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1 Introduction

The anisotropic phenomena represent a challenging objet for the mathemat-
ical physics requiring specific analysis and techniques. This is the case for
example in fluid mechanics involving anisotropic media where the conductiv-
ity depends on the direction (see [1]). Recently, Motreanu and Tornatore [§]
consider a Dirichlet problem exhibiting anisotropic differential operator with
unbounded coefficients and full dependence on the gradient in the lower order
terms

Pim29u) = F(x,u,Vu) in Q,

w=0 on 0,
where () is a bounded domain in RY (N > 2) with a Lipschitz boundary 952,
G; are unbounded functions on R, fori =1,--- , N, and F' is a Carathéodory

function. It is worth mentioning that anisotropic boundary value problems
with full dependence of the solution and its gradient have only very recently
been started to be investigated (refer to [2—4,8]). The study of problems
driven by weighted p-Laplacian operator with unbounded coefficients has
been initiated in [7,9].

Here we consider the system counterpart of equation (1.1), namely the
following Dirichlet system of coupled equations

( N
- Z@(Gu(uﬂ@ﬂpi_%fiu) = Fi(z,u,v,Vu,Vv) in Q,
i=1

(1.2)
4200) = Fy(x,u,v, Vu, Vv)  in Q,

N

- Z@z(Gzz(v)]&v
i=1

u=v=>0 on 0,

\
where 2 is as in (1.1) and

(i) pi,q € (1,+00) fori=1,...,N;

(ii) the functions Gy;. : R — [ag;, +00) are continuous with ag; > 0 for

i=1,...,N, k=12

(iii) the functions Fi, Fy : @ x R x R x RY x RY — R are Carathéodory
functions (i.e., Fi(+, s,t,&,n) and Fy(-, s,t,&,n) are measurable on € for
each (s,t,6,m) € Rx R x RY x RY and Fy(z,-,-,-,-) and Fy(x,-,-,-,")
are continuous on R x R x RY x RY for almost all x € Q).
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We emphasize that generally the treatment for a system is fundamentally
different with respect to an equation due to the fact that in a system problem
the variables cannot be separated to verify individual equations needing to
invent novel procedures keeping them together. In line with this, the main
difficulty in handling system (1.2) is that the estimates obtained for equation
(1.1) cannot cover the system case. For example, this is apparent in the proof
that the solution set is uniformly bounded. Although we follow the reasoning
plan in [8], we develop new ideas and tools to resolve the system case of (1.2).

Set 7 = (p1,...,pn) and ¢ = (qi,...,qy). Denote by Wol’?(Q) the
completion of the set C'°(Q2) of C*°-functions with compact support in €
with respect to the norm

N
[ull1 7 = Z O] v
i=1

and by W, 7(Q) the completion of the set C2°(Q2) with respect to the norm

N
lulhz =D 10wl
i=1

It follows that X := Wol’ﬁ(Q) X Wolj(Q) is a reflexive Banach space with
respect to the norm

[(w, )| = Nlully,z + [lvll17-

To simplify the presentation, for any real number r > 1 we denote ' :=
r/(r — 1) (the Holder conjugate of ).

Definition 1.1. It is said that (u,v) € X is a weak solution to problem (1.2)
if

Fl('> u()v U(')v VU()’ VU(-)qb, F2<'> u()v U(')v VU(), VU()W € Ll(Q)a

pi_28iu8i¢, Ggi(U)‘aﬂJ qi_2aﬂ)aﬂb € Ll (Q), Vi = 1, c. 7]\[,




and

( N

> [ Gulvlalon@ 2on@)ow(a)ds

=1

\
for all (6,0) € WhP(Q) x W7 (Q).

We assume that
| i
Z—>1and Z—>1.
i=1 Pi =1 1

The critical exponents are defined as

N N
pfi= ————and ¢" =

N N
2im1 pli -1 2im1 i o

Z /Q Gii(u(x))|Oiu(x) | 0pu(x) 0;¢ () dx
—/QFl(x,u(x),v(a:),Vu(x),Vy(x))d)(x)dx,

_ / Fy(w,u(z), v(z), Vu(w), Vo(@))i(x)d

L

(1.3)

(1.4)

(1.5)

Notice that if p; = p for all ¢ = 1,..., N, then p* in (1.5) becomes the
ordinary Sobolev critical exponent when N > p. Under assumption (1.4),

there are continuous embeddings

WEP(Q) < L7 (Q) and W7 (Q) — L2 (Q)

(1.6)

provided 1 < p; < p* and 1 < py < ¢*, which are compact if 1 < p; < p*,

1 < pe < ¢* (see [6, Theorem 1]).
We also set

A 3

= max{q,...,qv} and

and further assume
p<p and g <q".

= max{pi,...,pn} and p:=min{py,...
q4-=

min{q, . ..

7pN}
)QN}

Consequently, by (1.6) there is a constant # > 0 such that

Jul2, < 6lul and Jolit, < Ollo] o,V (u,0) € X
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The functions Fj, for k = 1,2, are required to satisfy the following hy-
potheses:

(H1) There exist constants a;,b; > 0 for i = 1,--- 5, and m € (p,p*),re €
(g, ¢*) such that

(

r

N 1/ry
|Fi(z, 5,16 )] < arls|™" " + aslt]t +ag (Z € pi)
i=1
N 1/
+ay (Z\m qi) + as,
=1
ry N 1/ry
[Pa(,5,4,€m)| < bals|™ + baft* ™" + by (Z |@|”">
=1

N 1/’“5
+ by (Z\Th qi) + bs,
i=1

forae. z € Q alls,t € Riand &€ = (&4,...,&n),n = (N1,...,nn) € RV,

U

\

(H2) There exist constants ¢;,d; > 0, for j = 1,2, 3,4, with

Ccs + d3 + NB_IQ(Cl + dl) < ay; and
ey +dy+ NT(cy + dy) < ag

for all i =1,..., N, and functions (;, ¢, € L*(2) such that

N N
Fi(z,s,t,6,m)s < cal s+ calt|2+ c5 Y |G+ ea > il + Gulw),
i=1 =1

N N
Fy(w,s,t,6,m)t < da[sP + dotl2+ds Y [GIP +da Y |mi

\ i=1 =1

U+ Go(w)

forae z€Q, alls,t €R E=(&,...,68),n=(n,...,nn) € RV,

Our main result provides the existence of a bounded weak solution to
problem (1.2) in the sense of Definition 1.1.



Theorem 1.1. Assume that conditions (1.4) and (1.7) hold, Gy; : R —
lagi, +00), with ag; > 0 fori=1,...,N and k = 1,2, are continuous func-
tions, and F, : Q x Rx R x RY x RY — R, for k = 1,2, are Carathéodory
functions satisfying hypotheses (H1) and (H2). Then problem (1.2) has at
least a weak solution (u,v) € X N L>®(Q)2.

The proof of Theorem 1.1 relies on an appropriate truncation destined to
cut the unboundedness of coefficients Gy;. The right choice for the truncation
is possible due to the uniform boundedness of the solution set by a bound
that only depends on the lower bound ay; of the functions Gy;. This is the
contents of Theorem 3.1 below. In the proof of Theorem 3.1 we succeeded
to find a way to reduce the estimates for the solution to system (1.2) to
a Moser iteration addressing separately each component. The existence of
solutions to the truncated system is proven in Theorem 5.1 by applying the
surjectivity theorem for pseudomonotone operators. Finally, a comparison
argument enables us to prove Theorem 1.1.

The rest of the paper consists of the following sections. Section 2 discusses
the Nemytskii operator associated to the reaction terms in system (1.2).
Section 3 contains Theorem 3.1 and its proof establishing the uniform bound
for the solution set of (1.2). Section 4 examines the truncated system. Section
5 presents the existence of solutions to the truncated and original systems.

2 Associated Nemytskii operator

Proposition 2.1. Assume (1.4), (1.7) and (H1). Then the map N : X —
L"(Q) x L2(Q) given by

N(u,v) = (Fi(z,u,v, Vu, Vo), Fy(x,u,v, Vu, Vo)), V(u,v) € X,

is well defined, bounded (in the sense it maps bounded sets into bounded sets)
and continuous.

Proof. By (H1), through a well-known convexity inequality we obtain
N N
/ |Fy (2, u, v, Vu, Vo)|"1dz SC(Z/ |0;ulPidx + Z/ |0;v
L i=1 7 i=1 /9

+/ |u\“dx+/|v\r2dx+1)
Q Q
6

qi d.’ﬂ




and
N N
/|F2(x,u,v,Vu,Vv)|”5d:v §C’(Z/|8iu|p"da7+2/ 00| dx
Q i=1 Q =1 Q

+/ ]u\’"ldx+/\v\’"2dx+1),
Q Q

for all (u,v) € X, with a constant C' > 0. Since du € LP/(Q2) and Ov €
L9%(Q), we infer that the map N : X — L"1(Q)) x L"2(Q) is well defined and
bounded.

In order to show the continuity of N, let (u,,v,) — (u,v) in X. By
the definition of the space X and the continuous embedding X < L (Q) x
L™(Q) in (1.6), we know that (u,,v,) — (u,v) in L™(Q) x L™(Q2) and
(0i(uy), 0i(vy)) — (Opu, Opv) in LPi(Q2) x L% () for i = 1,..., N. Then the
growth conditions for F} and F; in assumption (H1) permit to apply Kras-
noselkii’s theorem obtaining

(F1 (2, Uy Uy Vg, VU, ), Fo (2, Uy, U, Vi, Vuy,))
—(Fi(x,u,v, Vu, Vo), Fy(z,u,v, Vu, Vo))

in L™ (Q) x L™(Q), which completes the proof. O

Corollary 2.1. Assume that conditions (1.4), (1.7) and (H1) are fulfilled.
If (up,vy) = (u,v) in X, then

lim (N (wp, vy), (un — u, v, — v)) = 0.

n—o0

Proof. Holder’s inequality entails the estimate
(N (tn; ), (U — w, 0 — 0)))|
:‘ / Fi(z, up, vn, Vg, Vo) (u, —u)dx + / Fy(x, up, v, Vg, Vo) (v, — v)d:z;‘
Q Q

<L (@, wny vy Vg, Vo) || o [t — wllzr + [ F2 (2, tny vy Vg, Vo) || o lon — v pra
The compact embedding (1.6) yields (uy,,v,) — (u,v) in L™(2) x L™(£).
Since Proposition 2.1 ensures the boundedness of the sequences F (z, uy,, vy, Vi, Vo)
and F5(x, Uy, Uy, Viun, Vv,) in L7(Q) and L2 (Q), respectively, the conclusion

is achieved. O



3 Global estimates

We first estimate the solutions to (1.1) in the space X.

Lemma 3.1. Assume that conditions (1.4), (1.7), (H1) and (H2) hold. Then
the solution set to problem (1.2) is bounded in X with a bound that depends
on the function Gy; only through its lower bound ag; for i = 1,..., N and
k=1,2.

Proof. Let (u,v) € X be a weak solution of (1.2). Insert (¢,¢) = (u,v) in
(1.3) to get

Z/Glz ))|Oiu(x )|pid$z/Fl(x,u,v,Vu,Vv)udx,
0

Z/Ggl )|div(x)

Then from hypothesis (H2) we infer

‘“dx:/Fg(x,u,v,Vu, Vo)vdz.
Q

ZauH@UHLm <Nl + erllullfe + ellvllze

=1

Zazzlla ollfo <0Gl + dillullfe + dallolz. + dS

\ =1 i=1

+d4

Through (1.8) it turns out

N

Z(au - 03)

=1

N
< aflullze + eallollze +ea ) 0l Fa + Gl
=1

< NE~ 1019Z\|0u|!m + NT° 10292”8UHL% +C4Z|If9vllm +11G 2
=1 =1

< NE7leg

) 4+ Nl —l— C4 Z “ai'UHqLi% + HQHLI

i=1 =1 =1



and

N
> (azi — da)l| 0| %,
=1

N N N
< dﬁ(Z 10l Lrs ) + d29(z 1050]| Lai )* + d Z 105l os + 12l

< NB” ldIGZ“aUHLm + N 1d292|lavllm +dszII3UI|m sl (G172

i=1 =1
N
< NE7diO(N + Z 10;ull7) + NE dof(N + Z 1001 + ds > 1|sulF: + 11 G2l -
=1 =1 =

These estimates imply that

N
> (ari — (cs + ds))||Orul 75, +Z az; — (¢ + da)) |90 T,
=1
N N
<NE0(cq + dy)( Pe) 4+ NT0(co + dy)( %)
=1 =1

Gl + Gl
The conditions imposed in assumption (H2) ensure
{ cs+ds + N2 0(ey + dy) < ay
ey +dy+ Ny + dy) < ag
foralli =1,..., N, so the stated conclusion is valid. O
In fact, the solution set of problem (1.2) is uniformly bounded.

Theorem 3.1. If conditions (1.4), (1.7), (H1) and (H2) are satisfied, then
the solution set of problem (1.2) is uniformly bounded, that is there exists
a constant Cy > 0 such that ||u|lp~ < Cy and ||v||pe < Coy for all weak
solutions (u,v) € X to problem (1.2). The uniform bound Cy depends on the
function Gy; only through its lower bound ay; fort=1,...,N and k = 1,2.

Proof. Let (u,v) € X be a weak solution to problem (1.2). We can express
u=u"—u" and v =vT —v~, where u™ = max{u, 0} (the positive part of u)
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and u~ = max{—u, 0} (the negative part of u) and similarly for v* and v~.
It suffices to prove the uniform boundedness for (u™, v*) because for (u=,v™)
the reasoning is similar.

For an arbitrary number h > 0, set uy, := min{u™, h} and vj, := min{v™, h}.
Corresponding to any k > 0 and 1 <14 < N, we have (u™ (uy)i, v (v,)*) €
X because

(un)*0p(w™) + k(un)* " u*0;(un)|
< (k + 1) (un)*|0;(w )],

()" 0:(v*) + k()" v+ 0i(vn)|
< (k + 1)(vn)*10:(v")]-

10: (u™ (un)")| =]
(3.1)

10: (v (vn)*)| =]
Testing (1.3) with (u™(up)* v ¥ (v,)*), 1 < j < N, we find

(N

Z/G“ )|OsulP =2 0;u0; (u (uh)kpf)dx—/Fl(x w, v, Vu, Vo)u™ (up)* dr,
i=1 7 Q

N
Z/ng )|00] %~ 20;00; (v (vh)kqﬂ)d:p—/Fg(x w, v, Vu, Vo)v' (v,) da.

\2—1Q Q

(3.2)
For the left-hand side of the equations in (3.2) hold the estimates

é/QGli(u)]@u
—é/QGu(u)@u

Pi20iud; (u ™ (up) 7 ) da

P20 (0; (u) (up )™ + kpj (up, )™~ ut0;(uy) )dx (3.3)

10



and

Goi(v)|0sv |q"_28iv(‘9i (v+ (Uh)kpj )da

/Q Goi(v)|0sv

oa [ (o) 10i00")

<.
Il

1M
S~

-

%200 (05 (v (vn)* Y + kg (vp) 9wt 0(vy))dr (3.4)

=1

M-

>

%idr,

=1

forj=1,...,N.

For the right-hand side of the equations in (3.2), hypothesis (H1) enables
to derive the estimates

/Fl(x,u,v,Vu,VU)qu(uh)kpjdac
Q

r2
§a1/ |U|”_1(uh)kpfu+dx+a2/ lo| ™1 (up)™iutda
Q Q

+a3/9(<§|am

N

‘i‘(14/Q (;@v

1/7’" kﬁ kp;
) ) ) ((n) 7 )

1/r
qi) 1(uh>kpju+dx + a5/(uh)kpju+dx
Q

and
/Fg(x,u,v,Vu, V)T (v,)* da
Q

T
§b1/ lu| > (vh)kqjv+dx+b2/ ]2 (v )0t d
Q 0
N

+b3/9<2|8iu

1/7}
pi) 2 (Uh)kqj ’U+dl’

kqj

; qi>1/r2(vh)rl2]> ((vp) 72 v*")do + bs/ﬂ(vh)kqurdx.

11



For any € > 0, Young’s inequality provides constants c¢(¢), d(¢) > 0 such that

f((2

<52/10

and

kpj

) o uh)kr?) ((up) ™ ut)de

)P (up) P9 da + c(e )/(uh)kpj (uh)"dx
Q

N

L2

<52/|a

By Hélder’s inequality, Lemma 3.1 and (1.5) there exists a constant C; > 0

such that
1
ry -
/ ol F (wn)?ut da < (/ lv|”d$) ) Can) |
Q Q

<Cu |l (un) ™ u|| 1

1
1 vl
/|u‘ré (vh)ijv+dx < (/ |U‘T1dx> 2 ”@h)kzqg'v—&-
Q Q

<Ci[l(vn)* 0" .

kg, ij

qi> 1/ry (Uh)T/;) ((Uh)ﬁv+)d$

)% (vp)f % da + d(e )/Q(vh)kqf(vﬂ”dx.

L2

Again by Holder’s inequality, Lemma 3.1 and (1.5) we obtain a constant

12



CQ > (0 with

/ ( 0.0 ) " ()Pt da

Q =1
N
(Z Oy qzd‘“) )i [ s < Collun) Pt
N 1/7

/ (X 19l) ™ (wn) oot da

Qi

< (f; /Q B

There are also the estimates

/(“h)k”j“+d“" = /(Uh)k”j(f)”dwr 2]
Q

Q

pidﬁ) [(va) 0T || Lrs < Cal(vp) @0 Lra.

and

/(vh)ijv+dx < /(vh)kqf(vJ“)”dx + |9,
Q

Q

where || denotes the Lebesgue measure of (.

13



The preceding estimates lead to

/Fl(x,u,v,Vu, Vo)uT (up)i dx
Q

<a / (w3 () da + asCy || (un) ™ u™ || o +a352 / 10 (u) P (up )" dae
Q
+ asc(e) /(uh)k”j (ut)dr + a4C’2||(uh)kpfu+||Lr1
Q

tas / (1) () + 162
and

/Fg(x,u,v,Vu, Vo)vt (v, da
Q

§b101||(vh)kqjv+||Lr2 + bQ / (Uh)kqj (U+)T2dl’ —+ b302|| (Uh)kqjv+||Lr2
Q
T b Z JE

+ b (/Q(vh)k%(wywm |Q|> .

Let us note that

e = ([ <<uh>’fpfu+>“dx)é < ([t + i)

= ([)((uh)ku+)p’“dw+ yQy)Tll < (/Q((“h)kw)pj”dx) - -

= [t [y + 192075

)% (on) 9 d + bad(e) / (on)F9 (0 )2 d
Q

1

and similarly

o) 5wt s < [l o) 0 |2 + 19207

14



Consequently, we obtain

Pi (uh)kpj dr

N
/Fl(x,u,v,Vu, Vo)u (up)"idz < CL35Z/ |0i(u™)
Q i=1 79

—l—C’(/Q(uh)kpj (uh)da + || (un) Fut | + 1),
(3.5)

% (vp) k45 dq

N
/Fz(z,u,v,VU, Vu)ot(v) ¥ da < 5452/ |0i(v)
Q i=1 /9

+c /Q (0) % (0 )2+ [[(on) 0 [ g + 1),

\

with a constant C' > 0.
Then (3.2), (3.3), (3.4) and (3.5) show that

( N

Z(au — ase) /(uh)kp"\ai(uﬂ Pidy
i=1 Q
< C(/Q(uh)kpj (u+)md5’7 + H(uh)kuﬂ’i]?ﬂl + 1)7
N
Z(a% — bye) /(Uh)k%|ai(v+)|qid$
i=1 Q@

< [ de + @) o [Ge +1).

For an € > 0 small enough, we get
(N
> [ o)
i=1 /9
N
> [
[ =1 Y

with a new constant C' > 0.

Pidx SC(/(uh)kpj (u+)ndl‘ + ||(uh)ku+||i’;j” + 1),
Q

dr <O / (o) ()72 + [[(vn) o™ [ Fayra + 1),
Q

15



From (3.1) we infer that

1
Pj
)

oy ()l <€+ 1)

() (Y e+ [ o | e+ 1)
Q

Kl . m
10, 0l <C¥ 0k ) [ (0 (0 + oo 1)
(3.6)
Using that r; € (p,p*) and ry € (q,¢*) as postulated in hypothesis (H1), we
can find a € (p;,r1) and f§ € (g;, r2) satisfying

(11 —Pj)a < p* and (12 — q]‘)ﬁ

<q". 3.7

= p; B—q 37
Hélder’s inequality, (1.6), (3.7) and Lemma 3.1 provide the existence of con-
stants K; > 0 and K, > 0 such that

kp]-u "y = w )P (g ku"‘PjJ;
/Q<uh> (ut)d /Q<+> (wn)utyPd

a=pj Pj

<( /Q (W)“fii)adx) ( /Q (u* () dr) *

<K|u” (un)* |17

and

L yde = [ @ornontoyds

Q

S(/Q(UJF)de) = </Q (v+(vh)k)’8dx>gg

<Koffvt (vn) [ 7.

Note that p;r > o and g;72 > B. From (3.6) we arrive at
195 (u™ (un) ") s <K (B + 1)([Ju (un)* || e + 1),
10 (0" (o) <K (k+ 1)(I[* (on)" [l s + 1),
with a constant K > 0. As j =1,---, N was arbitrary, this results in
la* (un) 1.7 gy SEN (b + D) ([ (un)*[lzo + 1),
[0 (o) [y ) SEN (K + 1)([[v" (o) 25 + 1)
Wor* ()

16



Then the continuous embedding (1.6) implies

[l (un) [l o <C(k + Dt + 1),
[t (wn)*ll e <C(k+ D([l0* 1750y + 1),

with a constant C' > 0. Letting h — 0, Fatou’s lemma yields

a1y =N ) e < CR+ D (lu e +1), (3.8)
¥ ey =N e < O+ D0 15y +1).

At this point, since now the variables u™ and v+ are decoupled, the prob-
lem is reduced to the setting of [8], so we can proceed as therein. For the
sake of completeness we carry out the proof. It suffices to argue in the case
of u™. If for a sequence k, — +oo we have ||ut|pexnsy < 1 for all n,
then ||u™||L~ < 1 which ends the proof. Two situations remain to be dis-
cussed: (a) ||u™|| preny > 1 for all & > 0; (b) there is kg > 0 such that
lut]| por oty < 1 and ||ut]| oo > 1 for all k > k.

When (a) holds, (3.8) gives

[t || e sy < (2C)F (ke + )7 ||ut || patrsn). Yk > 0.
The function k ~ (k 4 1)Y/V*¥+1 is bounded on (0, +00), so one has
™| o oesny < CYYRH 0| paireny, V>0, (3.9)
with a new constant C' > 0. We can build the following Moser iteration
(kn+Da = (k,—1+1)p*, Vn>2,
starting with (k; + 1)a = p*. Applying repeatedly (3.9) renders
—+ Z?:l 4 —+
[ | sy < O VR [ e

The inductive definition of (k,) ensures that k, — oo and the series
> 1/Vkn + 1 converges. Then Lemma 3.1 shows that letting n — oo
we obtain ||uT||L~ < Cp, with a constant Cy > 0 independent on the solu-
tion w.

For case (b), a similar reasoning can bee developed giving

[t || sy < (2C)FT (K 4+ 1) [u™ || paceeny,  VE > ko,

17



The above argument shows

b o oerny < CYYRHY b pagerry,  VE > k. (3.10)

with a constant C' > 0. The same Moser iteration applies, this time starting
with (k; + 1)a = p*(ko + 1). Then (3.10) entails

noo_ 1
|’u+HLP*(kn+1) <C VR Hu+|’LP*(ko+1)-

As in case (a) we prove that ||u|/ <@ < Cp with a constant Cy > 0
independent of the solution (u,v). Similarly, we can establish the bound
[0 Loy < Co.

A careful inspection of the proof reveals that the constant Cy depends on
G,, and G, only through their lower bounds ay; fort =1,... N, k = 1,2,
respectively. This completes the proof. O]

4 Auxiliary truncated system

Here we extend to system problem (1.2) the idea of truncation used in the case
of isotropic equations (see [7] and [9]) to overcome the difficulty of unbounded
coefficients Gy; fori=1,--- N and k =1, 2.

Corresponding to any real number R > 0, we truncate the functions Gy;
in the following way

Ghi(t) if |t| <R Gai(t) if |[t| <R

Ghir(t) = ¢ Gui(R) ift>R and Ga; r(t) = ¢ Gri(R) ift>R
Gu(—R) ift< —R. Grn(—R) ift<—R.
(4.1)

In accordance with (4.1) we state the auxiliary system

— Zfil 0i(Gri r(uw)|OulPi—20,u) = Fy(x,u,v, Vu, Vo) in Q,
— N 0(Gair(v)|0]%20) = Fy(x,u,v, Vu, Vo) in Q, (4.2)
u=v=0>0 on 0f).

The driving operator in problem (4.2) is the map Ag : X — X* defined by
<AR<U7 U)7 (¢) 1/})>

N 4.3

qiiQa{Uaﬂbdl’

N
pifQGiuaigbdw + Z/ Gair(v)|0w
i=1 /€
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for all (u,v), (¢,v) € X.

Proposition 4.1. Assume conditions (1.4) and (1.7). Then, for each R > 0,
the map Agr : X — X* in (4.3) is well defined, bounded, continuous, and
fulfills the Sy -property, that is, (u,,v,) — (u,v) in X and

lim Sup<AR(un7 Un)? (un — U,V — U)) S 0 (44)

n—oo
imply (up, v,) — (u,v) in X.

Proof. By Holder’s inequality, for all (u,v), (¢,¢) € X andi=1,..., N, we

get
/ Gli,R(u)|8iu

<ﬁ1aXGlzR( )| i

Pim29.u0;pdx

+ /G%,R(v)@v Qi_28iv8i¢dx
. 4.5
w |10:]| Lai -

|82¢||Lp1 —l—mangZ R( )| i

We infer for all (u,v) € X that Ag(u,v) € X*, so Ag is well defined.
Moreover, (4.5) shows that the mapping Ag is bounded.

In order to prove that Apg is continuous, let (up,v,) = (u,v) in X. We
note that

HAR(un7 Un) - AR(U, ’U)

< Z (G r(un) = G, (u))10: (un) [P ~>0i(un) | s,

i Z ||GlzR |8 un)|Pz 8 (un) |81(U)|pl_ az(u))HLszlI (46)

+ Z H(G%,R(Un) - G2i7R(U))’ai(Un)

QZ_Qa,L(Un) L qil

+ZHG2m (103 (vn)["~*0;(vn) — 0:(v)

20|
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Holder’s inequality yields

( Py

1(Grir(un) — G, r(1))]0; (un ) P20, (un) |7,

zZ;LiI
S/ |Gir(un) — Grir(u)
Q

7|0 () [P,

4
20 ()| e
L%t

[(Gair(vn) — Gai r(v))|0i(vn)

Yidy.

S/ |G r(vn) — G2¢,R(U)|Til|az‘(vn)
\ Q

The continuity and boundedness of the functions G1; r and G; g enable us to
apply Lebesgue’s dominated convergence theorem on the basis of the strong
convergence (uy,,v,) — (u,v) in X that provides

Jim [[(Gi g (un) = Gip(u)|0: (un) 20 (un)[| e =0,
Jim [|(Gair(vn) = Gair(v)|0:(vn) " *Oi(wn)l| s =0,
and
Jim (|G () (10 (n) "0 (un) = [Oi() "0, (w)]| ey =0,

Jim [| G (0) (10:(0a)|" 201 (vn) = [0:(0)|* 0 ()| oz, =0,

Then from (4.6) we derive that Ag(u,,v,) — Ag(u,v) in X*, whence the
continuity of Ag.

Now we focus on the S;-property of Ag. Let (uy,v,) = (u,v) in X and
(4.4) be satisfied, which takes the form

lim Sup<AR(un7 Un) - AR(“’» U)a (un — U, Up — U)> S 0. (47)

n—oo
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It is seen that

(Agr(Un,vy) — Ar(u,v), (up — u, v, — v))
>3 [ (10w

+ z; /Q(Gu‘,R(Un) — Gy p ()]0 (w) P 20;(w)0; (un, — u)da

Pi=29) () — |05 (w)|P 20 (1)) Dy (1 — ) da

(4.8)
N
+ 3 aa [ (00" 20(wn) = 0,0 0i(0)Oi(v, — v)da
i=1 Q
N
+ Z/(Ggiﬁ(vn) — Gai g (V)]0 ()% 20 (v) 0y (v, — v)da.
i=1 /@
As before we can prove that
lim [ (Grir(un) — Grip(u)|0i(w)[Pi20;(u) i (u, — u)dx = 0,
n—oo Q
(4.9)
lim (G2i7R(Un> - Ggin(v))|0,~(v)|Qi_20i(v)8i(vn - U)dl’ = 0.
n—oo Q
Then from (4.7), (4.8), (4.9), and Hélder’s inequality it turns out
Tim (110, (un) s — 103 1) (s 1" = O ") =0,
T (18,15 — 18,0} 2) ([0, 13"~ 194015 = 0,
forallz=1,..., N. This results in
JLH;O ||az(un)||[,zoZ = ||6Z'U||Lpi and T};IEO ||8i<vn)||Lqi = ”aiUHLqi, Vi= 17 ey N.

Since the space LPi(§2) and L% (2) are uniformly convex, we infer the strong
convergence u, — u and v,, — v in VVO1 7 (€2), which completes the proof. [J

The properties of the operator Ar — N, with Az and N introduced in
(4.3) and Proposition 2.1, respectively, are listed in the next statement.

Proposition 4.2. Assume (1.4), (1.7), (H1) and (H2). Then, for each R >
0, the map Ap — N : X — X* satisfies:
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(i) Ar — N is bounded;

(i) Ar — N is pseudomonotone, that is, if (u,,v,) — (u,v) in X and

limsup((Ar — N)(tpn, v), (4 — u, v, —v)) <0, (4.10)
then
liminf(Agr — N)(un, vn), (4 — u, v, — v)) (4.11)

> lim nf((Ag = N)(u,0), (1,0) = (8,0)), ¥ (6.0) € X:

(iii) Ar — N is coercive, that is,

o ((Ar = N (o), (0,0))

() |0 | (w, v)]|

= +00. (4.12)

Proof. (i) The assertion follows from Propositions 2.1 and 4.1.

(ii) Let u,, = v and v,, = u in Wol’ﬁ(Q) and Wolj(Q), respectively, and
suppose that (4.10) is satisfied. From Corollary 2.1 and (4.10) we derive (4.4).
Thanks to Proposition 4.1, the S, -property of the operator Ag implies u,, —
w and v, — v in W, 7(Q) and W, ’7(9), respectively. Then Proposition
2.1 ensures that N (uy,,v,) = N(u,v) in X*, while Proposition 4.1 entails
Ag(tun,v,) = Ag(u,v) in X*. Therefore (4.11) holds true.
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(iii) By assumption (H2) and (1.8) we infer that

(Ar = N)(u,v), (u, )

>Z/G11R |(9u
_042’

+Z/G2i,R< 0)| G|t de — di[[ullzy — da|vllze — d3Z||8U||Lm

i=1 YO i=1

N
—dy > (|0 fa — 1Gll
=1

Pidr — eql|ullfp — callvllfa —

— [1Galfre

N
23 (o = (e ) = N e+ )0

+ Y (az — (cs+dg) — N7 (ea + d)0)]|0;

=1

— N2(cy +d1)0 — N2(cy + d2)0 — ||Gl| o — (|l 21

From hypothesis (H2) we know that ay; — (c3 + ds) — N2~ (c; +dp)6 > 0
and ay; — (cs +dy) — N9 ey + do)f > 0. Taking into account that p; > 1
and ¢; > 1 for all i = 1,..., N, the preceding inequality implies (4.12), thus
completing the proof. O

5 Solutions to the anisotropic systems

Now we are able to prove the existence of solutions to auxiliary system (4.2).

Theorem 5.1. Assume that conditions (1.4) and (1.7) hold, the functions
Gri : R — [ag;, +00), with ag; > 0 fori=1,...,N, k=1,2, are continuous,
and Fi, : QO x Rx R xRY xRY - R, k = 1,2, are Carathéodory functions
satisfying hypotheses (H1) and (H2). Then, for every R > 0, problem (4.2)
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has at least a weak solution (ug,vr) € X which means

(N

;/ﬂGli,R(UJR(fE))'aiU(l')|Pi—26iu($>6i¢($)dl‘:/QFl(:L‘,u,U7Vu, Vo)dds,

Z /Q G r(vr(7))|0iv ()

\ =1

q"_Q(?iv(x)@iw(x)dx:/FQ(x,u,v,Vu,Vv)wda:
0

(5.1)
for all (¢,v) € X. Moreover, the solution set of system (4.2) is uniformly
bounded with the bound Cy > 0 in Theorem 3.1. In particular, one has

|(ur, vR)||z < Co.

Proof. For a fixed R > 0, the auxiliary system (4.2) is equivalent to resolving
in X the operator equation

(Agr — N)(u,v) = 0. (5.2)

By Proposition 4.2 it is known that the operator Ap — N : X — X*
is pseudomonotone, bounded and coercive. Hence we are entitled to ap-
ply the main theorem for pseudomonotone operators (see, e.g., [5, Theorem
2.99]) from which we deduce that equation (5.2) possesses at least a solution
(ug,vr) € X. Due to the mentioned equivaleence, (ug, vg) is a weak solution
of auxiliary problem (4.2) in the sense of (5.1).

On the other hand, Theorem 3.1 is applicable with G, g in place of Gy;
for every : = 1,...,N and k = 1,2. This is true because the range of Gi;
is contained in the interval [ay;, +00) as it is the case for Gy,;. Consequently,
the solution (ug,vg) of (4.2) fulfills the a priori estimate ||(ug, vg)| L~ < Co,
where Cy > 0 is the uniform bound given in Theorem 3.1. This completes
the proof. n

Now we prove that (ugr,vg) € X obtained in Theorem 5.1 is a weak
solution of the original problem (1.2) provided R > 0 is sufficiently large.

Proof of Theorem 1.1. Theorem 3.1 provides the existence of a positive con-
stant Cp such that [|(u,v)||~ < Cp for all weak solutions (u,v) € X to
problem (1.2). As known from the statement of Theorem 3.1, the constant
Cy depends on the function Gy; in (1.2) only though its lower bound ay;
fori = 1,...,N and k = 1,2. From (4.1) it is clear that ay; is a lower
bound for each truncation Gy; r. Therefore the same constant Cy bounds
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the solution set of each auxiliary problem (4.2) whenever R > 0, so for
the solution (ug,vgr) € X to problem (4.2) given by Theorem 5.1 it holds
[(ur, vg)llLee < Co.

In view of the fact that Cy does not depend on R, we are allowed to
choose R > C getting that |ug(z)] < R and |vg(z)| < R almost everywhere
on Q. Owing to (4.1) we have

Grir(ur(r)) = Gii(ur(z)) and Gy r((vr(z)) = Gai(vr(T))

fora.e. z € Q,andi=1,...,N. It follows that (ug,vg) € X is a bounded
weak solution for the original problem (1.2), thus completing the proof of
Theorem 1.1. O
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