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We introduce a picture to describe and interpret waveguide-QED problems in the non-Markovian regime of
long photonic retardation times resulting in delayed coherent feedback. The framework is based on an intuitive
spatial decomposition of the waveguide into blocks. Among these, the block directly coupled to the atoms
embodies an effective lossy multimode cavity leaking into the rest of the waveguide, in turn embodying an
effective white-noise bath. The dynamics can be approximated by retaining only a finite number of cavity modes,
which grows with the time delay. This description captures the atomic as well as the field’s dynamics, even

with many excitations, in both emission and scattering processes. As an application, we show that the recently
identified non-Markovian steady states can be understood by retaining very few or even only one cavity mode.

DOI: 10.1103/hc4r-2st8

Most quantum optics phenomena investigated so far occur
under Markovian conditions, i.e., lack of memory effects.
One major reason behind this is that atom-photon interaction
is usually weak, while light travels very fast. This allows
to neglect photonic time delays/retardation times, which is
a tremendous simplification of the dynamics underpinning
standard tools such as the Lindblad master equation and
the input-output formalism [1]. However, recent years have
seen a growing attention to the non-Markovian regime of
non-negligible photonic time delays, especially in the emerg-
ing area of waveguide quantum electrodynamics (QED),
which generally investigates the coherent interaction between
quantum emitters and the one-dimensional (1D) field of a
waveguide [2—4]. Such non-Markovian regime can today be
accessed in some waveguide-QED experiments, e.g., through
superconducting qubits coupled to surface acoustic waves
[5] or slow-light modes near band edges [6] and even cold
atoms coupled to fiber-ring resonators [7]. While complicat-
ing the dynamics considerably, time delays can be leveraged
for a variety of unprecedented phenomena and applications,
such as persistent quantum beats [8], stabilization of Rabi
oscillations [9-11], peculiar inelastic two-photon scattering
[12,13], generation of photonic cluster states [14], exci-
tation of dressed bound states in the continuum [15-17],
enhanced Dicke superradiance [18-21], anomalous popula-
tion trapping [22], stationary oscillations of giant atoms [23],
enhanced energy-time entanglement [24], improved single-
photon sources [25], and genuinely non-Markovian steady
states [26].
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From a merely computational viewpoint, it is well estab-
lished that such class of non-Markovian dynamics can be
efficiently tackled via numerical methods [27-38]; moreover,
diagrammatic approaches were developed [39,40]. Notwith-
standing, mostly due to the daunting complication of delayed
coherent feedback, the underlying physics remains gener-
ally involved and nontrivial to interpret. In particular, to our
knowledge, no simple picture to understand such dynam-
ics was so far identified even in the weakly non-Markovian
limit, i.e., the lowest nontrivial order in the characteristic
time delay of the problem, where one could expect a rela-
tively simple effective model capturing the essential physics
to exist.

With the above motivations, this work introduces a phys-
ical picture for describing and interpreting non-Markovian
waveguide-QED problems that is built upon a real-space de-
composition of the waveguide into blocks. The essential idea
is inspired by cavity QED, where non-negligible time de-
lays occur if the atom couples significantly to many cavity
modes (see, e.g., Refs. [41-44]): The longer the delay, say
the time taken by a photon to reach a cavity mirror, the more
cavity modes need to be considered. Of course, there is no
actual cavity in a waveguide. However, nothing prevents one
from viewing the latter as a set of communicating blocks
[see blocks A and B in Fig. 1(a)] and treating the finite-size
block directly coupled to the atom [i.e., block A in Fig. 1(a)]
as an open cavity that leaks into the rest of the waveguide
(this in turn described as a white-noise bath). If the size of
the fictitious cavity [block A in Fig. 1(a)] is chosen to be
comparable with the characteristic length of the problem, then
the frequency spacing between block-A normal modes scales
as the inverse of the characteristic time delay t. Despite the
relative arbitrariness of the block-A boundaries, it turns out
that this picture allows to define an effective Hamiltonian that
fully captures both spontaneous/driven emission and photon
scattering, including many-excitation dynamics where atomic
nonlinearities are important.
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FIG. 1. Basic setup and idea. (a) A two-level atom is coupled to a
semi-infinite waveguide, whose left end acts like a perfect mirror. We
conveniently decompose the waveguide into a pair of blocks A and
B mutually coupled with rate y. Block A is an effective multimode
and intrinsically open cavity of length L 2 x in contact with block
B, where the latter one works as a semi-infinite waveguide itself.
(b) Normal frequencies {€2,} of block A. The atom of frequency
wyp resonates with the cavity mode of frequency €2 and is detuned
from off-resonant modes 21, Q4,, .... The frequency spacing of
A modes A scales as ~1/t with t the time delay [cf. Eq. (2)];
hence, the stronger the non-Markovian effects, the larger is the num-
ber of A modes to account for. Notice that each frequency €2, has
width y ~ 1/t comparable with A, reflecting the open nature of
block A.

I. SYSTEM AND BASIC PARAMETERS

To present our theory, we will consider the case study
where a two-level quantum emitter henceforth called “atom”
is coupled to a semi-infinite waveguide [see Fig. 1(a)]. In
spite of its apparent simplicity, this system hosts rich physics
and is complex enough to show the most salient effects
of waveguide-QED in the regime of long time delays (see,
e.g., Refs. [11,14,15,26,27,36,45-49]), which includes (via
a suitable mapping) emission of a giant atom [5,50] and
even some paradigmatic sub- and super-radiance phenomena
[18,51]. The left end of the waveguide [see Fig. 1(a)] works
as a perfect mirror placed at distance xy from the atom. The
waveguide sustains a 1D field with linear dispersion w = vk,
with v the photon group velocity and k the wave vector. The
atom’s ground and excited states |g) and |e), respectively, are
separated in frequency by wy = vko; hence, ko is the wave
vector modulus of a photon resonant with the atom. Assum-
ing weak coupling, the Hamiltonian under the rotating-wave
approximation reads (we set i = 1) [2—4]

o0
H=wy6,6_—iv f dx[af(x)d, a5 (x) — af (x)d.ar (x)]
0

+ 8/0 dx[64(aL(x) + ar(x)) + H.c.]8(x—xo), (1)

with 9, = %, 6_ = zﬂ = |g){el, aru)(x) the bosonic field
operator annihilating a right-going (left-going) photon at
position x, and g the atom-photon coupling strength. This
model is not analytically solvable in general, except for
single-excitation dynamics such as spontaneous emission
or single-photon scattering [52]. The essential physical

II. EFFECTIVE MODEL

We view the waveguide as two joint “blocks” [see
Fig. 1(a)]: block A, corresponding to x € [0, L[ with L > x,
and block B, corresponding to x > L. Importantly, A is the
block directly coupled to the atom and has finite length. In
contrast, block B is uncoupled from the atom and has infinite
length. Note that block B can be seen itself as a semi-infinite
waveguide, whose left edge lies at x = L [see Fig. 1(a)]. Based
on such block decomposition of the waveguide, by calling
@, and B,, respectively, the normal-mode (bosonic) ladder
operators of blocks A and B, one can replace Eq. (1) with the
effective Hamiltonian Appendix A

Her =0 6.6_ + ) Q,&ja, + / dow BB,

+1/% ;/dw(&33w+H.C.)

+> g @}6- +He), A3)
v
where

Q= w4+ 4 _2v @)

y = o UL, )/—L,

2 VI 1)
v =g(=1)" Zsin | —x0 + 2 ), 5
g =28( )\/:s1n<LXo+2> Q)

with v running over all integers, while w takes values through-
out the real axis. The second (third) term of Hamiltonian (3)
describes the free Hamiltonian of block A (block B), where in
particular 2, [cf. Eq. (4)] are the normal frequencies of block
A [see Fig. 1(b)]. The fourth term of Eq. (3) couples block
A and block B with a characteristic rate y given in Eq. (4).
Notice that 1/y is the characteristic time taken by a photon
to leak out of block A. Finally, the last term describes the
coupling between the atom and each block-A normal mode
with corresponding coupling strength g, [see Fig. 1(b)]. The
expression (5) of g, reflects the sinusoidal spatial shape of the
A’s normal modes just like a standard cavity-QED system. As
a hallmark of the present framework, L (length of block A) is
a free parameter of the model except for two conditions: (1) it
must be strictly greater than x, to ensure that block A contains
the atom, but in practice is required to be still comparable with
Xo (more on this later on); (2) L must be a multiple integer
of Ao/2, with Ay = 27 /ky the atomic wavelength. Condition
(2) makes sure that there is a block-A mode resonant with
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the atom: This mode, henceforth called “resonant mode,” is
labeled by v = 0 [indeed Eq. (4) yields 2, = wo].

Hamiltonian H.i formally describes an effective cavity-
QED system in that the atom is coupled to a multimode lossy
cavity (block A) leaking into a white-noise photonic bath
(embodied by block B). Notice that block A is an intrinsically
low-finesse cavity: Indeed [cf. Eq. (4)], AQ = Q1 — Q) ~
y, le., the frequency spacing AQ between A modes [cf.
Fig. 1(b)] is comparable with the loss rate y of block A.
Physically, this stems from the inherently open nature of the
fictitious cavity A, which fully lacks the mirror at x = L.

To end up with Eq. (3), we resort to the standard discretiza-
tion of a waveguide combined with weak coupling, where the
latter one allows to linearize the dispersion law Appendix A 1.
Discretizing the system this way enables a clean definition
of the two blocks, leading to a natural identification of their
associated Hamiltonian and normal modes, whose continuous
limit is eventually worked out. We notice that the possibility
to express the electromagnetic field as a set of discrete modes
defined in a finite region of space that are out coupled to a con-
tinuum was shown in a general framework in Refs. [53,54].

III. DEPENDENCE ON TIME DELAY

The essence of the present picture is that the dynamics
of the joint system can be effectively described by replacing
Hamiltonian (1) with Eq. (3), where the latter can be approx-
imated by retaining only a finite number of A modes, which
however eventually grows with the time delay t. To see the
last key property, recall that we require L to be of the order of
Xo. Thus the spacing of A modes AQ2 = wv/L is of the order
of 7! [see Egs. (2) and (4) and Fig. 1(b)], i.e., the detuning
between the atom and off-resonant modes |v| > 1, scales as
the inverse of time delay (recall that block A is defined so as
to ensure wy = £2p). Accordingly, in the Markovian regime of
vanishing 7 all these off-resonant modes are far-detuned from
the atom so that only the resonant mode needs to be accounted
for [cf. Fig. 1(b)].

As the time delay grows up so that non-Markovian ef-
fects get increasingly important, more and more off-resonant
modes must be retained in general. In other words, for given t,
one neeeds to retain all the modes v =0, £1, ..., £N,4, with
N, eventually growing with 7. Thus the multimode nature of
block A, instead of a more canonical one-mode cavity, reflects
occurrence of retardation effects: While this is a well-known
fact in standard cavity QED [41,42,44], the present framework
provides ground to take advantage of this property also in the
study of waveguide-QED systems.

IV. TESTING THE FRAMEWORK

To check the effectiveness of the waveguide decomposition
into blocks, in Figs. 2(a), 2(c), and 2(d), we set L = 2x,
I't > 2 (relatively long delay), and the representative phase
¢ = 1 /2 for two paradigmatic dynamics: spontaneous emis-
sion [panel (a)] and scattering of a coherent-state wave packet
[panels (c) and (d)].

In each case, the dynamics predicted by the effective model
in Eq. (3) by retaining only the A modes v = 0, &1, ..., Ny is
compared with the exact solution of Eq. (1) obtained through
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FIG. 2. (a) Atomic excitation, i.e., (e|ple) = p.. with p the
atom’s density matrix, when the atom is initially in state |e) and
the field in the vacuum state: exact analytical solution [45,46] (black
line) vs the approximated one using Eq. (3) by retaining only modes
v=0,=%l1,...,£N, for ¢ = /2 and I't = 2. (b) Dependence on
¢ and 't of the minimum number of modes N, yielding a mean
square root deviation below 1% between the approximate and exact
solutions of p,. () for the same process as in panel (a). Field’s output
intensity [panel (c)] and two-photon correlation function [panel (d)]
after the scattering of a left-incoming Gaussian coherent wave packet
(see Appendix C). We set the wave packet’s width to W = 2.5T and
the average number of photons to n,, = 0.5 with phase ¢ = 7 /2 and
delay I't = 4. In panels (a)—(d), we set L = 2x.

either analytical methods when available [as in the single-
excitation dynamics of panel (a)] or numerical simulations
based on matrix product states [27] [panels (c) and (d)]. As N
is made larger, the mismatch between exact and approximated
dynamics gets smaller and smaller until becoming negligible.
Notice that, the dynamics in panels (c) and (d) involves many
excitations, providing evidence that the picture is effective
even when the atom’s intrinsic nonlinearity has substantial
effects. This is especially striking in Fig. 2(d), reporting
the two-photon correlation function of scattered light, which
clearly shows a multiphoton peak that adds to the delayed
single-photon peak of the output intensity in panel (c). Analo-
gous conclusions hold for different settings of the parameters,
including the special value of phase ¢ = 2w where it is known
that the atom does not fully decay [45,46].

We note that the convergence rate is generally dependent
on the set values of the relevant parameters, a major reason
being the sinusoidal dependence on these parameters of the
coupling strength g, [cf. Eq. (5)]. For analogous reasons, in
general the convergence is not strictly monotonic, i.e., it can
happen that N4 4+ 1 modes perform as Ny or even worse Ap-
pendix B 2. Notwithstanding, convergence eventually occurs
because |g,| < g+/2/L for any v while the detuning |2, — wp|
grows linearly with v [cf. Egs. (4) and (5)]. Evidence of this
is provided in Fig. 2(b), where we study the dependence on
the phase ¢ and rescaled time delay I't for L = 2x, of the re-
quired number of modes to capture the exact dynamics for the
paradigmatic process of spontaneous emission. Specifically,
we plot the minimum number of modes N, yielding a mean
square root deviation below 1% between the approximate
and exact solutions (see the Appendix B2 for details). As
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expected, N, eventually grows with T't, witnessing that, as
non-Markovian effects get stronger, more and more modes of
block A generally need to be accounted for in the description.
Interestingly, a fast (low) convergence rate as a function Ny
occurs for ¢ ~ 7 (¢ ~ 0, 27), at which values the considered
dynamics exhibits the weakest (strongest) non-Markovian be-
havior as measured by a rigorous non-Markovianity measure
[47].

Although somewhat implicit in the above, it is worth stress-
ing here that the advantage of the framework is not to provide
a fast computational numerical tool (where efficient tech-
niques exist already) but rather an intuitive physical picture
connecting non-Markovian waveguide QED with cavity QED.
This is illustrated next with some important instances.

V. MARKOVIAN LIMIT AND PURCELL EFFECT

For I't « 1, we are in the Markovian regime: Time de-
lay is negligible, but the feedback provided by the mirror
affects atomic emission resulting in a decay rate modulated
by ¢ as I''(¢p) = 2T sin® % [45,46], which was experimentally
confirmed [55]. Thus emission can be either enhanced or
suppressed; in particular, I'" = 2I" for ¢ = (2m + 1) while
I" =0 for ¢ = 2mm, where m is an integer. Now, using
our framework, we see that, due to AQ ~ 1/t [cf. Eq. (5)],
for negligible t the off-resonant modes of block A are very
far-detuned from the atom and thus can be neglected. Only
the resonant mode therefore needs to be accounted for. Its
bandwidth is, however, very large since we also have y ~
AQ ~ 1/t [cf. Eq. (5)]. The system therefore reduces to an
atom coupled to a standard one-mode cavity, but in the bad-
cavity limit. The corresponding atom-mode coupling strength
is go = g\/% sin% [cf. Eq. (5)], which indeed vanishes for
¢ = 2mm meaning that in this case the atom sits right on a
cavity field’s node and is thereby unable to emit. Standard
cavity-QED theory in the bad-cavity limit then predicts the
decay rate 4g3/y, which indeed exactly matches I''(¢). This
shows that the action of the mirror, despite no actual cavity
is present, can still be seen as a manifestation of the standard
Purcell effect in a cavity.

VI. NON-MARKOVIAN STEADY STATES

Recently, Ask and Johansson showed that a driven atom
in front of a mirror for non-negligible 't can reach
steady states unattainable in a standard Markovian bath [26].
Specifically, let

b = —i[1Qp6., p] +k DI6_1p + ks DI6:6-1,  (6)

with D[A]p = ApAT — 1{ATA, p}, be the standard Marko-
vian master equation (ME) of an atom subject to a classical
drive of Rabi frequency Qp, pure dephasing with rate «y
and decaying into a Markovian bath with rate x. An atom’s
state p is fully specified by the excited-state population p,.
and coherence p,,. After a transient, theemitter reaches a
steady state obtained by imposing p = 0 in Eq. (6). It turns
out that, irrespective of ©2p and «, the steady state must lie
within the shaded region bounded by the elliptical line shown
in Fig. 3. This bound in particular holds for a driven atom in

0.6 ‘ l ° e>‘<act
wn &5 -3 Na=0
0.5 = Ny —1]
0.4 & 4Na=2]
Q.) QD=2
L 03 [ |
Q Qp=1.5

0.2
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0.0 . £p=0.5 ‘ ‘ ‘
0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45
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FIG. 3. Non-Markovian steady states. Each point (|0el, pee)s
with p,, (p..) the coherences (excited-state population), fully spec-
ifies a possible steady state of a driven atom emitting into the
semi-infinite waveguide. Emission into a Markovian bath [see Eq. (6)
for p = 0] can only yield steady states within the shaded area [56].
The blue dots are exact steady states computed through MPS simula-
tions for different Rabi frequencies €2p (in units of I') and for I't =
0.25 and ¢ = w. The other points (squares, rhombi, and triangles)
are steady states calculated through the effective Hamiltonian (3) by
retaining only N4 modes of block A for L = xy. Each non-Markovian
steady state is computed by evolving the whole system for a suf-
ficiently long time and tracing over the field/block modes until the
atom’s reduced state—in a frame rotating at frequency 2p—reaches
an asymptotic value p. The corresponding values of | p,,| and p,, then
define a point on the diagram.

a semi-infinite waveguide in the Markovian regime I't < 1
(see previous section). However, it can be violated in the
non-Markovian regime: see, e.g., the blue dots in Fig. 3
computed via exact matrix product states (MPS) numerical
simulations [26] corresponding to the steady states occurring
for 't = 0.25, ¢ =, and (from bottom to top, see curved
arrow) growing values of Qp.

The steady states in Fig. 3 can be well approximated us-
ing our block-decomposition framework, as shown by Fig. 3,
where the agreement with the exact solution (blue dots) grows
with N4. Remarkably, retaining even a single-cavity mode
(N4 = 0; orange squares) provides an excellent quantitative
approximation at low values of €;/I" and, as long as pop-
ulation p,, is concerned, even at larger ones; in any case,
on a qualitative ground, it appears to capture most of the
relevant physics. In this case, the emitter’s steady state can be
obtained through a partial trace from the bipartite Markovian
ME governing the evolution of 9, i.e., the joint state of the
atom and mode v = 0,

b = —i[1Qp6. + g0(@j6- + H.c.), 8] + yDlaold, (7)

with y and gy given by Egs. (4) and (5). We point out that
the occurrence of population inversion at long times, i.e.,
Pee>1/2, is a sufficient condition to reach non-Markovian
steady states beyond the elliptical bound in Fig. 3. Occurrence
of population inversion for a driven two-level system coupled
to a lossy cavity mode is a well-established quantum optics
effect [57], which highlights a further interesting connection
between non-Markovian waveguide QED and cavity QED.
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VII. CONCLUSIONS

We presented a picture to describe and interpret
waveguide-QED dynamics with delayed feedback. After de-
composing the waveguide into blocks, the block coupled to
the atom is viewed as an open cavity leaking into the rest of
the waveguide. The longer the time delay, the more modes
of such open cavity generally need to be accounted for. The
picture captures both the atom and field dynamics, even when
many excitations are present.

While we focused on one atom in a semi-infinite waveg-
uide, the framework can be extended to many emitters. A
possible modular generalization is discussed in Appendix E
and illustrated in the representative instance of two atoms cou-
pled to an infinite waveguide by decomposing this into four
adjacent open blocks, where each of two central blocks con-
tains one atom. A natural generalization of Eq. (3) provides
the effective Hamiltonian, which can likewise be approxi-
mated by retaining a finite number of modes per central block
and treating the pair of outer blocks as Markovian baths. The
method was successfully tested by demonstrating its ability to
capture non-Markovian super- and subradiance [18].

The idea that atoms in waveguides could be understood
in terms of effective cavities appeared several times (see,
e.g., Refs. [56,58-61]), sometimes relying on the well-known
mirrorlike behavior of an atom [62]. In contrast, the cavity
central to our framework relies on a fully transparent fictitious
mirror. However, it is instrumental to the establishment of a
sharp link between emission phenomena featuring delayed
feedback and cavity-QED physics with the bonus that the
picture can capture the waveguide-field dynamics as well. Our
theory can be seen to define a so-called Markovian embed-
ding or dilation in the following sense: One replaces an open
system—the atom in our case—immersed in a non-Markovian
bath with an enlarged open system—the atom plus A modes
here—that is instead immersed in a Markovian bath. This is
arguably the most common strategy to attack non-Markovian
problems and is typically accomplished by adding auxiliary
lossy modes to the open system [36,63—66]. Two remarkable
features, however, stand out in the present approach: (1) The
open-cavity modes have a clear physical meaning and can be
straightforwardly visualized as degrees of freedom taken out
of the bath (i.e., the waveguide); (2) besides the open system,
the framework can describe as well the bath dynamics. We
anticipate that this work could offer an alternative approach to
understanding and interpreting waveguide-QED phenomena
in the relatively unexplored non-Markovian regime.
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APPENDIX A: DERIVATION
OF THE EFFECTIVE HAMILTONIAN

Here, we derive the effective Hamiltonian (3) by first dis-
cretizing the waveguide, then decomposing it into blocks and
finally taking the continuous limit. We start with a review of
the discretization of a continuos waveguide.

1. Discretized waveguide: Review

Consider a homogeneous coupled-cavity array with cav-
ities located at positions n, whose free Hamiltonian has the
usual tight-binding form

Hy =cha;a,, —JY (@}, 4 +He), (A1)
n n
with w, the frequency of each cavity and J the cavity-cavity
hopping rate.
Under periodic boundary conditions (a; = dy41), the

waveguide’s normal modes are the usual plane waves with
dispersion law

wr = w. — 2J cosk, (A2)

which gives rise to an energy band of width 4J, where
kn =2am/(N + 1), with m =1, ..., N. The corresponding
group velocity is vy = dw/dk = 2J sin k; hence (far from the
band edges), the dispersion law can be linearized around a
specific wavevector kg as wy =~ (w, — 2J cosky) + v(k — ko),
with v = vy,.

In the presence of an atom coupled to the waveguide at
position g, the total Hamiltonian reads

H = wy6,.6_ + Hp + Vyp. (A3)
with the atom-field interaction Hamiltonian given by
Var = g(6,a,, +Hec.). (A4)

Note that the coupling-strength g here is defined differently
from the one in Eq. (1) of the main text, and indeed they have
different dimensions. If the atom is tuned inside the photonic
band (i.e., o, — 2J < wy < w, + 2J), only photonic modes of
frequency wy, close to wy need to be considered, hence one can
linearize the dispersion law around +ky, with ky defined by
wp = wg,. It can be shown that the real-space representation
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block /\

FIG. 4. Decomposition of the discretized waveguide into blocks A and B, with b; = ay, 41, ...

block A is directly coupled to the atom.

of the linearized field’s Hamiltonian so obtained is analogous
to the second term of Eq. (1).

If we now consider open boundary conditions, such that
ag = ayy1 =0, the spectrum (A2) is unaffected but the
normal modes now have sinusoidal shape,

N
2
Gy = ‘/N—+1 ; sin (k,n)&,, with

k, = for m=1,...,N.

A5

N+1 (49
In the limit N — oo, we obtain a semi-infinite waveguide
(or equivalently a waveguide subject to a hard-wall boundary
condition at n = 0).

2. Decomposition into blocks
We start from Hamiltonian (A1) under open boundary con-
ditions and split the discretized waveguide in two blocks (see
Fig. 4): block A for 1 < n < Ny, with Ny > ng and block B
for Ny + 1 < n < N (so that block A is the one of the two
directly coupled to the atom). Corresponding to this block
decomposition, we rearrange the free field’s Hamiltonian as

Na
E aa,

Ny—1

—J ) (and),, +He)

n=1

Hy
Np Np—1
+we Yy biby—J Y (bb],, +Hc)
n=1 n=1
Hy

—J(an, b} +H.c.), (A6)

Var

where Ng = N — Ny is the size of block B. Notice that for
convenience we have renamed the bosonic site modes of block
B as b,=a,_y,. In Eq. (A6), Hy (Hp) is the free Hamiltonian
of block A (block B). It is important to stress that the two
blocks are mutually coupled with interaction Hamiltonian Vg
and coupling strength just equal to the photon hopping rate J:
Their coupling guarantees a photon coming from block A to
reach B (or the other way around) without suffering any back
reflection.

The sine-shaped normal modes of block A read [compare
with Eq. (AS)]

2 A
b=\l ; sin (kAn) a,, with

blocl\

, by, = ay. Note that Ny > ny, meaning that

k;: o for m=1, ..., N4.
Ny+1

In terms of these, the free Hamiltonian of block A takes the
diagonal form

(A7)

Ny
O, = A At oA
n= w,, &,y (A8)
m=1
A

where @} = w. — 2J coski. Real-space block-A operators
can be expressed in terms of these normal modes as

2
a, = Nirl n; sin (kﬁn) &

This allows us to express even the atom-field interaction
Hamiltonian (A4) in terms of the A’s normal modes as

(A9)

Na
Var = ) gn(61&, + He), (A10)
m=1

where g, measures how strongly is the atom coupled to the
mth normal mode of block A

— 2 ; A
gn =28 ,NA — sin (kno).

Likewise, using the same decomposition (A9) for n = Ny, the
coupling Hamiltonian between blocks A and B [cf. Eq. (A6)]
is arranged as

(Al1)

VAB = — Olm bT

NA+IZSIH

Na
= &n(@nb] + He),

(A12)
m=1
where we defined
[ 2 . mm
En=J NA+1(—1)’”sm (NA+1) (A13)
and used the identity
sin (kj, Na) = —(—1)"sin (k). (A14)

Analogously to block A, we can define normal modes also for
block B as [cf. Eq. (A9)]

A 2 M .
= > sin (kjn) by, with
Ny +1 &
B _ N”m for m =1, ..., Ny (A15)
B
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such that [cf. Eq. (A8)] A = Y0 | P Bl B, with f =

w. — 2J cos kB. The inverse transformation reads

) 2 & e
b, = il n;sm (kEn) B (A16)

and allows now to arrange the A-B interaction Hamiltonian
(A12) as

Nis  Np
Vag =) Y &nxow @npB, +Heo), (A17)

m=1m'=1 |

Ny

N,
A =66+ ) o) &) an+ Z b BiBn+ Y D Emdw @Bl +HC)+ Y gn(648m +He),

m=1 m=1

m=1m'=1

with

(A18)

2 . mm
Am = sin .
Np+1 Np+1

To summarize, in terms of block-A and block-B normal modes
the total Hamiltonian reads

Na
(A19)

m=1

— Ay

where we recall that

Wb =w, —2Jcoskd, @B =w, —2JcoskE.

m

(A20)

3. Continuous limit and linearization

Since we are considering a semi-infinite waveguide, the
length of block B must diverge as Ng — 0o. Accordingly,
block-B normal ladder operators { ,3,,1} become a continuum
of singular bosonic modes {B(k)} with 0 < k <7 fulfilling
[B(k), BT (k')] = 8(k — k'). Specifically, B(k) is obtained as
the continuous limit of the rescaled ladder operators B,/ VAk
with Ak = 27 /Ng. This way, in Hamiltonian (A19) we can
make the replacements

Ngp p
> wh BiBn— / dk o® (k)" (k)B (k).
m=1 0

o = 2 ,
Z X By —> / dk ./ —sink B(k).
m'=1 0 T

Here, in each sum we multiplied and divided the summand by
Ak, expressed it in terms of ﬁm / Ak and finally carried out
the continuous limit thus turning sums into integrals over the
first Brillouin zone.

We assume now that the atom is tuned on resonance with
a specific normal mode of block A, whose wavevector labeled
by m = my, i.e.,

(A21)

wo = @ — 2J cos ki . (A22)

Also, to ensure the weak-coupling regime, we assume that
g < J and that wy = wy, is sufficiently far from the band
edges w. £ 2J (where singularities occur). Accordingly, we
can effectively approximate the dispersion law of block A to
the first order around m = my as

ot ~ wo + v(ky — kpy) = wo + v

m —

v, A23
Nyl (A23)
where we used Eq. (A13) and replaced the effective group
velocity v = 2J sin k. In the last identity, we introduced the
integer number v = m — my (taking both negative and posi-
tive values). Accordingly, we approximate &, [cf. Eq. (A13)]

= VAF

(

to the lowest order around &, obtaining

2 v 2
—1)"sin (k) = —. | -1,
NA+1( )" sin (Ky, ) > NA+1( )

(A24)

En=J

Moreover, since the coupling strength between the generic
block-A mode and block B is much smaller than the waveg-
uide bandwidth in the thermodynamic limit, i.e., §,, < J [cf.
Eq. (A13)], we can also linearize the dispersion relation of
block B as w?(k) =~ wy + v(k — ko), where v = 2J sin ko and
k now runs between —oo and +oo, which allows us to replace
sink.

4. Final continuous Hamiltonian

Putting everything together we get the total Hamiltonian

Ar= ) Qdla,+ / " dk 0B 0B
0

V=—00

Y 2
+v;oo§ Ny+1

T~ [2,
X <a/ dk /= ﬂT(k)+H.c.>,
0 T

o0

Var = ) g64a, +He,

V=—00

(D"

(A25)

where g, is just (A11) expressed in terms of v = m — mg and
gb = kaono.

g =g (A26)

2 . b4 n ¢
sin [ v no+ = |,

Ni+1 Na+1°72
with 2, = wo + vk, and w(k) = wy + vk. Each mode v of the
cavity is coupled to block B with strength ~v/+/N4, which for
N, large enough will be far smaller than v. This and the fact
that the coupling of each mode to block-B modes is flat (i.e.,
frequency independent) yields that the integrals over k can be
extended to the entire real axis. By passing in addition to the
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frequency domain [using w = vk and B(k) = B(w)//v], we
get the free-field Hamiltonian in the form

Ay =Y Q86 + / do 0¥ (@)B(w)

v N ..
+2V: /NA+1 <aV/_OOdw\/;ﬂ (w)—l—H.c.),

(A27)

where we also redefined the cavity modes as &, — (—1)"@,,
in a way that factor (—1)" is now incorporated in the definition
of the emitter cavity. The latest step is to take the continuous
limit of the tight-binding model, which essentially leads to the
replacement Ny + 1 — L,, which leads to Egs. (3)—(5).

APPENDIX B: SPONTANEOUS EMISSION
IN THE MARKOVIAN REGIME

It is well known that Hamiltonian (1) implies that the
atom’s excitation amplitude €(¢) obeys the exact delay differ-
ential equation [45,46]

. r r .
8(t)=—5 E(I)+Ee’¢e(t—r)®(t—r). (B1)

The exact solution of this equation is known and reads [46]

e)=e Yy %(geff/’*‘z'f) (t —nt)'0(t —nt). (B2)

An approximate solution can be obtain for very short time
delay (Markovian regime), by replacing t — t >~ ¢, so that
(B1) reduces to

T T T inde— il —cose)
é=——€c+ —=¢?, e=i=singpe— —(1 —cosp)e.
2 2 2 2
(B3)
Hence, the excited-state population will decay as |e|> = e
with
r_ _ 2 ¢
I''=T{ —cos¢)=2Isin 5 (B4)

1. One block-A mode

Consider the effective Hamiltonian (3) and approximate it
by retaining only the block-A resonant mode v = 0, which is
justified in the limit of very short time delay. Also, we take
L = xy, hence [cf. Eq. (5)]

2
g = g\/;sin % . (BS)

Let the atom initially in state |e) with mode v = 0 and all
the modes of block B initially in the vacuum state. Then the
joint state of the atom and mode v = 0 has the form

W () = e(t)le, 0) + ap(r)lg, 1), (B6)

with |e, 0) (|g, 1)) the state where the atom is in the excited
(ground) state while mode v = 0 has zero (one) photon, where
€(t) and ap(t) fulfill the differential system (we set in a

rotating frame such that wy = 0)

€ = —ig()()l(), d() = —gao - ig()é
subject to the intial condition €(0) = 1, ap(0) = 0.

In the Laplace domain (variable 7 replaced by s), the system
reads

€ — 1 = —igollg, sl = —gao —ige. (BT
In the limit of very short delay, we get y > go [cf. Egs. (4) and
(5)]; hence, we can replace «(t) with its stationary value for
given €(t), which is equivalent to setting s = 0 in the second
identity of Eq. (B7). This yields &y = —i z};ﬂé. Replacing in
the equation for €, we get

1

E= ——,
s+ I

(B3)
where I'' = zyﬁ matches Eq. (B4).

2. Number of cavity modes needed to capture
the non-Markovian dynamics in Fig. 2(b)

To assess how many modes N, of block A (fictitious cavity)
must be retained in order to accurately capture the non-
Markovian behavior, we focus on the paradigmatic process
of spontaneous emission in which case the exact solution
for the atomic excited-state amplitude versus time is given
in Eq. (B2). This is to be compared with the approximate
solution obtained from the effective model for different values
of the parameters I't and ¢. To carry out this task, for each
set of parameters we discretize time as t,, = mAt, with At
the time step, up to a final time #; = Ny Af, with Ny the total
number of time steps. The exact and approximate solutions
are accordingly represented by the Ny-dimensional vectors of
components &(t,,) and &g (¢, ), respectively.

As a figure of merit quantifying the mismatch between
the exact and approximates solutions, we use the root mean
square deviation the standard deviation defined by

1 N
RMSD = | =3 leer(tn) — ). (BY)

! =1

We then run simulations using the effective model for growing
values of N4 and compute the RMSD for each value of Njy.
The minimum value of N, yielding a root mean square devi-
ation below 1%, i.e., such that RMSD < 0.01, then embodies
our measure for the required number of cavity modes.

APPENDIX C: TENSOR NETWORK SIMULATIONS

The exact results throughout the main text are obtained
by leveraging the MPS formalism specifically adapted for
photonic circuits featuring time delays, as illustrated in Ref.
[27]. We consider the reduced quantum state of the emit-
ter A and the non-Markovian bath F (field in the region
within the atom and the mirror) as initially uncorrelated, i.e.,
par(t = 0) = pa(0) ® pr(0). For a single emitter coupled to
a semi-infinite waveguide, a simplification of the problem’s
geometry arises by transforming the configuration into an
equivalent one with a chiral infinite waveguide and the emitter
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coupled to the waveguide at two points separated by a dis-
tance of 2xy [52]. In the interaction picture with respect to
the bath and the emitter free Hamiltonians, Eq. (1) is can be
recast as [69]

H(t) = Hy + g(6; (b + € b,_»,) +Hec), (Cl)

where we are including a classical driving Hamiltonian on the
atom Hy = Q(UA+ +0,) and 13, are the time-domain ladder
operator of the chiral bath. The overall state psr is evolved
according to a stroboscopic map with discrete time steps At
chosen to be small compared to the relevant frequencies of
the system, consistent with the approach used in quantum
collision models [70]. Hence, we define the discrete-time
propagator

U, = exp —iH, At, (C2)
with
: : 8 a+ih it f
A, = Hy + —— (6 (b, + ¢ b,_,) + H.c.), (C3)
“ A A ‘

where we introduced the discrete bosonic noise operators
P 1 [t f _ . . .

b, = 7= friH b(s)ds aITd £ =2t/At. Tbe dlscretlzano.n of
the interaction reflects in the representation of the environ-
ment as a chain of £ quantum harmonic oscillators and the

joint state of atom and environment as

par = Y _ ;7171

eid

ii

(C4)

with the basis state |?) = |ia, i1, ..., ig), where the numbers
identify the ¢ oscillators. This representation can be refor-
mulated using singular value decomposition between each
possible bipartition of the chain, yielding a matrix product
operator (MPO)

par =Y > AKMALL AL (C5)
i F

Here, the indices i and i iterate over the computational basis
of each subsystem (physical indices), and the contracted in-
dices k (virtual or bond indices) run from 0 to a maximum
value Dp,ax called bond dimension, capturing correlations be-
tween the sites [71,72]. Truncating the bond dimension up
to a certain threshold corresponds to discarding the smallest
singular values in the decomposition mentioned above. This
approximation proves highly effective, especially when the
subsystems exhibit weak correlations, significantly reducing
the computational resources required to manage the state. Any
operator can be expressed as a MPO and operates on the state
by contracting the relevant physical indices. After the action
of a nonlocal operator, the bond dimension between two sites
involved in the evolution typically increases. Therefore, a
compression step, i.e., singular value decomposition followed
by truncation of the bond dimension, is always performed
to effectively manage the dimension of the tensor network.
In particular, the propagator (C2) features terms acting on
A and on two oscillators (the 1st and the ¢th) at the same
time. Given the high cost of compression for long-range in-
teractions, we mitigate this by simplifying the propagator to
the application of nearest-neighbor unitary operations. This is
achieved through a suitable swap scheme that maintains the

physics unaltered [27,73]. The complete process of evolution
update is illustrated in Figs. 5(a)-5(d), utilizing the Penrose
notation for tensors. This scheme can be directly applied
to spontaneous-emission dynamics without modification. For
scattering dynamics, an additional step is necessary to repre-
sent the incident pulse because the incoming field constitutes a
correlated state across multiple oscillators. Let m be the num-
ber of such oscillators. Thus, we define the discrete n-particle
wave packet operator as

il = (zmaa:) |
i=0

where &; is a discrete sample of the Gaussian amplitude

(Co)

2\ 174 1, )
E(t), = (E) eXp{ZW (t —1) } (C7)

with W and #y the frequency bandwidth and the center of
the pulse, respectively. The coherent-state pulse with average
photon number |«|? reads [75]

S n
(02NN
[W)ouse = ¢ 237 =4 110). (©8)

n=0

This state can be generated as an MPO by applying the tensor
network corresponding to Eq. (C6) to a chain of m oscillators
initially in the vacuum state. For low powers, the first terms
of the sum above are sufficient to represent the pulse. The
atomic population, ¢, the output field intensity Iy, and the
two-photon correlation function, G, are obtained through
measurements on the reduced state of the atom, p,(t) =
Tre{par(?)}, and of the £th oscillator, p,(t) = Trape{Par(t)},
respectively:

e(t) = Tr{pa(t)646-}, (C9)
Toue(t) = Tr{pe (1)l ()ae (1)}, (C10)
GP(t) = Tr{pe(t)ay (t)a) (t)ae(t)a(t)). (C11)

APPENDIX D: INPUT OUTPUT FORMALISM
FOR THE EFFECTIVE MODEL

To simulate the scattering of a photonic wave packet with
the emitter within our effective model, we treat the block B
waveguide modes, ,810, as a Markovian bath. In this way, it is
possible to eliminate these degrees of freedom obtaining the
following master equation for an open multimode cavity-QED
system

p = —ilHcqep + Hp. p1 + ¥DIAlp. (DD
where
Heqep = wo 646 + Z Q, a'a, + ng (@'6_ +Hc)
) ' D2)

is the system Hamiltonian with 2, and g, being defined in the
main text. In Eq. (D1), we introduced the usual Linbladian dis-
sipator D[A]p = ApAT — {ATA, p}/2 applied to the collective
mode operator A = >, &, with y =2v/L being the decay
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(b)
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FIG. 5. Update of the MPO representing the joint state of the atom and the non-Markovian bath according to Eq. (C5). The tensor in red
represents A4, indicating the atom’s state. The blue tensors correspond to the chain’s harmonic oscillators, while the green ones represent
the first and £th oscillators of the chain, which interact with the atom. Each physical leg denotes the pair of vector spaces corresponding to
each tensor. Consequently, the operators acting on the chain should be understood as the corresponding maps, or equivalently, the operators
acting on the local purification form matrix product state of the system’s density matrix [74]. (a) After the (n — 1)th step the joint atom-bath
system and the oscillator 1 on the left are uncorrelated. (b) The £th oscillator is put on the right of the atom through a sequence of swap
operations (not depicted). (c) the tensor network corresponding to the propagator (C2) acts on the systems 1, A, and £. (d) After the interaction,
the £th oscillator is traced, A and 1 swap their positions, and an uncorrelated oscillator is added to the left. A compression follows after each
transformation of the chain. (e) Initial state for the scattering dynamics. A chain of oscillators encoding the state of the incoming pulse is

placed on the left of the joint atom-bath system.

rate of block A into the block-B bath. In Eq. (D1), we included
a coherent driving term of the modes «,,:

Hp = /7 ) _[En(t)e“" & + H.cl, (D3)
where wj, is the frequency of the driving input field. The
shape of the input pulse is determined by the field am-
plitude Ej,(t), normalized with respect to the number of
photons npy, f dt|En (D = npn. For the scattering process
discussed in the main text, we employ the same Gaussian
pulse shape as specified in Eq. (C7), Ein(¢) := &(t),. The
open-system dynamics of the multimode cavity-QED sys-
tem, described by Eq. (D1), is simulated using a quantum
trajectories approach, averaging over n, = 4000 trajecto-
ries [76]. Once solved the system dynamics, the output
field can be reconstructed using the following input-output
equation [77]:

Eou(t) = En() +iy7 Y au0). (D4)
The intensity of the output field and the two-photon corre-
lation function can then be computed in terms of the modes
of the effective cavity and read Iy, (t) = (&I(t)&v(t)) and
GP1) = (&I (t)&'v" ()&, (t)a, (1)), respectively.

APPENDIX E: MULTIATOM GENERALIZATION

The effective model introduced in the main text for one
atom and a terminated waveguide can be generalized to the

case of many atoms emitting into a waveguide. For the sake
of argument, we consider two atoms in an infinite waveguide;
The extension to a terminated waveguide and/or many atoms
is straightforward. The method is based on decomposing the
waveguide into a modular arrangement of fictitious cavities,
one for each emitter.

1. Review of the one-atom case for a semi-infinite waveguide

The single-atom configuration in the main text features
consider an atom located at a distance xy from a perfect
mirror terminating a semi-infinite waveguide [see Fig. 1(a)].
The effective model is obtained by isolating a segment of
the waveguide of length L > xy, which defines a fictitious
cavity bounded by the mirror on left side and coupled to
an external Markovian reservoir representing the rest of the
waveguide. The cavity supports a discrete set of modes with
frequencies defined in Eq. (4). The atom couples to these
modes with frequency-dependent strengths (5). We observe
that convergence of the effective model to the exact atom-
waveguide dynamics depends on the choice of o« = L/x¢. In
this setting, the best results are obtained when o = 2, i.e.,
when the atom is placed at the center of the fictitious cavity.
This can be understood by noting that the amplitude of all
odd-parity cavity modes have antinodes at the cavity center,
leading to constructive interference and maximum overlap
with the atomic position. In contrast, arbitrary values of o
generally lead to partial cancellation of modal contributions.
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FIG. 6. Generalization of the framework for two atoms in an infinite waveguide. The waveguide is decomposed into four blocks. Each of
the blocks A and A’ is treated as a multimode open cavity of length L coupled to one of the atoms. Blocks A and A’ additionally leak into blocks
B and B', respectively. Each pair of adjacent blocks is coupled with rate y .

2. Two atoms in an infinite waveguide

We consider two atoms separated by a distance xy coupled
to an infinite waveguide described by the Hamiltonian

H:(,z)() E 6,46‘,;
i=1,2

—iv / h dx[a),(x)d,ar (x) — &} (x)8,ar(x)]

+g) / dx[64(aL(x) + ag(x)) + H.c.J8 (x—x;),
i=1,2Y 7%

(ED)

with x; = —x, = —xo/2 defining the atom positions (we set
the origin at the midpoint between the two emitters). The rele-
vant parameters of the system are now [cf. Eq. (2)] " = 2¢%/v,
T = 2xp/v, and ¢ = 2koxp.

To extend the effective model of the main text to the present
case, we somewhat replicate the one-atom scheme by intro-
ducing two-fictitious cavities A and A’, each containing one
atom and treated as a multimode open cavity of length L (see
Fig. 6). The two cavities are connected through a fictitious
mirror, analogous to the one coupling blocks A and B in
the single-atom configuration of Fig. 1(a). Blocks A and A’,

1.0,

respectively, leak into blocks B and B’ embodying Markovian
baths. Each pair of adjacent blocks is coupled with rate . The
effective Hamiltonian corresponding to such block decompo-
sition thus reads

H. = ap Z 6116, + Z Q, (@fa, +afa))
i=1,2

+ [ dwo @b+ BB
14 AT R AT D
+ /Z Xv:/dw(avﬂw+av B, +H.c.)

+) g (@6 +a) 6, +He)
v

+ ‘/% Y @a), +He),

vy’

v

(E2)

where &, (&) are normal-mode ladder operators of block A
(A") and likewise B, (,3;)) correspond to normal modes of block
B (B’). The last term represents the coupling between blocks
A and A’. The atom position in the corresponding block is now
defined by the dimensionless parameter o = L/(xp/2).

1.0;

g — Exact — Exact
B 08 Na=5 08 Na=5
'S 06 —---N4=9 0.6 ----Na=9
8 0.4 — N4=13 0.4 — Ns=13
T 0o N\ /e
£ 02 0.2
+
© 0.0 0.0
0 2 4 6 8 10 0 2 4 6 8 10

I't

I't

FIG. 7. Total atomic excitation vs time for two atoms initially in the subradiant state |{rg,,) = %qeg) 12—|ge)12) [panel (a)] and in the super-
radiant state [Wq,p) = %(|eg)]2 + |ge)12) [panel (b)] for different numbers of block modes Ny = Ny. Weset ¢ =, 't =2, and o = 3/2.
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In this modular framework, the total propagation phase ¢ is
effectively distributed between the two cavities. To maintain
exact correspondence with the full waveguide dynamics, we
incorporated an additional 7 /2-phase shift in the definition
of the atom-cavity coupling function for each block. This
ensures that the effective model accurately reproduces the
correct dynamics for any value of ¢. For a single atom in
a semi-infinite waveguide, placing the emitter at the center
of a hard-wall cavity aligns it with the antinodes of all odd
modes, maximizing the coupling. Simply joining two such
cavities, however, imposes a node at the midpoint between
the atoms, which does not capture the full dynamics. To fix
this, we instead select modes with an antinode at the interface,

introducing a v /2 phase shift in g. This choice, corresponding
to o = 3/2, reproduces the correct geometry of the coupling
points for the two atoms.

To test the effectiveness of the present multiatom frame-
work, in Fig. 7 we consider the spontaneous emission of two
emitters prepared in the super- (sub) radiant state |gup/sub) =
%(|eg)12:|:|ge)12) for ¢ =, a =3/2, the relatively long
delay I't = 2 and for growing values of Ny = Ny . Similarly
to Fig. 2(a), the approximate solution converges to the exact
one [18] for a sufficiently large number of modes.

The present modular configuration is naturally generalized
to a larger numbers of atoms by defining as many fictitious
adjacent blocks, each containing one atom.
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