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Abstract—Objective: Assessing the synergistic high-7
order behaviors (HOBs) that emerge from underlying struc-8
tural mechanisms is crucial to characterize complex sys-9
tems. This work leverages the combined use of predictabil-10
ity and information-theoretic measures to detect and quan-11
tify HOBs in synthetic and physiological network systems.12
Methods: After providing formal definitions of mechanisms13
and behaviors in a complex system, measures of statistical14
synergy are defined as the whole-minus-sum (WMS) excess15
of mutual predictability (ΔMP) or mutual information (ΔMI)16
observed when considering the system as a whole rather17
than as a combination of its units. The two measures are18
computed using model-free methods based on nonlinear19
prediction and entropy estimation. Results: The application20
to simulated linear Gaussian systems and nonlinear deter-21
ministic and stochastic dynamic systems shows that ΔMP22
tends to vanish for target variables influenced by additive23
effects of single independent source variables and is posi-24
tive in the presence of group interactions between sources,25
while ΔMI exhibits a higher propensity to display positive26
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values. Then, the analysis of physiological variables shows 27
significant values of ΔMI when investigating the additive 28
effect of systolic and diastolic arterial pressure on mean 29
arterial pressure, and of both ΔMP and ΔMI when assessing 30
how diastolic pressure is modulated by pre-ejection period 31
and left-ventricular ejection time. Conclusion: HOBs can 32
be more clearly identified by information-theoretic WMS 33
measures, while prediction WMS measures appear more 34
sensitive to synergy arising from the governing rules of 35
the system analyzed rather than from pure statistical de- 36
pendencies. Significance: Quantifying HOBs through WMS 37
measures sensitive to complex structural mechanisms can 38
provide new biomarkers to assess physio-pathological al- 39
terations of cardiovascular networks. 40

Index Terms—High-order interactions, information the- 41
ory, network systems, predictability, synergy. 42

I. INTRODUCTION 43

PHYSIOLOGICAL dynamics arise from complex interac- 44

tions among parts of the human body at different scales, 45

ranging from small cells to entire organ systems [1]. In this 46

scenario, networks have become a paradigmatic tool to de- 47

scribe interconnected physiological systems, with representa- 48

tions spanning from structural links within each physiological 49

system to functional connectivity between different systems [2]. 50

The field of Network Physiology [2] commonly relies on tools 51

developed in the broader field of Network Science [1], [3] to 52

assess links between central and peripheral organ systems, e.g., 53

for the analysis of brain-heart interactions [4], or within the same 54

physiological system, e.g., to characterize cardiovascular inter- 55

actions [5]. Nevertheless, it is nowadays widely acknowledged 56

that a comprehensive understanding of real-world network sys- 57

tems necessitates a shift from simplistic representations merely 58

depicting single nodes and their pairwise links to more sophisti- 59

cated descriptions incorporating interactions among more than 60

two nodes. These interactions, commonly denoted as high-order 61

interactions (HOIs), have become the focus of several recent in- 62

vestigations within the field of Network Physiology [6], [7], [8]. 63

Despite groupwise interactions in network systems have long 64

been recognized [9], [10], [11], systematic analyses of HOIs 65

have only recently gained popularity in the study of complex 66
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systems [12]. Particularly, this interest is driven by two distinct67

lines of inquiry: the study of structural rules of group interactions68

governing the causal evolution of the system, typically referred69

to as high-order mechanisms (HOMs) [13], and the statistical as-70

sessment of collective activity patterns irreducible to individual71

components, denoted as high-order behaviors (HOBs) [6], [14].72

Crucially, mechanisms and behaviors provide complementary73

but closely related perspectives on the description of high-order74

phenomena. Although HOMs and HOBs are interrelated, their75

relationship is far from trivial [15], [16]: simple structures can76

generate complex HOBs, and complex structures may produce77

different types of HOBs [16], [17]. Consequently, identifying be-78

havioral signatures can help constrain possible underlying mech-79

anisms, but it does not ensure their full characterization [17].80

Assessing the interplay between the two forms of HOIs de-81

scribed above is difficult because, while HOMs can be clearly82

formulated through mathematical laws involving beyond-83

pairwise interactions, the definition of HOBs is less unequivocal.84

In general, HOBs are related to the concept of statistical synergy,85

whereby the system behavior can be better predicted from con-86

sidering all its units jointly rather than in isolation [14], [17],87

[18]. Several approaches exist to operationalize this concept88

based on nonlinear prediction [19] or information theory [20].89

Here, we formalize two different approaches to quantify HOBs90

from network systems and compare them in simulated systems91

with known underlying mechanisms and in physiological net-92

works whose underlying interactions are established or well-93

acknowledged in the literature.94

By modelling the behavior of a network system in terms of95

random variables, given one target and two source variables we96

quantify synergy as the excess of predictive power or mutual in-97

formation obtained when the sources are taken jointly to predict98

the target rather than individually. The resulting “whole-minus-99

sum” (WMS) measures are implemented in practice employing100

nearest-neighbor techniques for nonlinear prediction or entropy101

estimation. These measures are validated in simulated settings,102

first analytically in Gaussian systems and then empirically in103

nonlinear deterministic and stochastic dynamic systems with104

and without HOMs. Then, we applied the method to cardiovas-105

cular interactions to assess HOBs in the description of the vari-106

ability of mean arterial pressure (MAP) from systolic (SAP) and107

diastolic arterial pressure (DAP), and of the variability of DAP108

from cardiac pre-ejection period (PEP) and left-ventricular ejec-109

tion time (LVET) . These physiological variables were measured110

in a resting state and during a postural stress task responsible to111

evoke changes in their neuro-autonomic modulation.112

A preliminary version of this work has been reported in [21].113

Matlab codes and functions useful for applying the proposed114

measures are accessible in the HOBs toolbox.115

II. METHODS116

A. Definitions of High-Order Mechanisms and Behaviors117

Let us consider a network system S = {Y,X1, . . . ,XNs
}118

in which the activities of the single nodes are described119

by the target random variable Y and the vector of source120

variables X = [X1 · · ·XNs
]. HOMs are denoted by the pres- 121

ence of group interactions between the sources and the target that 122

cannot be modeled simply using laws involving their pairwise 123

relations [15], [16]. Accordingly, in a system without HOMs 124

the target is a noisy function that can be written as a sum of 125

functions each depending on only one source, i.e.,Y = f(X) = 126

f1(X1) + · · ·+ fNs
(XNs

) + U , where fi are general nonlinear 127

functions and the variable U ⊥ X captures the portion of Y 128

unrelated to Xi, i = 1, . . . , Ns. When this generalized additive 129

model cannot fully represent the relation betweenY andX , e.g., 130

when cross-terms Xi ·Xj appear in f(·), the system is said to 131

possess HOMs w.r.t. the target Y . 132

Differently, a system is said to display HOBs when the 133

statistical dependence of the target on the sources cannot be 134

attributed to any source on its own, but emerges only from the 135

way the sources interact together [15], [20]. Accordingly, given 136

a measure C(·; ·) quantifying the statistical coupling between 137

pairs of (possibly vector) variables, the system is said to possess 138

HOBs w.r.t. the target Y when the following synergistic relation 139

holds: C(Y ;X) >
∑Ns

i=1 C(Y ;Xi). This definition formalizes 140

the rationale of WMS measures, which quantify the concept of 141

synergy when the system results more coupled if it is considered 142

as a whole rather than as the sum of its parts. 143

In the following we will considered only three-node systems 144

(Ns = 2); theoretical and computational issues arising for large 145

systems are discussed in Section V. 146

B. Quantifying High-Order Behaviors Through 147

Predictability and Information-Theoretic Measures 148

In this section, two WMS measures are defined which quantify 149

the concept of synergy by measuring how much the activity at 150

a target node in a network system is explained better consid- 151

ering the combined influences of some predetermined source 152

nodes than examining their effect in isolation. Specifically, the 153

concept of synergy is operationalized exploiting both nonlinear 154

prediction and information theory. 155

1) Predictability Measure of HOBs: Within the framework 156

of predictability [22], the synergistic interaction of the sources in 157

influencing the target can be investigated by evaluating how the 158

prediction of the target variable is improved when considering 159

the source variables together rather than separately. In the two- 160

sources case, this is achieved by decomposing the variance of the 161

target into terms related to the residual uncertainty that remains 162

when one or both sources are known. This concept is quantified 163

by the measure of mutual predictability (MP), which is defined, 164

when prediction is performed using only one source variableXi 165

(i = 1, 2), as the difference between the variance of the target, 166

σ2
Y , and its residual variance, σ2

Y |Xi
, i.e., λ2(Y ;Xi) = σ2

Y − 167

σ2
Y |Xi

. Considering the MP terms between the target and the 168

sources taken both jointly, λ2(Y ;X), and separately, λ2(Y ;X1) 169

and λ2(Y ;X2), the WMS measure of synergy is defined as 170

ΔMP(Y ;X) = λ2(Y ;X)− λ2(Y ;X1)− λ2(Y ;X2)

= σ2
Y |X1

+ σ2
Y |X2

− σ2
Y − σ2

Y |X . (1)

The measure (1) is related to interaction predictability [19], and 171

it takes positive values when, thanks to the synergistic interplay 172



BARÀ et al.: INVESTIGATING HIGH-ORDER BEHAVIORS IN MULTIVARIATE CARDIOVASCULAR INTERACTIONS VIA NONLINEAR PREDICTION 3

between the two sources, the target is better predicted using both173

sources together rather than in isolation.174

2) Information Measure of HOBs: An information-theo-175

retic quantification of the synergistic interactions between two176

sources and a target variable can be obtained by evaluating the177

amount of information that the target shares with the sources178

considered jointly, beyond the information it shares with each179

source considered individually. This concept is implemented180

by combining terms representative of the mutual information181

(MI) shared between the target and the sources. MI is defined,182

when considering only one source variable Xi, as the differ-183

ence between the entropy of the target, H(Y ), and its entropy184

conditioned on the source,H(Y |Xi), i.e., I(Y ;Xi) = H(Y )−185

H(Y |Xi). Considering the MI terms between the target variable186

and the sources together, I(Y ;X), and separately, I(Y ;X1) and187

I(Y ;X2), the WMS measure of synergy is defined as188

ΔMI(Y ;X) = I(Y ;X)− I(Y ;X1)− I(Y ;X2)

= H(Y |X1) +H(Y |X2)−H(Y )−H(Y |X).
(2)

This measure corresponds with the known interaction informa-189

tion [20], and takes positive values denoting synergy when the190

information shared by the target and the two sources is bigger191

than the sum of the information shared by the target and each192

source.193

C. Practical Computation194

Let us consider a realization of lengthN of the target variable195

Y , i.e., y = {y1, . . . , yN}, and of the source variables X1 and196

X2, i.e.,x1 = {x1,1, . . . , x1,N} andx2 = {x2,1, . . . , x2,N}. We197

remark that considering each observed data point yi as a real-198

ization of the same random variable Y presupposes the implicit199

assumption of stationarity for the data-generation process (the200

same holds for the variables X1 and X2). In the following, we201

describe the methods used to estimate the WMS measures based202

on predictability and information. Specifically, the MP terms203

are quantified through nonlinear prediction based on k-nearest204

neighbor local linear approximation (Section II-C1) [23], while205

the MI terms are evaluated by nearest-neighbor entropy estima-206

tion (Section II-C2) [24]. We stress that predictability and in-207

formation measures are estimated using model-free approaches,208

which facilitate the characterization of nonlinearities potentially209

involved in the analyzed interactions: this aspect is crucial for210

our analysis, as such approaches enable the identification of211

nonlinear interactions in systems where HOBs arise from non-212

additive mechanisms. As an alternative to model-free estimators,213

nonlinear parametric methods can be adopted to compute the214

WMS measures; the use of nonlinear regression models showing215

highly similar performances is reported in the Supplementary216

Material (Section S1).217

1) MP Estimation: The nonlinear approach used here to218

estimate predictability measures is based on the idea that the219

interdependencies among target and sources can be locally ap-220

proximated as linear even if their global relation is assumed to221

be nonlinear [23]. The approach is used to compute the three222

MP terms appearing in (1) to quantify ΔMP, i.e., λ2(Y ;X),223

λ2(Y ;X1), and λ2(Y ;X2). Therefore, this is presented in the 224

following for a generic source variable X ∈ {X1, X2,X}. 225

For each sample of the target variable yn, a neighbor search 226

is performed in the d-dimensional source space {X} by iden- 227

tifying the k nearest neighbors with lowest Chebyshev distance 228

from the source sample xn, i.e., zn = [zn1
, . . . , znk

] being zni
, 229

i = 1, . . . , k, the ith neighbor of xn. These neighbors are used 230

to write a system of k equations which linearly approximate 231

the dependence of the target variable on the source, i.e., yni
= 232

aizni
+ uni

, where uni
is the prediction error. The least squares 233

approach is used to solve the linear system and the estimated 234

vector coefficient Â = [â1, . . . , âd] is then used to predict the 235

target sample, i.e., ŷn = Âzn. Moreover, the current sample of 236

the prediction error is obtained as ûn = yn − ŷn [23]. In this 237

way, the prediction error is estimated for each sample of Y and 238

X , and its variance is taken as the partial variance of Y that 239

cannot be explained byX , i.e., σ2
U = σ2

Y |X . The partial variance 240

is finally subtracted from the variance of the target variable to 241

compute the MP term λ2(Y ;X) = σ2
Y − σ2

U . 242

In this work, the optimization procedure introduced in [25] 243

was used to set the number of neighbors k to be used for each of 244

the samples and based on the maximization of the predictability 245

of the target variable given the source. Specifically, the variance 246

of the prediction error σ2
U was evaluated for values of k ranging 247

from very local prediction (k = 2) to global prediction (k = 248

N ) and then the value of k corresponding to the lowest σ2
U is 249

considered optimal and used to find the MP term. 250

2) MI Estimation: The model-free nearest-neighbor estima- 251

tion approach was adopted for the computation of the MI terms 252

needed to obtain ΔMI (see (2)) [26]. Specifically, accounting for 253

the estimation bias deriving from the combination of informa- 254

tion terms computed on variables of different dimensions, the 255

formulation introduced in [24] was employed. 256

Being the joint space of the target variable and both sources, 257

i.e., {Y,X}, the highest-dimensional observed space, k neigh- 258

bors are searched for each sample of the joint variable to compute 259

I(Y ;X), and the projected range search used in the lower 260

dimensional spaces to compute I(Y ;X1) and I(Y ;X2). Specif- 261

ically, the formulas I(Y ;X) = ψ(k) + ψ(N)− 〈ψ(NY + 262

1) + ψ(NX + 1)〉 and I(Y ;Xi) = ψ(N) + 〈ψ(NY Xi
+ 1)− 263

ψ(NY + 1)− ψ(NXi
+ 1)〉, for i = {1, 2}, are employed, 264

where 〈·〉 represents the average across theN realizations of the 265

variables and, being εn,k the maximum distance from the generic 266

observation of [Y,X] to its kth neighbor, with NY , NX , NY Xi
267

andNXi
representing the number of samples in the spaces {Y }, 268

{X}, {Y Xi}, and {Xi} with distance lower than εn,k from 269

their generic observation, respectively. The number of neighbors 270

kwas fixed to 5 according to common choice in literature, which 271

enables a trade-off between the bias and variance of the estimated 272

quantities [27]. 273

D. Statistical Significance 274

A surrogate data analysis approach was used to assess the 275

significance of the HOI measures evaluated through the pre- 276

dictability and information approaches, i.e., ΔMP and ΔMI. To 277

preserve the statistical structure of each individual variable while 278
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disrupting the correlations between the two sources and the279

target we applied a circular-shift surrogate strategy. Specifically,280

each source was shifted by a different number of samples, while281

the target remained unchanged [19], [28]. The shift magnitude282

was randomly selected, excluding very small values that would283

be insufficient to break target-sources correlations. The samples284

shifted beyond the end of the original source data were wrapped285

around to the beginning of the surrogate series. The procedure286

was repeated Nsurr times, and the considered measure was287

computed at each iteration, resulting in a distribution. To test288

for the presence of synergistic interactions (i.e., Δ > 0), the289

100(1− α)th percentile of this distribution was extracted and290

compared with the original value. Statistical significance was291

established when the measure exceeded the extracted threshold.292

For the computation of the ΔMP terms on surrogate data, the op-293

timal values of k found on the original ones for the computation294

of λ2(Y ;X), λ2(Y ;X1), and λ2(Y ;X2) were employed.295

III. VALIDATION ON SIMULATIONS296

This section investigates the performance of the WMS mea-297

sures introduced in Section II-B in five simulated scenarios,298

reproducing a linear Gaussian system (Section III-A) and four299

nonlinear systems (Section III-B) including coupled logistic300

maps, coupled Hénon maps, nonlinear autoregressive process301

and a nonlinear mix of linear autoregressive processes. As these302

deterministic and stochastic processes are mathematically well-303

defined, their characterization in terms of HOMs can be estab-304

lished according to the definitions given in Section II-A. Specif-305

ically, since in linear Gaussian, coupled logistic and nonlinear306

stochastic processes the target variable depends on each source307

separately via additive functions, these systems do not present308

HOMs. The analyzed coupled Hénon maps and nonlinearly309

mixed stochastic processes, on the other hand, display a target310

variable related to the source variables through cross-terms, and311

thus present HOMs.312

A. Linear Gaussian System313

The first analyzed system is a linear Gaussian system for314

which a theoretical analysis is performed providing the exact315

mathematical derivation of the WMS measures based on MP and316

MI. Specifically, we consider three variables,Y ,X1 andX2 with317

joint Gaussian distribution; without loss of generality, we set318

zero mean and unit variance for all the variables. Since Gaussian319

systems are fully described by linear regression models [29], the320

MP and MI terms needed to compute the WMS measures (1) and321

(2) can be derived from the models relating the target variable322

to each individual source, Y = aX1 + U1 and Y = bX2 + U2,323

and to both sources, Y = āX1 + b̄X2 + U , whereU1,U2 andU324

are the Gaussian residual variables unrelated to the predictors.325

From these models, it is possible to show that the variance of the326

residuals can be written, in this case withσ2
Y = σ2

X1
= σ2

X2
= 1,327

as a function of the elements of the covariance matrix of the joint328

vector variable [Y X1X2] [30]:329

σ2
Ui

= σ2
Y |Xi

= 1− r2i , i = 1, 2 (3a)

σ2
U = σ2

Y |X =
1− (r21 + r22 + r212) + 2r1r2r12

1− r212
, (3b)

where r1 = E[Y X1], r2 = E[Y X2], and r12 = E[X1X2] are the 330

pairwise correlations between the variables. Then, the WMS 331

predictability measure is obtained substituting (3) in (1): 332

ΔMP(Y ;X) =
(r21 + r22)r

2
12 − 2r1r2r12

1− r212
. (4)

The WMS information measure is obtained considering that 333

the MI between target and source variables become, for jointly 334

Gaussian variables, I(Y ;Xi) =
1
2 log

σ2
Y

σ2
Ui

and I(Y ;X) = 335

1
2 log

σ2
Y

σ2
U

, and substituting these MI terms in (2): 336

ΔMI(Y ;X) =
1

2
log

(1− r21)(1− r22)(1− r212)

1− (r21 + r22 + r212) + 2r1r2r12
. (5)

The above reported analytical formulations allow us to deter- 337

mine the exact values of the WMS measures of synergy based 338

on predictability and entropy as a function of the correlations 339

between pairs of Gaussian variables composing the observed 340

triplet. A first important observation is that, when r12 = 0, we 341

haveΔMP = 0 andΔMI > 0: thus, if the sources are uncorrelated 342

the WMS entropy measure detects synergistic HOBs, while the 343

WMS predictability measure does not. This is a consequence of 344

the fact that, for independent predictors, the predictive power 345

is additive and thus ΔMP = 0 by (1); on the other hand, as 346

depicted in Fig. 1(a), the concave property of the logarithm 347

makes ΔMI > 0. 348

To investigate how HOBs emerge from the correlation struc- 349

ture of the system, we performed a systematic analysis of the 350

measures ΔMP and ΔMI at varying the pairwise links between 351

variables. Fig. 1(b) shows that, in the presence of equal-strength 352

links between the target and each source (r1 = r2), only the 353

entropy-based measure can take positive values when the sources 354

are positively correlated (r12 > 0), while both measures can be 355

positive when the sources are anti-correlated (r12 < 0). When 356

the target-source correlations are unbalanced (Fig. 1(c)), both 357

measures can be positive for anti-correlated sources but also for 358

positively correlated sources if the target tends to be uncorrelated 359

with one of them; the entropy-based measure displays positive 360

values for a wider range of parameter combinations (Fig. 1(c.2)). 361

Overall, this simulation evidences that HOBs can emerge 362

even for simple linear systems where the generating equations 363

exclude the presence of HOMs, and that the entropy-based WMS 364

measure shows a higher propensity to display HOBs. 365

B. Nonlinear Systems 366

This section reports the comparison of the predictability- 367

and information-based WMS measures computed for nonlinear 368

systems. Given the dynamic nature of all the simulated nonlinear 369

systems, the target and source variables need to be chosen 370

sampling the dynamic processes at a given time step. Here, 371

analyses were performed taking Yn as the target and X1,n−1, 372

X2,n−1 as the sources (see (6c), (7c), (8c), (9c)). 373

In the simulations of nonlinear systems where exact values for 374

the WMS measures cannot be provided, an empirical analysis 375
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(a)

(b.1) (b.2)

(c.1) (c.2)

Fig. 1. Detection of HOBs in linear Gaussian systems. (a) Graphi-
cal representation of the derivation for Gaussian variables (target Y ,
sources X1, X2) of the predictability and information-theoretic WMS
measures defined in (1) and (2); note that, if X1 ⊥ X2, λ2

Y ;X1 |X2
=

λ2Y ;X1
and thus ΔMP(Y ;X) = 0, but I(Y ;X1|X2) > I(Y ;X1) and

thus ΔMI(Y ;X) > 0. (b), (c) Color-coded values of ΔMP(Y ;X) and
ΔMI(Y ;X) at varying the strength of the link between the sources (r12)
and between the target and each source, either balanced (r1 = r2, (b))
or unbalanced (r1, with fixed r2 = 0.5, (c)).

was conducted by generating fifty realizations of length N =376

1000. For each realization, the measures ΔMP and ΔMI were377

estimated and their statistical significance was assessed by using378

one-hundred surrogate data, generated by randomly shifting the379

source variables of at least 50 samples, and fixing a significance380

threshold ofα = 0.05. The results of the analysis are reported in381

Fig. 2, showing the values and the statistical significance of the382

two WMS measures computed for each simulation. Moreover,383

simulations were repeated to investigate scenarios reproducing384

conditions of practical relevance in which the measures can be385

affected by factors such as data length, measurement noise, and386

confounding latent variables; these scenarios are described in387

(a.1) (a.2)

(b.1) (b.2)

Fig. 2. Detection of HOBs in nonlinear deterministic and stochastic
systems with and without HOMs. Panels depict boxplots with individual
values of the predictability (a.1) and information-theoretic (a.2) WMS
measures, and number of realizations for which the measures were
detected as statistically significant (b.1), (b.2), for the simulations of
coupled logistic maps (Sim 1), coupled Hénon maps (Sim 2), nonlin-
ear autoregressive processes (Sim 3), and nonlinearly coupled linear
autoregressive processes (Sim 4).

detail the supplementary material (Sections S2, S3; Figs. S2, 388

S3, S4). 389

1) Nonlinear Deterministic System Without HOMs: In the 390

first empirical simulation (Sim 1), two logistic maps in the 391

chaotic regime are coupled linearly to generate a discrete-time 392

deterministic nonlinear system defined by the equations [31], 393

[32]: 394

X1,n = 3.9X1,n−1(1−X1,n−1), (6a)

X2,n = 3.7X2,n−1(1−X2,n−1), (6b)

Yn = c1X1,n−1 + c2X2,n−1 + 0.1Yn−1, (6c)

where c1 = 0.9 and c2 = 0.7 are the parameters controlling the 395

linear influence of the processes X1 and X2 on Y , respectively. 396

Initial random conditions were selected from uniform distribu- 397

tion in the range [0 1] and a transient period of 500 samples 398

discarded for each realization. 399

As shown in Fig. 2, this setting results in high and always 400

significant ΔMI values and in values of ΔMP very close to zero 401

(about half of the realizations detect significant synergy). These 402

results reproduce empirically the results of the theoretical simu- 403

lation in Section II-A showing that, in this nonlinear system with 404

independent non-Gaussian sources and in the absence of HOMs, 405

HOBs are clearly detected by entropy-based WMS measure but 406

not by the prediction-based one. 407
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2) Nonlinear Deterministic System With HOMs: In the408

second empirical simulation (Sim 2), we study a nonlinear409

deterministic system composed by three coupled Hénon maps,410

defined by the equations [33], [34]:411

X1,n = 1.4−X2
1,n−1 + 0.3X1,n−2, (7a)

X2,n = 1.4−X2
2,n−1 + 0.3X2,n−2, (7b)

Yn = 1.4− c(X1,n−1 +X2,n−1)
2 + 0.3Yn−1, (7c)

with c = 0.5 the coupling parameter. Again, for each realization,412

initial random conditions were fixed by considering uniformly413

distributed values in the range [0 1] and the initial transient414

period of 500 samples discarded.415

Fig. 2 shows how both ΔMP and ΔMI take high positive416

values which are statistically significant in all realizations of the417

simulation. These results indicate that, in this nonlinear system418

with independent non-Gaussian sources and in the presence of419

HOMs, both the prediction-based and the entropy-based WMS420

measures clearly detect the presence of HOBs.421

3) Nonlinear Stochastic System Without HOMs: The422

third simulation (Sim 3) realizes the nonlinear first-order vector423

autoregressive process defined by the stochastic equations [33],424

[35]:425

X1,n = 3.4X1,n−1(1−X2
1,n−1)e

−X2
1,n−1 + 0.1e1,n, (8a)

X2,n = 3.4X2,n−1(1−X2
2,n−1)e

−X2
2,n−1 (8b)

+ 0.5X1,n−1X2,n−1 + 0.1e2,n,

Yn = 3.4Yn−1(1− Y 2
n−1)e

−Y 2
n−1 + c1X

2
1,n−1

+ c2X2,n−1 + 0.1e3,n, (8c)

where the coefficients c1 = 0.5 and c2 = 0.3 set the strength of426

the additive effect of the sources X1 and X2 on the target Y ,427

respectively, and ei, i = 1, . . . , 3, are uncorrelated white Gaus-428

sian noises with zero mean and unit variance. Here, realizations429

of the simulations were obtained drawing random samples for430

the noise inputs.431

The results depicted in Fig. 2 highlight a similar situation432

than that described in Section III-B1, with high and statistically433

significant values of ΔMI and low and barely significant values434

of ΔMP. The larger dispersion of ΔMP might be due to the435

correlation between the sources which could possibly induce436

a detection of HOBs also with the prediction-based method.437

4) Nonlinear Stochastic System With HOMs: The last438

simulation (Sim 4) considers a system with two autoregressive439

processes X1 and X2 that interact nonlinearly to determine a440

third process Y , according to [36], [37]:441

X1,n = 0.8X1,n−1 + 0.2e1,n, (9a)

X2,n = 0.6X2,n−1 + 0.2e2,n, (9b)

Yn = 0.5Yn−1 + c(X1,n−1X2,n−1) + 0.2e3,n, (9c)

being c = 2 the coupling parameter, and ei, i = 1, . . . , 3, un-442

correlated Gaussian noises with zero mean and unit variance.443

Again, different realizations of the processes where obtained444

drawing random samples for the inputs and iterating the system445

equations.446

Fig. 2 shows that, similarly to the system described in 447

Section III-B2, both ΔMP and ΔMI measures are positive and 448

statistically significant in all realizations, documenting the ex- 449

istence of HOBs according to both prediction and entropy ap- 450

proaches. 451

5) Dependence on Noise, Data Length and Latent Vari- 452

ables: The four nonlinear systems described in this Section 453

were analyzed to study the effects of factors which are expected 454

to have an impact on the entropy- and predictability-based WMS 455

measures. The analysis of the dependence on additive noise 456

and reduction in the length of the data sequences analyzed 457

(Section S2) revealed that both these factors tend to decrease 458

the magnitude of the WMS measures and impair their statistical 459

significance. In particular, we found that even a small amount 460

of additive noise (with variance equal to 10 % of that of the 461

original data) can often impair the detection of HOBs (Fig. S2). 462

The dependence on data length was less critical, with a preserved 463

capability to detect statistically significant HOBs also starting 464

from data sequences as short as 200 points (Fig. S3). The impact 465

of these two factors is stronger on ΔMI than on ΔMP, and is 466

less evident when HOBs emerge from HOMs, thus suggesting 467

that the presence of structural synergy confers robustness to the 468

detection of synergistic behaviors. 469

The analysis of the effects of latent variables (Section S3) 470

revealed that the common driver effect of such unmeasured 471

variables generally tends to introduce redundant information 472

within the investigated systems, which is manifested by a bias of 473

both ΔMI and ΔMP towards lower values, often negative and not 474

statistically significant values (Fig. S4). While these detrimental 475

effects were always detected if the confounder was set to affect 476

both the target and the source variables, the behavior was more 477

heterogeneous when the confounder was set to act only on the 478

sources or on the target and only one source; interestingly, 479

we observed instances in which HOBs were enhanced by the 480

presence of confounders acting on the sources but not on the 481

target, suggesting such cases as potential amplifiers of statistical 482

synergy. 483

IV. APPLICATION TO PHYSIOLOGICAL DATA 484

The proposed frameworks of analysis were applied to inves- 485

tigate the presence of synergistic HOBs in two representative 486

small-size networks underlying the short-term regulation of 487

cardiovascular system. Specifically, the two proposed WMS 488

measures were computed to investigate arterial pressure inter- 489

actions, exploring the well-known linear relationship explaining 490

how MAP is determined by SAP and DAP [38], as well as 491

cardiovascular interactions, exploring the less studied nonlinear 492

dependence between mechanical heart timing parameters of PEP 493

and LVET in influencing DAP values [39]. 494

A. Experimental Protocol and Data Acquisition 495

Part of a big dataset comprising cardiovascular and cardiores- 496

piratory signals for investigating physiological response to stres- 497

sors was employed [40], [41], [42]. Specifically, data acquired 498

from a cohort of 84 young healthy subjects (50 females, age 499
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range 18.65±3.20 years) performing the head-up tilt maneuver500

were analyzed.501

Subjects underwent a two phases protocol consisting of a502

resting state period of 15 minutes (REST), during which they503

lied in a supine position, and of an orthostatic stress condition of504

8 minutes (HUT), during which they were passively tilted to 45505

degrees by means of a motorized bed. All subjects were asked to506

spontaneously breathe during the execution of the protocol. No507

signs of presyncope were evidenced for the whole cohort during508

HUT.509

The recorded signals were the electrocardiogram (ECG), fin-510

ger photoplethysmographic arterial blood pressure (BP, volume-511

clamp method) and impedance cardiography (ICG) signal. The512

latter signal evaluates changes in the trans-thoracic impedance513

ΔZ as proportional to volume and blood flow velocity variations514

in the aorta, as well as changes in blood volume in the transtho-515

racic region over time as the first mathematical derivative of516

ΔZ, i.e., dZ/dt. All signals were synchronously acquired with517

a sampling frequency of 1 kHz.518

The experimental protocol was approved by the ethical com-519

mittee of the Jessenius Faculty of Medicine, Comenius Uni-520

versity, Slovakia. All subjects or their legal representatives, in521

participants under 18 years of age, signed a written informed522

consent before the examination. Detailed information on exper-523

imental protocol and signal acquisition is provided in [40], [41].524

B. Time Series Extraction and Pre-Processing525

Starting from the acquired signals, the following physiolog-526

ical beat-to-beat time series representative of the variability527

of different cardiovascular parameters were extracted. The nth528

systolic and diastolic arterial pressure,Sn andDn, were obtained529

as the first maximum of the BP waveform measured after the530

nth heartbeat detected from the ECG, and as the first minimum531

measured after the (n+ 1)th heartbeat, respectively. The mean532

arterial pressure, Mn, was calculated as the average of the BP533

waveform considered betweenDn−1 andDn. Moreover, starting534

from the dZ/dt waveform, PEP and LVET time series were535

obtained as follows. After the identification of the points B (first536

notch after nth ECG R peak) and X (first significant minimum537

after nth ECG R peak) corresponding to the opening and closure538

of the aortic valve, respectively, Pn is obtained as the time539

difference between the nth B point in the ICG derivative and540

the onset of nth Q wave in the ECG signal, and Ln as the time541

difference between the nth X and B points in dZ/dt.542

For each subject and condition, visually stationary 300-543

samples time series were extracted after the stabilization of544

the physiological parameters, i.e., around 8 minutes after the545

beginning of the REST phase, and to avoid the transient period546

due to the tilting procedure, i.e., around 3 minutes after the547

beginning of the HUT phase. The considered time series were548

preprocessed through a zero-phase highpass autoregressive filter549

with a cutoff frequency of 0.0156 Hz to remove slow trends.550

Moreover, outliers detected as samples falling above the 75th551

percentile or below the 25th percentile of the distribution rep-552

resenting the whole series were removed and replaced via the553

cubic spline interpolation approach.554

C. Data and Statistical Analysis 555

High-order interactions within the two systems composed of 556

the variables {M,S,D} and {D,P,L} were evaluated by using 557

the WMS measures ΔMP and ΔMI considering the variables M 558

and D as target, respectively, and the other two variables as 559

sources. MP and MI measures were computed as detailed in 560

Section II-C, and the statistical significance of the two WMS 561

measures evaluated for each subject, condition, and physio- 562

logical system through the surrogate data analysis approach 563

described in Section II-D generating one-hundred testing data 564

by randomly shifting the two source variables of at least 20 565

samples. 566

Statistical differences between the two acquisition phases 567

were assessed for both ΔMP and ΔMI in the two physiological 568

systems via the paired nonparametric Wilcoxon signed rank 569

test. Moreover, the Fisher’s test of proportion was applied to 570

statistically evaluate the variation in the proportion of significant 571

synergistic interactions occurred in the two conditions for both 572

measures and settings, as well as in the two setting for both 573

measures during the same condition. A significant threshold of 574

α = 0.05 was employed for all statistical tests. 575

D. Results 576

Fig. 3 shows the distributions across subjects of ΔMP (panel 577

a.1) and ΔMI (panel a.2) measures considering the contribution 578

of SAP and DAP to MAP (left) and of PEP and LVET to DAP 579

(right), as well as the number of subjects for which the two WMS 580

measures are significant (panels b). 581

Overall, ΔMP takes negative values when considering the 582

{M,S,D} system, with a significant decrease from REST to 583

HUT and almost zero significance in both conditions. On the 584

contrary, ΔMP is mostly positive for the {D,P,L} system, with 585

values that are low but statistically significant for approximately 586

half of the subjects during both REST and HUT. The Fisher’s 587

test confirms the significance of this modulation across the two 588

investigated systems. 589

As regards ΔMI, it reveals a slightly positive average value at 590

REST in the system {M,S,D} which significantly decreases 591

during HUT leading to a prevalence of negative values; this 592

decrease is confirmed statistically by comparing the number of 593

subjects for which the WMS measure is assessed as significant. 594

On the other hand, the values of ΔMI obtained for the system 595

{D,P,L} are mainly unvaried between conditions, with average 596

close to zero and a number of statistically significant positive 597

values close to half of the subjects in both conditions. The 598

Fisher’s test reveals a significantly higher number of subjects 599

demonstrating synergistic interactions in the system {D,P,L} 600

compared to the system {M,S,D} during HUT. 601

V. DISCUSSION 602

This study presents a thorough analysis of HOBs in complex 603

network systems using nonlinear prediction and information- 604

theoretic frameworks, aimed at investigating how the detection 605

of functional HOIs depends on the underlying structural HOMs. 606

In particular, we examine how WMS measures of statistical 607
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(a.1) (a.2)

(b.1) (b.2)

Fig. 3. Detection of HOBs in cardiovascular interactions. Panels depict
boxplots with individual values of the predictability (a.1) and information-
theoretic (a.2) WMS measures, and number of realizations for which
the measures were detected as statistically significant (b.1), (b.2), for
the two investigated physiological networks, i.e., {M ,S,D} obtained
considering MAP (M) as target and SAP (S) and DAP as sources,
and {D,P ,L} obtained considering DAP (D) as target and PEP (P)
and LVET (L) as sources, at REST (bluish) and during HUT (pinkish).
Statistical test in (a)): Wilcoxon signed rank test, ∗ p < 0.05, REST vs.
HUT. Statistical tests in (b): Fisher’s test, ∗ p < 0.05, REST vs. HUT; #
p < 0.05, {M ,S,D} vs. {D,P ,L}.

high-order dependencies based on predictability or entropy func-608

tionals behave similarly or differently in the presence or absence609

of structural high-order effects in the generative equations. We610

first consider linear Gaussian systems, a benchmark case en-611

abling the study of HOBs in absence of HOMs, and then extend612

the analysis to nonlinear deterministic and stochastic systems613

displaying either additive source–target relation or groupwise614

interactions, in accordance with the definition of HOMs as615

mechanisms arising from structural dependencies that cannot be616

decomposed into individual source effects. Lastly, we apply the617

framework of analysis to physiological variables descriptive of618

cardiovascular control systems, whose underlying relationship619

can be hypothesized based on previous literature.620

Our analyses conducted in various simulation scenarios sug-621

gest that synergistic behavioral effects are quite commonly622

detected across different types of network systems, ranging623

from linear to nonlinear and from static to dynamic systems,624

as well as from deterministic to stochastic systems. Specifically,625

we observed how HOBs emerge in systems characterized by626

groupwise interactions, thus defined by HOMs, as in the case of627

nonlinearly coupled Hènon maps and autoregressive processes,628

but also in systems determined by a simple additive effect of629

their parts, thus in systems without HOMs as in the case of630

linearly mixed logistic maps and nonlinear stochastic processes, 631

and even in simple linear Gaussian systems. Moreover, the 632

comparison of the results achieved by using the WMS concept 633

operationalized through the MP and MI measures provides 634

important insights about the detection of HOBs, both in general 635

and in relation to the presence of HOMs. First, we found that 636

the measure ΔMI is more effective than the measure ΔMP in 637

displaying synergistic HOBs, as it took positive values for more 638

parameter combinations in the theoretical analysis of Gaussian 639

systems (Fig. 1), and assumed statistically significant values for 640

all the settings simulated in the empirical analysis of nonlinear 641

systems (Fig. 2). Furthermore, the full statistical significance 642

of both ΔMP and ΔMI in the presence of HOMs (see Sim 2 643

and Sim 4 in Fig. 2) suggests the ability of the two WMS 644

measures to detect HOBs evoked by HOMs. Nevertheless, we 645

observed that the measureΔMP vanishes in the absence of HOMs 646

when the sources are independent (e.g., for the linear Gaussian 647

system when r12 = 0, as well as in Sim 1 and Sim 3); this 648

results confirms recent theoretical works [30], [43]. However, 649

ΔMP turned out to be significantly positive even without HOMs 650

when the sources are correlated (see Fig. 1(b.1),(c.1)). Therefore, 651

we conclude that, compared to ΔMI, ΔMP is less sensitive 652

to HOBs but more specific to HOMs, although its specificity 653

is reduced by the correlation among the sources. Overall, in 654

line with the many studies employing information-theoretic 655

approaches to investigate functional HOIs [6], [7], [14], our 656

observations suggest that ΔMI should be preferred to assess 657

HOBs, and that nonlinear prediction measures should be further 658

investigated as a promising tool to dissect HOMs from empirical 659

data [43], [44]. 660

Similarly, the application of the two WMS measures on the 661

considered cardiovascular systems revealed how HOIs inves- 662

tigated in terms of behaviors can be related to mechanisms. 663

Importantly, the physiological behaviors investigated in the two 664

analyzed cardiovascular systems are clinically relevant: deeper 665

knowledge about the relations between arterial pressure compo- 666

nents, as well as with heart timing parameters reflecting the me- 667

chanical functioning of heart, could be of interest in the treatment 668

of patients with stroke, head injury and hypertension [38], [39] 669

and the evaluation other hemodynamic parameters [39], [41]. 670

When considering the system {D,P,L} investigating the effects 671

of PEP, reflecting the crucial time intervals between electrical 672

depolarization and ejection of blood from the heart, and of LVET, 673

reflecting the heart’s phase of pumping blood in the aorta, on the 674

diastolic arterial pressure, positive and quite significant values 675

of both ΔMP and ΔMI are observed. This result, suggesting the 676

possible presence of HOBs arising from HOMs, is supported by 677

the nonlinear and non-additive underlying structural relation, 678

and by the known correlation existing between Dn and the 679

ratio of Pn and Ln [39]. On the other hand, the negative ΔMP 680

values, together with the positive and more significant values 681

for ΔMI observed especially at rest for the system {M,S,D}, 682

agree with the known presence of a linear and additive re- 683

lation between SAP and DAP in determining MAP [38]. In 684

fact, when non-continuous blood pressure measurements are 685

available, MAP values are usually estimated from SAP and DAP 686

through the relationMn = 2
3Sn + 1

3Dn, which – in accordance 687
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of our definition of HOMs – suggests that the high-order charac-688

terization of the relation between arterial pressure components689

does not depend on a joint influence of SAP and DAP, but just690

from their additive effect. Nevertheless, it is interesting to note691

how the modulation between the two experimental phases is692

coherent with the two WMS measures, revealing a decrease693

during HUT for the system {M,S,D}. This shift towards less694

synergistic interactions can be attributed to the impact of the695

mechanisms that act in response to orthostatic stress on arterial696

pressure dynamics – such as baroreflex mediated sympathetic697

activation – which in turn lead to alterations in arterial stiffness698

and vasomotion probably weakening the relation between the699

three arterial pressure components [41]. Moreover, in line with700

our observations in Section III-A, this decrease could be also701

be ascribed to the similar influence that such regulatory mecha-702

nisms have on SAP and DAP values strengthening their positive703

correlation.704

Our observations on both simulated and physiological data705

converge in identifying the predictability measure ΔMP as a less706

sensitive quantity for detecting HOBs in absence of HOMs and,707

conversely, the information measure ΔMI as a measures able to708

highlight the presence of HOBs, regardless of whether these are709

generated by hidden structural laws implying groupwise inter-710

actions or simple additive effects generating emergent statistical711

dependencies. Accordingly, using the WMS measures based on712

nonlinear predictability and information-theoretic frameworks713

in parallel presents a well-founded engineering approach for714

identifying the presence of HOBs and providing possible in-715

sights into the statistical or structural nature of the resulting716

high-order effects. The robustness of the achieved results, as well717

as the straightforward computation of ΔMP and ΔMI measures718

based on simple MP and MI terms, suggest the efficacy of719

our approach in the broad field of HOIs. In this regard, it is720

noteworthy to highlight that the methodologies currently used721

to explore these interactions are often based on a-priori assump-722

tions about the system, computationally demanding approaches,723

or measures that are difficult to extend to high-dimensional724

systems [12], [45], [46].725

Nevertheless, it is also important to acknowledge the potential726

limitations of the proposed approach and the required improve-727

ments. First, estimation bias and variance must be considered,728

as these factors can obscure the results, particularly in the729

context of short-length data. Moreover, the limited robustness730

of the employed estimation strategies to noise should be731

carefully considered when investigating HOBs, since even low732

levels of noise affecting the system can hinder substantially the733

detection of synergistic interactions. Second, when interpreting734

results obtained from real-world data, the potential influence of735

unmeasured or disregarded variables acting as confounders on736

both target and source variables should be carefully considered,737

as these confounders may mask the detection of HOBs. For738

example, investigated physiological data may be influenced by739

physiological confounders such as total peripheral resistance740

(TPR) or the unmeasured sympathetic nervous activity [47], as741

well as by artifact-related confounders introduced during data742

acquisition. Finally, it should be acknowledged that, although743

the concept of WMS is easy to grasp and implement, it conflates744

synergy and redundancy into a single metric, leading to an 745

underestimation of the true high-order synergistic interactions. 746

This issue is exacerbated at increasing the dimension of the 747

system analyzed, because of the known effect of multiple 748

counting redundancy within WMS measures at increasing the 749

number of source variables. It has been indeed demonstrated 750

that this problem already impacts the WMS measures computed 751

for three source variables and grows proportionally with the 752

number of sources [48], [49]. With this regard, future research 753

should investigate the use of approaches able to differentiate 754

the synergistic and redundant components of multivariate 755

interactions, e.g. computed via the framework of Partial 756

Information Decomposition [45], to more finely characterize 757

HOBs arising from both structural or statistical dependencies. 758

VI. CONCLUSION 759

In conclusion, we propose using measures that implement 760

the concept of WMS in analytical frameworks of nonlinear 761

prediction and information theory to investigate HOBs in com- 762

plex network systems. Our findings suggest that the information 763

measureΔMI has a greater ability to observe higher-order effects 764

when considering beyond-pairwise interactions and that the pre- 765

dictability measure ΔMP is more sensitive in identifying HOBs 766

arising from the presence of HOMs. Accordingly, the integrated 767

perspective resulting from the proposed parallel approach rigor- 768

ously exploits HOIs and possibly recognizes synergistic effects 769

originating from system’s underlying mechanisms or emergent 770

behaviors. 771

Though preliminary, this work could enhance the ability to 772

disambiguate the nature of the intricate interactions governing 773

the physiological networks underlying the regulation of the 774

homeostatic function of the human organism. This can provide 775

significant advancements in modelling and interpreting poorly 776

understood physiological interactions, as well as in developing 777

new biomarkers to assess physio-pathological alterations of 778

cardiovascular networks. 779
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