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Abstract
An approach to the construction of Balanced Incomplete Block Designs (BIBD) is 
described. The exact pairwise balance of treatments within blocks (second-order 
balancing condition) is required by standard BIBD. This requirement is attainable 
when λ is an integer, namely when the relationship among the number of treatments 
t, blocks b, and block size k allows for an equal number of co-occurrences for 
every treatment pair. This work presents an algorithm for generating quasi-BIBD 
with particular attention to settings where a second blocking variable is taken into 
account (Youden squares) and the blocks are assigned to s groups (sessions) where 
all treatments are equally represented inside each one. Unlike classical resolvable 
or nested BIBDs, which require an exact combinatorial solution and therefore an 
integer value of λ, the designs developed here explicitly allow λ to be non-integer 
and do not rely on the existence of an exact BIBD. Two real-world applications 
are presented. The first refers to an exploratory experiment with 8 two-level factors 
leading to t=20 trials, assessed by k=4 evaluators through b=20 blocks divided into 
s=4 balanced sessions. The second example refers to a robust design experiment 
based on a Central Composite Design involving 4 technological and 2 environmen-
tal factors leading to t=30 trials, evaluated in k=5 environmental conditions within 
b=30 blocks divided into s=5 balanced sessions. In these experimental settings, the 
second-order balancing condition is not attainable since λ is not an integer. The 
proposed algorithm has been designed to approximate this condition as closely as 
possible, maintaining the first-order balancing condition, highest D-optimality and 
connectedness.
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1  Introduction

A central objective in the design of experiments is the construction of efficient designs 
that significantly reduce the number of experimental runs compared to full factorial 
structures, while still preserving the ability to extract meaningful information about 
the system under study. The advantages of such reductions are particularly in terms 
of time, cost, and resource savings (Box et al. 2005). However, these benefits must be 
carefully weighed against the potential loss of estimability or interpretability.

Ensuring that the effects of primary interest, typically main effects and sometimes 
second order factors (their pairwise interactions), remain estimable is a fundamental 
requirement. This is generally verified by transforming factor levels into pseudo-
regressors, whose number corresponds to the degrees of freedom associated with 
each effect (i.e., the number of levels minus one for main effects, and the product 
of these for interactions). Several coding schemes are available: dummy coding 
assigns, for each factor level, an indicator variable taking value 1 when the treat-
ment is present and 0 otherwise; alternatively, contrast coding such as (−1, 0, −1) 
enforce the zero-sum property across columns and are widely used in the construc-
tion of balanced and orthogonal designs (Wynn 1985). Another option is to employ 
orthogonal polynomials, which provide mutually uncorrelated regressors for ordered 
factor levels (Draper and Smith 1998). The latter are particularly advantageous in 
full factorial designs, where orthogonality holds not only between pseudo-regressors 
related to different factors, but also among contrast components within each factor. 
The full-rank condition of the resulting design matrix confirms the estimability of the 
modelled effects and also forms the basis for evaluating the design optimality when 
comparing full rank competing designs. In our context, the contrast coding parame-
trisation is adopted to construct the pseudo-regression matrix used in the evaluation 
of the determinant D.

Among the most widely used criteria for design comparisons, the D-optimality 
favours designs whose determinant of the information matrix is largest, thereby mini-
mizing the generalized variance of the regression coefficients estimated (Wu and 
Hamada 2011). Alternative optimality measures, which focus on the maximization 
of the smallest eigenvalue or the minimization of the largest, are also used in spe-
cific contexts. Full factorial designs are D-optimal by construction, as the associated 
design matrix (of the principal factors and of all interactions up to the highest order) 
is always diagonal. Worthy of particular and practical interest are orthogonal reduced 
designs, which retain the orthogonality property for effects of interest (order I or even 
II, i.e. main factors or pairwise interactions) despite the reduction. For this reason, 
significant theoretical developments have focused on constructing such reduced yet 
orthogonal designs wherever possible.

The theory for symmetric designs (in which all factors have the same number of 
levels) is well developed. In particular, in the case of two-level factors, where each 
effect is associated with a single degree of freedom, and more generally, with the 
number of levels k being a prime or a power of a prime, the correspondence between 
the design matrix and estimability is straightforward, e.g., algebraic techniques based 
on Galois fields, Giovagnoli (1977). The methodology is relatively simple when k is 
prime and slightly more complex when it is a prime power. In contrast, the construc-
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tion of asymmetric designs is more challenging. In such cases, the properties above 
and algebraic techniques that facilitate reductions of the complete symmetric design 
can not be longer performed, and alternative methods must be employed.

The paper is organized as follows. Section 2 provides a brief review of Balanced 
Incomplete Block Designs and the challenges involved in achieving first- and sec-
ond-order balance conditions. The introduction of an additional block, named ses-
sion, is presented in section 2.1, while the connectedness properties of the proposed 
designs are discussed in section 2.2. Section 3 discusses the limitations of traditional 
optimization criteria and introduces heuristic approaches tailored to experimental 
constraints. A proposal algorithm is also described. Section 4 presents two illustra-
tive examples from real-world contexts, demonstrating the need for flexible design 
strategies. Section 5 discusses practical considerations and limitations.

2  Balanced Incomplete Block Designs

An important and extensively studied class of experimental designs is that of Bal-
anced Incomplete Block Designs (BIBD). These designs are especially useful when 
it is not feasible to include all treatment levels within a single block. In the standard 
BIBD framework, a primary treatment factor is considered at t levels, while each 
block can accommodate only k < t treatments. The goal is to construct a set of b 
blocks such that each treatment appears exactly r times across all blocks (we named 
first-order balance). This condition implies that the total number of experimental 
runs satisfies the identity n = tr = bk. In addition to equal replication, it is necessary 
to constrain the set-up in order to avoid that in a block a greater number with the same 
treatment occurs. This could invalidate the sampling, as the confounding between 
treatments and blocks. At this aim is desirable that each pair of treatments co-occur 
in the same number of blocks. This number, denoted λ, ensures a property we named 
second-order balance. This imposes the constraint

	

λ =
b

(
k
2

)

(
t
2

) = b k (k − 1)
t (t − 1) � (1)

reflecting the requirement to allocate all 
(

t
2

)
 unique treatment pairs across the b 

blocks, each of which contains 
(

k
2

)
 such pairs. In principle, exact second-order 

balance can be achieved when b =
(

t
k

)
, but in practice, this quickly becomes 

infeasible as k approaches t/2, due to the combinatorial explosion in the number of 
required blocks, and consequently in the number of runs. However, certain configu-
rations allow the construction of BIBD with a reduced number of blocks while still 
satisfying the second-order balance conditions.
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Designs of particular interest include those in which a third factor is incorporated, 
representing the position of a treatment within the block. Such designs can be created 
when the number of treatments t equals, or is a multiple of, the number of blocks b, 
thus it becomes possible to construct structures known as Youden squares. Despite 
their name, these are not square matrices but can be considered as incomplete Latin 
squares.

An example concerns the design where t = b = 5, r = k = 4 and consequently 
n = 20. As can be seen in Table 1, treatment pairs such as AB and AC appear together 
in exactly three blocks, as expected under the second-order balance condition (AB 
occurs in each block only three times, in 2, 4 and 5; AC occurs three times, in 1, 2 and 
5), and so on for all the pairs. In this case, the corresponding value of λ is given by

	

λ =
5

(
4
2

)

(
5
2

) =
5·4·3

2
5·4
2

= 30
10

= 3.

Such designs cannot be obtained through algebraic constructions, therefore, in these 
cases, heuristic algorithms and computational search techniques are essential for 
identifying feasible configurations.

Recent literature has explored various approaches to constructing Balanced Incom-
plete Block Designs (BIBDs), particularly when exact combinatorial conditions are 
hard to satisfy or must be extended to more complex experimental contexts. Among 
these, Rueda et al. (2020) propose a memetic algorithm for generating approximate 
BIBDs, Agashe et al. (2024) introduce a new class of BIBDs that extend classical 
BIBDs into multilevel block structures, Benedict et al. (2023) investigate the con-
struction of non-symmetric BIBDs derived from symmetric configurations, Chisaki 
et al. (2025) propose Spanning Bipartite Block Designs. While similar in motivation, 
our proposal addresses the specific challenge of simultaneously satisfying first-order 
balance, approximate second-order balance, and session-level replication using a 
heuristic strategy.

In practical applications, the exact second-order balance required by a standard 
BIBD is often infeasible because the concurrence parameter λ is not an integer. 
In such cases, experimental designs can still preserve the first-order balance while 
approximating the second-order one as closely as possible. To formalize these cases, 
we adopt the following terminology. An optimal BIBD denotes a design that exactly 
satisfies both first- and second-order balance conditions, corresponding to integer λ. 

Table 1  Youden Square. (t = b = 5, k = r = 4, λ = 3) Design (left). Treatment pairs in the same 
block (centre). Number of occurrences of pairs in the same block (right)
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When λ is non-integer and exact pairwise balancing cannot be achieved, a design 
that maintains first-order balance but only approximates the second-order condition 
is referred to as a quasi-BIBD. Among these, configurations that minimize devia-
tions from perfect pairwise balance while maximizing inferential efficiency (e.g., 
D-optimality) are termed near-optimal BIBD. These last two categories represent the 
focus of the heuristic strategy proposed in this paper.

2.1  Nested block designs with session control

A particularly relevant feature in practical applications is the possibility of divid-
ing the execution of blocks into separate groups or sessions. This becomes essential 
when the total number of blocks is large and cannot be executed simultaneously (e.g. 
when blocks must be distributed across different days or shifts due to logistical con-
straints). This introduces an additional layer of structure to the design that must be 
explicitly accounted for to ensure statistical validity. In such cases, it is desirable to 
ensure that the session factor is also orthogonal with respect to the treatments: when 
the number of blocks b is a multiple of the number of treatments t, it is possible to 
organize the blocks into s sessions such that each treatment appears equally often in 
each session. This structure facilitates session-wise treatment balance, which is cru-
cial in avoiding confounding effects between treatment mean responses and session-
level variation. This guarantees that any systematic effect introduced by the session 
(e.g., fatigue, changes in environmental conditions, or subjective bias) is distributed 
equally across all treatments, thus preserving the integrity of the comparisons. In the 
analysis of variance (ANOVA), this session structure necessitates explicit nesting of 
blocks within sessions, protecting treatment comparisons from such confounding, 
and may also support the modeling of session-specific trends if temporal effects are 
suspected.

To formalize this, consider the case where t = b, and each treatment is replicated 
r = k times. If the total number of blocks b is divisible by the block size k, then the 
number of blocks per session is m = t/k, and the total number of sessions becomes 
s = t/m = k. Each session thus contains m blocks and provides a complete and bal-
anced representation of all treatments. This representation can also be viewed as a 
generalization of Youden squares, in which rows correspond to sessions and columns 
to evaluators, ensuring equal treatment representation across both dimensions.

The concept of introducing a session factor extends classical notions of resolvable 
and nested block designs. In the terminology of Calinski and Kageyama (2012), ses-
sions would be classified as superblocks. However, within the framework proposed 
here, sessions are not exact replicates of the block structure. Their composition differs 
from one session to another, because the procedure aims to achieve first-order bal-
ance when considering the full design as a whole. Position-wise balance is therefore 
not enforced within each individual session, but is attained across the complete set 
of blocks. In resolvable BIBDs, blocks can be partitioned into groups such that each 
treatment appears exactly once per group (Abel et al. 2006). The session factor pro-
posed in this work plays a role that is reminiscent of such replicates, since treatments 
are required to appear equally often within each session, but the analogy remains 
conceptual rather than combinatorial. Sessions do not constitute full copies of the 
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design, nor are they constrained to reproduce the classical structure of a replicate; 
instead, they arise from practical considerations such as the temporal organisation 
of blocks or evaluator availability. The goal is not to enforce a formal resolution of 
the block set, but to guarantee that session-level variation is orthogonal to treatment 
effects. Similarly, in nested BIBDs blocks at one level are formally contained within 
larger blocks according to a fixed hierarchy, and the combinatorial relations among 
blocks are determined by this nesting structure (Buratti et al. 2024; Morgan et al. 
2001). Although the resulting layout may resemble a two-level structure, sessions 
do not function as super-blocks in the combinatorial sense, and the design does not 
impose the constraints typical of nested constructions. A further and more fundamen-
tal difference concerns the value of λ. Classical resolvable or nested BIBDs presup-
pose the existence of an exact BIBD and thus require λ to be an integer. The designs 
proposed in this work explicitly accommodate cases in which λ is non-integer and 
no exact BIBD exists. In these settings, the session factor coexists with a heuristic 
search that constructs quasi-BIBDs satisfying first-order balance and approximat-
ing second-order balance as closely as possible. This combination of session-wise 
balance and approximate pairwise balance lies outside the scope of both resolvable 
and nested frameworks. From this perspective, the proposed structure can be viewed 
as a practical generalisation of resolvable designs: whenever exact replicates could 
exist, the session framework is compatible with them, but when combinatorial con-
ditions fail, it still ensures balanced treatment representation across sessions. At the 
same time, it may also be interpreted as a packing-type configuration enriched with 
a session constraint and optimised for statistical efficiency, rather than as a purely 
combinatorial object.

Specifically, the experimental constraints considered in this work are the following:

	● The block size k, which specifies how many positions must be filled and cor-
responds, in our examples, to the number of evaluators; within each block, each 
treatment can be assigned at most once across the k evaluators;

	● The subset of treatments that, although theoretically repeatable within a block, 
are restricted from occurring more than once;

	● The maximum number of blocks that can be conducted within a single session, 
which requires grouping blocks so that each treatment has the same number of 
replicates within each session. By contrast, the total number of blocks b is not 
considered limiting, and therefore it is set equal to the number of treatments. 
Designs with b < t or b > t are not considered in this work.

To illustrate how these design principles and session structures can be effectively 
applied in practical scenarios, two representative examples are presented in section 4.

2.2  Connectedness

Connectedness is a fundamental property for block designs because it guarantees 
that all treatment contrasts are estimable: treatments must be linked through chains 
of co-occurrences within blocks (or sessions), ensuring that all treatment contrasts 
remain estimable in the associated linear model. Connectedness can be checked com-
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binatorially by constructing the treatment-association graph (vertices = treatments; 
an edge between two treatments if they appear together in at least one block) and 
verifying that this graph is connected. If the graph induced by the BIBD is weakly 
connected, the design is globally connected in the classical statistical sense, and full 
estimability of treatment effects is guaranteed. Formally, let G = (V, E) be the undi-
rected treatment–association graph of a block design, where V = {1, . . . , v} is the 
set of treatments and (i, j) ∈ E if and only if treatments i and j co-occur in at least 
one block. The design is globally connected if and only if G consists of a single con-
nected component. This requires that ∀i, j ∈ V, ∃(i = v0, v1, . . . , vk = j) such that 
(vℓ, vℓ+1) ∈ E, ∀ℓ = 0, . . . , k − 1. Equivalently, letting A denote the v × b incidence 
matrix of the design and C = AA⊤ its concurrence matrix, global connectedness 
holds if and only if rank(C) = v − 1 or, equivalently, C has a single zero eigenvalue 
associated with the invariance to adding a constant to all treatment effects. Under this 
condition, all treatment contrasts are estimable in the associated linear model.

Definition 1  Connectedness (Eccleston and Hedayat 1974). The treatments Ti and 
Tj  are connected if there exists a chain Ti B1 Ti1 B2 Ti2 . . . Tih−1 BhTih

Bh+1Tj . In 
this case, an unbiased estimator of Ti − Tj  is obtained from this chain. Two treat-
ments Ti and Tj , i ̸= j, of a block design are said to be globally connected if each 
replicate of Ti is connected by a chain, as defined by Bose (1947), to each replicate of 
Tj . Two treatments Ti and Tj , i ̸= j, of a block design are said to be pseudo-globally 
connected if each replicate of Ti is connected by a chain, as defined by Bose (1947), 
to at least one replicate of Tj  and vice versa.

A straightforward strategy for constructing a design with t = b = 20 and k = r = 4 
is to stack four copies of the well-known t = b = 5 and k = r = 4 design, which is 
easy to generate and corresponds to a classical Youden square structure when block 
positions are retained as an additional blocking factor (see Table 2). Although this 
construction preserves the positional structure, it lacks global connectedness: when 
the treatment–association graph is computed, the graph decomposes into four discon-
nected components (see Fig. 1). From an experimental perspective, this implies that 
block and treatment effects cannot be estimated simultaneously, because the inci-
dence matrix does not achieve full rank.

An alternative approach treats the four constituent sub-designs as distinct ses-
sions, with blocks and treatments nested within sessions in groups of five. Under this 
parametrization, both block and treatment effects become estimable; however, three 
degrees of freedom are lost due to the introduction of the session factor. Thus, instead 
of the full 19 degrees of freedom available for treatments in a globally connected 
design with t = 20, only 16 remain once sessions are incorporated.

In contrast, the design proposed in this work exhibits substantially improved infer-
ential properties (see Tables 5 and 7 in the Appendix):

	● It is globally connected: the treatment–association graph consists of a single con-
nected component;

	● When sessions are not part of the model, the incidence structure has full rank, so 
all degrees of freedom are retained: 19 for treatments and blocks, and 3 for block 
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position (Youden–square structure);
	● When the design is instead executed across multiple sessions, the session factor 

absorbs 3 degrees of freedom from the block effects, but, unlike the stacked con-
struction, treatment effects remain fully estimable with 19 degrees of freedom.

Therefore the proposed algorithm provides connected designs where all pairwise 
contrasts among treatments are estimable (subject to the usual sum-to-zero con-
straint). The twofold verification (graph-theoretic and linear-algebraic) provides a 
robust confirmation of estimability and should be sufficient for reproducibility; the 
detailed results are reported in the Appendix A.

Table 2  Stacked Youden Sqaures. (t = b = 20, k = r = 4, λ = 0.63) Design (table on the top-left). 
Treatment pairs in the same block (table on the top-right). Number of occurrences of pairs in the same 
block (table on the bottom)
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3  Heuristic techniques to design optimization

Heuristic methods for experimental design optimization typically rely on selecting 
a subset of n rows from a full design, consisting of N rows, in such a way that the 
resulting design satisfies specific statistical or structural criteria. The available proce-
dures start with a subset, chosen randomly or with any other criterion, and iteratively 
improves it by exchanging one or more rows with those in the N − n remaining 
design. Each proposed exchange is evaluated using an objective function: if the 
exchange improves the objective function is accepted; otherwise is discarded. The 
procedure terminates when either a predefined number of iterations has been reached 
or no further improvements can be identified. The objective function usually coin-
cides with the determinant of the pseudo-regressor matrix, as previously described, 
in accordance with D-optimality criteria (Draper and Smith 1998; Wu and Hamada 
2011).

While effective in optimizing estimation precision, this class of methods does not 
typically ensure first or second-order balance conditions. These balance properties 
are essential in many experimental settings, especially where systematic biases must 
be minimized, such as in sensory studies, clinical trials, or agricultural experiments. 
To address this gap, Barone and Lombardo (Barone and Lombardo 2006a, b) pro-
posed a novel heuristic strategy, based on the new criterion, the B-optimality. The 
algorithm begins with a reduced design that satisfies first-order balance condition, 
either through algebraic construction or random sampling under constraints. Their 
approach is based on swapping elements within the same column, and not swap-
ping the entire row. It then optimizes the co-occurrence frequencies of treatment 

Fig. 1  Not-Connected design in Table 2
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pairs while ensuring, by construction, that first-order balance is preserved at every 
step. Unlike traditional D-optimality based approaches, this method guarantees that 
first-order balance is maintained throughout the search process, while progressively 
approximating second-order balance. Building on the same heuristic framework, our 
proposal extends their approach to more complex settings by incorporating session 
structure, offering a practical solution where algebraic methods result inadequate. 
The proposal algorithm, described in the following section, was implemented in R 
(Team 2025).

3.1  An algorithm for constructing near-optimal BIBD

Most existing BIBD-focused routines are designed around fixed combinatorial con-
structions or heuristic optimization that prioritize classical optimality criteria. These 
approaches are rigid and operate on complete blocks or full-row exchanges, assum-
ing ideal parameters (i.e., when exact BIBDs exist) and often failing or producing 
suboptimal results when exact configurations are not theoretically possible. Due to 
the absence of dedicated procedures for generating quasi-BIBD in standard statisti-
cal software (e.g., Minitab, R), this heuristic was necessary to manually construct a 
valid design. Repeated runs of random assignment did not yield satisfactory configu-
rations, demonstrating the need for a principled search mechanism. The algorithm 
proposed is described in 1 and relaxes the constraint of exact BIBD existence (i.e., 
allowing for not-integer λ).

Let t be the number of treatments, b the number of blocks, k the number of treat-
ments per block, r the number of replications per treatment, s the number of sessions 
(if applicable), T = {T1, . . . , Tt} the set of treatments, B = {B1, . . . , Bb} the set of 
blocks, S = {S1, . . . , Ss} the set of sessions.

We define the assignment matrix:

	
A ∈ {0, 1}t×b, where AT,B =

{
1 if treatment T is assigned to block B
0 otherwise

The heuristic search algorithm for generating an optimal or near-optimal quasi-BIBD 
is structured to satisfy the following constraints:
(C1) First-Order Balance

Each treatment appears exactly r times:

	

∑
B∈B

AT,B = r ∀T ∈ T

(C2) Approximate Second-Order Balance
The co-occurrence matrix is defined as follows:

	
C = AA⊤ ∈ Nt×t, Ci,j =

∑
B∈B

ATi,BATj ,B , i ≠ j ∈ {1, . . . , t}
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Since λ may not be an integer, the aim is to minimize the number of repeated co-
occurrences of treatment pairs within the same block and look for the following 
condition:

	
max
i ̸=j

Ci,j ≤ ⌈λ⌉

(C3) Session-Wise Balance (if applicable)
Let Bs ⊂ B be the set of blocks in session s with |Bs| = m = b/s. Then:

	

∑
B∈Bs

AT,B = r

s
∀T ∈ T , ∀S ∈ S provided that:

r

s
∈ N

This condition ensures that each treatment appears equally often in each session, 
thereby maintaining orthogonality between treatment effects and session effects.

A secondary goal is to maximize D-optimality, measured by the determinant of 
the pseudo-regressor matrix associated with the design. Condition (C2) thus aligns 
with the classical definition of a packing design. The main distinction lies in the 
optimization goal: while packing designs are combinatorially feasible configurations, 
the proposed heuristic simultaneously optimizes for statistical efficiency, producing 
near-optimal quasi-BIBDs that satisfy (C2) and (C3) while maximizing the determi-
nant of the information matrix. 

Table 3  Algorithm Execution Log of Youden Square. (t = b = 5, k = r = 4, λ = 3)
Iteration i j Ti Tj k Determinant Rλ ℓ fℓ Shuffle
0 1 1 A A 1/1 4.09E+09 8 4 2 0
1 1 5 A B 1/1 7.91E+09 4 4 1 0
2 2 14 E D 2/2 8.10E+09 0 3 7 0
3 8 20 B D 4/4 8.10E+09 0 3 7 0
4 8 20 D B 4/4 8.10E+09 0 3 7 0
5 2 10 D E 2/2 2.63E+09 9 5 1 1
6 11 15 E B 3/3 2.34E+09 5 5 1 1
7 4 8 C B 4/4 3.03E+09 4 4 1 1
8 6 18 C A 2/2 6.01E+09 0 3 5 1
9 1 13 C E 1/1 6.82E+09 4 4 1 1

10 3 19 C A 3/3 6.81E+09 0 3 8 1
11 4 20 B E 4/4 4.44E+09 0 3 8 1
12 4 8 E C 4/4 6.81E+09 0 3 8 1
13 4 8 C E 4/4 4.44E+09 0 3 8 1
14 5 9 C E 1/1 1.08E+10 4 4 1 2
15 1 17 B D 1/1 1.27E+10 0 3 10 2
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Algorithm 1  Pseudo-code of the algorithm for constructing quasi-BIBD

 Two metrics are computed for each configuration: Rλ and D. The former cor-
responds to the weighted count of treatment pairs exceeding the allowed frequency 
threshold, emphasising violations above λ; the latter refers to the determinant of the 
pseudo-regressor matrix constructed from the treatment assignments, representing 
the D-optimality of the design. Formally, given ck = k (k − 1)/2 be the number of 
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unordered pairs within a single block of size k, f = (f1, . . . , fck
) be the vector of the 

frequency of distinct unordered treatment pairs that co-occur exactly ℓ = 0, 1, . . . , ck 
times across all blocks, then:

	
Rλ =

ck∑
ℓ=⌈λ⌉+1

ℓ · fℓ D = det
(
X⊤X

)

where X is the pseudo-regression matrix. The algorithm proceeds by iteratively 
improving the configuration of the design through local exchanges. In cases where 
Rλ and D provide identical values across configurations, the optimisation continues 
by favouring designs that reduce first the maximum within-block co-occurrence of 
any treatment pair (ℓ) and then the corresponding frequency (fℓ). For illustrative 
purpose, consider the Youden Square reported in Table 1. The corresponding values 
of the selected metrics for that configuration, are shown in the last row of Table 3).

Two treatments Ti and Tj  may be swapped only if:

	● They belong to the same block (to preserve block size k), or
	● They belong to the same session (to preserve session-wise balance)

After each candidate exchange, recompute Rλ, D and f: the exchange is accepted if 
it results in a decrease in Rλ or, secondarily, in an increase in D. This guarantees that 
both treatment balance and session balance are preserved throughout the optimiza-
tion. Among competing designs satisfying this criterion, the one with the highest 
D-optimality ensures both structural robustness and inferential efficiency. When Rλ 
and D remain unchanged, the swap is accepted if it produces a reduction in ℓ or, when 
ℓ is unchanged, a reduction in fℓ. The search proceeds until a complete round of itera-
tions is made without accepting any exchanges. The algorithm compares the current 
configuration M with the one obtained in the previous iteration. If the same configura-
tion is encountered twice consecutively, the optimisation is considered stagnated. At 
this point, the procedure may either terminate or, alternatively, perform a constrained 
shuffle that preserves block size k (and session structure s, when present). In this case, 
the search restarts from the first iteration using the reshuffled configuration. Such a 
shuffle allows the search to escape local optima while maintaining the required con-
straints. The procedure continues until the predefined global iteration limit is reached 
(Imax), which serves as the final stopping criterion.

Due to the inherent characteristic of heuristic search methods, which typically 
converge to local rather than global optima depending on the initial solution, it is 
recommended to introduce variability in the starting configurations to increase the 
chances of reaching better solutions. This can be achieved by random perturbations 
of the initial constrained assignment. Such permutations alter the starting point of the 
search without affecting the first-order balance condition, which remains guaranteed 
by the initial construction of the design.

The algorithm produces a structured output log that records the evolution of each 
iteration and the corresponding evaluation metrics. This log supports transparent 
assessment of the search process and facilitates comparisons across alternative con-
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figurations. Each row of the log corresponds to a single iteration of the algorithm 
and reports: (i) the swap details (i, j, Ti, Tj); (ii) key diagnostic quantities such as 
the determinant of the information matrix D, the weighted count of violations Rλ, 
the maximum co-occurrence multiplicity observed among all unique pairs ℓ and the 
number of distinct treatment pairs that achieve the maximum multiplicity fℓ; and (iii) 
an auxiliary indicator used to monitor algorithmic stability, including shuffle occur-
rences. Together, these elements provide a comprehensive trace of the algorithm’s 
behaviour and enable a detailed examination of convergence patterns, design quality, 
and potential sources of sub-optimality.

To illustrate the structure and interpretation of the log, Table 3 collects the com-
plete output generated for the Youden Square example (see Table 1). The resulting 
log captures the progression toward a stable configuration and highlights how the 
diagnostic metrics reflect improvements in balance and information efficiency. Each 
row corresponds to a single attempted swap between two treatments in the long-
format design, and the columns summarize all quantities used to evaluate and update 
the design. The columns i and j indicate the row indices of the two treatments being 
exchanged, Ti and Tj . The column k identifies the factor column in which the swap 
takes place. Each entry (e.g. “1/1”) indicates that both elements exchanged belong to 
the same factor column, ensuring that every swap is performed within that column 
only. This preserves all structural constraints of the design and, when sessions are 
used, an additional column s is provided: it follows the same notation (e.g. “1/1” 
meaning that the swap also occurs within the same session), thereby guaranteeing 
that session assignments are likewise preserved. The column Determinant reports 
the value of D computed after each swap; although not the primary optimisation 
target, its steady increase across iterations reflects the progressive improvement of 
the information matrix. The column Rλ represents the main objective function, cap-
turing the weighted violations of (C2); its decrease shows that irregular treatment 
co-occurrences are being effectively eliminated. The quantities ℓ and fℓ summarise 
the distribution of pairwise co-occurrence counts. Together, these indicators monitor 
the balance between treatment combinations during the optimization trajectory. The 
final column (Shuffle) identifies iterations in which the algorithm enters a stagnation 
phase. When no improving swaps are available, a constrained resampling step is trig-
gered, reassigning treatments within the same column (or within the same session, if 
present) to escape local optima while maintaining all design constraints.

It is worth noticing that the algorithm continues iterating even though the stop-
ping condition would normally be met (Rλ = 0): in this illustrative example only, 
the initial constraint on block-wise balance was intentionally relaxed for explanatory 
purposes. As a consequence, some blocks contain repeated treatments (for example, 
see iteration number 2 where treatment A appears three times in Block 1 in the corre-
sponding design), a situation that is not allowed in the problem formulation adopted 
in the manuscript. Because this constraint is violated in the illustrative setup, the 
algorithm does not stop when the usual criteria are satisfied. The sequence of itera-
tions is shown precisely to illustrate how convergence is achieved once all structural 
constraints of the design are respected. Overall, the algorithm converges in a small 
number of iterations, achieves a clear increase in the determinant, reduces the value 
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of the primary objective Rλ, and maintains all structural constraints by restricting 
swaps to occur within fixed factor levels (and fixed sessions, when applicable).

4  Two illustrative examples

The practical value of balanced incomplete block designs, even in approximate form, 
becomes evident in experimental scenarios where a limited number of evaluators or 
environmental conditions prevent the full execution of a complete factorial design. 
In such settings, the simultaneous presence of first-order balance (C1) and approxi-
mate second-order balance (C2) conditions becomes central to mitigating potential 
confounding effects. Two examples illustrating this strategy are presented in the fol-
lowing sections.

The experimental designs resulting from the optimization process for each case 
study are provided in the Appendix, together with the corresponding algorithm exe-
cution log and the graphical representation of the associated treatment–concurrence 
graph.

4.1  Example 1: product evaluation under resource constraints

In a marketing or production study aimed at understanding consumer perception of 
a product, researchers examined the effect of eight binary factors. For example, the 
proposed methodology was applied to an industrial case involving the optimization 
of a coffee blend formulation under economic constraints. This need arose due to 
recent fluctuations in the market price of raw coffee materials, prompting a refor-
mulation effort aimed at minimizing quality loss while reducing production costs. 
In addition to optimizing the blend composition, the experimental design incorpo-
rated two key roasting process parameters—time and burner power—selected from 
practical levels commonly used in industrial roasting. The aim was to test a range of 
feasible combinations that reflect standard operational conditions without resorting 
to a full factorial design that would have required 28 runs. However, using a stan-
dard fractional factorial approach, a reduced design of 20 runs could be employed, 
effectively representing 20 distinct experimental treatments (28−4 + 4 design, i.e. a 
fractional two-level design with 16 runs augmented with 4 center points). Then, the 
experiment aimed to identify a new optimal blend of roasted coffee by testing t=20 
different formulations, each characterized by the specific composition of six differ-
ent green coffee types and two roasting process parameters (time and burner power).

Given the limited availability of experts, only k = 4 evaluators could be involved. 
Each treatment was to be assessed once by each evaluator, yielding r = 4 replicates 
per treatment, for a total of n = tr = bk = 80 evaluations. Since t and b are equal, 
the design can, in principle, be structured as a Youden square. This arrangement 
ensures that each treatment appears once per block, and that every evaluator assesses 
all treatments. As a result, the design incorporates two blocking factors: the evaluator 
(represented by columns) and the evaluation occasion (represented by blocks), simi-
larly to a Latin square, where both row and column effects are balanced.
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It is important to highlight that the BIBD structure plays a key role in achiev-
ing constrained randomization of the run distribution. Consider what might occur 
if specific treatment pairs repeatedly appeared together in the same block. Those 
blocks should be affected by some external disturbance, the interaction between fac-
tors would be systematically biased, potentially leading to a spurious significance 
that does not reflect the actual treatment effects but rather a flaw in randomization.

The design structure corresponds to a BIBD with t = b = 20, k = 4, and r = 4, 
where each block corresponds to a group of 4 different treatments simultaneously 
assessed by different evaluators. While first-order balance (each treatment evaluated 
equally often) was ensured by construction, exact second-order balance could not be 
achieved. In fact, the expected value of the pairwise concurrence parameter,

	

λ =
20

(
4
2

)

(
20
2

) = 20 · 6
190

= 12
19

,

is not an integer, implying that no exact BIBD exists in this configuration. Note that 
λ < 1, thus, an approximate second-order balanced design, where most treatment 
pairs co-occur at most once, was the most practical solution.

The structure of the problem permits the blocks to be organized into s = 4 ses-
sions of m = 5 blocks each. Each session contains all 20 treatments exactly once, 
achieving session-wise balance and allowing simultaneous execution by the evalua-
tors over separate evaluation rounds. This structure is analogous to a Youden square, 
wherein treatments are equally distributed across evaluators (columns) and sessions 
(rows), and blocks are nested within sessions.

This organization is especially valuable in maintaining robustness to time-related 
biases or evaluator fatigue. If, for instance, treatment pairs were systematically 
overrepresented in a specific session and that session were compromised due to a 
systematic error (e.g. environmental disturbance or evaluator drift), the resulting 
confounding could produce spurious interactions. Randomizing the order of block 
presentation within each session further mitigates this risk.

4.2  Example 2: robust design with control and noise factors

The second case study illustrates the application of the proposed algorithm in the 
context of robust design, involving four continuous Control Factors (CF) and two 
categorical Noise Factors (NF) at three levels (Low, Medium, High). Taguchi’s clas-
sical approach employs a Product Array, combining separate designs for CF and NF 
through a Cartesian product (Taguchi 1987). CF combinations, named prototypes as 
they represent technological designs which are tested under various environmental 
conditions, thus evaluated across all NF settings. This approach has been criticized 
because it allows estimation of all possible CF×NF interaction terms, including 
higher-order ones that are likely irrelevant. While comprehensive, this strategy often 
results in excessive runs becoming resource-intensive.
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As an alternative, Box and Jones (1992a) proposed the Combined Array methodol-
ogy, which estimates only pairwise (two-factor) interactions, assuming higher-order 
interactions are negligible. This model treats all factors simultaneously in a single 
design, and the response model takes the form:

	 y = β0 + xT β + xT Bx + zT γ + zT Γz + zT ∆x

where β and B are the coefficients of the first and second order of CF, γ and Γ of 
NF, and ∆ of the CF×NF interactions. In the general case, in which the quadratic 
components of the NF are not absent, the authors show that the objective function to 
be minimized is the following:

	
L(x) = [τ − (β0 + xT β + xT Bx + 1

3
tr (Γ))]2 + 1

3
(γ + ∆x)T (γ + ∆x)

where τ  is the target value, and tr( ) denotes the matrix trace. Therefore, the coef-
ficients of CF, interactions CF×NF, and only linear and quadratic pure of NF have to 
be estimated, but for the latter only in a joint way. At this aim, a Central Composite 
Design (CCD) can be used. Observe that, as the quadratic component of NF should 
be evaluated as a sum, the point related to the “star” (−α, +α) of the z, can be 
omitted. This allows the use of three-level categorical noise factor, not necessarily 
continuous.

Suppose we have 4 CF and 2 NF. A standard CCD with 6 factors involves 54 runs. 
The 4 runs for the pure quadratic components of NF can be removed, reducing the 
design to 50 runs. In practice, the prototypes are 16 at (−1,+1) levels associated at 
2 environmental condition (−1,+1), and 8 at (−α, +α) levels associated at 0 level 
environmental conditions. Moreover, 10 replicates are foreseen at 0 level for all fac-
tors (central points).

Since the trials must be independent, separate prototypes should be prepared for 
each experimental condition. Furthermore, each environmental condition should ide-
ally be prepared independently as well. This must be accomplished also for the rep-
licated central points that must be prepared independently of each other. This allows 
to evaluate the replicability of performance of prototypes, while using the same pro-
totype several times assures only to observe the reproducibility.

This approach would require an enormous amount of resources. In practice, it 
is more efficient to reconsider the product array strategy, where a single prototype, 
assembled once, is subjected to all environmental conditions. Therefore, prototypes 
should be treated as treatments within a split-plot design framework and should be 
experimented multiple times, varying the environmental condition. Thus, Combined 
Arrays provide an efficient strategy for separately designing the control and noise 
factors, while the Product Array approach allows for substantial savings in experi-
mental effort.

So, a CCD with 4 CF and 30 prototype combinations corresponds to 16 proto-
types at (−1,+1) levels, 8 at (−α, +α) and 1 at (0, 0) replicated 6 times. The latter 
6 prototypes assure the possibility to separate the reproducibility and the replicabil-
ity effect, as before precised. In this case, each prototype can be submitted at the 5 
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environmental condition: four at (−1,+1) levels and one at (0,0) level, leading to 150 
total runs (30 × 5). Though this triples the number of runs compared to the combined 
design (150 runs instead of 50), the number of CF settings (prototypes) are reduced 
(30 instead of 50).

As in the previous example, these prototypes now play the role of treatments, and 
their evaluation order within environmental configurations (i.e., sessions) must be 
carefully arranged using the proposed algorithm to preserve balance and minimize 
bias.

As an illustrative example, let refer to Box and Jones (1992b), where a cake recipe 
depends on 4 factors (ingredients), and an oven that can be set according to 2 vari-
ables (time and temperature). The experimental design consisted of a Central Com-
posite Design (CCD) for the CF, resulting in 30 unique treatment combinations (16 
factorial points, 8 axial points, and 6 center points). Each treatment was evaluated 
under 5 different environmental conditions (e.g., oven temperature and time) repre-
senting the NF through a 2-level full factorial design plus a center point. Each block 
thus consisted of k = 5 prototype evaluations conducted concurrently under different 
environmental settings. Each of the t = 30 treatment combinations was replicated 
r = 5 times, yielding n = tr = bk = 150 total runs.

Formally, the structure corresponds to a BIBD with t = b = 30, k = 5, and r = 5. 
However, the ideal pairwise replication value

	

λ =
30

(
5
2

)

(
30
2

) = 30 · 10
435

= 20
29

is not an integer, precluding the existence of an exact BIBD. As in the previous exam-
ple, an approximate solution was thus constructed to ensure that most treatment pairs 
appeared together at most once per block, minimizing redundancy while preserving 
estimability of model parameters.

Given that k = 5 divides evenly into t = 30, the design was organized into s = 5 
sessions, each comprising m = 6 blocks. This configuration allowed for uniform 
treatment representation across sessions and ensured that block-level randomiza-
tion could be constrained within session-level execution, enhancing experimental 
control over environmental variation. As with the first example, randomization of 
treatment order within each environmental condition was essential to prevent sys-
tematic bias from being aligned with specific CF settings. The session-based layout, 
analogous again to a Youden square, ensured balanced comparisons while minimiz-
ing confounding.

These two examples highlight how approximate BIBD structures, organized 
across sessions and integrated with constrained randomization, can address practical 
limitations in experimental execution while preserving key statistical properties. In 
both cases, exact second-order balance was unattainable, yet careful design enabled 
near-optimal configurations suitable for reliable estimation and inference.
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5  Conclusion

This work addresses a gap in experimental design practice concerning the construc-
tion of balanced incomplete block structures that preserve first-order balance, approx-
imate second-order balance, and accommodate flexible session arrangements. The 
designs considered here are quasi-BIBDs produced through a heuristic optimisation 
procedure that iteratively improves pairwise balance while maintaining the structural 
constraints of the design. Unlike classical resolvable or nested BIBDs, which rely on 
the existence of an exact combinatorial configuration and hence on an integer concur-
rence parameter λ, the present framework explicitly admits non-integer λ and does 
not require an exact BIBD to exist.

In cases where exact BIBDs do not exist, our approach offers a practical and effec-
tive alternative by identifying near-optimal configurations that minimize treatment-
pair redundancy and maximize D-optimality. This makes the approach applicable 
in settings where combinatorial feasibility is unattainable but balanced allocation 
remains essential. Within this structure, sessions serve as a blocking factor rather 
than as exact replicates of the block system. Their purpose is to distribute treatments 
evenly across the second factor, namely the position within blocks. Such positional 
balance is not enforced session by session but emerges only when the design is con-
sidered in its entirety. This provides the flexibility needed to accommodate logistical 
constraints, while still ensuring that treatment representation remains orthogonal to 
session-level variability. Notably, the resulting designs also satisfy global connected-
ness, guaranteeing that all treatment contrasts remain estimable and that no loss of 
degrees of freedom arises from disconnected treatment–association structures.

The resulting methodology is particularly relevant in contemporary experimental 
scenarios, such as consumer studies, sensory evaluation, and robust industrial experi-
mentation, where the number of conditions to be assessed often exceeds what can be 
simultaneously tested in full factorial form. The proposed algorithm ensures designs 
with a more balanced distribution of treatment combinations across evaluators and 
time blocks, thereby reducing the likelihood of confounding or biased contrasts aris-
ing from poor randomisation or unequal exposure.

Some limitations remain, as the heuristic nature of the method does not guarantee 
global optimality and its performance may depend on the quality of the initial random 
configuration or on the number of iterations executed. Future developments could 
aim to formalise the second-order balance requirement as a soft constraint or penalty 
term within the optimization objective, enabling a more explicit trade-off between 
D-optimality and pairwise uniformity.

Appendix A collects the designs obtained for each example, together with their 
evaluation in terms of treatment–pair recurrences within blocks. The section also 
reports the complete algorithm execution log and the graphical representation of the 
corresponding treatment–concurrence graph.
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Appendix A The proposed designs

A.1 Example 1 (without session)

See Fig. 2, Tables 4 and 5.

Table 4  Algorithm Execution Log of Example 1 (t = b = 20, k = r = 4, λ = 0.63)
Iteration i j Ti Tj k Determinant Rλ ℓ fℓ Shuffle
0 1 1 D D 1/1 1.08E+29 65 3 5 0
1 13 25 N O 1/1 1.76E+29 56 3 4 0
2 17 45 A E 1/1 2.36E+29 47 3 3 0
3 24 80 S C 4/4 3.20E+29 39 3 1 0
4 68 72 R I 4/4 4.79E+29 31 3 1 0
5 10 30 K J 2/2 5.16E+29 23 3 1 0
6 43 71 P I 3/3 5.49E+29 17 3 1 0
7 36 60 F E 4/4 5.77E+29 11 3 1 0
8 42 50 M B 2/2 6.08E+29 8 2 4 0
9 46 54 E R 2/2 6.22E+29 6 2 3 0

10 3 75 G M 3/3 6.32E+29 4 2 2 0
11 3 15 M F 3/3 6.38E+29 2 2 1 0
12 28 68 O I 4/4 6.42E+29 2 2 1 0
13 28 56 I J 4/4 6.51E+29 0 1 200 0

Fig. 2  Connected design in Table 5
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A.2 Example 1 (with session)

See Fig. 3, Tables 6 and 7. 

Table 5  Example 1. (t = b = 20, k = r = 4, λ = 0.63) Proposed design (table on the top-left). Treat-
ment pairs in the same block (table on the top-right). Number of occurrences of pairs in the same block 
(table on the bottom)
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Fig. 3  Connected design in Table 7
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Table 6  Algorithm Execution Log of Example 1 (t = b = 20, k = r = 4, s = 4, λ = 0.63)
Iteration i j Ti Tj k s Determinant Rλ ℓ fℓ Shuffle
0 1 1 D D 1/1 1/1 8.82E+33 55 3 7 0
1 43 75 E B 3/3 3/3 5.00E+33 62 3 4 0
2 25 73 N L 1/1 3/3 5.89E+33 53 3 3 0
3 15 79 J H 3/3 4/4 6.76E+33 44 3 2 0
4 17 65 E C 1/1 1/1 7.18E+33 38 3 2 0
5 30 46 M O 2/2 4/4 7.64E+33 32 3 2 0
6 42 58 P Q 2/2 3/3 8.05E+33 29 3 1 0
7 4 52 T S 4/4 1/1 8.46E+33 26 2 13 0
8 40 72 K M 4/4 2/2 8.59E+33 24 2 12 0
9 35 51 N M 3/3 1/1 8.69E+33 22 2 11 0

10 19 51 L N 3/3 1/1 8.83E+33 20 2 10 0
11 32 80 A C 4/4 4/4 9.06E+33 16 2 8 0
12 5 69 G H 1/1 2/2 9.21E+33 14 2 7 0
13 47 63 F G 3/3 4/4 9.35E+33 12 2 6 0
14 32 64 C B 4/4 4/4 9.41E+33 10 2 5 0
15 30 62 O L 2/2 4/4 9.38E+33 12 2 6 0
16 35 67 M O 3/3 1/1 9.37E+33 9 3 1 0
17 29 77 R Q 1/1 4/4 9.36E+33 9 3 1 0
18 32 48 B D 4/4 4/4 9.37E+33 9 3 1 0
19 29 77 Q R 1/1 4/4 9.36E+33 9 3 1 0
20 29 77 R Q 1/1 4/4 9.37E+33 9 3 1 0
21 22 54 D A 2/2 2/2 6.45E+33 45 3 3 1
22 1 49 B E 1/1 1/1 6.84E+33 38 3 4 1
23 18 66 I F 2/2 1/1 7.26E+33 32 3 4 1
24 46 62 N M 2/2 4/4 7.62E+33 29 3 3 1
25 15 31 H F 3/3 4/4 7.99E+33 26 3 2 1
26 35 67 N K 3/3 1/1 8.43E+33 23 3 1 1
27 8 24 K M 4/4 2/2 8.58E+33 21 3 1 1
28 32 48 E C 4/4 4/4 8.57E+33 18 3 2 1
29 37 69 H G 1/1 2/2 8.82E+33 17 3 1 1
30 24 72 K L 4/4 2/2 9.42E+33 12 2 6 1
31 47 79 G I 3/3 4/4 9.75E+33 8 2 4 1
32 46 78 M L 2/2 4/4 1.04E+34 0 1 200 1
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Table 7  Example 1. (t = b = 20, k = r = 4, s = 4, λ = 0.63) Proposed design taking into account 
the sessions (table on the top-left). Treatment pairs in the same block (table on the top-right). Number of 
occurrences of pairs in the same block (table on the bottom)
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A.3 Example 2

See Fig. 4, Table 8 and 9.

Fig. 4  Connected design in Table 9
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Table 8  Algorithm Execution Log of Example 2 (t = b = 30, k = r = 5, s = 5, λ = 0.69)
Iteration i j Ti Tj k s Determinant Rλ ℓ fℓ Shuffle
0 1 1 A A 1/1 1/1 8.41E+55 82 2 41 0
1 24 49 O R 4/4 5/5 8.75E+55 70 2 35 0
2 47 122 V X 2/2 5/5 9.02E+55 60 2 30 0
3 75 125 A F 5/5 5/5 9.23E+55 52 2 26 0
4 99 149 N M 4/4 5/5 9.40E+55 46 2 23 0
5 25 100 D E 5/5 5/5 9.60E+55 38 2 19 0
6 73 148 H K 3/3 5/5 9.67E+55 34 2 17 0
7 46 71 Y è 1/1 5/5 9.82E+55 28 2 14 0
8 49 74 O Q 4/4 5/5 1.00E+56 20 2 10 0
9 124 149 P N 4/4 5/5 1.00E+56 20 2 10 0

10 74 124 O N 4/4 5/5 1.00E+56 20 2 10 0
11 74 124 N O 4/4 5/5 1.00E+56 20 2 10 0
12 24 124 O P 4/4 5/5 8.52E+55 80 2 40 1
13 48 123 K J 3/3 5/5 8.75E+55 70 2 35 1
14 73 98 H G 3/3 5/5 8.96E+55 62 2 31 1
15 49 74 Q M 4/4 5/5 9.18E+55 54 2 27 1
16 47 97 X T 2/2 5/5 9.33E+55 48 2 24 1
17 100 150 D C 5/5 5/5 9.48E+55 42 2 21 1
18 49 149 M N 4/4 5/5 9.60E+55 38 2 19 1
19 47 147 T U 2/2 5/5 9.70E+55 34 2 17 1
20 46 146 ò è 1/1 5/5 9.80E+55 30 2 15 1
21 72 122 V S 2/2 5/5 9.89E+55 26 2 13 1
22 72 97 S X 2/2 5/5 1.02E+56 16 2 8 1
23 21 71 Y à 1/1 5/5 1.03E+56 12 2 6 1
24 46 71 è Y 1/1 5/5 1.06E+56 0 1 450 1
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