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 a b s t r a c t

We consider the problem of embedding a Wheeler Deterministic Finite Automaton (WDFA, in 
short) into an equivalent complete WDFA, preserving the order of states and the accepted lan-
guage. In some cases, such a complete WDFA does not exist. We say that a WDFA is Wheeler-
complete (W-complete, in short) if it cannot be properly embedded into an equivalent WDFA. We 
give an algorithm that, given as input a WDFA , returns the smallest W-complete DFA contain-
ing : it is called the minimal W-completion of . We derive some interesting applications of this 
algorithm concerning the construction of a WDFA for the union and a WDFA for the complement 
of Wheeler languages.

1.  Introduction

The problem of embedding a finite automaton into a complete one while preserving some specific properties is an old problem in 
automata theory (cf. [2,4,9,12,13]). It is referred to as the completion problem.

In this paper, we approach the completion problem for the class of Wheeler automata, which has recently been introduced in 
[10]. An automaton in this class has the property that there exists a total order on its states that is propagated along equally labeled 
transitions. Moreover, the order must be compatible with the underlying order of the alphabet. Wheeler automata play an important 
role in the emerging field of compressed data structures (cf., for example, [6,11]). The regular languages that can be accepted by a 
Wheeler automaton are called Wheeler languages whose study is deepened in [1,5] and [7].

The completion problem is of particular interest for the class of Wheeler Deterministic Finite Automata (WDFAs) since, in general, 
the WDFAs are not complete and there exist some Wheeler languages that cannot be accepted by any complete Wheeler automata. In 
more detail, we consider the problem of embedding a WDFA  into a complete one, denoted by 𝐶(), such that i) 𝐶() is a complete 
WDFA, ii) the (total) order on the states of 𝐶() is an extension of the order on the states of  and iii) 𝐶() is equivalent to , i.e. 
they recognize the same Wheeler language. In some cases, this problem has no solution: this means that there exist some WDFAs 
that cannot be embedded into any equivalent complete WDFA preserving the order of the states. We say that a WDFA is Wheeler-
complete (W-complete, in short) if it cannot be properly embedded into an equivalent WDFA. Hence, in any case, there always exists 
a W-complete DFA in which  can be embedded, we call it W-completion of . We show that, among all the W-completions of , 
the one with the minimum number of empty states is unique and we denote it by 𝐶𝑊 ().

The main contribution of this paper is a completion algorithm that, having as input a WDFA , returns its minimal Wheeler-
completion 𝐶𝑊 (). In the case where 𝐶𝑊 () is a complete WDFA we say that  is completable.

We also consider some relevant applications of this completion algorithm. According to the fact that WDFAs are not in general 
complete, the family of Wheeler languages is closed under intersection, but it is neither closed under complementation nor under 
union (cf. [1]).
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\begin {equation*}\delta _a=\left ( \begin {array}{@{}lllllllll@{}} 1 & 2 & 3 &3.5& 4 &4.5& 4.7& 5 & 6 \\ 2 & 3 & 3.5 & \Box &3.5&\Box & \Box &4 & 4.5 \end {array} \right )\quad \delta _b=\left ( \begin {array}{@{}lllllllll@{}} 1 & 2 & 3 &3.5& 4 &4.5& 4.7& 5 & 6 \\ 4.7 & 4.7 & 5 &\Box & 5 &\Box &\Box & 6&6 \end {array} \right ).\end {equation*}


$H_b(4,5)$


$5.5$


$H_a(3,4)$


$H_a(4,5)$


\begin {equation*}\delta _a=\left ( \begin {array}{@{}llllllllll@{}} 1 & 2 & 3 &3.5& 4 &4.5& 4.7& 5 &5.5& 6 \\ 2 & 3 & 3.5 & 3.5 &3.5&3.5& 3.5&4 & \Box & 4.5 \end {array} \right )\quad \delta _b=\left ( \begin {array}{@{}llllllllll@{}} 1 & 2 & 3 &3.5& 4 &\,4.5& \,4.7& 5 &5.5& 6 \\ 4.7 & 4.7 & 5 &\Box & 5 &\,5.5&\,5.5& 6&\Box &6 \end {array} \right ).\end {equation*}


\begin {equation*}\delta _a=\left ( \begin {array}{@{}llllllllll@{}} 1 & 2 & 3 &3.5& 4 &4.5& 4.7& 5 &5.5& 6 \\ 2 & 3 & 3.5 & 3.5 &3.5&3.5& 3.5&4 & 4.5& 4.5 \end {array} \right )\quad \delta _b=\left ( \begin {array}{@{}llllllllll@{}} 1 & 2 & 3 &3.5& 4 &\,4.5& \,4.7& 5 &5.5& 6 \\ 4.7 & 4.7 & 5 &\Box & 5 &\,5.5&\,5.5& 6&\Box &6 \end {array} \right ).\end {equation*}


$\A $


$C_W(\A )$


$\A $


\begin {equation*}\A : \delta _a=\left ( \begin {array}{@{}llll@{}} 1& 2& 3&4\\ 2 & 3 & \Box & \Box \end {array} \right ), \delta _b=\left ( \begin {array}{@{}llll@{}} 1& 2 & 3& 4\\ 4 & \Box & 4&\Box \end {array} \right )\end {equation*}


$\A '$


$4$


$5$


\begin {equation*}\A ': \delta '_a=\left ( \begin {array}{@{}lllll@{}} 1& 2& 3&4&5\\ 2 & 3 & \Box & \Box &\Box \end {array} \right ), \delta '_b=\left ( \begin {array}{@{}lllll@{}} 1& 2 & 3& 4&5\\ 4 & \Box & 5&\Box &\Box \end {array} \right )\end {equation*}


$\A $


$\B $


$L=\{b, aab\}$


$\A $


$\A '$


\begin {equation*}C_W(\A ): \delta _a=\left ( \begin {array}{@{}llllll@{}} 1& 2& 3&3.5&4&4.5\\ 2 & 3 & 3.5& 3.5&3.5&3.5 \end {array} \right ), \delta _b=\left ( \begin {array}{@{}llllll@{}} 1& 2& 3&3.5&4&4.5\\ 4 & \Box & 4& 4.5&4.5&4.5 \end {array} \right )\end {equation*}


\begin {equation*}C_W(\A '): \delta '_a=\left ( \begin {array}{@{}llllllll@{}} 1& 2& 3&3.5&4&4.5&5&5.5\\ 2 & 3 & 3.5& 3.5&3.5&3.5&3.5&3.5 \end {array} \right ), \delta '_b=\left ( \begin {array}{@{}llllllll@{}} 1& 2& 3&3.5&4&4.5&5&5.5\\ 4 & 4.5 & 5& 5.5&5.5&5.5&5.5&5.5 \end {array} \right )\end {equation*}


$C_W(\A )$


$\D _W(\A )=\Sigma ^*$


$\A =(Q, \Sigma , \delta , s, F)$


$L(\A )$


$\A $


$\A _c=(Q, \Sigma , \delta , s, Q\setminus F)$


$\A $


$\A _c$


$L(\A )$


$L(\A _c)=\Sigma ^* \setminus L(\A )$


$\A _1 =(Q_1, \Sigma , \delta _1, s_1, F_1)$


$\A _2=(Q_2, \Sigma , \delta _2, s_2, F_2)$


$\Sigma $


$L(\A _1)$


$L(\A _2)$


$\A _1$


$\A _2$


$\A _1 \times \A _2 =(Q, \Sigma , \delta , s, F)$


$Q = Q_1 \times Q_2$


$s =(s_1, s_2)$


$\delta ((q_1,q_2), \sigma ) = (\delta _1(q_1, \sigma ),\delta _2(q_2, \sigma ))$


$(q_1, q_2) \in Q$


$\sigma \in \Sigma $


$F =F_1\times F_2$


$\A $


$L(\A _1)$


$L(\A _2)$


$L(\A ) = L(\A _1) \cap L(\A _2)$


$F=(F_1\times Q_2) \cup (Q_1 \times F_2)$


$\A _1$


$\A _2$


$\A $


$L(\A _1)$


$L(\A _2)$


$L(\A ) =L(\A _1)\cup L(\A _2)$


$\A _1$


$\A _2$


$\A =(Q, \Sigma , \delta , 1, F)$


$C_W(\A )=(Q \cup S, \delta ',s,F)$


$\A _c=(Q \cup S, \Sigma , \delta ', s, Q \cup S \setminus F )$


$L(\A _c)$


\begin {equation*}L(\A _c)=\D _W(\A ) \setminus L(\A ).\end {equation*}


$C_W(\A )$


$L(\A _c)=L(\A )^c$


$\A $


$\A $


$L(\A )^c$


$\A $


$a^+b$


\begin {equation*}\delta _a=\left ( \begin {array}{@{}lll@{}} 1 & 2 & 3 \\ 2 & 2 & \Box \end {array} \right )\quad \delta _b=\left ( \begin {array}{@{}lll@{}} 1 & 2 & 3 \\ \Box & 3 & \Box \end {array} \right ).\end {equation*}


$C_W(\A )$


\begin {equation*}\delta '_a=\left ( \begin {array}{@{}llllll@{}} 1 & 2 & 2.5 &2.7& 3&3.5 \\ 2 & 2 & 2.5 & 2.5 &2.5&2.5 \end {array} \right )\quad \delta '_b=\left ( \begin {array}{@{}llllll@{}} 1 & 2 & 2.5 &2.7& 3&3.5 \\ 2.7& 3 & 3.5 &3.5&3.5&3.5 \end {array} \right ).\end {equation*}


$\D _W(\A )=\Sigma ^*$


$s=1, p=2, t=2.5, r=2.7, q=3$


$w=3.7$


$a^+b$


$C_W(\A )$


$\A $


$L(\A _c)=\D _W(\A )\setminus L(\A )$


$L(\A )$


$D_W(\A )$


$Pref(L(\A )) \setminus L(\A )$


$b^+a$


\begin {equation*}\delta _a=\left ( \begin {array}{@{}lll@{}} 1 & 2 & 3 \\ \Box & \Box & 2 \end {array} \right )\quad \delta _b=\left ( \begin {array}{@{}lll@{}} 1 & 2 & 3 \\ 3 & \Box & 3 \end {array} \right ).\end {equation*}


\begin {equation*}\delta '_a=\left ( \begin {array}{@{}llll@{}} 1 &1.7& 2 & 3 \\ 1.7 & 1.7&1.7 & 2 \end {array} \right )\quad \delta '_b=\left ( \begin {array}{@{}llll@{}} 1 & 1.7& 2 & 3 \\ 3 & \Box & \Box & 3 \end {array} \right ).\end {equation*}


$s=1, r=1.7, q=2$


$p=3$


$b^+a$


$\A $


$aab+b$


\begin {equation*}\delta _a=\left ( \begin {array}{@{}llll@{}} 1 & 2 & 3 &4 \\ 2 & 3 & \Box &\Box \end {array} \right )\quad \delta _b=\left ( \begin {array}{@{}llll@{}} 1 & 2 & 3 &4 \\ 4 & \Box & 4 & \Box \end {array} \right ).\end {equation*}


$\A _1= (Q_1, \Sigma , \delta _1, s_1, F_1)$


$\A _2=(Q_2, \Sigma , \delta _2, s_2, F_2)$


$\Sigma $


$L(\A _1)$


$L(\A _2)$


$C_W(\A _1)$


$\A _1$


$C_W(\A _2)$


$\A _2$


$Q'_1=Q_1 \cup S_1$


$C_W(\A _1)$


$Q'_2=Q_2 \cup S_2$


$C_W(\A _2)$


$C_W(\A _1) \times C_W(\A _2)$


$C_W(A_1) \times C_W(A_2)$


$(p,q)$


$(F_1 \times Q'_2)\cup (Q'_1 \times F_2)$


$\mathcal {O}(n^3)$


$C_W(\A _1) \times C_W(\A _2)$


$\Box $


$(q_1, q_2)$


$(p_1, p_2)$


$C_W(\A _1) \times C_W(\A _2)$


$q_1 \leq p_1 \iff q_2 \leq p_2$


$\A _1= (Q_1, \Sigma , \delta _1, s_1, F_1)$


$\A _2=(Q_2, \Sigma , \delta _2, s_2, F_2)$


$\Sigma $


$L(\A _1) \subseteq \D _W(A_2)$


$L(\A _2) \subseteq \D _W(A_1)$


$L(\A _1) \cup L(\A _2)$


$L(\A _1) \subseteq \D _W(A_2)$


$\Pref (L(\A _1)) \subseteq \D _W(A_2)$


$(p,q)$


$C_W(A_1) \times C_W(A_2)$


$p$


$q$


$p$


$q\neq \Box $


$\Pref (L(\A _1)) \subseteq \D _W(A_2)$


$(p, \Box )$


$L(\A _2) \subseteq \D _W(A_1)$


$(\Box , q)$


$L(\A _1) \cup L(\A _2)$


$L=a^+b + b^+a$


$\A _1$


$a^+b$


$C_W(\A _1)$


$\A $


$b^+a$


$a^+b \not \!\!{\subset } D_W(\A )$


$\A _2$


$b^+a$


$a^+b \subseteq D_W(\A _2)$


$a^+b \cup b^+a$


$a^+b \cup b^+a$
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In the second part of the paper, we use the completion algorithm to construct, under suitable conditions, a WDFA that recognizes 
the complement of a Wheeler language and a WDFA that recognizes the union of two Wheeler languages. This approach is an 
alternative to the one proposed in [8].

2.  Preliminaries

If Σ is a finite alphabet, with Σ∗ we denote the set of finite words on Σ. If 𝑣 ∈ Σ∗ is not the empty word, with 𝑒𝑛𝑑(𝑣) we denote 
the last letter of 𝑣. If 𝐿 ⊆ Σ∗, with 𝑃𝑟𝑒𝑓 (𝐿) we denote the set of all prefixes of words in 𝐿, 𝑃 𝑟𝑒𝑓 (𝐿) = {𝑣 ∈ Σ∗

|∃𝑢 ∈ Σ∗ s.t. 𝑣𝑢 ∈ 𝐿}.
A deterministic finite automaton (DFA) is a quintuple  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) where 𝑄 is a finite set of states, Σ is a finite alphabet, 

𝛿 ∶ 𝑄 × Σ → 𝑄 is the transition function, eventually a partial function, 𝑠 is the initial state and 𝐹 ⊆ 𝑄 is the set of final states. We 
denote by 𝛿∗ the generalized transition function defined on the words of Σ∗. If 𝛿 is a total function, the automaton is complete while, 
if 𝛿 is a partial function, the automaton is incomplete. If 𝛿(𝑝, 𝜎) is not defined for some 𝑝 ∈ 𝑄 and 𝜎 ∈ Σ we write 𝛿(𝑝, 𝜎) = □ and say 
that 𝛿(𝑝, 𝜎) is a missing transition. Note that if Σ is the input alphabet, we suppose that the automaton contains at least a transition for 
each letter.

We denote by 𝐿() the language accepted by . It is well-known that two automata  and  are said to be equivalent if 𝐿() = 𝐿(). 
In what follows, we consider only automata in which all states are accessible i.e. can be reached from 𝑠. If we denote 𝐿𝑝() = {𝑤 ∈
Σ∗

| 𝛿∗(𝑝,𝑤) ∈ 𝐹 }, a state 𝑝 is an empty state if 𝐿𝑝() = ∅ and is a coaccesible state if 𝐿𝑝() ≠ ∅. For any 𝑝 ∈ 𝑄 and 𝑎 ∈ Σ we define 
𝐼𝑛(𝑝) = {𝑎 ∈ Σ| 𝛿(𝑞, 𝑎) = 𝑝, for some 𝑞 ∈ 𝑄} and 𝐼𝑝() = {𝑤 ∈ Σ∗

| 𝛿∗(𝑠,𝑤) = 𝑝}. An automaton is said input-consistent if |𝐼𝑛(𝑝)| = 1, for 
each 𝑝 ∈ 𝑄.

If Σ is ordered with ≺ we can define the co-lexicograhic order ≺ among words of Σ∗. If 𝑢 = 𝑢1 … 𝑢𝑛 and 𝑣 = 𝑣1 … 𝑣𝑚 then
𝑢 ≺ 𝑣 ⇔ (𝑢 is a suffix of 𝑣) or (∃𝑖 ∶ 𝑢𝑛−𝑖 ≺ 𝑣𝑚−𝑖 and∀𝑗 < 𝑖 𝑢𝑛−𝑗 = 𝑣𝑚−𝑗 )

Let (𝑋,≤) be a total order on 𝑋, for any 𝑥, 𝑦 ∈ 𝑋 we write 𝑥 < 𝑦 if 𝑥 ≤ 𝑦 and 𝑥 ≠ 𝑦. We say that two elements 𝑥, 𝑦 ∈ 𝑋 are consecutive 
if 𝑥 < 𝑦 and there does not exist any 𝑧 ∈ 𝑋 such that 𝑥 < 𝑧 < 𝑦. If 𝑌 ⊆ 𝑋 we say that 𝑌  is a convex set in 𝑋 if ∀𝑥, 𝑦 ∈ 𝑌  and 𝑧 ∈ 𝑋, if 
𝑥 < 𝑧 < 𝑦 then 𝑧 ∈ 𝑌 .

Definition 1.  A Wheeler DFA (WDFA) is an input consistent DFA  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ), with Σ a total ordered alphabet, 𝐼𝑛(𝑠) = ∅ and 
there exists in 𝑄 a total order ≤ such that

• the initial state is the minimum;
• let 𝑞1 = 𝛿(𝑝1, 𝜎1) and 𝑞2 = 𝛿(𝑝2, 𝜎2), 𝑝1, 𝑝2, 𝑞1, 𝑞2 ∈ 𝑄 and 𝜎1, 𝜎2 ∈ Σ;

if 𝜎1 < 𝜎2 then 𝑞1 < 𝑞2;
if 𝜎1 = 𝜎2 and 𝑝1 ≤ 𝑝2 then 𝑞1 ≤ 𝑞2;

As a consequence, if 𝜎1 ≺ 𝜎2 then, for all 𝑝, 𝑞 ∈ 𝑄, if 𝐼𝑛(𝑝) = {𝜎1} and 𝐼𝑛(𝑞) = {𝜎2} then 𝑝 < 𝑞. Moreover, in [1], it is proved that 
for each 𝑝 ∈ 𝑄 the set 𝐼𝑝() is convex in (𝑃𝑟𝑒𝑓 (𝐿()), ≺). Moreover, the following property holds.
Lemma 1  ([1]). Let  = (𝑄,Σ, 𝑠, 𝐹 ) be a WDFA. Then, for all 𝑢, 𝑣 ∈ 𝑃𝑟𝑒𝑓 (𝐿()),

𝑢 ≺ 𝑣 ⇒ 𝛿∗(𝑠, 𝑢) ≤ 𝛿∗(𝑠, 𝑣) and 𝛿∗(𝑠, 𝑢) < 𝛿∗(𝑠, 𝑣) ⇒ 𝑢 ≺ 𝑣.

In the original definition, all the states of a Wheeler DFA are supposed to be coaccessible. However, since we are interested in 
completing a WDFA, it will be quite natural to add some empty states while maintaining the Wheeler property regarding the order. 
For this reason, in what follows, we assume that a WDFA can also have some non-coaccessible states. Note that the automaton remains 
well-defined. If  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ), we denote by 𝑇 () the trim part of  i.e. the part of  that is both accessible and coacceccible. If 
𝑇 () =  we say that  is a trim automaton.

We conclude the preliminary section with the definition of inclusion among automata, which is fundamental in this paper.
Let  = (𝑄1,Σ, 𝛿1, 𝑠1, 𝐹1) and  = (𝑄2,Σ, 𝛿2, 𝑠2, 𝐹2), in this paper we say that  is contained in  (in symbols  ⊆ ) if 𝑇 () = 𝑇 ()

and the transition graph of  is a subgraph of the transition graph of . Hence  and  are equivalent.
Since we only deal with Wheeler automata, if  ⊆  the order of states in  is an extension of the order of states in .

3.  Wheeler-complete automata

The classical procedure of completing an automaton by adding a unique empty state (or one for each letter, for input consistency) 
into which all missing transitions are defined could produce a DFA that is no longer a WDFA. However, in some cases, the automaton 
can be completed by adding more than one empty state while managing to preserve the Wheeler property, as shown in the following 
example.

Example 1. Consider the automaton in Fig. 1(a), it is a WDFA (with 𝑎 ≺ 𝑏 and 𝑠 < 𝑝 < 𝑞) that accepts the language 𝑎+𝑏 and is not 
complete. By adding a single empty state for each letter as in Fig. 1(b) we get the input-consistent complete equivalent automaton. 
Note that it is not a WDFA in fact if 𝑟 < 𝑞 then 𝑞 < 𝑝, a contradiction, because 𝐼𝑛(𝑝) = {𝑎} and 𝐼𝑛(𝑞) = {𝑏}. Whereas, if 𝑟 > 𝑞 then 
𝑠 > 𝑝, in contradiction to the fact that 𝑠 is the minimum. In Fig. 1(c) an equivalent complete Wheeler automaton is depicted with 
states 𝑠 < 𝑝 < 𝑡 < 𝑟 < 𝑞 < 𝑤. Note that the order of the set of states is an extension of the first one, and three empty states have been 
added.
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Fig. 1. (a) A WDFA (b) an equivalent complete that is not Wheeler,(c) an equivalent complete WDFA.

Fig. 2. (a) An incomplete Wheeler automaton accepting 𝑏+𝑎 and (b) its (incomplete) W-completion.

In some cases, it is not possible to complete a Wheeler automaton by maintaining the Wheeler property, as the following example 
shows.

Example 2. The automaton in Fig. 2(a) is a Wheeler automaton (with 𝑎 ≺ 𝑏 and 𝑠 < 𝑞 < 𝑝) that accepts the language 𝑏+𝑎. In [1] the 
authors give such a language as an example of a Wheeler language for which no complete Wheeler automaton recognizes it.

In all the other examples that follow, over the alphabet {𝑎, 𝑏} we assume 𝑎 ≺ 𝑏.
Given a WDFA , we here consider the problem of finding, when there exists, an equivalent complete WDFA  such that  ⊆ . 

The following definition introduces a notion of completeness with respect to the Wheeler property.
Definition 2.  Let  be a WDFA.  is Wheeler-complete (shortly W-complete) if for any equivalent WDFA  if  ⊆  then  = . 

The following theorem gives a characterization of W-complete automata.
Theorem 1. Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) be a WDFA.  is W-complete iff for any missing transition 𝛿(𝑞, 𝜎) = □, with 𝑞 ∈ 𝑄, 𝜎 ∈ Σ, there exist 
𝑝, 𝑡 ∈ 𝑄 with 𝑝 < 𝑞 < 𝑡 such that 𝛿(𝑝, 𝜎) = 𝛿(𝑡, 𝜎) and it is a coaccessible state.
Proof.  Let  be 𝑊 -complete DFA and suppose, by contradiction, that there exists a missing transition 𝛿(𝑞, 𝜎) = □ such that for 
all 𝑝, 𝑡 ∈ 𝑄, with 𝑝 < 𝑞 < 𝑡 either 𝛿(𝑝, 𝜎) < 𝛿(𝑡, 𝜎) or 𝛿(𝑝, 𝜎) = 𝛿(𝑡, 𝜎) and it is an empty state. In the first case, a new empty state 𝑟, 
with 𝛿(𝑝, 𝜎) < 𝑟 < 𝛿(𝑡, 𝜎), can be added to the set of states and the extension of the total order of the states can be considered. The 
missing transition can be filled with the proper transition 𝛿(𝑞, 𝜎) = 𝑟. We do not define transitions starting from 𝑟, and then 𝑟 is not a 
coaccessible state. We obtain an equivalent WDFA  that contains . This contradicts the hypothesis that  is 𝑊 -complete. In the 
second case, we infer the same contradiction by adding the transition 𝛿(𝑞, 𝜎) = 𝛿(𝑝, 𝜎).

Vice versa, if, by contradiction,  is not 𝑊 -complete, there exists an equivalent WDFA  = (𝑄𝐵 ,Σ, 𝛿𝐵 , 𝑠, 𝐹 ) that properly contains 
. This means that there exists in  a missing transition 𝛿(𝑞, 𝜎) = □ such that 𝛿𝐵(𝑞, 𝜎) = 𝑟 for some 𝑟 ∈ 𝑄𝐵 . The state 𝑞 is accessible, 
therefore, let 𝑢 ∈ 𝐼𝑞(). By hypothesis, there exist 𝑝, 𝑡 ∈ 𝑄, with 𝑝 < 𝑞 < 𝑡 such that 𝛿(𝑝, 𝜎) = 𝛿(𝑡, 𝜎) = 𝑧, with 𝑧 coaccessible state of 
(and then also a coaccessible state of  because 𝑇 () = 𝑇 ()).  is a WDFA, then 𝛿𝐵(𝑝, 𝜎) ≤ 𝑟 ≤ 𝛿𝐵(𝑡, 𝜎) which implies 𝑟 = 𝑧. Since 𝑧
is a coaccessible state, there exists 𝑣 ∈ 𝐿𝑧(). It follows that the word 𝑢𝜎𝑣 ∈ 𝐿() and, by the determinism, 𝑢𝜎𝑣 ∉ 𝐿() contradicting 
the equivalence of  and . ∎

A W-complete DFA  contains both coaccessible and empty states, so the following definition makes sense.
Definition 3.  Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) a W-complete DFA. We define 𝐷𝑜𝑚() as the set of words that can be read by  from the initial 
state. More formally, 𝐷𝑜𝑚() = {𝑤 ∈ Σ∗

| 𝛿∗(𝑠,𝑤) ≠ □}.
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The following inclusions hold:
𝐿() ⊆ 𝑃𝑟𝑒𝑓 (𝐿()) ⊆ 𝐷𝑜𝑚()

Remark 1. Lemma 1 holds for W-complete automata as well, with 𝐷𝑜𝑚(𝐴) instead of 𝑃𝑟𝑒𝑓 (𝐿(𝐴)).

4.  The Wheeler Completion

Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) be a DFA, where 𝑄 = {𝑞1, 𝑞2,… , 𝑞𝑛} is a totally ordered set of states.
In the sequel, it is convenient to represent the transition function of the DFA as a transformation of the set 𝑄 of states, i.e., a partial 

mapping of 𝑄 into itself (cf., for instance, [3]). For each 𝜎 ∈ Σ, the transformation 𝛿𝜎 is defined for 𝑞𝑖 ∈ 𝑄 as 𝛿𝜎 (𝑞𝑖) = 𝛿(𝑞𝑖, 𝜎). If 𝛿(𝑞𝑖, 𝜎)
is not defined, we write 𝛿𝜎 (𝑞𝑖) = □ and say that 𝛿𝜎(𝑞𝑖) is a missing 𝜎-transition (or a 𝜎-hole). Hence, an arbitrary partial transformation 
𝛿𝜎 can be written in the form

𝛿𝜎 =
(

𝑞1 𝑞2 ⋯ 𝑞𝑛−1 𝑞𝑛
𝑝1 𝑝2 ⋯ 𝑝𝑛−1 𝑝𝑛

)

,

where 𝑝𝑖 = 𝛿𝜎 (𝑞𝑖) and 𝑝𝑖 ∈ 𝑄 ∪ {□}, for 1 ≤ 𝑖 ≤ 𝑛. We denote by 𝑅𝜎 () the subsequence of (𝑝1, 𝑝2,… , 𝑝𝑛) composed of elements different 
from □.

With this representation, the property that the DFA, over a totally ordered alphabet Σ, is a WDFA corresponds to the following 
three conditions:

• 𝑞1 is the initial state;
• for each 𝜎 ∈ Σ, 𝑞1 ∉ 𝑅𝜎 ;
• for each 𝜎 ∈ Σ, 𝑅𝜎 is a non-decreasing sequence;
• denoted by 𝑚𝑖𝑛(𝑅𝜎) and 𝑚𝑎𝑥(𝑅𝜎 ) the first and the last element of 𝑅𝜎 , respectively. If 𝜎 < 𝜏, then 𝑚𝑎𝑥(𝑅𝜎 ) < 𝑚𝑖𝑛(𝑅𝜏 ).

Definition 4.  Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) be a WDFA. We say that  is a Wheeler completion (shortly a W-completion) of  if  ⊆  and 
is W-complete. 

In dealing with the W-completion of a given WDFA  we can assume, without loss of generality, that  is trim. Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 )
be a trim WDFA and  = (𝑄′,Σ, 𝛿′, 𝑠′, 𝐹 ′) is a W-completion of , then by definition 𝑇 () = , 𝑠 = 𝑠′, 𝐹 ′ = 𝐹  and 𝑄′ = 𝑄 ∪ 𝑆, where 
𝑆 is the set of empty states of .

The following example shows that a WDFA can have more than one W-completion.
Example 3. Let us consider the WDFA  in Fig. 2(a) with with 𝑠 < 𝑞 < 𝑝 with the following transitions:

𝛿𝑎 =
(

𝑠 𝑞 𝑝
□ □ 𝑞

)

, 𝛿𝑏 =
(

𝑠 𝑞 𝑝
𝑝 □ 𝑝

)

By Theorem 1, it is not W-complete. Two of its W-completions are:

′ ∶ 𝛿′𝑎 =
(

𝑠 𝑟 𝑞 𝑝
𝑟 𝑟 𝑟 𝑞

)

, 𝛿′𝑏 =
(

𝑠 𝑟 𝑞 𝑝
𝑝 □ □ 𝑝

)

that is the automaton in Fig. 2(b) and

′′ ∶ 𝛿′′𝑎 =
(

𝑠 𝑟1 𝑟2 𝑞 𝑝
𝑟1 𝑟1 𝑟2 𝑟2 𝑞

)

, 𝛿′′𝑏 =
(

𝑠 𝑟1 𝑟2 𝑞 𝑝
𝑝 □ □ □ 𝑝

)

Indeed, by Theorem 1, they are both W-complete and contain . Observe that the first one has a minimal number of empty states. 
Proposition 1.  Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) a trim WDFA. If 1 = (𝑄 ∪ 𝑆1,Σ, 𝛿1, 𝑠, 𝐹 ) and 2 = (𝑄 ∪ 𝑆2,Σ, 𝛿2, 𝑠, 𝐹 ) are two W-completions of 
 then 𝐷𝑜𝑚(1) = 𝐷𝑜𝑚(𝐵2). 
Proof.  We prove that 𝐷𝑜𝑚(1) ⊆ 𝐷𝑜𝑚(2) and analogously we can prove the inverse inclusion. Each 𝑤 ∈ 𝐷𝑜𝑚(1) can be factored 
as 𝑤 = 𝑢𝑣 such that 𝑢 ∈ Σ∗ is the maximal prefix of 𝑤 that belongs to 𝑃𝑟𝑒𝑓 (), and 𝑣 ∈ Σ∗ of length 𝑛.

By induction on 𝑛 we prove that each word 𝑤 in 𝐷𝑜𝑚(1) is a word of 𝐷𝑜𝑚(2). If 𝑛 = 0 then 𝑤 ∈ 𝑃𝑟𝑒𝑓 () ⊂ 𝐷𝑜𝑚(2). Let |𝑣| =
𝑛 + 1, then 𝑤 = 𝑢𝑣′𝑥 with 𝑣′ of length 𝑛 and 𝑥 ∈ Σ. Hence 𝑤 = 𝑢𝑣′ ∈ 𝐷𝑜𝑚(1) and 𝑤 = 𝑢𝑣′ ∈ 𝐷𝑜𝑚(2). By definition, 𝛿∗1 (𝑠, 𝑢𝑣′) = 𝑞1 ∈
𝑄 ∪ 𝑆1, 𝛿∗2 (𝑠, 𝑢𝑣

′) = 𝑞2 ∈ 𝑄 ∪ 𝑆2, 𝛿1(𝑞1, 𝑥) ≠ □ and let us assume for the sake of contradiction that 𝛿2(𝑞2, 𝑥) = □ (i.e 𝑢𝑣′𝑥 ∉ 𝐷𝑜𝑚(2)). Let 
𝑝 ∈ 𝑄 the largest state such that 𝑝 < 𝑞1 and 𝛿1(𝑝, 𝑥) ∈ 𝑄 (if there exists), and 𝑡 ∈ 𝑄 the smallest state such that 𝑞1 < 𝑡 and 𝛿1(𝑡, 𝑥) ∈ 𝑄
(if there exists). Trivially, 𝛿1(𝑝, 𝑥) ≠ 𝛿1(𝑡, 𝑥). By Lemma 1 and Remark 1, one has 𝛼 ≺ 𝑢𝑣′ ≺ 𝛽, for all 𝛼 ∈ 𝐼𝑝(1) ⊆ 𝑃𝑟𝑒𝑓 (𝐿()) and 
𝛽 ∈ 𝐼𝑞(1) ⊆ 𝑃𝑟𝑒𝑓 (𝐿()). By the inductive hypothesis 𝛼, 𝛽 ∈ 𝐷𝑜𝑚(𝐵2) then, by Lemma 1 and Remark 1 one has 𝑝 < 𝑞2 < 𝑡, hence 2
is not complete by Theorem 1, a contradiction. If 𝑝 does not exist or 𝑡 does not exist (note that at least one of them exists), the proof 
is analogous. ∎

Thanks to the previous proposition, we can associate with each trim WDFA  a unique language that is the set 𝐷𝑜𝑚() for any 
W-completion  of  and we denote it by 𝐷𝑊 () because it depends only on . Note that 𝐷𝑊 () is a Wheeler language. Our final 
aim is to find the unique minimal W-completion of  by minimizing the number of empty states. We define an equivalence for the 
words in 𝑊 () ⧵ 𝑃𝑟𝑒𝑓 (𝐿()).
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Definition 5. Let  = 𝑊 () ⧵ 𝑃𝑟𝑒𝑓 (𝐿()). In , we define the following equivalence relation. Let 𝑢, 𝑣 ∈ ,

𝑢 ≡ 𝑣 ⇔ ∀𝑧 ∈ Σ∗, 𝑢𝑧 ∈  ⇔ 𝑣𝑧 ∈ .

The input-consistent, convex refinement ≡𝑐
 of ≡ is defined as follows:

Let 𝑢, 𝑣 ∈ 

𝑢 ≡𝑐
 𝑣 ⇔ 𝑢 ≡ 𝑣, 𝑒𝑛𝑑(𝑢) = 𝑒𝑛𝑑(𝑣),∀𝑧 ∈ 𝑊 () ∶ min{𝑢, 𝑣} ≺ 𝑧 ≺ max{𝑢, 𝑣} ⇒ 𝑧 ∈  and 𝑧 ≡ 𝑢.

In fact, one can easily observe that all the words of the same class end with the same letter and each equivalence class of ≡𝑐
 is a 

convex set of 𝑊 ().

Definition 6.  Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) be a trim WDFA and  = (𝑄 ∪ 𝑆,Σ, 𝛿′, 𝑠, 𝐹 ) a W-completion of . In  = 𝑊 () ⧵ 𝑃𝑟𝑒𝑓 (𝐿())
we define the following equivalence relation. Let 𝑢, 𝑣 ∈ ,

𝑢 ∼ 𝑣 ⇔ 𝛿′(𝑠, 𝑢) = 𝛿′(𝑠, 𝑣).

Lemma 2. Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) be a trim WDFA. For each W-completion  = (𝑄 ∪ 𝑆,Σ, 𝛿′, 𝑠, 𝐹 ) of ,∼ has a finite index and is a 
refinement of ≡𝑐

.

Proof.  Since  is a DFA then ∼ has a finite index equal to |𝑆|. Moreover, if 𝑢 ∼ 𝑣 then 𝑒𝑛𝑑(𝑢) = 𝑒𝑛𝑑(𝑣) because  is input-consistent. 
If 𝑧 ∈ 𝐷𝑊 () and 𝑢 ≺ 𝑧 ≺ 𝑣 then, by Remark 1, 𝛿′(𝑠, 𝑢) < 𝛿′(𝑠, 𝑧) < 𝛿′(𝑠, 𝑧) hence 𝛿′(𝑠, 𝑢) = 𝛿′(𝑠, 𝑧) = 𝛿′(𝑠, 𝑧). It follows that 𝑢 ≡𝑐

 𝑣. ∎
Theorem 2. For each trim WDFA  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) there exists a unique W-completion of  with a minimal number of states.
Proof.  First, note that ≡𝑐

 is input-consistent and that each class is a convex set of 𝑊 (). Furthermore,  is a union of classes of 
≡, hence it is a union of classes of ≡𝑐

. Moreover, ≡𝑐
 has a finite index because for any other W-completion ′,∼′  has a finite index 

and is a refinement of ≡𝑐
 (by Lemma 2). Finally, ≡𝑐

 is right-invariant. In fact, for any 𝑢, 𝑣 ∈  and 𝑥 ∈ Σ if 𝑢 ≡𝑐
 𝑣 then 𝑢 ≡ 𝑣 and 

then 𝑢𝑥 ≡𝑊 () 𝑣𝑥. Trivially, 𝑒𝑛𝑑(𝑢𝑥) = 𝑒𝑛𝑑(𝑣𝑥). If 𝑢𝑥 ≺ 𝑧 ≺ 𝑣𝑥 with 𝑧 ∈ 𝐷𝑊 () then 𝑒𝑛𝑑(𝑧) = 𝑥 i.e. 𝑧 = 𝑡𝑥 and 𝑢 ≺ 𝑡 ≺ 𝑣. By convexity, 
𝑢 ≡𝑐

 𝑡, 𝑢 ≡ 𝑡 and 𝑢𝑥 ≡ 𝑡𝑥.
We build a WDFA 1 = ≡𝑐


= (𝑄 ∪ 𝑆, 𝑠, 𝛿′, 𝐹 ) as follows:

• 𝑆 = {[𝑢]≡𝑐

| 𝑢 ∈ };

• if 𝑝 ∈ 𝑄, 𝑢 ∈ 𝐼𝑝, and 𝜎 ∈ Σ then 𝛿′(𝑝, 𝜎) = 𝛿(𝑝, 𝜎) if 𝛿(𝑝, 𝜎) is defined. Otherwise, if 𝑢𝜎 ∈ , 𝛿′(𝑝, 𝜎) = [𝑢𝜎]. Note that if 𝑣 ∈ 𝐼𝑝 and 
𝑣 ≠ 𝑢 then 𝑣𝜎 ≡𝑐

 𝑢𝜎.
• for any 𝜎 ∈ Σ and [𝑢] ∈ 𝑆 then 𝛿′([𝑢], 𝜎) = [𝑢𝜎], if 𝑢𝜎 ∈ . Note that if 𝑣 ∈ [𝑢] and 𝑣 ≠ 𝑢 then 𝑣𝜎 ≡𝑐

 𝑢𝜎.
• the order is an extension of the order in 𝑄 as follows. If 𝑝 ∈ 𝑄, 𝑟 ∈ 𝑆 then 𝑟 < 𝑝 iff ∀𝑢 ∈ 𝐼𝑟 and 𝑣 ∈ 𝐼𝑝, 𝑢 < 𝑣. If 𝑠1, 𝑠2 ∈ 𝑆 then 𝑠1 < 𝑠2
iff ∀𝑢 ∈ 𝑠1, 𝑣 ∈ 𝑠2, 𝑢 < 𝑣.

Hence 1 is a WDFA. By construction,  ⊆ 1 and 1 is a W-completion of . Any other W-completion 2 of  induces a relation 
∼2

 on  that by Lemma 2 is a refinement of ≡𝑐
, hence 2 has a number of empty states greater than 1 does. ∎

The previous theorem naturally leads to the following definition.
Definition 7.  The W-completion of  with a minimal number of states is called the minimal Wheeler completion of  and is denoted 
by 𝐶𝑊 (). 
Theorem 3. Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) be a trim WDFA and  = (𝑄 ∪ 𝑆,Σ, 𝛿′, 𝑠, 𝐹 ) a W-completion of . Then  is minimal iff for any 𝑝, 𝑞 ∈ 𝑆
consecutive empty states 𝐼𝑛(𝑝) ≠ 𝐼𝑛(𝑞).

Proof.  Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) be a trim WDFA and  = (𝑄 ∪ 𝑆,Σ, 𝛿′, 𝑠, 𝐹 ) a W-completion of . By Theorem 2,  is minimal iff for 
any 𝑝, 𝑞 ∈ 𝑆 or (i) there exists 𝑧 ∈ Σ∗ such that 𝛿′(𝑝, 𝑧) ∈ 𝑆 and 𝛿′(𝑞, 𝑧) ∉ 𝑆 (or viceversa), or (ii) 𝐼𝑛(𝑝) ≠ 𝐼𝑛(𝑞) or (iii) there exists 
𝑡 ∈ 𝑄 ∪ 𝑆 such that 𝑝 < 𝑡 < 𝑞. If assumption (i) were true, since 𝑞 is an empty state then 𝛿′(𝑞, 𝑧) ∉ 𝑄 hence 𝛿′(𝑞, 𝑧) = □. Consequently, 
according to Theorem 1, this would imply that  is not W-complete leading to a contradiction. Then if 𝑝 and 𝑞 are consecutive, then 
𝐼𝑛(𝑝) ≠ 𝐼𝑛(𝑞). ∎
Corollary 1. Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) be a trim WDFA and  = (𝑄 ∪ 𝑆,Σ, 𝛿′, 𝑠, 𝐹 ) a W-completion of . Then  is minimal iff for any 
𝑝, 𝑞 ∈ 𝑄 ∪ 𝑆 consecutive states and 𝜎 ∈ Σ, if 𝛿′(𝑝, 𝜎), 𝛿′(𝑞, 𝜎) ∉ 𝑄 then 𝛿′(𝑞, 𝜎) = 𝛿′(𝑝, 𝜎).

Here we give an upper bound on the number of states of the W-completion automaton.
Theorem 4. Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ,≤) a trim WDFA with 𝑛 states and over a 𝑘 letter alphabet. The W-completion 𝐶𝑊 () has at most 
2𝑛 + 𝑘 − 2 states.
Proof.  Let 𝐶𝑊 () = (𝑄 ∪ 𝑆,Σ, 𝛿′, 𝑠, 𝐹 ). Each state of 𝑄 can be followed by a state of 𝑆. Morevover, if an empty state 𝑝 ∈ 𝑆 is followed 
by an empty state 𝑞 ∈ 𝑆, by Theorem 3, 𝐼𝑛(𝑝) = 𝜎 and 𝐼𝑛(𝑞) = 𝜏, with 𝜎 ≠ 𝜏. According to the Wheeler property, 𝜎 < 𝜏, 𝜎 and 𝜏 are 
consecutive letters and 𝑝 = 𝑚𝑎𝑥(𝑅𝜎 ) and 𝑞 = 𝑚𝑖𝑛(𝑅𝜏 ). Furthermore, for each 𝜏, 𝑚𝑖𝑛(𝑅𝜏 ) = 𝛿′(𝑠, 𝜏) therefore, there exists at least a letter 
𝜏 such that 𝑚𝑖𝑛(𝑅𝜏 ) is a coaccessible state. Therefore, an empty state 𝑝 can be followed by an empty state 𝑞 at most 𝑘 − 2 times. In 
conclusion |𝑄 ∪ 𝑆| = |𝑄| + |𝑆| = 𝑛 + 𝑛 + 𝑘 − 2. ∎
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Fig. 3. The Wheeler automaton of the Example 4.

5.  An algorithm for the W-completion of a Wheeler DFA

In this section we provide an algorithm that takes as input a trim WDFA  and computes its Wheeler completion, 𝐶𝑊 (). The 
elements of 𝑄 are denoted by integers {1, 2,… 𝑛} and the elements of 𝑆, the new empty states added, are named using rational 
non-integer numbers for the purpose of easily specifying their order relative to the already existing states. Let 𝑙, 𝑟 ∈ 𝑄 with 𝑙 < 𝑟, by 
𝐻𝜎 (𝑙, 𝑟) we denote the internal interval of 𝜎-holes that is

𝐻𝜎 (𝑙, 𝑟) = {𝑞 ∈ 𝑄 ∪ 𝑆| 𝑙 < 𝑞 < 𝑟 and 𝛿(𝑞, 𝜎) = □}.

Remark that, in our notation, the intervals 𝐻𝜎 (𝑙, 𝑟) do not contain the endpoints 𝑙 and 𝑟 of the interval. Furthermore, we denote by 
𝐻𝜎 (∗, 𝑟) and 𝐻𝜎 (𝑙, ∗) the left interval of 𝜎-holes and right interval of missing 𝜎-holes, respectively. That is

𝐻𝜎 (∗, 𝑟) = {𝑞 ∈ 𝑄 ∪ 𝑆| 𝑞 < 𝑟 and 𝛿(𝑞, 𝜎) = □} and 𝐻𝜎 (𝑙, ∗) = {𝑞 ∈ 𝑄 ∪ 𝑆| 𝑞 > 𝑙 and 𝛿(𝑞, 𝜎) = □}.

Example 4. Consider the WDFA in Fig. 3, the transition function is defined by the following transformations:

𝛿𝑎 =
(

1 2 3 4 5 6
2 3 □ □ 4 □

)

𝛿𝑏 =
(

1 2 3 4 5 6
□ □ 5 5 6 6

)

.

Then 𝑅𝑎 = (2, 3, 4) and 𝑅𝑏 = (5, 5, 6, 6) and the intervals of missing 𝑎-holes are 𝐻𝑎(2, 5) = {3, 4} and 𝐻𝑎(5, ∗) = {6}. The interval of 
𝑏-holes is 𝐻𝑏(∗, 3) = {1, 2}.

The algorithm works by adding empty states and transitions to fill as many intervals of holes as possible while maintaining the 
Wheeler property.

An internal interval of holes 𝐻𝜎 (𝑖, 𝑗), with 𝜎 ∈ Σ and 1 ≤ 𝑖 ≤ 𝑗 ≤ 𝑛, is said to be blocking if 𝛿𝜎 (𝑖) and 𝛿𝜎 (𝑗) are equal integers. All 
other intervals of holes are non-blocking. By Theorem 1, an automaton is complete if and only if all the intervals of holes (if any) are 
blocking.

Example 5.  The automaton  of Example 3 has a blocking interval of holes, which is 𝐻𝑏(𝑠, 𝑝). But it is not W-complete because it 
also has a non-blocking interval of holes, which is 𝐻(∗, 𝑝). 

In the execution of the algorithm we will deal with WDFA  = (𝑄 ∪ 𝑆,Σ, 𝛿, 1, 𝐹 ) where 𝑆 is the set of empty states that initially 
is empty and 𝛿 is the transition function. Both 𝑆 and 𝛿 are updated at each iteration of the while loop. We denote by 𝐻(𝛿,𝑄 ∪ 𝑆) the 
set of non-blocking intervals of holes, with the current 𝑆 and 𝛿. Initially 𝑆 is empty and 𝛿 is the transition function of .

The algorithm terminates when 𝐻(𝛿,𝑄 ∪ 𝑆) is empty (line 2). The ’for loops’ at lines 3, 13 and 20, fill all the holes of the internal, 
left and right intervals of 𝜎-holes extracted from 𝐻(𝛿,𝑄 ∪ 𝑆), respectively, and temporarily collect the new empty states, eventually 
created, in a set 𝑅. When all the current non-blocking intervals have been filled, from each state of 𝑅 a missing transition is added 
(line 27) and the elements of 𝑅 are added to 𝑆, finally, the new 𝐻(𝛿,𝑄 ∪ 𝑆) is computed.

Now we detail the filling of the intervals. Let 𝐻𝜎 (𝑙, 𝑟) be the extracted interval of 𝜎-holes (line 4-12). If 𝛿𝜎 (𝑙) ∈ 𝑄 and 𝛿𝜎 (𝑟) ∈ 𝑄, 
i.e. are different and consecutive integers, all the □ in between are filled with the new empty state 𝑒 = 𝛿𝜎 (𝑙) + 0.5, to guarantee the 
Wheeler property of 𝑅𝜎 , and 𝑒 is added to 𝑅. Otherwise, if one of 𝛿𝜎 (𝑙) and 𝛿𝜎 (𝑟) is an empty state, then all the □ in between are filled 
with it. This guarantees the minimality of the W-completion (cf. Corollary 1) and guarantees that the algorithm terminates.

When a left interval of 𝜎-holes 𝐻𝜎 (∗, 𝑟) (lines 14-19) is considered, if 𝛿𝜎 (𝑟) ∈ 𝑄, i.e. is an integer, all the □ that precede are filled 
with the new empty state 𝑒 = 𝛿𝜎 (𝑟) − 0.3 and 𝑒 is added to 𝑅. Such a position guarantees that 𝑚𝑎𝑥(𝑅𝜏 ) < 𝑚𝑖𝑛(𝑅𝜎 ) when 𝜏 and 𝜎 are 
consecutive letters. Otherwise, if 𝛿𝜎 (𝑟) is an empty state, then all the preceding □ are filled with it.

Finally, if 𝐻𝜎 (𝑙, ∗) is extracted (lines 21-26), if 𝛿𝜎(𝑙) ∈ 𝑄, i.e. is an integer, all the □ that follow are filled with the new empty state 
𝑒 = 𝛿𝜎 (𝑟) + 0.5, and 𝑒 is added to 𝑅. Such a position guarantees that 𝑚𝑎𝑥(𝑅𝜎 ) < 𝑚𝑖𝑛(𝑅𝜏 ) if 𝜎 and 𝜏 are consecutive letters. Otherwise, 
if 𝛿𝜎 (𝑙) is an empty state, then all the subsequent □ are filled with it.

The alphabet Σ, the set 𝑄 of coaccessible states and the set of final states 𝐹  remain unchanged.
Theorem 5.  Let 𝐴 be a trim WDFA. Algorithm 1 computes the minimal W-completion of . 
Proof.  The algorithm produces a WDFA that is W-complete because it does not have any blocking interval of holes. It contains 
because it joins to  some empty states and transitions involving only empty states; hence it preserves the trim part of . Finally, it 
is minimal because it verifies Corollary 1. ∎
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Algorithm 1 Compute 𝐶𝑊 ().
𝑆 ← ∅
while (𝐻(𝛿,𝑄 ∪ 𝑆) ≠ ∅) do
 for all (𝐻𝜎 (𝑙, 𝑟) ∈ 𝐻(𝛿,𝑄 ∪ 𝑆)) do
 if (𝛿𝜎 (𝑙) ∈ 𝑄 and 𝛿𝜎 (𝑟) ∈ 𝑄) then
 𝑒 = 𝛿𝜎 (𝑙) + 0.5
 for all (𝑝 ∈ 𝐻𝜎 (𝑙, 𝑟)) do 𝛿𝜎 (𝑝) = 𝑒
 𝑅 ← 𝑅 ∪ {𝑒}
 else
 if (𝛿𝜎 (𝑙) ∈ 𝑆) then
 for all (𝑝 ∈ 𝐻𝜎 (𝑙, 𝑟)) do 𝛿𝜎 (𝑝) = 𝛿𝜎 (𝑙)
 else
 for all (𝑝 ∈ 𝐻𝜎 (𝑙, 𝑟)) do 𝛿𝜎 (𝑝) = 𝛿𝜎 (𝑟)
 for all (𝐻𝜎 (∗, 𝑟) ∈ 𝐻(𝛿,𝑄 ∪ 𝑆)) do
 if 𝛿𝜎(𝑟) ∈ 𝑄 then
 𝑒 = 𝛿𝜎 (𝑟) − 0.3
 for all (𝑝 ∈ 𝐻𝜎 (∗, 𝑟)) do 𝛿𝜎 (𝑝) = 𝑒
 𝑅 ← 𝑅 ∪ {𝑒}
 else
 for all (𝑝 ∈ 𝐻𝜎 (∗, 𝑟)) do 𝛿𝜎 (𝑝) = 𝛿𝜎 (𝑟)
 for all (𝐻𝜎 (𝑙, ∗) ∈ 𝐻(𝛿,𝑄 ∪ 𝑆)) do
 if 𝛿𝜎(𝑙) ∈ 𝑄 then
 𝑒 = 𝛿𝜎 (𝑙) + 0.5
 for all (𝑝 ∈ 𝐻𝜎 (𝑙, ∗)) do 𝛿𝜎 (𝑝) = 𝑒
 𝑅 ← 𝑅 ∪ {𝑒}
 else
 for all (𝑝 ∈ 𝐻𝜎 (𝑙, ∗)) do 𝛿𝜎 (𝑝) = 𝛿𝜎(𝑙)
 for all (𝑟 ∈ 𝑅 and 𝛾 ∈ Σ) do 𝛿𝛾 (𝑟) = □

 𝑆 ← 𝑆 ∪ 𝑅
 𝑅 ← ∅
 Compute𝐻(𝛿,𝑄 ∪ 𝑆)

Running time. Given a fixed alphabet of size 𝑘, which is considered constant, we analyze the running time of the algorithm with 
respect to the number 𝑛 of states. By Theorem 4, the algorithm adds at most 𝑛 + 𝑘 − 2 states. This implies that, during execution, the 
number of possible non-blocking intervals that lead to the creation of a new empty state is upper bounded by 𝑛 + 𝑘 − 2. Therefore, 
there are (𝑛) iterations in which 𝐻(𝛿,𝑄 ∪ 𝑆) is nonempty, i.e., the main while iteration is executed (𝑛) times. The for loops at lines 
3, 13, and 20 are executed, in total, as many times as the number of intervals of missing transitions at each iteration. This number is 
trivially upper bounded by a linear function of 𝑛. The for loops at lines 6, 10, 12, 16, 19, 23 and 26 are executed, in total, as many 
times as the number of holes, which is also upper bounded by a linear function of 𝑛. Finally, Compute𝐻(𝛿,𝑄 ∪ 𝑆) has linear time 
complexity. In conclusion, the algorithm presented here runs in time (𝑛3).
Example 6.  Let  = (𝑄,Σ, 𝛿, 1, 𝐹 ,≤) with 𝑄 = {1, 2,… , 6} depicted in Fig. 3 and transition functions:

𝛿𝑎 =
(

1 2 3 4 5 6
2 3 □ □ 4 □

)

𝛿𝑏 =
(

1 2 3 4 5 6
□ □ 5 5 6 6

)

.

By filling 𝐻𝑎(2, 5),𝐻𝑎(5, ∗) and 𝐻𝑏(∗, 3) three empty states (3.5, 4.5 and 4.7) are added and the transition function is updated as 
follows:

𝛿𝑎 =
(

1 2 3 3.5 4 4.5 4.7 5 6
2 3 3.5 □ 3.5 □ □ 4 4.5

)

𝛿𝑏 =
(

1 2 3 3.5 4 4.5 4.7 5 6
4.7 4.7 5 □ 5 □ □ 6 6

)

.

By filling 𝐻𝑏(4, 5) one more empty state is added (the empty state 5.5) and by filling 𝐻𝑎(3, 4) and 𝐻𝑎(4, 5) no empty state is created. 
The transition function is updated as follows:

𝛿𝑎 =
(

1 2 3 3.5 4 4.5 4.7 5 5.5 6
2 3 3.5 3.5 3.5 3.5 3.5 4 □ 4.5

)

𝛿𝑏 =
(

1 2 3 3.5 4 4.5 4.7 5 5.5 6
4.7 4.7 5 □ 5 5.5 5.5 6 □ 6

)

.

By filling the last non-blocking interval, we get the following W-complete automaton depicted in Fig. 4. The empty states and new 
transitions are dashed.
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Fig. 4. The W-completion of the automaton in Fig. 3.

𝛿𝑎 =
(

1 2 3 3.5 4 4.5 4.7 5 5.5 6
2 3 3.5 3.5 3.5 3.5 3.5 4 4.5 4.5

)

𝛿𝑏 =
(

1 2 3 3.5 4 4.5 4.7 5 5.5 6
4.7 4.7 5 □ 5 5.5 5.5 6 □ 6

)

.

A W-complete automaton is, in general, not complete. See, for example, the WDFA in 2(b) is the W-completion of the automaton 
in Fig. 2(a), but it is not complete. We say that a Wheeler automaton  is completable if 𝐶𝑊 () is complete.

Note that, as shown in the following example, for the same Wheeler language, there can exist a WDFA that is completable and 
another equivalent WDFA that is not.
Example 7. Let  a WDFA with final state 4 and transition function as follows.

 ∶ 𝛿𝑎 =
(

1 2 3 4
2 3 □ □

)

, 𝛿𝑏 =
(

1 2 3 4
4 □ 4 □

)

and ′ a WDFA with final states 4 and 5 and transition function as follows.

′ ∶ 𝛿′𝑎 =
(

1 2 3 4 5
2 3 □ □ □

)

, 𝛿′𝑏 =
(

1 2 3 4 5
4 □ 5 □ □

)

Both  and  recognize the finite language 𝐿 = {𝑏, 𝑎𝑎𝑏} but  is not completable while ′ is. Indeed, the respective minimal W-
completions are:

𝐶𝑊 () ∶ 𝛿𝑎 =
(

1 2 3 3.5 4 4.5
2 3 3.5 3.5 3.5 3.5

)

, 𝛿𝑏 =
(

1 2 3 3.5 4 4.5
4 □ 4 4.5 4.5 4.5

)

𝐶𝑊 (′) ∶ 𝛿′𝑎 =
(

1 2 3 3.5 4 4.5 5 5.5
2 3 3.5 3.5 3.5 3.5 3.5 3.5

)

, 𝛿′𝑏 =
(

1 2 3 3.5 4 4.5 5 5.5
4 4.5 5 5.5 5.5 5.5 5.5 5.5

)

Remark that 𝐶𝑊 () is complete iff 𝑊 () = Σ∗, this fact is important for defining the operations on Wheeler automata described 
in the next section.

6.  Operations on Wheeler automata

We start this section by recalling some basic constructions in theory of automata.
Let  = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ) be a DFA and let 𝐿() be the language recognized by . Let 𝑐 = (𝑄,Σ, 𝛿, 𝑠, 𝑄 ⧵ 𝐹 ). If  is a complete DFA 

then 𝑐 recognizes the complement of 𝐿(), i.e. 𝐿(𝑐 ) = Σ∗ ⧵ 𝐿().
Let 1 = (𝑄1,Σ, 𝛿1, 𝑠1, 𝐹1) and 2 = (𝑄2,Σ, 𝛿2, 𝑠2, 𝐹2) be two DFAs over the same alphabet Σ, recognizing, respectively, the lan-

guages 𝐿(1) and 𝐿(2). The Cartesian product of 1 and 2 is the DFA 1 ×2 = (𝑄,Σ, 𝛿, 𝑠, 𝐹 ), where:

• 𝑄 = 𝑄1 ×𝑄2,
• 𝑠 = (𝑠1, 𝑠2),
• 𝛿((𝑞1, 𝑞2), 𝜎) = (𝛿1(𝑞1, 𝜎), 𝛿2(𝑞2, 𝜎)), with (𝑞1, 𝑞2) ∈ 𝑄 and 𝜎 ∈ Σ.

If 𝐹 = 𝐹1 × 𝐹2 then  recognizes the intersection of 𝐿(1) and 𝐿(2), i.e 𝐿() = 𝐿(1) ∩ 𝐿(2). Whereas, if 𝐹 = (𝐹1 ×𝑄2) ∪ (𝑄1 × 𝐹2)
and 1 and 2 are complete DFAs, then  recognizes the union of 𝐿(1) and 𝐿(2), i.e 𝐿() = 𝐿(1) ∪ 𝐿(2).
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Remark 2.  Note that the completeness hypothesis for 1 and 2 guarantees that the constructions give an automaton for the 
complement and union, respectively. 

In the case of Wheeler languages, we are dealing with automata that are not, in general, complete; therefore, the above construc-
tions could fail for WDFAs. Indeed, the class of Wheeler languages is closed under intersection, but it is not closed under union and 
complementation.

In the following, we give a procedure for complementation and a procedure for the union of Wheeler languages. The basic idea 
in both constructions is the following: First, apply to the input WDFA the completion algorithm given in the previous section; then 
apply to the output of the completion algorithm the classical constructions for the complement and the union.

If the W-completion is a complete WDFA, we are able to construct WDFAs both for the complement and for the union. If not, some 
special cases are considered.

6.1.  The Complement construction

Let  = (𝑄,Σ, 𝛿, 1, 𝐹 ) a WDFA. We compute the W-completion 𝐶𝑊 () = (𝑄 ∪ 𝑆, 𝛿′, 𝑠, 𝐹 ). We then construct the automaton 𝑐 =
(𝑄 ∪ 𝑆,Σ, 𝛿′, 𝑠, 𝑄 ∪ 𝑆 ⧵ 𝐹 ). The language 𝐿(𝑐 ) is a Wheeler language and is such that

𝐿(𝑐 ) = 𝑊 () ⧵ 𝐿().

If 𝐶𝑊 () is complete, then 𝐿(𝑐 ) = 𝐿()𝑐 ; therefore, we can state the following proposition.

Proposition 2. Let  be a trim WDFA. If  is completable, then 𝐿()𝑐 is a Wheeler language.

Example 8.  Let us consider the transition function of the Wheeler automaton  in Fig. 1(a) recognizing the language 𝑎+𝑏

𝛿𝑎 =
(

1 2 3
2 2 □

)

𝛿𝑏 =
(

1 2 3
□ 3 □

)

.

The minimal W-completion 𝐶𝑊 () is the following:

𝛿′𝑎 =
(

1 2 2.5 2.7 3 3.5
2 2 2.5 2.5 2.5 2.5

)

𝛿′𝑏 =
(

1 2 2.5 2.7 3 3.5
2.7 3 3.5 3.5 3.5 3.5

)

.

It is the complete automaton (𝑊 () = Σ∗) in Fig. 1(c) with, 𝑠 = 1, 𝑝 = 2, 𝑡 = 2.5, 𝑟 = 2.7, 𝑞 = 3 and 𝑤 = 3.7. Hence, the complement 
of the Wheeler language 𝑎+𝑏 is a Wheeler language. 

If 𝐶𝑊 () is not complete (i.e.  is not completable), we have 𝐿(𝑐 ) = 𝑊 () ⧵ 𝐿() and then the complement of 𝐿(), with 
respect to 𝐷𝑊 (), is a Wheeler language. Remark that this result extends the one stated in Lemma 5.1, point 5, of [1], where the 
Wheelerness of 𝑃𝑟𝑒𝑓 (𝐿()) ⧵ 𝐿() is considered.

Example 9. Let us consider the transition function of the Wheeler automaton in Fig. 2(a) recognizing the language 𝑏+𝑎

𝛿𝑎 =
(

1 2 3
□ □ 2

)

𝛿𝑏 =
(

1 2 3
3 □ 3

)

.

It cannot be completed (cf. Example 2) but it has the following minimal W-completion.

𝛿′𝑎 =
(

1 1.7 2 3
1.7 1.7 1.7 2

)

𝛿′𝑏 =
(

1 1.7 2 3
3 □ □ 3

)

.

It is the automaton in Fig. 2(b) with 𝑠 = 1, 𝑟 = 1.7, 𝑞 = 2 and 𝑝 = 3. 

It is known that the Wheeler language 𝑏+𝑎 is not recognized by any complete WDFA, hence any WDFA that recognizes it is not 
completable. On the other hand, it can occur that an automaton  is not completable but recognizes a Wheeler language whose 
complement is a Wheeler language, as shown in the following example.

Example 10. Consider the language 𝑎𝑎𝑏 + 𝑏. It is a Wheeler language because it is finite and its complement is a Wheeler language 
because it is cofinite. The following is the transition function of a Wheeler automaton that recognizes it and is not completable

𝛿𝑎 =
(

1 2 3 4
2 3 □ □

)

𝛿𝑏 =
(

1 2 3 4
4 □ 4 □

)

.
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Fig. 5. (a) An incomplete Wheeler automaton accepting 𝑏+𝑎 and (b) its W-completion.

Fig. 6. A Wheeler automaton for 𝑎+𝑏 ∪ 𝑏+𝑎.

6.2.  The Union construction

Let 1 = (𝑄1,Σ, 𝛿1, 𝑠1, 𝐹1) and 2 = (𝑄2,Σ, 𝛿2, 𝑠2, 𝐹2) be two WDFAs over the same alphabet Σ, recognizing respectively the lan-
guages 𝐿(1) and 𝐿(2).

We first construct the minimal W-completion 𝐶𝑊 (1) of the automaton 1 and the minimal W-completion 𝐶𝑊 (2) of the au-
tomaton 2.

Let 𝑄′
1 = 𝑄1 ∪ 𝑆1 the set of states of 𝐶𝑊 (1) and 𝑄′

2 = 𝑄2 ∪ 𝑆2 the set of states of 𝐶𝑊 (2).
We construct the automaton 𝐶𝑊 (1) × 𝐶𝑊 (2), as in the classical way. More precisely, we consider only the accessible and 

coaccessible part of 𝐶𝑊 (𝐴1) × 𝐶𝑊 (𝐴2) i.e. we consider accessible pairs (𝑝, 𝑞) such that at least one of the two states is coaccessible. 
Moreover, we choose as the set of final states the set of accessible states of (𝐹1 ×𝑄′

2) ∪ (𝑄′
1 × 𝐹2). The construction uses the computation 

of the minimal W-completion, and a Cartesian product thus runs in (𝑛3).
If 𝐶𝑊 (1) × 𝐶𝑊 (2) does not contain any pair with a component □, it is a WDFA since, given two states (𝑞1, 𝑞2) and (𝑝1, 𝑝2)

of 𝐶𝑊 (1) × 𝐶𝑊 (2) we have 𝑞1 ≤ 𝑝1 ⟺ 𝑞2 ≤ 𝑝2, since the co-lexicographic order over the words corresponds to the total order 
between the states.

We can give the following proposition.

Proposition 3. Let 1 = (𝑄1,Σ, 𝛿1, 𝑠1, 𝐹1) and 2 = (𝑄2,Σ, 𝛿2, 𝑠2, 𝐹2) be two WDFAs over the same alphabet Σ. If 𝐿(1) ⊆ 𝑊 (𝐴2) and 
𝐿(2) ⊆ 𝑊 (𝐴1) then 𝐿(1) ∪ 𝐿(2) is a Wheeler language.

Proof.  Since 𝐿(1) ⊆ 𝑊 (𝐴2) it follows that 𝑃𝑟𝑒𝑓 (𝐿(1)) ⊆ 𝑊 (𝐴2) and consider the construction by the Cartesian product defined 
before. Consider an accessible pair (𝑝, 𝑞) in the automaton 𝐶𝑊 (𝐴1) × 𝐶𝑊 (𝐴2). By definition, either 𝑝 or 𝑞 is coaccessible. If 𝑝 is 
coaccessible then 𝑞 ≠ □ because 𝑃𝑟𝑒𝑓 (𝐿(1)) ⊆ 𝑊 (𝐴2), then the set of states of the Cartesian product does not contain any pair of 
type (𝑝,□). Analogously, from 𝐿(2) ⊆ 𝑊 (𝐴1) it follows that the set of states of the Cartesian product does not contain any pair of 
type (□, 𝑞). Hence, the set of pairs can be totally ordered, i.e. the Cartesian product is a WDFA that recognizes 𝐿(1) ∪ 𝐿(2). ∎

Example 11.  Let 𝐿 = 𝑎+𝑏 + 𝑏+𝑎. The automaton 1 in Fig. 1(a) recognizes 𝑎+𝑏 and the automaton in Fig. 1(c) is its W-completion 
𝐶𝑊 (1). The automaton  in Fig. 2 recognizes the language 𝑏+𝑎 but 𝑎+𝑏 ⊄𝐷𝑊 (). Consider the automaton 2 in Fig. 5(a) and its 
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W-completion in Fig. 5(b). We have 𝑎+𝑏 ⊆ 𝐷𝑊 (2). As Fig. 6 shows, the union procedure in this case gives an automaton that contains 
only comparable pairs, hence it is a Wheeler automaton that recognizes 𝑎+𝑏 ∪ 𝑏+𝑎. 

Propositions 2 and 3 provide only sufficient conditions. An interesting open problem is to find necessary and sufficient conditions 
for the Wheelerness of complement and union of Wheeler languages.
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