 4.17)
0

Then, for every ¢ > 1, we have

4 t
2/ vgl(s)ds2c3+/ Ve (s)ds
0 0

'
> min{cs, 1} (1 +/ gl(s)ds> . (4.18)
0

Now, we use assumptions (2.4) and (2.7). By (2.4) and by (4.18), there exists a constant ¢, such that

t a
</ \/gl(s)ds> > e (e, Vi L (4.19)
0

Recall that by (2.6), 2 < a < 2*. Then, by (4.17), for every ¢ > 1 we obtain

t 2* 1 a
( /0 \/g1<s>ds> z( /0 \/g.<s)ds> (=1 +e) ™"

> (min{cy, c31)7 " ey (g (e)¥ T TR, Ve 1L (4.20)

We note that for the previous step, it’s fundamental assuming «a strictly less then 2*. By (4.16) and (4.20), we deduce that for every

t>1
» 1 1 ! r
[G(D)] 5 <1 + <m/0 \/gl(S)dS> )

1 (min{cz,c3})2*"’c4 1 o _
(gQ(t))Zy 1,2 (G4 D=a+2

\%

2 24+ 1)?

That is, there exists a constant c5 such that
es(+ DPIGOP 2 1+ (&)~ D2,

for every ¢ > 1, and also for ¢ € [0, 1), since the left-hand side is bounded for ¢ € (0, 1) by the constant (independent of y) 1 + g,(1),
while the right-hand side is bounded from below away from zero. So, for every r > 0,

es(A+ DY TGO 2 1+ (gy(0) ¥ 1 Gh-as2 (4.21)

Since @(t) = 1** and g, (f) < g,(?), from (4.14) , (4.15) and (4.21), with positive constants c, c7, ..., we obtain

</ 712* {1+ |Du|2*(“1)_a+2(gz(lDul))zy_l} dx)
Q

2/2*

. 2/24<
<o+ 17 </ W 1G( DuD dx)
Q
<e; A+ 1) {/ |Dy*(1 + | Dul* g,(|Dul) | Dul?) dx
Q
+/ 0 1Dl | DU (14 | Dul") (g, (1Dub))” dx
Q

+/!2;12(|Du|2*+2/1|1)u|“)(1+|Du|Y)2(g2(|Du|))27“ dx}.

Then we uniform as much as possible the right hand side
2/2

< / P {14 DU S04 gy Dy } dx> (4.22)
Q

<cg(A+ 1) {/ |Dy|*(1 + | Dul* g,(| Dul) | Dul?) dx
Q

15
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+/ 0 1Dnl DUl (1 + |Dul") (g (|Dub))’ dx
0

+/112(|Du|2’1+|Du|2’1)(1+|Du|7)2(g2(|Du|))2y_l dx}.
0

With the aim to reduce the previous estimate to a unique addendum in the right hand side we recall that y > 1 and 4 > 1. Moreover
g : (0,+00) - (0,+00) is an increasing function such that g, (1) > 1, and thus also g, (r) > 1 for all # > 1. Thus for every 7 > 0 we

have
) 42000 (g 0)7 " if 121
P+ (g )7 < ;-
1+ (g, (0) 4 (g (1) if0<r<1

= max {4 (& ()75 4204D (g, (1)) }
S4 (52 (0) 77 #4290 (5 0) 7

<4 ()7 +4 ()7 P (g0)
=4 ()" (1 + 20+ (g, (t))zy_]) . (4.23)

By proceeding in a similar way we get

z“”(l+t)7(gz(t))ys{ 2041 (1) i 121 }

2y—1

2 (g (D))" if 0<r<1
202040 (g,(1)) if 121
< v .
2 (5(D) if0<r<1
<2(g (1))”‘1 (1 + 2D (gz(t))27_1> , V20, (4.24)

and
2(4+1) 2(A+7) 2y-1
PO g0 < o) (1+297 (gy0) ")
< (@ )7 (142947 (,0) ) V0. (4.25)

By using (4.23)—(4.25), from (4.22) we get the final estimate with only one addendum in the right hand side

2/2*
(/ P11 + | Dul? (”1+')_"+2(g2(|Du|))27_1]dx) <A+ 1)3/ o+ IDnI)2(1 + | D240 (gz(IDul))zy_l) dx.
re) Q

Note that the constant ¢ in (4.26) depends on the dimension #, on the other constants m, M,y, on the values g,(1), g,(1), but it is
independent of A.

Let us denote by By and B, balls compactly contained in £, of radii respectively R, p, with the same center. Let # be a test
function equal to 1 in B,, whose support is contained in B, such that |Dy| < RL_,,' Thus, we obtain

2/2*
* — — 2y-1
( / 1+ | Dul> H+D=*2 g, (| Dul ) 11dx> <c@i+ 1) / (1 + 1Dn12) (14 1DulP** (851 Du) ") dx
B, Bg

3 4 20047) 27-1
<c@i+ 1) <1+(R_ﬂ)2>/BR (1+|Du| " (g,(1Dul)) )dx.

(4.26)
4.6. Step 6. Iteration
We define by induction a sequence 4, in the following way:
* * __
=0, Ay = %Ak + % —y, VkeN (4.27)
we note in particular that 1, satisfies the property
M+ D —a+2=2(4 +7), Vk € N. (4.28)

It is easy to prove by induction the following representation formula for 4,:

a2 -1 [ [22\"!
= <<2> 1), vkeNl (4.29)

Since a > 2, from (4.28), (4.29), we deduce the inequality

k
. 2% —a—-20y-1) (2%
—_ > — = . .
A+ 12" —a+2>2 > <2> (4.30)

16
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Ro—pg . .
02 moreover, for k =1,2,3,...,1i,

For fixed R, and py, for all k € N, we rewrite (4.26) with R = p,_, and p = p,, where p; = py+ =

with i fixed in N, we put A equal to A,. By iterating (4.26), by (4.28) we obtain

(/

Since R—p=p,_| —p; =

2%
(1 + |Du|“f+”2*‘“+2> (g2(1Dup))" dx> §c7/ (1 + | Dul> (g2(|Du|))2"]) dx.
B

i Ry

R“Z;p 0 for all k € N, if n > 3; otherwise, if n = 2, then for every € > 0 we can choose 2* so that

‘8
(Ro — po)~2¢ ’

Since g, is increasing, then g, (1) > g,(r) > g,(1) > 0, for all 7 > 1. Therefore for r > s > 0, we have

¢ = for some constant cg. (4.31)

oM+ 1> g (D, ifr>1,

o' +1>1>¢, ifo<r<l1.

Thus, by posing ¢y = min{g,(1), 1}, we obtain
&M+ 1 >cgt®, Vt20,Vr>s2>0. (4.32)

Now, we go to the limit in (4.31) as i - +oco. We use the inequalities (4.30), (4.31), (4.32) and we obtain

2 maze oy y \(F)
sup{lDu(x)|2( Z*E(Zy 1)) IXE Bﬂo} = lim (/ |Du|2(2 z*i(zy l))(%) dx>
B

i—+o00
20

(#)
< lim sup (i / (1 + |Du|2*</1i+1)—a+2 (g2(|Du|))2y_]) dx)
B,

i=>+oo Cg

c _
< lim sup =z (1 + | Du|* (g2(|Du|))2Y 1) dx
i»+c0 Cg BRU

and by the representation of ¢; in (4.31), we finally obtain

o E2yh) 10 2 2-1
(1 +1Dul” (g,(1Dul)) ) dx. (4.33)

[1Dull; & ny S o ——
L2(B,y . R") (Ro = p0)" J g,

4.7. Step 7. A priori gradient estimate

We start putting together the inequalities (4.26), (4.14) and (4.15), with 1 =0, that is @ = 1, we get

2/2*
([ ocapa® ax) ™ <c [ 7+ 10nR) (1106 (ex0000) ) a. (4.39)
Q Q
We note that, by assumption (2.6), #:27 > 1. Then we can define v such that
l<ve—2 (4.35)
- a—24+2y

Following the lines of Step 5, we have, for every ¢ > 1

”
t > t a *
</0 \/gl(s)ds> > <'/0 \/gl(s)ds> (ep(t — 1)+c3)27_a
> (minfey e )T ~ey(ga ()7 w2, (4.36)

By (4.36), and (4.16), we deduce that for every 7 > 1

s

' -
1+ </0 V&i(s) ds)

2%
[GOv 2

2
1 (min{cz,Q})T_a

¢4 2-1, L —at2
> ()™

=2 2

That is, there exists a constant ¢ such that
P 21,2 a2

[GOTY 2c| 14 (g7 't s

17
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for every ¢ > 1, and also for r € [0, 1), since the left-hand side is bounded for ¢ € (0, 1) by the constant (independent of y) 1+ g,(1),
while the right-hand side is bounded from below away from zero. So, for every ¢ > 0,

*

[GOIV 2 ¢ (1 + (gz(r))”*‘r?‘“”) . (4.37)

Since v < =5 we have & —a¢ +2> 2y; by (4.34), (4.37), we get

2
—2+2y°
2/2%

2/2* "
(/ nz"[1+|Du|2y(g2(|Du|))2'*‘1Vdx) < </ nZ*[1+|Du|27‘“+2(g2(|Du|>>2’*11”dx)
Q0 Q

< c/ (2 + 1) (1 4+ 1DuP” (g1Du)” ™) dx. (4.38)
Q

Then, under the notation

V=V =1+|Dul” (g Dul))” ",

inequality (4.38) becomes

_ 2/2*
</ vy dx) < c/ (712 + |D71|2) Vdx. (4.39)
Q Q

We consider a test function = 1 in B, with |Dy| < Ri_p as in the previous step, thus we get

22
vV < ;/ Vdx. 4.40
(/Bﬁ x> (R—p)* /B, * ( )

Let y > % to be chosen later. By Holder inequality we have

2/2*
/Vde << /VIV“de
B, (R=0)* /B,
1 =
H BV M
([ ) ([ rE ) wan
Br Br

Let R, and p, be fixed. For any i € N we consider (4.41) with R = p; and p = p;_;, where p, = R, — R“;.”“. By iterating (4.41) since

Ro— .
R—p =5, we obtain

2*- i . .y ( o
/ VVdXS</ V"dx><2y H( c4itl >y(214) </ V::—de> H= (2;4)
Bro By i (Ry = po)* B

i=1 20

(2 ) 2% 2*2”%71*
H 1 i Hov Hes
< / VVdx c <—2> / Vildx . (4.42)
B, (R — pg) B

20

Now we use assumption (2.4):
V =1+ |Dul” (g,(1Du) ™" < 2max{L,c}(1 + f(Du))’, (4.43)

where, since v > 1,
u—1

p= > 1. (4.44)
H—v
We recall that (4.35) holds, so we have
1<p< ”—_21
H= a—2+2y
We compute the limit as y — E of the right hand side, which, by computations, is equal to % While the limit as y — +o0 is
equal to 1. Then it is possible to choose y € | =, +o0 ) so that the definition of # in (4.44) is compatible with assumption (2.7).
We go to the limit in (4.42) as i - +oo and we use (4.43) and (4.44) to obtain
* (=1
1 2}2‘%2‘* 2;452*
/ Vvdx§c<—2 1+ f(Du))dx .
By, (Ry — po) B,

Then we get
1
. v
/ Vdx<|B,|'"v (/ Vde>
B"U Bﬂ()

18
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2*(u-1)

1 = @u=2y
el m——= 1+ f(Du))dx . (4.45)
(Ry — po) B,
Therefore, with the notation 6, = 2(2;_*—2“*)‘/, there exists a constant ¢ = c¢(n, a, #, y) such that
2 (u=1)
2y-1 ¢ =2
/ {14 1DuPr (g1 Du)) "'} ax < ——- / {1+ f(Du)} dx . (4.46)
By, (Ry — pg)?0 Bg,
By (4.33) finally we deduce that for all p,, R, with 0 < p;, < R,
0
Ipup? < %(/ {1+ f (Du) dx> , (4.47)
L (Bﬂo’]R ) (RO —po) 2 B,
where we have used the notation
_ 2=l 262 _ 22
L= Qu=2%)v ~ 2Za=2(r—-1) and 6, =6y 2% —q=2(y—1) (4.48)
We observe that 6, > 1; indeed #;V_I) > 1 since @ > 2 and y > 1. The other factor of 6, is strictly greater than 1. In fact, being
a >2and y > 1, we have that v < —2_ < Z Then we deduce
a—2+2y 2
2l 2=l g (4.49)

Qu—2*)v 2u—2*
4.8. Step 8. W2 —estimate

We are ready to prove the W22_estimate (2.13). We start from (4.11). At the beginning of our proof we choose the test function
@ = nzuxkcb (|Dul), with 4 € C'(£2) with compact support in 2, @ : [0,4+00) — [0,+co0) is a generic nonnegative, increasing,
locally Lipschitz continuous function in [0, +0). Here, in the estimate in (4.11), we simply consider the case when @ is the constant
identically equal to 1. We obtain

2
[ e apu [0%uf” dx < 86 | 1Dnl 1D (g5 1Dub) dx
Q Q
+ S(Mn)z/ n* (1+1Dul’)? (g, (1Dul))* ™" dx
Q

+8 [ D1l g, (DD 1Duf? d.
Q
Since y > 1, in the integrands in the right hand side we can use the inequalities for a constant ¢ > 1

[Dul"*", (1+|Dul’)’ and |Dul> <c(1+|Dul®)

2y—1
(& (IDu)))” and g, (| Dul) <1+ (g (|Du])™
n|Dnl, n* and |Dnl* < (n+ |Dnl)?

and, for a new positive constant ¢, we get

2 -
ot auy D] ax < e [ e 100? (1 1D (14 (22 (D)) ax.

The function g, : [0, +c0) — [0, +00) is nonnegative, increasing and, as in (3.1), g,(t) > g,(1) > 1 for all 7 > 1; then

2y—1 2y—1

[Dul* and (g, (|Du))”" <1+ |Dul* (g, (I1Dul)

Thus from (4.50), for a further constants ¢’ we deduce
2 2y-1
[reapab |02 ax < [ e ol (141067 (g2 (1Du) ) ax.
Q Q

We consider concentric balls Bg, B(g,,),, and B, compactly contained in @, with 0 < p < % < R < R;. As usual we also consider
a test function n € C) (Bg), 0 <n < 1in By, n=11in B, and 5 = 0 out of B(g,,,, with pointwise gradient bound |Dr| <4/ (R - p)
in B(gy,)2\B, and of course in all By too. By (4.50) we have

2 2 _
/ g, (IDu]) |D2uj dec’(1+Ri) / (1+|Du|2Y (g2 (1Du)” 1) dx.
B, 7 JBR,y
2
Since R < Ry, then Ri >+ and thus 1 < 2L. We obtain
—-p Ry R-p
2
2 ' (R?+4 ) 21
/ ¢, (1Dul) |D2u) dx < %/ (1+|Du|2’ (2, (1 Du)))* )dx. (4.50)
B, (R—p) BRip

2

19



P. Marecellini et al. Nonlinear Analysis 264 (2026) 113982

We rewrite (4.46) in the balls Bg,, , and Bg, being (with the notation there) Ry —py = R — % = ?,
0 2=
- -2y
/ [1+1DuPr (g1 Du) ] ax <« 25 </ (a +f(Du))dx> — (4.51)
Brap (R=p)% \JBg

By combining (4.50), (4.51) we finally get

2*(u=1)
/ g1 (| Dul) |D2u|2 dx < < </ (1+f(Du))dx> Tt
B” 1 - (R_p)2+90 By .

for a constant ¢””’. Therefore the lef (£2) —bound stated in (2.13) is obtained, with exponent 6; =
(see (4.49)).

2 (-1

Gz which is greater than 1

Acknowledgments

P. Marcellini and A. Nastasi are members of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni
(GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM) and they were partly supported by GNAMPA-INdAM Project 2023
Regolarita per problemi ellittici e parabolici con crescite non standard, CUP E53C22001930001.

This research was conducted while C. Pacchiano Camacho was at the Okinawa Institute of Science and Technology (OIST)
through the Theoretical Sciences Visiting Program (TSVP). C. Pacchiano Camacho was supported by a grant from Simons Foundation
International SFI-MPS-T-Institutes-00011977 JS.

Part of this material was obtained when P. Marcellini and C. Pacchiano Camacho visited University of Palermo, Italy in July
2024. The visit was partially supported by The Best Paper Award 2023 Prize Fundings assigned by the Department of Engeneering
of University of Palermo to A. Nastasi.

Data availability

No data was used for the research described in the article.

References

[1] O. LadyZenskaja, N. Ural’ceva, Linear and quasilinear elliptic equations, in: Translations of Mathematical Monographs, New York-London, 1968, p. 23,
http://dx.doi.org/10.1090/mmono/023.

[2] E. Giusti, Direct Methods in the Calculus of Variations, World Scientific Publishing Co. Inc., River Edge, New York, 2003.

[3] P. Marcellini, Regularity of minimizers of integrals in the calculus of variations with non standard growth conditions, Arch. Ration. Mech. Anal. 105
(1989) 267-284.

[4] P. Marcellini, Regularity and existence of solutions of elliptic equations with p, g—growth conditions, J. Differential Equations 90 (1991) 1-30.

[5] C. De Filippis, G. Mingione, Nonuniformly elliptic schauder theory, Invent. Math. 234 (2023) 1109-1196.

[6] A. Cellina, V. Staicu, On the higher differentiability of solutions to a class of variational problems of fast growth, Calc. Var. Partial Differential Equations
57 (2018) 66.

[7] M. Colombo, G. Mingione, Regularity for double phase variational problems, Arch. Rat. Mech. Anal. 215 (2015) 443-496.

[8] M. Colombo, G. Mingione, Calder6n-Zygmund estimates and non-uniformly elliptic operators, J. Funct. Anal. 270 (2016) 1416-1478.

[9] P. Baroni, M. Colombo, G. Mingione, Regularity for general functionals with double phase, Calc. Var. Partial. Differ. Eq. 57 (2018) 48.

[10] M. Eleuteri, P. Marcellini, E. Mascolo, Regularity for scalar integrals without structure conditions, Adv. Calc. Var. 13 (2020) 279-300.

[11]1 P. Bousquet, L. Brasco, Lipschitz regularity for orthotropic functionals with nonstandard growth conditions, Rev. Mat. Iberoam. 36 (2020) 1989-2032.
[12] C. De Filippis, G. Mingione, On the regularity of minima of non-autonomous functionals, J. Geom. Anal. 30 (2020) 1584-1626.

[13] C. De Filippis, G. Mingione, Lipschitz bounds and nonautonomous integrals, Arch. Ration. Mech. Anal. 242 (2021) 973-1057.

[14] G. Mingione, V. Radulescu, Recent developments in problems with nonstandard growth and nonuniform ellipticity, J. Math. Anal. Appl. 501 (2021) 41.
[15] V. Bogelein, F. Duzaar, R. Giova, A. Passarelli di Napoli, Higher regularity in congested traffic dynamics, Math. Ann. 385 (2023) 1-56.

[16] C. De Filippis, C. Koch, J. Kristensen, Quantified Legendreness and the regularity of minima, Arch. Ration. Mech. Anal. 248 (2024) 51 pp, http:

//dx.doi.org/10.1007/500205-024-02008-5.

[17] G. Cupini, P. Marcellini, E. Mascolo, Nonuniformly elliptic energy integrals with p, g—growth, Nonlinear Anal. 177 (2018) 312-324.

[18] G. Cupini, P. Marcellini, E. Mascolo, Local boundedness of weak solutions to elliptic equations with p,g—growth, Math. Eng. 5 (2023) 28, http:
//dx.doi.org/10.3934/mine.2023065, Paper (065).

[19] G. Cupini, P. Marcellini, E. Mascolo, Regularity for nonuniformly elliptic equations with p, g—growth and explicit x,u—dependence, Arch. Ration. Mech.
Anal. 248 (2024) 60, http://dx.doi.org/10.1007/500205-024-01982-0.

[20] G. Cupini, P. Marcellini, E. Mascolo, The Leray-Lions existence theorem under general growth conditions, J. Differential Equations 416 (2025) 1405-1428,
http://dx.doi.org/10.1016/j.jde.2024.10.025.

[21] G. Cupini, P. Marcellini, E. Mascolo, A. Passarelli di Napoli, Lipschitz regularity for degenerate elliptic integrals with p, g—growth, Adv. Calc. Var. 16
(2023) 443-465.

[22] G. Diizgun, P. Marcellini, V. Vespri, Space expansion for a solution of an anisotropic p— Laplacian equation by using a parabolic approach, Riv. di Mat.
Della Univ. di Parma 5 (2014) 93-111.

[23] G. Diizgun, P. Marcellini, V. Vespri, An alternative approach to the hélder continuity of solutions to some elliptic equations, Nonlinear Anal. 94 (2014)
133-141.

[24] M. Eleuteri, S. Perrotta, G. Treu, Local Lipschitz continuity for energy integrals with slow growth and lower order terms, Nonlinear Anal. R.W.A. 82 (2025)
104224.

[25] A. Cianchi, V.G. Maz’ya, Global Lipschitz regularity for a class of quasilinear elliptic equations, Comm. Partial Differential Equations 36 (2011) 100-133.

[26] A. Cianchi, V.G. Maz’ya, Global boundedness of the gradient for a class of nonlinear elliptic systems, Arch. Ration. Mech. Anal. 212 (2014) 129-177.

20


http://dx.doi.org/10.1090/mmono/023
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb2
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb3
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb3
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb3
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb4
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb5
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb6
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb6
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb6
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb7
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb8
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb9
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb10
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb11
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb12
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb13
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb14
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb15
http://dx.doi.org/10.1007/s00205-024-02008-5
http://dx.doi.org/10.1007/s00205-024-02008-5
http://dx.doi.org/10.1007/s00205-024-02008-5
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb17
http://dx.doi.org/10.3934/mine.2023065
http://dx.doi.org/10.3934/mine.2023065
http://dx.doi.org/10.3934/mine.2023065
http://dx.doi.org/10.1007/s00205-024-01982-0
http://dx.doi.org/10.1016/j.jde.2024.10.025
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb21
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb21
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb21
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb22
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb22
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb22
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb23
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb23
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb23
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb24
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb24
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb24
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb25
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb26

P. Marcellini et al. Nonlinear Analysis 264 (2026) 113982

[27]
[28]
[29]
[30]
[31]
[32]

[33]

[34]
[35]

[36]
[37]

[38]

[39]
[40]

[41]
[42]
[43]
[44]
[45]
[46]
[47]

[48]
[49]
[50]
[51]
[52]
[53]

[54]
[55]
[56]

[57]
[58]

V. Bogelein, F. Duzaar, P. Marcellini, C. Scheven, Boundary regularity for elliptic systems with p, g—growth, J. Math. Pures Appl. 159 (2022) 250-293.
C. De Filippis, M. Piccinini, Borderline global regularity for nonuniformly elliptic systems, Int. Math. Res. Not. IMRN 2023 (2023) 17324-17376.
Sun-Sig Byun, Jehan Oh, Regularity results for generalized double phase functionals, Anal. PDE 13 (2020) 1269-1300.

1. Chlebicka, A pocket guide to nonlinear differential equations in Musielak-Orlicz spaces, Nonlinear Anal. 175 (2018) 1-27.

1. Chlebicka, C. De Filippis, Removable sets in non-uniformly elliptic problems, Ann. Mat. Pura Ed Appl. 199 (2020) 619-649.

A. Crespo-Blanco, L. Gasifiski, P. Winkert, Least energy sign-changing solution for degenerate Kirchhoff double phase problems, J. Differential Equations
411 (2024) 51-89.

L. Diening, P. Harjulehto, P. Hasto, M. Ruzicka, Lebesgue and Sobolev spaces with variable exponents, in: Lecture Notes in Mathematics, Springer,
Heidelberg, 2017, p. 2011.

P. Hasto, J. Ok, Maximal regularity for local minimizers of non-autonomous functionals, J. Eur. Math. Soc. 24 (2022) 1285-1334.

F. Giannetti, A. Passarelli Di Napoli, Regularity results for a new class of functionals with non-standard growth conditions, J. Differential Equations 254
(2013) 1280-1305.

M.A. Ragusa, A. Tachikawa, Regularity for minimizers for functionals of double phase with variable exponents, Adv. Nonlinear Anal. 9 (2020) 710-728.
J. Kinnunen, A. Nastasi, C. Pacchiano Camacho, Gradient higher integrability for double phase problems on metric measure spaces, Proc. Amer. Math.
Soc. 152 (2024) 1233-1251.

A. Nastasi, C. Pacchiano Camacho, Regularity properties for quasiminimizers of a (p,q)—Dirichlet integral, Calc. Var. Partial Differential Equations 60
(2021) 227.

A. Nastasi, C. Pacchiano Camacho, Higher integrability and stability of (p, g9)—quasiminimizers, J. Differential Equations 342 (2023) 121-149.

A. Nastasi, C. Pacchiano Camacho, Regularity results for quasiminima of a class of double phase problems, Math. Ann. 391 (2025) 1291-1345,
http://dx.doi.org/10.1007/s00208-024-02947-0.

V. Bogelein, B. Dacorogna, F. Duzaar, P. Marcellini, C. Scheven, Integral convexity and parabolic systems, SIAM J. Math. Anal. (SIMA) 52 (2020) 1489-1525.
B. Dacorogna, P. Marcellini, Cauchy-Dirichlet problem for first order nonlinear systems, J. Funct. Anal. 152 (1998) 404-446.

P. Marcellini, Quasiconvex quadratic forms in two dimensions, Appl. Math. Optim. 11 (1984) 183-189.

T. Schmidt, Regularity of relaxed minimizers of quasiconvex variational integrals with (p, g)—growth, Arch. Ration. Mech. Anal. 193 (2009) 311-337.

C. De Filippis, Quasiconvexity and partial regularity via nonlinear potentials, J. Math. Pures Appl. 163 (2022) 11-82.

C. De Filippis, B. Stroffolini, Singular multiple integrals and nonlinear potentials, J. Funct. Anal. 285 (2023) 109952.

F. Gmeineder, J. Kristensen, Quasiconvex functionals of (p,g)—growth and the partial regularity of relaxed minimizers, Arch. Rational Mech. Anal. 284
(2024).

P. Marcellini, Regularity for elliptic equations with general growth conditions, J. Differential Equations 105 (1993) 296-333.

P. Marcellini, Regularity for some scalar variational problems under general growth conditions, J. Optim. Theory Appl. 90 (1996) 161-181.

P. Marcellini, Everywhere regularity for a class of elliptic systems without growth conditions, Ann. Sc. Norm. Sup. Pisa Cl. Sci. 23 (1996) 1-25.

P. Marcellini, G. Papi, Nonlinear elliptic systems with general growth, J. Differential Equations 221 (2006) 412-443.

E. Mascolo, A, Migliorini: Everywhere regularity for vectorial functionals with general growth, ESAIM Control Optim. Calc. Var. 9 (2003) 399-418.

T. Di Marco, P. Marcellini, A-priori gradient bound for elliptic systems under either slow or fast growth conditions, Calc. Var. Partial Differential Equations
59 (2020) 26.

K. Uhlenbeck, Regularity for a class of non-linear elliptic systems, Acta Math. 138 (1977) 219-240.

L. Beck, G. Mingione, Lipschitz bounds and non-uniformly ellipticity, Commun. Pure Appl. Math. 73 (2020) 944-1034.

L. Brasco, G. Carlier, F. Santambrogio, Congested traffic dynamicsweak flows and very degenerate elliptic equations, J. Math. Pures Appl. 93 (2010)
652-671.

F. Santambrogio, V. Vespri, Continuity in two dimensions for a very degenerate elliptic equation, Nonlinear Anal. 73 (2010) 3832-3841.

M. Colombo, A. Figalli, Regularity results for very degenerate elliptic equations, J. Math. Pures Appl. 101 (2014) 94-117.

Further reading

[1] M. Colombo, G. Mingione, Bounded minimisers of double phase variational integrals, Archiv. Rat. Mech. Anal. 218 (2015) 219-273.

21


http://refhub.elsevier.com/S0362-546X(25)00234-2/sb27
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb28
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb29
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb30
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb31
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb32
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb32
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb32
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb33
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb33
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb33
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb34
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb35
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb35
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb35
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb36
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb37
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb37
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb37
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb38
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb38
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb38
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb39
http://dx.doi.org/10.1007/s00208-024-02947-0
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb41
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb42
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb43
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb44
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb45
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb46
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb47
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb47
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb47
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb48
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb49
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb50
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb51
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb52
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb53
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb53
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb53
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb54
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb55
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb56
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb56
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb56
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb57
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb58
http://refhub.elsevier.com/S0362-546X(25)00234-2/sb59

	Unified a-priori estimates for minimizers under p,q-growth and exponential growth
	Introduction
	Statement of the main results
	Consequences and examples
	Anisotropic energy integrals
	Exponential growth
	p(x)-Laplacian and logarithm p(x)-Laplacian
	Double phase case

	Proof of Theorem 2.2 
	Step 1. Second variation
	Terms to estimate from  to 

	Step 2. Main estimates
	Estimate of the term in 
	Use of ellipticity in the term in 
	Use of ellipticity in the term in 
	Estimate of the term in 
	Estimate of the term in 
	Estimate of the term in 

	Step 3. Collecting together the previous estimates
	Step 4. Use of the Sobolev inequality
	Step 5. Choice of the test function Φ
	Step 6. Iteration
	Step 7. A priori gradient estimate
	Step 8. W2,2-estimate

	Acknowledgments
	Data availability
	References
	Further Reading


