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ABSTRACT

In this thesis we investigate the information processing capabilities of Quantum
Extreme Learning Machines and discuss their real world applications in the field of
astrophysics, particularly for atmospheric retrieval of exoplanets and supernovae
spectral analysis, designing noise resilient models for Noise Intermediate Scale

Quantum (NISQ) implementations.

Extreme Learning Machines (ELMs) offer rapid training and structural effi-
ciency by utilizing a randomized hidden layer—the reservoir—to map input data
into a high-dimensional feature space, effectively linearizing complex learning prob-
lems. While traditionally implemented via randomized classical neural networks,
the mathematical properties of these reservoirs naturally extend to complex phys-
ical systems. This universality has driven the development of Quantum Extreme
Learning Machines (QELMs), which utilize quantum systems as the computational
reservoir. In the field of physical extreme learning machines, information is pro-
cessed through the internal dynamics of the system and recollected by measuring
the system. In the context of QELMsS, this consists in selecting a set of observables
or a POVM to be measured on the reservoir, whose outcomes is then used to train

the post-processing layer.

In this work, we will first review the foundations of Neural Networs, ELMs
and Reservoir Computers, highlighting specifically on similarities and fundamen-
tal differences between these models and develop the theory behind the quan-
tum counterparts. Then, we demonstrate that QELMs can efficiently process
and estimate quantum states well beyond the reservoir’s scrambling time, be-
yond which the information should be irretrievable through local measurements.

Furthermore, we show that within this regime, specific classes of Hamiltonians



achieve reconstruction accuracies matching those of global random unitary dy-
namics. Following these theoretical aspects, we design noise-resilient QELM ar-
chitectures tailored for the spectral analysis of complex astrophysical phenomena.
We apply these models to exoplanetary atmospheric retrieval and supernova rem-
nant datasets, particularly deploying the algorithm for the exoplanetary context
on real quantum hardware (IBM Fez). By evaluating various pre-processing and
encoding strategies—including Dense Angle Encoding, IQP embedding, and Data
Re-uploading—we demonstrate that these noise-resilient QELMs are highly adapt-
able to different classes of astrophysical objects and capable of extracting critical
spectral parameters also on NISQ devices, paving the way for real world applica-

tions of Quantum Computing in the astrophysical field.
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Introduction

Recent advances in artificial intelligence have led to the an exponential growth of
interest in Machine Learning (ML) [1,2] from both a scientific and an indus-
trial standpoint. Such growth is driven by the its versatility and its accuracy in

modeling patterns within complex and non-linear phenomena.

Of particular importance is Deep Learning (DL), a sub-field of ML based on
Neural Networks (NNs) [3-8]. NNs are a class of - predominantly - supervised
learning models that employ complex non-linear systems to approximate a target
function based on a set of examples. The learning process involves adjusting
the network’s internal parameters via an optimization procedure [9,10] . As will
be demonstrated in the first part of this thesis, NNs are characterized by high

generalizability and have subsequently found a wide range of applications.

As task complexity increases, so does the need for more complex architectures
with a higher number of trainable parameters. This growth in degrees of freedom
can become computationally expensive in terms of both memory requirements and

processing time.

To address these scalability challenges, this work focuses on a specific class
of models: Reservoir Computing (RC) and Extreme Learning Machines

(ELM) [11-18]. While these terms are occasionally used interchangeably in the
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literature, they represent distinct but related frameworks. These models share the
structural properties of classical NNs but offer a specific and distinct feature: they
require training only for the final readout layer, while the internal hidden layers

(or "reservoir”) stay fixed and random.

This approach significantly speeds up the training process compared to fully
trainable NNs, despite a potential trade-off in accuracy for certain tasks. The
architecture of these models allows the "reservoir” to be realized not only via
software-simulated networks but also through physical substrates acting as pro-

cessing units. [19-26]

The main purpose of this thesis is to investigate the features of a specific class
of physical implementations for these models: Quantum Reservoir Computing
(QRC) and Quantum Extreme Learning Machines (QELM) [27-54]. These
paradigms employ the high-dimensional internal dynamics of a quantum system
as a processing unit. As we shall observe, utilizing a quantum substrate in this
context introduces both novel computational perspectives and distinct physical

challenges.

This thesis is organized as follows: chapter 1 reviews the theoretical foundations
of NNs, contrasting them with the RC and ELM frameworks; chapter 2 defines
quantum channels, POVMs and different encoding strategies for the implementa-
tion of QELMs. This grants the foundations for the second part, which focuses
on the fundamental properties of quantum implementations. Specifically, in chap-
ter 3 and chapter 4 we analyze the performance of QELMs through the lens of
Quantum Information Scrambling (QIS) [55-65]. In the third and final part,
we address the practical utility of these architectures, proposing in chapter 5 a
noise-resilient QELM framework designed to infer physical and chemical pa-

rameters from synthetic transmission spectra of exoplanets and for supernovae



explosion spectral analysis [66-80]. This section moves beyond mere simulation
to true experimental validation, reporting the results obtained by deploying our
model on actual quantum hardware, demonstrating its efficacy in a real-world
quantum processing environment. Finally, in chapter 6, we further develop this
model, applying it to a spectral dataset of supernova remnants and improving it

with different pre-processing and encoding strategies.
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Part 1

Theoretical Background
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Chapter 1

Neural Networks and Reservoir

Computing

Neural Networks (NNs) [3-5] represent the cornerstone of modern Artificial Intel-
ligence, demonstrating unprecedented capabilities in tasks ranging from computer
vision to natural language processing [6-8|. However, the predictive power of these
models often comes at a significant computational cost. To understand the motiva-
tion behind Extreme Learning Machines (ELM) [11,12] and Reservoir Computing
(RC) [13-18], we must first examine the standard training protocols for classical
networks and their inherent limitations, particularly when processing temporal

data.
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1.1 Fundamentals on Neural Networks

1.1.1 The Structure

Certain computational tasks involve state spaces of such a high dimensionality that
explicitly designing algorithms to account for every variable is analytically impos-
sible. Artificial Neural Networks (ANNs) were conceived to address this challenge,
providing a framework to learn algorithms from data samples and generalize to
previously unseen inputs. A NN is designed as a universal function approx-
imator [81-84|, presenting a complex, architecture governed by a set of internal
parameters 6 (weights and biases), which must be optimized to model accurately

a determined target.

Formally, given a dataset D = {(Xx,yx)} where input vectors x, € R" and
targets yr € R™, and assuming the existence of a target function f*: R" — R™
such that y, = f*(xx), the goal of a NN is to approximate this relationship via a

parametric function y; ~ f(xx;0) [2,5].

The building units of this architecture is the neuron (or perceptron). A neuron
computes the application of a non-linear activation function, o(-) on the inputs.
The non-linearity is a crucial element for the augmentation of variance and distin-
guishability of the input data. Activation functions all present step-like properties
or abruptly varying gradients, such as the widely employed Rectified Linear Unity
(ReLU) [2,3,5,85]:

z if 2 >0,
o(z) = max(0,z) = (1.1)
0 if 2<0.

Nonetheless, while ReLLU is very often a standard choice, it not always convenient

since it can lead to training issues such as dead neurons.
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FeedForward Neural Network

—
—

4ACc v
4Ccv4co

Hidden Layers

Figure 1.1: Structure of a FeedForward Neural Network - The information
about the input is transmitted unidirectionally through the network with the out-
put of each layer being linearly transformed using weights and biases W® before
entering the next set of neurons. The weight matrices are fine-tuned during the
training phase through optimization algorithms.
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Neurons are organized into interconnected layers. The action of each layer
consists in projecting input data into new feature spaces through linear transfor-
mations, followed by the application of the non-linear activation functions. The
network learns to rotate and scale input features (via weights W and biases b) to
find a reference frame where the relevant features exhibit maximum variance or
separability, while regulating neuron’s activations. Mathematically, the neurons of

the first layer transform the input x as:
h® = s(WWx + b)), (1.2)

The output h® is then propagated to subsequent layers - as shown in fig. 1.1 -

applying similar transformations until the final output is generated.

1.1.2 Recurrent Neural Networks

Up to this point, our discussion has focused on Feedforward Neural Networks
(FNNs), a class of memoryless NNs where information propagates unidirection-
ally from input to output. These models are generally employed for static tasks,
such as image classification, where the output depends only on the current input

X and not on the history of previous inputs.

However, many real-world applications—such as time-series forecasting, speech
recognition, and natural language processing—involve temporal dependencies on
past inputs. These tasks are generally addressed through a different subclass of

models known as Recurrent Neural Networks. [86,87]

To provide the network with the capacity of processing time sequences, the

model must be supplied with memory. This implies that the internal state of
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the network at any given time ¢ must depend on its state at previous time steps.
To achieve this, the standard layer equation is modified to include a recurrent

connection:

b = o(Whx, + WOh,_, +b0) (1.3)

rec

Here, [ denotes the layer index, and x; is the input at time ¢. The addition of the

Recurrent Neural Metwork

<

OUTPUT OUTPUT

©
w rec

TIME

Figure 1.2: Structure of a Recurrent Neural Network - The information
about the input sequence propagates through the network which maintains mem-

ory of previous inputs through the weight matrices W, .

term Wf«le)chgl provides the network with an internal feedback loop, which relates
its internal state with past inputs, allowing it to frame the temporal context of

the sequence. In fig. 1.2 we present a scheme of the model.

16



1.1.3 The Training Phase

The representational capacity of a NN is determined by its architecture, with
the complexity of the target function dictating the requirements for the correct
functioning of the model. This architecture, in turn, defines the total number of
learnable parameters (weights and biases, denoted as ) which must be optimized

during the training phase.

The training process is an iterative process consisting of a forward propaga-
tion followed by backpropagation. At the beginning, the network parameters
0 are set to a random initial condition [5]. The user defines a loss function
L(0) (e.g. Mean Squared Error (MSE)) to quantify the discrepancy between the

network’s prediction and the ground truth.

During the forward pass, the ansatz model is used to generate predictions ac-
cordingly to the training input data, while computing the value of the loss function.
In the backward pass, the internal parameters are modified to minimize the loss
function. The parameters are updated using optimization routines [9,10,88,89],

which employ different strategies to reach the global minimum of the loss function.

The most fundamental approach is Stochastic Gradient Descent [89] (SGD),
defined by the update rule:

9t+1 = Qt — nVeﬁ(Qt), (14)

where 7 is the learning rate, a hyperparameter controlling the step size and
VoL(0;) represents the gradient of the loss function with respect to the internal

parameters of the network.
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1.1.4 Optimization Challenges

With a high number of parameters, the convergence of algorithms like SGD can be
slow, due to the insurgence of local minima, saddle point which act as bottlenecks
for the algorithm. To mitigate this effect, modern optimization routines incorpo-
rate momentum terms, which utilize the history of past gradients to speed up
convergence, e.g. Nesterov Accelerated Gradient and Adaptive Moment

Estimation optimizer (Adam) [9,10].

A much more complex problem is that of vanishing or diverging gradients
[90,91], which is a prevalent issue in deep NNs and even more critical in RNNs.
Indeed, depending on the spectral properties of the network structure, even small
changes in the parameters can lead to vanishing gradients, causing learning to
stop prematurely, or explode, leading to numerical instability and non-converging
solutions. This phenomenon is particularly present in RNNs due to the internal
feedback connections, which cause the gradient calculation to depend on a long
history of time steps, effectively deepening the computational graph and com-

pounding the instability.

1.2 Extreme Learning Machines and Reservoir

Computing

The computational challenges associated with training deep and recurrent net-
works motivated the development of alternative training paradigms. The core
insight driving these approaches is that full training of the network parameters
is not strictly necessary to achieve universal approximation. By fixing the inter-

nal structure of the network to a random initialization and training only the final

18



readout layer, one can achieve comparable performance with orders of magnitude
faster training times. This paradigm is key in two architectures: Extreme Learning

Machines for static data, and Reservoir Computing for time sequences.

1.2.1 Extreme Learning Machines

An Extreme Learning Machine is a simple supervised learning model with a struc-
ture similar to that of classical FNN but different for its specific training method-
ology. Unlike traditional networks where all layers are tunable, an ELM comprises
a single hidden layer—referred to in this context as reservoir—whose internal
weights and biases are initialized randomly and fixed. This reservoir acts as a
non-linear map G : R — R¥out projecting the input data into a high-dimensional
feature space. The fundamental intuition is that by projecting input vectors into
a sufficiently large space via random non-linear transformations, the data becomes
linearly separable, significantly simplifying the learning process [11,12]. Mathe-
matically, the ELM function can be expressed as the composition of the reservoir

map and a linear readout layer:

fmodel(x) = Wout : G(X)7 (15)

where W,; : RVeut — R™ represents the trainable weights of the output layer. A

scheme of the model is presented in fig. 1.3.

Because the reservoir parameters are fixed, the training process reduces to a
linear least-squares problem. Given a training dataset {xy, y} fgvjl‘””, we define the
matrix of reservoir activations G(x) = R € RNow*Nerain and the target matrix

Y € R™*Nerain - The optimal readout weights W,,; are obtained by minimizing
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Extreme Learning Machine

4Jcv=n
4Ccv4Cco

Reservoir

Figure 1.3: Structure of an Extreme Learning Machine - The information
of the input pass through the reservoir unidirectionally. In this context all the
neurons are randomly connected and the hidden layer (reservoir) is unique. The
output is post-processed using a weight matrix W,,, obtained through a Moore-
Penrose pseudo-inverse.

the squared error

W,:R — Y2, (1.6)

which yields the analytical solution:
W, = YR (1.7)

so that

Y = WouTk Yye, 7 € Y, R. (1.8)

Here, R™ denotes the Moore-Penrose pseudo-inverse of the reservoir output

matrix R. This computation relies on the Singular Value Decomposition (SVD)
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R = UXV', where U,V are two isometries and ¥ is a square positive matrix
with the singular values of R in its diagonal. Then it is possible to compute
R+t = VEX*tUT by inverting the previous equation [92]. Computing R* is essential
because R is generally non-square (since Ny # Niqain); nonetheless, in the case

in which N,u; = Nipain, then Rt = R7L.

Despite the simplicity of the model, the solution to eq. (1.7) is not always
numerically stable. This numerical stability is generally quantified through the
condition number of the output matrix of the reservoir [93]. Given the reservoir

matrix R, the condition number is defined as the ratio:
kR) = ——== (1.9)

where A4 and \,;, represent the largest and smallest singular values of R,
respectively. A high condition number (x > 1) indicates an ill-conditioned linear
system, meaning the solution is highly sensitive to small perturbations or noise. To
mitigate this, a regularization term is often added (Tikhonov Regularization) [94],
modifying the solution to W,,; = YR (RRT +al)~!, where « is a regularization

parameter.

ELMs are designed for static tasks where each input vector is independent of
the others. In this framework, the output depends solely on the instantaneous
input, with no dependence on the history of previous interactions. Notably, a
memory provided reservoir can still be used for static tasks by resetting its state
to a standard initial condition, effectively erasing any memory and ensuring the

independence of consecutive inputs.
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Reservoir Computing

OUTPUT OUTPUT OUTPUT

IVPUT INPUT INPUT
f i |
-1 t t+1
TIME

Figure 1.4: Structure of a Reservoir Computer - As in the case of ELMs,
reservoir computing models present a random internal structure and a unique
hidden layer referred to as reservoir. In this context the reservoir retains memory
of each input through randomly initialized internal connections with past states
(Echo State Network), or by simply not re-initializing it if the reservoir is physical.

1.3 Reservoir Computing

While Reservoir Computing and ELM share the random structure, they differ for
its internal recurrence, which provides the model with memory and therefore with
the capacity to process time-dependent tasks. Unlike the static structure of an
ELM, as shown in fig. 1.4, a Reservoir Computer is a dynamical system driven
by an external input signal, whose state depends also on previous inputs in order
to solve temporal tasks, in analogy with RNNs. [13-18] To work effectively as a

computational platform, a RC model must satisfy three critical properties:

e The Echo State Property (ESP) [95]: the state of the reservoir should be
uniquely determined by the history of the input, asymptotically forgetting

its initial conditions. Formally, consider a reservoir whose state r(t) evolves
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according to a differential equation driven by an input x(t):

i = h(r,x). (1.10)

The system exhibits the ESP if, for any input sequence and distinct initial
conditions r(0) and r’(0), the trajectories converge asymptotically:

lim |r(t) — /()] = 0. (1.11)

t—o0

This implies that after a sufficient ”washout” period, the reservoir state

forgets its initial condition, synchronizing with the input signal.

Fading Memory [96]: Closely related to the ESP, fading memory ensures
that the influence of past inputs on the current state decays over time. While
the reservoir must retain information to process temporal dependencies, this
memory must not be infinite; the state r(t) should depend primarily on
the recent history of inputs rather than the distant past. This guarantees
stability and prevents the system from becoming chaotic or from divergency.
The fading memory property can be assessed by solving some benchmark
tasks such as the Short Term Memory task (STM) [97,98], which quantifies
the linear memory, or other task quantifying the non-linear memory such
as the Parity Check (PC) [99] and the Nonlinear Auto-Regressive Moving
Average (NARMA) task [87].

Separability (Approximation Property) [100]: The reservoir dynamics
must map distinct input sequences into distinct state trajectories. If two dif-
ferent input sequences {xq,...,x;} and {x},...,x,} drive the system to the
exact same state r(t), the readout layer will be unable to distinguish them.

Thus, the reservoir must act as a high-dimensional, non-linear projection
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that expands the separability of the input classes in the state space.

From a mathematical perspective, while eq. (1.8) holds for ELMs, the mapping
applied by the reservoir is no longer G(x) = 71, but its state depends also on the
tr

previous history of inputs, thus given a training dataset {x, yk}]kvzfi”, the function

applied by the RC model is
fmodel - WoutG(l’k;/rkfl) = Woutrk (112)

and in the training phase we aim to find the W,,; which minimizes eq. (1.6).

1.4 Information Processing Substrates

The versatility of the ELM and RC frameworks lies in their mathematical general-
ity. While historically ELM and RC models have been implemented using random
NNs (Echo State Networks), the Universal Approximation Theorem [82] guar-
antees that a wide class of non-linear functions G(x) can serve as the basis for
approximating any continuous target function, provided the dimensionality of the
feature space is sufficiently large. This theorem does not imply that G(x) should
necessarily be implemented through random neural networks, but rather require
the reservoir to generate a sufficiently high dimensional and non-linear projection
of the input. This suggests a paradigm shift, in which the reservoir is not soft-
ware simulated, but it is instead a physical substrate exhibiting a rich dynamical
behavior. Therefore, the field has expanded to include Physical Reservoir Comput-
ing, utilizing substrates such as coupled non-linear electronic oscillators, photonic

circuits, and soft robotic materials [19-26].
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In the last decade, this paradigm has gained significant attention within the
quantum physics community. Quantum systems are naturally suited for this role
due to their generally complex dynamics and the scaling of the dimension of Hilbert

spaces.

The implementation of ELMs employing quantum physical systems as infor-
mation processing units is at the basis of Quantum Extreme Learning Machines
(QELM) and Quantum Reservoir Computing (QRC) [27-54], which will be the

central focus of this thesis.
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Chapter 2

Quantum Extreme Learning
Machines and Quantum Reservoir

Computing

In this chapter, we extend the paradigms of Extreme Learning Machines and Reser-
voir Computing into the quantum domain. This goes beyond a mere change of
hardware; it represents a fundamental shift in the computational resources avail-
able for information processing. By replacing classical non-linear nodes with the
dynamics of a quantum system, we gain access to an exponentially large Hilbert

space, offering a potentially vast feature space for data representation.

The use of quantum substrates as reservoirs has catalyzed a new wave of re-
search, bridging the gap between quantum information theory and machine learn-

ing opening two distinct but complementary lines of research [30]:

¢ Quantum for Quantum tasks, in which the model is tasked with process-

ing intrinsically quantum information. Recent studies have demonstrated
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the efficacy of QELMs and QRCs in tasks such as entanglement detection,
quantum state tomography, and the characterization of quantum phase tran-

sitions [27-54];

e Quantum for Classical tasks, in which the models can be deployed to
solve classical computational problems. In this second case, classical data

need to be encoded in quantum states [30,48,49,101, 102].

This chapter provides the theoretical framework for both approaches, defining
the mathematical formalism of QELM and QRC that will underpin the experi-

mental and numerical results presented in Part II of this thesis.

2.1 Open Quantum Systems and the Density Ma-

trix Formalism

In this section, we review the theory of open quantum systems and the density

matrix formalism [103,104].

In standard quantum mechanics, isolated systems evolve unitarily according
to the Schrodinger equation and are completely described by pure state vectors
|1} in a Hilbert space H. However, this description is often insufficient for real-
istic physical systems, which are rarely strictly isolated and instead interact with
a larger environment, or bath, F. To mathematically describe these open sys-
tems, pure states are inadequate. We require a statistical tool that simultaneously
accounts for intrinsic quantum uncertainty and classical ignorance regarding the
system’s exact preparation state. This necessitates the density matrix formalism.

If a system is prepared in an ensemble of pure states {|¢;)}Y,, each with a classical
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probability p; of occurring, the state is represented by the density operator:

N
P = ZPJ%)@M
i=1

A valid density matrix must satisfy three physical constraints: hermiticity
(p = p') to guarantee real observable expectation values , positivity (p > 0)
to ensure non-negative probabilities , and unit trace (Tr(p) = 1) to ensure the
conservation of total probability. A system whose preparation is perfectly known
is pure and thus its state is known; on the other hand a system whose prepara-
tion has classical uncertainties such in the case of the interaction with an unknown

external environment, is mixed and is described by an ensemble of states {p;, |;)}.

When our system S interacts with the environment E, the composite system
S+ E generally evolves unitarily, and could technically be described by a joint pure
state psg. However, in practice, we generally do not have access to the evolution of
the full state of the composite system S + E, thus only having partial information
on the system S and its preparation. The state pg can be mathematically described

departing from the total state of the composite system, using the partial trace

ps = Tre{pse}- (2.1)

The partial trace operation mathematically corresponds to throwing away any in-
formation about the state of the environment and, since the interaction generates
entanglement between the system and the bath, this localized information loss dic-
tates that pg will evolve into a mixed state. This distinction between unitary and
dissipative evolution is the most important difference between QELMs and QRCs.
As with their classical counterparts, Extreme Learning Machines do not require

memory to function; the state of the reservoir is reset after processing each input.
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Consequently, QELMs can utilize closed, unitary quantum dynamics. Quantum
Reservoir Computing, however, relies strictly on the Echo State Property—a fad-
ing memory of past inputs. To prevent the reservoir from indefinitely retaining
information (which would happen under unitary evolution), a QRC model strictly
requires the non-unitary, dissipative dynamics of an open quantum system to trace

out past inputs, leaving only remnants in the current state.

To formalize these concepts for our models, the next two sections introduce
Quantum Channels—the unified mathematical framework for describing both uni-
tary and dissipative evolutions—and Positive Operator-Valued Measures (POVMs),

which govern the information extraction at the readout layer.

2.2 Quantum Channels

The most general description of quantum state evolution is provided by the concept
of a quantum channel. This formalism provides a unified framework to describe the
dynamics of both closed and open quantum systems, proving highly effective in the
description of QELM and QRC models. From the perspective of quantum infor-
mation theory, a quantum channel can be viewed as a communication medium—a
"wire” through which quantum information is transmitted across space or time.
An ideal, lossless wire corresponds to unitary evolution, preserving quantum infor-
mation perfectly. A realistic wire, however, introduces quantum noise: the system
interacts with an external environment, inducing information leakage and trans-
forming the initial pure state into a statistical mixture.Mathematically, a quantum
channel is a linear map € : L(Ha) — L(Hp) that transforms density operators on a
Hilbert space H 4 into density operators on Hp [103-105]. To ensure that this map

represents a physically realizable process, it must strictly satisfy three conditions:
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it must be Linear, Trace-Preserving, and Completely Positive (CPTP).Given an
ensemble of quantum states {p;, p;} forming a mixed state py; = >, pip;, the lin-
earity condition ensures that the channel acts independently on the probabilistic

components of the mixture:

£ (Zm) =2 _ni€(pi). (2.2)

The map must be trace-preserving to conserve total probability. For any input
density matrix p where Tr{p} = 1, the output must satisfy Tr{E(p)} = 1.Finally,
the Complete Positivity (CP) condition ensures that the map yields valid physical
states even when acting on subsystems of larger, entangled systems. A map is
positive if £(p) > 0, maintaining the probabilistic interpretation of the density
matrix’s eigenvalues. However, complete positivity requires that for any arbitrary
auxiliary system of dimension n, the trivial extension of the map & ® I, remains
positive.To demonstrate why mere positivity is insufficient, consider the transpo-
sition map T, defined by T'(p) = p?. The transpose map preserves the trace and is
positive, as it leaves the eigenvalues of p unchanged. However, it fails the criterion
of complete positivity. Consider a bipartite system consisting of two subsystems,
A and B, prepared in a Bell state:
1

%) = >

(100) +[11))

A Bell state is a maximally entangled pure state. Physically, this means the two
subsystems are perfectly correlated. Measuring subsystem A instantly determines
the state of subsystem B with absolute certainty. The global density matrix for this
entirely inseparable system is pap = |®T)(PT|.If we apply the transpose map lo-

cally only to subsystem A—an operation known as the Partial Transpose, denoted
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as T ® [—the resulting matrix (7' ® I)(pap) yields the following eigenspectrum:

111 1

A = a'a’ad o

2°2°2° 2
The emergence of a negative eigenvalue (—1/2) implies a negative probability of
measuring the system in a specific state. Because a valid local operation cannot

result in a globally unphysical state, the transpose map cannot represent a physical

process.

Any open quantum system can be thought as a sub-system of a bigger closed
composite system, whose evolution is perfectly unitary and reversible. The dilation
theorem [106] states exactly that the dynamics of any quantum system evolving

according to a non-unitary quantum channel £(p)

Elps) = Tre |Use (ps © 10)(0]) UL (2.3)

Of course from the computational point of view, computing the dynamics of the full
system is unfeasible, but we can evaluate the partial trace in Equation eq. (2.3)
over an orthonormal basis {|e;)} of the environment. This projects the global
unitary dynamics back down strictly into the local space of the system. This
projection yields the Operator-Sum Representation, most commonly known in

quantum information as the Kraus representation [104] :
£p) = Kupk] (2.4)
k

where the operators Ky = (ex|Usg|0) g are the Kraus operators. The Kraus opera-
tors act strictly on the Hilbert space of the principal system (Hg — Hg), but they
are still able to carry the information about the inaccessible environment. Because

the channel must preserve total probability, the trace-preserving condition imposes
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a strict algebraic constraint on the Kraus operators, known as the completeness

relation:

> KK, =T (2.5)
k

2.3 Measurements and POV Ms

As in the classical framework, a critical component of Quantum Reservoir Com-
puting is the readout layer—the mechanism through which the high-dimensional
internal state of the reservoir is mapped to a classical output [103]. While in
Echo State Networks this corresponds to reading neuron activations, in the quan-
tum domain, extracting classical information from a quantum state p requires a
quantum measurement.The simplest approach is the projective measurement of an
observable O. By spectral decomposition, the observable can be written in terms

of orthogonal projectors II; onto its eigenspaces:
O = Z ijj
J

where m; are the real eigenvalues representing the possible measurement outcomes.
The probability of obtaining a specific outcome m; from a system in state p is given

by Born’s rule:

p(m;) = Tr(Il;p)

However, standard projective measurements are overly restrictive for general open
quantum systems or complex readout architectures. In many physical implementa-
tions, we are solely interested in the probabilities of the measurement outcomes and
not in the specific post-measurement state of the system. This requires the most

general formulation of a quantum measurement: the Positive Operator-Valued
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Measure (POVM).A POVM is defined by a set of generalized measurement oper-

ators {M,}. The probability of outcome j is determined by:
p(j) = Tr(MIM;p)

We can define a new set of operators E; = MIM] Because M}Mj is positive semi-
definite, each E; > 0. To ensure that the sum of all probabilities equals unity for

any arbitrary state p, these operators must satisfy the completeness relation:

> E;=I
J

The complete set of operators {E;} constitutes the POVM. Each element E; con-
tains all the necessary information to determine the probability of a given mea-

surement outcome, completely characterizing the readout mechanism.

2.4 Processing data with QELMs and QRCs

Having established the necessary theoretical tools, we can now define the Quantum

Extreme Learning Machine framework.

The workflow for a quantum reservoir depends on the nature of the input data.
In the case of intrinsically quantum tasks, the input is already a quantum state
pin- For classical tasks, a pre-processing step is required to encode classical vectors
into quantum states (a topic we are going to review in the next section). For the
present discussion, let us assume the input is provided as a set of labeled quantum

states {p%  yi }]kvgf"" )

In the QELM framework, the classical non-linear map G(x) is replaced by a
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Figure 2.1: QELM Implementation on quantum circuit - Data are encoded
through specific operation on the initial state of a subset of qubits in the circuit.
The reservoir in this context consists of a set of random unitary operation on all the
qubits of the circuit. They are then measured through projective measurements,
whose outcomes corresponds to the probabilities of measuring a specific state.
The probabilities are then used to train W, to approximate the target function

Y = £4(X).

quantum process. This consists of a quantum channel £ (representing the reservoir
dynamics) followed by a measurement process. The measurement is defined by a
set of observables {Oj};-\[:mit or POVM elements {E,}. The feature vector for the

k-th input is thus given by the expectation values (or probabilities) [29,30]:
Pk = Tr[0;€(ply, ® pres)]. (2.6)

Here, P;j represents the j-th feature of the k-th training sample. Note that if
{O;} defines a POVM, these values correspond strictly to probabilities; if {O;}
are arbitrary observables (e.g., Pauli matrices), they correspond to expectation

values.

The function of the quantum model f? .. : H™ — H°“ mapping the input
state to the target output, is then constructed as a linear combination of these

quantum features:
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Nout

Y = model pzn Z WJQL (27)

where W,,; is the trainable weight matrix. A pictorial representation of the model

is shown in fig. 2.1.

As in the classical context, QELM does not have any memory requirement and
thus the quantum channel can be either unitary or non-unitary, with the condition
that - after each interaction with an input data - the state of the reservoir is reset
to a standard initial condition; on the other hand, for QRC implementations, the
reservoir must satisfy the conditions listed in section 1.3, which in this framework
correspond to requiring a non-unitary quantum channel, as unitary dynamics pre-
serve information indefinitely (infinite memory). [30,107,108] Therefore eq. (2.6)
is modified considering also the state update - refer to fig. 2.2 - of the reservoir

which tracks back previous inputs retaining memory of them

Qi = Tr{0;€(p}, @ prca )}, (2.8)

where £ must be strictly a non-unitary quantum channel. As in the classical con-
text, we can ensure the QRC model possesses the properties listed in section 1.3
by solving the memory tasks for the fading memory; on the other hand, to check
whether the reservoir possesses the ESP, in this context we have to consider two
copies of the reservoir in two different initial state po, p, and quantify the trace
distance between these two states after the interaction with the same input se-

quence [32,95]. The reservoir has the ESP if and only if

hm Tr{\/ —p)}=0 (2.9)
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2.5 Encoding Strategies for Classical Data

The workflow of QELM and QRC applied to classical tasks begins with the crucial
step of data encoding. We must map a classical input vector x € R" into a
quantum state py living in the Hilbert space of the reservoir. This mapping, often
referred to as the quantum feature map, is non-trivial; it determines both the
expressivity of the model (the richness of the feature space) and its feasibility on

physical hardware.

OUTPUT OUTPUT

Update.

Time

Figure 2.2: Quantum Reservoir Computing - The data is encoded in a input
quantum state which interacts with a open quantum reservoir. A set of measure-
ments is performed on the reservoir, whose outcome is then used to train the linear
output layer. External dissipation provide the reservoir with fading memory. In
this framework the state of the reservoir is not reset, thus is state depends on the
previous input history.
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2.5.1 The NISQ Constraint

Current quantum computations is only implemented on Noisy Intermediate-
Scale Quantum (NISQ) devices [109,110]. These are characterized by a limited
number of qubits (typically 50 —150) and with error correction consisting in encod-
ing one logical qubit into several physical qubits [111-113], thus reducing the effect
of noise on the resulting state. Each quantum device comes with a set of basic op-
erations which is possible to perform on each qubit. Indeed, while it is technically
possible to implement any quantum channel on a quantum device, it is also true
that from an experimental point of view, the final operation gets decomposed in
a number of more basic operations referred to as quantum gates. These are not
perfect and generally each quantum processor carries among its specifics both the
coherence times for each qubit and the errors generated from each gate operation.
This imposes a strict constraint on circuit depth: if a circuit takes too long to run,
environmental noise (decoherence) will degrade the quantum information before

the computation is complete, rendering the result useless.

This dictates a strict requirement for encoding strategies: they must be resource-
efficient. An ideal encoding scheme for QELMs should map classical data into a
high-dimensional feature space using a minimal number of qubits and a shallow
state preparation circuit. The choice of encoding thus represents a trade-off be-

tween information compression and circuit complexity.

2.5.2 Common Encoding Schemes

For gate-based quantum circuits, the choice of encoding depends on the data type

and the available resources. The three most common strategies are:
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e Basis Encoding: Primarily used for binary or integer data. A binary input
string b = (by,...,b,) is mapped to the computational basis state |b; ...b,)
by applying Pauli- X gates to qubits where b; = 1. While conceptually simple,
this method scales linearly with the input dimension O(n) and is inefficient

for continuous data, which requires discretization [30].

e Angle (Rotation) Encoding: This is the standard strategy for continu-
ous data in NISQ applications. The components of the input vector x =
(x1,...,2,) serve as rotation angles for parameterized quantum gates. For

example, a layer of R, rotations transforms the initial state as:

() = @) Ra(:)]0); = ) (cos(w:/2)|0) — isin(x:/2)[1)), (2.10)

i=1 i=1
where R,(6) = e712°*. A more expressive variant, the Dense Angle En-
coding, utilizes two rotations per qubit (e.g., R, and R,) to encode two

features z;, x; into a single qubit’s relative phase and amplitude:

n/2

|thx) = ®Rz($2k)Rx($2k_1)|0>k- (2.11)

k=1

This method is hardware efficient: the state preparation requires a con-
stant depth circuit (O(1)), making it highly robust to noise. It naturally
introduces non-linearity via the cosine and sine functions. While it scales

linearly in qubits (n or n/2). [48,49,101].

e IQP Embedding: In contrast to earlier encoding strategies, the Instan-
taneous Quantum Polynomial (IQP) encoding [114] introduces non-linear
feature mapping by interleaving single-qubit rotations with two-qubit entan-

gling gates. The procedure begins by preparing an initial superposition state
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via a layer of Hadamard gates applied to all N, qubits, followed by local Z-
rotations parameterized by the individual classical features x;. This initial

step prepares the state:

®R )H|0);. (2.12)

To capture correlations between features, the encoding is further enriched
by applying two-qubit ZZ rotations, defined as ZZ(x;, x;) = e~ i2iTio; 8]
typically across adjacent qubit pairs. This operation effectively embeds
quadratic, non-linear products of the input data into the quantum state. To
increase the expressivity of the feature map, this entire foundational block
can be repeated d times. While repeating these encoding layers successfully
maps the classical data into a higher-dimensional, more complex Hilbert

space, it concomitantly increases the overall depth of the quantum circuit,

rendering it more susceptible to hardware noise.

Amplitude Encoding: This method aims to maximize information density

by encoding 2™ — 1 features into the 2" amplitudes of an n-qubit state:

2" —1

) = D agli), with Y |ay|* = (2.13)
=0

While this technique permits to encode a very high number of parameters
compared to the others, encoding a quantum state with such a high number of

features requires a very deep quantum circuit making it generally inefficient

for the current NISQ devices [102];

Data Re-uploading: Finally, the data re-uploading [115] strategy circum-
vents the expressivity limitations of a single encoding layer by repeatedly

injecting the classical data into the quantum system. This technique con-
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sists of the alternating application of a data-encoding unitary, U.,.(x), and a
universal quantum processing block—in this context, the quantum reservoir,
U,.s. By repeating this sequence r times, the system is able to exploit any
correlation created by the reservoir to enrich the expressivity of the encod-
ing, thus introducing higher order features in the quantum state. The final

encoded state is thus given by:
H USedUG(x)|0) =™ (2.14)

This sequential re-introduction of data allows the circuit to approximate
arbitrary continuous functions, effectively utilizing the reservoir’s evolution

to map the classical input into a highly expressive quantum feature space.

2.5.3 Encoding for QRC

In the context of QRC there are some more specific encoding strategies consisting
in encoding the input directly in the hamiltonian governing the dynamics of the

system. The most utilized framework is that of the Ising Hamiltonian:

HO = ZJi,jO'iIO';S —|—Zh10'f (215)
1,5 i

In this framework, the general approach involves encoding the input sequence
directly into the Hamiltonian by inserting a secondary local term [32]. This mod-

ification yields the total Hamiltonian:

Hene(t) = h(1+240) Y of (2.16)

i
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therefore modifying the full hamiltonian as follows
H<t> = HO + Hent:(t)' (217)

Subsequently, external decoherence is introduced to induce memory within the
system; an alternative approach consists in considering a collisional approach in
which each input of the sequence is encoded through an amplitude encoding in a
single qubit, [30,107]

Pin = |0)(0] + (1 — ) [1)(1] (2.18)

then it evolves unitarily with the reservoir, following the hamiltonian of eq. (2.15),
and the state of the reservoir is updated by tracing out the qubit encoding the
input

pred = Te{Upf, @ pl. U} (2.19)

With this method, the memory is preserved by the reservoir, by tracing out the

input after the interaction with the reservoir [116].

2.6 Exponential Concentration

As previously discussed, the training phase consists solely of optimizing classical
linear regression weights on the measured observables, bypassing any optimization
on the hidden layers. However, this guaranteed trainability does not inherently
guarantee scalability.As the size of the quantum system increases, the expecta-
tion values of the output observables can exponentially concentrate around fixed,
input-independent values. This phenomenon is driven by multiple distinct mecha-
nisms [43,117]. First, the choice of measurement can induce concentration. When

an observable acts non-trivially on all N, qubits—such as projecting onto a spe-
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cific computational basis state O = |m)(m|—the expectation value exponentially
vanishes due to the vastness of the 2Ve-dimensional Hilbert space. Obtaining sig-
nificant statistics to distinguish this signal from zero requires an exponentially
scaling number of shots. Furthermore, concentration can also be induced from
scrambling dynamics, which we are going to review more in detail in the next
chapter. These dynamics delocalize information across the degrees of freedom of a
quantum system, making it inaccessible through local measurements. If the uni-
tary evolution Ug of the reservoir is chaotic enough to approximate a Haar random
unitary, the expectation value of any observable will converge to an input inde-
pendent value. In [43] it has been proved that the probability of the expectation

value deviating from this mean by more than ¢ is bounded by:
Pry,[[(O), — Tr[0]/d| =2 6] < O(d™)

where d = 2V and (0), = Tr{OUgp(x)U}}. Rather than yielding information,
this scrambling obliterates the input dependency. Furthermore, concentration can
happen also when measuring local observables. For instance, in cases in which the
measured sub-system is too entangled to the unmeasured portion of the reservoir,
tracing out the hidden part of the reservoir takes the system into a maximally
mixed state. Finally, even if local observables are measured, concentration oc-
curs if the measured subsystem is highly entangled with the unmeasured ”hidden”
reservoir. In this case, tracing out the hidden qubits leaves the accessible sub-
system exponentially close to a maximally mixed state. Hardware Noise: Finally,
executing these models on near-term hardware introduces local errors, such as
Pauli noise, at each layer of the reservoir evolution. This acts as a contractive
dissipative channel, forcefully driving the density matrix of the full system toward

a maximally mixed state. As demonstrated by [117], restricting the reservoir dy-
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namics via Hamiltonian symmetries limits the state’s ergodic exploration of the
Hilbert space, effectively preventing this exponential concentration and preserving

the distinguishability of the observables.

2.7 Properties of the Reservoir

In this chapter, we have established the formal framework for Quantum Extreme
Learning Machines and Quantum Reservoir Computing. We have defined the
necessary components: the input encoding strategies to map classical data into the
Hilbert space, the open quantum system formalism to describe reservoir dynamics,

and the measurement protocols required for information extraction.

In the next part of this work, we will assess the properties of the reservoir,
specifically in the context of QELM. While in an idealized scenario, a random uni-
tary matrix coupled with linear post-processing (and non-linear encoding) acts as
a universal function approximator, we aim to investigate which specific properties

render a reservoir capable of efficiently processing information.

For this reason, the next part of this thesis begins with a review of the Quantum
Information Scrambling framework [55-65]. We will then show the first new results
of these thesis, by employing this framework to analyze the dynamical properties

that a quantum system must possess to be classified as an effective reservoir [28].
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Chapter 3

Quantum Information Scrambling

Quantum Information Scrambling (QIS) [55-65] is a branch of information theory
that studies the delocalization of information within a quantum system governed
by unitary dynamics. Unlike decoherence, where information is lost to an exter-
nal environment, scrambling describes the spreading of local information across
the system’s many-body degrees of freedom, effectively encoding it into global

entanglements.

The concept of scrambling was originally formulated in the context of the
Black Hole Information Paradox [118,119] to explain how quantum informa-
tion falling into a black hole is processed and subsequently reflected as Hawking

radiation.

As discussed in the previous chapter, the high dimensionality of the Hilbert
space is a fundamental asset for processing information. However, for a quantum
system to work effectively as a reservoir, it is not sufficient to merely access a
large Hilbert space; the system must be endowed with rich internal dynamics. In

this context, scrambling provides significant insights into the complexity of these

45



dynamics, while simultaneously offering rigorous methods to quantify the amount

of locally retrievable information within the system.

In this chapter, we review the theoretical framework of QIS and define its two
most commonly used quantifiers—specifically the Out-of-Time-Order Corre-
lator (OTOC) and Holevo Information. These definitions establish the neces-
sary background for the next chapter, where we present the results obtained using
scrambling metrics to analyze the performance of Quantum Extreme Learning

Machines (QELM) in state estimation tasks.

3.1 Out-of-Time-Order Correlators

Given two quantum systems A and B interacting via a specific quantum dynamics,
the information initially localized in A is said to be scrambled when it is no longer

possible to retrieve it through local measurements on the joined system A + B.

The most widely employed metric to quantify this phenomenon is the Out-of-
Time-Order Correlator (OTOC) [55-58,120-126]. Conceptually, given two ini-
tially uncorrelated systems A and B, OTOCs estimate the degree of non-commutativity

between two initially commuting local operators as the two systems interact.

Formally, consider a Hilbert space H = Ha ® Hp. Let O4 and Op be two
local operators acting on subsystems A and B, respectively. Prior to interaction

(t =0), these operators act on disjoint subspaces and therefore commute:

(04,05 = 0. (3.1)

When the two systems interact under a quantum channel ®, they become more and

more correlated, so that in the Heisenberg picture formalism, the two operators
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will not commute anymore:

[0a(t),O0p] # 0. (3.2)

We quantify such correlation growth using the expectation value of the squared
commutator. In the infinite temperature limit (where the state of the system is the
maximally mixed state p = I/d) - for finite dimensional systems - this is defined

as:

C(t) = {|[0a(t), Op]1*) 50 = Q—ZTY{([OA(t)v O5]"0a(1),08])},  (3.3)

where d is the dimension of the Hilbert space. This quantity C(t¢) serves as the
scrambling quantifier, measuring the extent to which the operator O4(t) becomes

correlated with the operator Op.

In the specific case where O4 and Op are both Hermitian and unitary (e.g.,
Pauli operators), eq. (3.3) simplifies. Expanding the commutator, we obtain [57,
127]:

Clt)=1- %Re(Tr{OA(t)OBOA(t)OB}). (3.4)

The term inside the trace in eq. (3.4), F(t) = 2Re(Tr{O4(t)0p0A(t)Op}), is what

is referred to as the OTOC. As the system scrambles, C(t) grows from 0 to 1,
while the OTOC F'(t) decays from 1 to 0.

The time scale in which the OTOC F(t) — 0 is what is generally referred to

as scrambling time.

3.2 Holevo Information

While OTOCs characterize the dynamical degree of non-commutativity of local

operators, a complementary perspective is offered by quantum information theory.
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Specifically, we focus on the Holevo information [128].

Given two observers, namely Alice and Bob, suppose Alice wants to send a
message X to Bob. Suppose Alice encodes the message into an ensemble of quan-
tum states n = {p;, p;}}2,. In order to retrieve the message, Bob will perform a

POVM on the system IT = {II;}.

The amount of information about the original message - encoded by Alice in
each state ¢ of the mixture and retrieved by Bob through a measurement £ - cor-

responds to the mutual information (X :Y') of the joint probability distribution:

p(i, k) = p; Te{(kp;)}. (3.5)

The accessible information [103,128,129] corresponds to the maximal of this
communication protocol corresponds to the maximal mutual information 7(X : Y)

which Bob can access by optimizing over all the possible measurement protocols:
Lee(n) = max I(X:Y). (3.6)

Computing this quantity is generally computationally expensive. Nonetheless,
Holevo Theorem poses a more accessible upper bound to this quantity, which we

are going to refer to as Holevo Information [128§]

Lice(n) < x(m) =S (ZPsz) - ZPiS(Pi)7 (3.7)

where S(p) = —Tr{plog p} is the Von Neumann entropy.
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3.3 Holevo Information as a Scrambling Quanti-

fier

Recently, the Holevo Information has been employed to characterize scrambling
[59,60,64]. The operational intuition is distinct from OTOCs: if a system scrambles
information effectively, local measurements should fail to distinguish the input

states.

Let us consider a scenario where Alice encodes information using a set of states
that evolve under a quantum channel ®, generating the ensemble n = {p;, ®(p;)}.
To quantify scrambling, we analyze the information recoverable from a specific
subsystem j of the Q)-partite reservoir. The state of this subsystem is obtained by

tracing out the environment (the remaining ) — 1 parts):

o) = Tr;[®(pi)], (3.8)

where Tr; denotes the partial trace over the complement of j. The local Holevo

information is thus given by:

=5 (Z pmﬁf'>> = > niS (). (3.9)

This quantity, ¥, bounds the maximal accessible information about the input re-
trievable by an observer with restricted access to the subsystem j only. High values

of ) mean that the input states pz(j ) remain distinguishable locally. As x) — 0,
the local states become indistinguishable (typically converging to the maximally
mixed state). This implies that the information has been delocalized into global

correlations, accessible only via joint measurements on the entire system.
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3.4 The Scrambling Perspective on QELM

As discussed, QIS describes the delocalization of information into global correla-
tions, effectively hiding it from local observation. This phenomenon poses a po-
tential conflict for QELM, especially in contexts where the readout layer employs
local measurements to reconstruct the output. Consequently, one might guess that
scrambling dynamics are inefficient for learning, as the relevant information would

be inaccessible to the model.

In the next chapter, we will analyze the performance of QELMs in state estima-
tion tasks, examining how reconstruction accuracy evolves versus the scrambling
time. By correlating the model’s predictive power with the OTOC and the Holevo
information defined here, we aim to determine if effective learning can persist

beyond the scrambling time.
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Chapter 4

State Estimation with QELM

beyond the Scrambling Time

In this chapter, we present our results obtained in [28], investigating the interplay
between the predictive capabilities of QELMs and the dynamics of information
spreading. As anticipated in the previous chapter, we address a state estima-
tion task using a reservoir subject to unitary evolution, interpreting the model’s

performance through the lens of the QIS framework.

While in general when working with quantum hardware [130], the readout layer
is trained through the entire outcome probabilities of the state of the reservoir, in
this context we restrict ourselves to local measurements. In the context of QIS, this
framework should be characterized by fundamental limitations, since the informa-
tion on the inputs should be hidden in non-local correlations by definition [55-65].
Consequently, standard intuition suggests that once the system evolves beyond the
scrambling time, the reconstruction of the input state should become inefficient

or impossible. Contrary to this expectation, our findings demonstrate that the

51



information retrieved via local measurements remains sufficient for accurate state

estimation well into the scrambling regime.

Furthermore, we analyze how the internal structure of the reservoir influences
this behavior. We show that while the interaction topology significantly affects
accuracy during the initial transient phase of the evolution, these structural differ-
ences vanish at longer timescales, matching the performances of a random unitary

evolution.

4.1 The Task

In this work, we address the problem of single-qubit state estimation. Formally,
this entails reconstructing the Bloch Vector B of an input state p;, = %(]I—I—B-O').
This task is equivalent to estimating the expectation values of the Pauli matrices

o = (0,,0,,0.) given the input state:

y = Tr{opin}. (4.1)

The reservoir comprises N, qubits, upon which we perform local projective
measurements of the o, operator following the unitary interaction with the input.
Our objective is to analyze the time dependence of the reconstruction accuracy
by measuring the reservoir at distinct, longer and longer, interaction times. Con-
sequently, the training phase requires the optimization of a specific readout layer,
W® | specialized for processing the measurement outcomes at each specific time

step t. Given a labeled training dataset D = {(yy, p¥,)} 7", the output of the
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QELM for the k-th sample is defined as:
Nq Nq
yi(t) = > WET{] (01)h, @ prest =Y W (oD, (4.2)
i=1 =1

Here, (ai>,(f) denotes the expectation value of o, on the i-th reservoir qubit at time ¢
for the k-th input. Following the ELM training protocol described in section 1.2.1,
if we define Y as the matrix of target vectors and (o,)®) as the matrix collecting
the reservoir measurements at time ¢, the optimal weights are computed via the

Moore-Penrose pseudoinverse:

WO =yah+, (4.3)

To quantify the accuracy of the reconstructions we employ the Mean Squared

Error, averaged over the whole testing set

Dtest
1 arge
MSE(Y, Y"7) = — >y — v (4.4)
test =1

4.2 Reservoir and Topologies

As briefly discussed in the previous section, the total system consists of N, + 1
qubits, evolving under a unitary, time-independent Hamiltonian. The first N,
qubits constitute the reservoir, upon which we perform local measurements for the
state estimation, while the (N, + 1)-th qubit constitutes the input node, initialized

in a generally unknown state p,.

The total Hamiltonian governing the system’s evolution is decomposed into

two factors: H = H,¢s + H;nj. Here, H,.; describes the internal dynamics of the
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reservoir, while H;,; governs the coupling between the input qubit and the reser-
voir. The reservoir Hamiltonian includes local driving terms acting on individual

qubits as well as arbitrary two-body interactions:

q T,Y,2 q z,Y,2

7"68 ZZ 7B a®0- +Zzh?0’?‘7 (4'5)

1<j a,f

where the indices 7, j run over the reservoir qubits, and «, 5 € {z,y, z} denote

the Pauli operators.

On the other hand, the injection Hamiltonian H;,; consists only of two-body

interaction terms connecting the input qubit (index in) to the reservoir:

Ny z,,2

“"0] ZZ 11,5 ?®O-'m (46)

=1 a0

To ensure the generality of the results, the coupling constants are treated as
random variables. The local fields h$ and the interaction strengths J%# are drawn
uniformly from the intervals [—0.1,0.1] and [—1, 1], respectively. All numerical
results presented in this chapter are obtained by averaging over an ensemble of 500
distinct Hamiltonian realizations. Furthermore, we consider a reservoir composed
of N, = 7 and a sampling statistics fixed to 10° measurements. The sampling
statistics varies the maximal reconstruction accuracy, which has been proved in [29]

to have a dependence which scale as % with the measurements statistics.

In this work, we investigate the impact of connectivity of the reservoir into
both the accuracy and the scrambling dynamics. In particular, we consider three
different reservoir topologies scaling from lower to higher connectivity and also

in expected scrambling capabilities: open Chain (C), a Ring (R) with periodic
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Figure 4.1: Reservoir Topologies and Injection Schemes - Different topolo-
gies and injection schemes used to couple the qubits in the system. Each different
reservoir topology, respectively Chain (C), Ring (R) and Fully Connected (FC)
corresponds to a different hamiltonian H,.s. Each injection scheme, namely Single
Link (SL) and Multi Link (ML) corresponds to a different number of interaction
terms between the input and the reservoir in H;y;. In particular, in the first case
we have a one-to-one interaction, while in the second case a one-to-all interaction.

boundary conditions, and a Fully Connected (FC) graph where all qubits interact

with one another.

Furthermore, we employ two distinct injection strategies: the Single Link (SL)
scheme, where the input qubit couples to a single node of the reservoir and the
Multi Link (ML) scheme, where the input interacts directly with every qubit in

the reservoir.
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4.3 Scrambling Quantifiers

4.3.1 Non-Commutativity

Having defined the state estimation protocol, we now discuss the connection be-
tween the QELM performance and the scrambling properties of the reservoir. As
discussed in chapter 3, information scrambling is operationally defined by the

growth of non-commutativity between initially commuting local operators.

To adapt this framework to our workflow, we measure the OTOC between the
evolved operators {oZ(t)}1%, and the local operators acting on the input qubit at
t = 0, denoted as {c@,} where a € {z,y, z}. The specific OTOC component F(t)
is defined as [57,127]:

1

F{ () = o5 Te{o] (£)05,07 (t) o3, }- (4.7)

1

2

To obtain a global quantifier of the information scrambling in the system, we
compute the average non-commutativity C(t). This is obtained by averaging the

decay of F(t) over all reservoir qubits ¢ and all input Pauli bases a:

Nq z,Y,2

C(t) _1——22 (4.8)

As the system scrambles, F(t) — 0 and C(t) — 1, meaning that the local infor-

mation of the input operator has been delocalized into global correlations.
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4.3.2 Holevo Information

Following the reasoning of section 3.3, in this framework the variable X encoded
by Alice is the initial unknown state of the qubit, which is distributed among the
qubits in the reservoir through a set of quantum channels ®%. Defining the full
state of the system p = p;;, ® pres, due to the unitarity of the quantum channel
governing the full dynamics of p, it is possible to describe the encoding quantum

channels of Alice ®! as follows:
pr(t) = BL(p) = Tryfe M petit) (19)

where Trz{-} represents the trace over the qubits complementary to k.

Therefore, for each qubit of the reservoir, Alice has at her disposal three en-
sembles of quantum states n® = {pg, ® (p*)}4_,, where k runs over the qubit in
the reservoir, and « is the encoding basis of the input. Indeed, in order to ensure
that the Holevo information does not depend on the basis of states Alice is using
to encode the message, we consider a set of balances probabilities pg = % and com-

pute the local Holevo information for each qubit in the reservoir considering

all the possible encoding eigenbasis for the input, namely o, 0, and 0.

We thus define the local Holevo information as [59, 60, 64]:

HOBN (; szku)) -3 3 S(), (1.10)

where ¢ runs over the number of eigenvectors of each eigenbasis a and k is the

index of the corresponding qubit in the reservoir.

As in the non-commutativity framework we compute the average Holevo infor-

mation in the reservoir by averaging over all the qubits in the reservoir and the
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possible encoding eigenbasis used by Alice:
_ 1 a
X0 = 53> i) (111)

The remarkable feature of the definition of local Holevo information in eq. (4.10)
is that it is able to quantify the distinguishability of the state of each qubit in the
reservoir after the interaction with orthogonal input state though the quantum
channel ®!(p®). If after the scrambling time x¢ — 0 this would imply that Bob

should not be able to distinguish completely different input states in the reservoir.

4.4 Results

In this section we report the results obtained in our work [28]: while in previous
works the accuracy of QELMs was proven to depend on the reservoir dynamics and
in particular on the topology of the reservoir [29,36,52], in our work we prove how
this dependence on the topology disappears beyond the scrambling time, with all
the reservoirs presenting the same accuracy, saturating to a minimal value. This
implies the possibility of implementing a QELM without the need of temporal

fine-tuning.

However, while the accuracy does not depend on the topology after the scram-
bling time, we highlight the presence of better performances in the transient regime
leading to the full scrambling. Remarkably, this optimal performance shows corre-
lation with the local Holevo information, which shows a higher distinguishability
of the outcome states of the qubits in the reservoir, especially in the less connected

topologies. On the other hand, this same correlation is not seen in the behavior
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of the non-commutativity that, while successfully addressing the scrambling time,
does not provide any information on the accuracy of the model, highlighting the

differences in the QIS features they measure.

4.4.1 Reservoir Dimension

In fig. 4.2, we analyze the reconstruction Mean Squared Error (MSE) as a function
of the reservoir dimension N, varying the size from 2 to 7 qubits. To isolate the
effects of the internal reservoir structure, we employ the SL injection strategy. This
ensures that the complexity of the input-coupling remains constant regardless of
the reservoir size. We compare two distinct dynamical regimes: a short interaction

time (¢t = 0.25, panel a) and a long interaction time (¢t = 5, panel b).

Note that with N, < 4 qubits in the reservoir there is not enough information
to retrieve the initial state of the input, obtaining an higher MSE for those points.
The data show that, while for short interaction time with the reservoir it is possible
to observe differences in the behavior of each topology, as reported in [29], for longer
interactions these differences disappear. This suggests that as the interaction
lasts in time, the information is spread by the evolution among the nodes of the
reservoir in the same way for all the topologies, regardless any initial difference in

the structure of interactions.

A highly interesting result is obtained by replacing the random Hamiltonian
with a Haar random unitary evolution. In this framework the outcome state of the
system slows strong internal correlations, but interestingly the resulting accuracy
is the same as that for the different Hamiltonians at long evolution time. This
result not only further confirms our hypothesis on the disappearing differences

between the various evolutions, but also remarks how the long-time behavior of
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4 5 6
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Figure 4.2: Accuracy with varying reservoir dimension - Reconstruction
MSE vs number of qubits in the reservoir, with SL input coupling and different
reservoir topologies. The evolution time is (a) ¢ = 0.25 and (b) ¢ = 5. Each
point represents the median of the MSEs computed on an ensemble of 500 random
Hamiltonians, with sampling statistics of 10° for both training and testing in each
case. Training and testing sets each consisted of 50 random states. All the data of
the simulation lie in the colored area, marking the boundaries of the first and third
quartiles. In addition to the standard topologies C, R, FC defined in fig. 4.1, we
also report the MSE obtained letting the whole input and reservoir system evolve
unitarily with a Haar random unitary (RU).

a generic class of Hamiltonians approaches that given by Haar random unitaries,

which are known to be optimal for observable estimation tasks [29,131,132]

4.4.2 Estimation accuracy and QIS

In this subsection we report the results on the time-dependence of the MSE
for the coupling and injection schemes shown in fig. 4.1, relating it to the non-

commutativity and local Holevo information in each system.

As shown in the previous section, for evolution times longer than the scram-
bling timescale, defined by the non-commutativity saturation, all the schemes are

equivalent, achieving to the same accuracy. This data also shows that studying the
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average non-commutativity is not sufficient to predict the reconstruction MSE, as
it monotonically increases until saturation. On the hand, the Holevo information
follows more consistently the MSE behavior, as it is crucial to quantify the amount

of correlation between the input and the local output qubits.

In all topologies, the MSE eventually saturates to an asymptotic value of (1.8+
0.5)x 1074, the averaged x to (2.541.2)x 1073, and the OTOC to C' = 0.99740.003.
We also note how increasing the number of links within the full system reduces
the scrambling time, leading the system to faster convergence. Indeed, each link
corresponds to additional interaction terms, allowing the information to flow faster

through the reservoir.

In fig. 4.4 we report the time-dependence of the condition number x for all
different topologies. Recalling our discussion regarding the meaning of this quan-
tity in section 1.2.1, the condition number quantifies the numerical stability of the
solution provided by the QELM. In particular, it shows how stochastic errors in
the training phase can propagate and are amplified in the testing stage, therefore

being an effective performance estimate of the model.

A phenomenon characteristic of ML-coupled systems seen in fig. 4.3 is a tran-
sient regime where reconstruction accuracy is higher than its asymptotic value,
which is also reflected in higher values of the average x corresponding to the same
evolution times. This is due to the direct couplings in ML systems allowing infor-
mation to initially spread and become locally retrievable from all reservoir qubits,

to then become partially lost to the correlations at longer times, as can be seen

from fig. 4.5 (d)-(e)-(f).

Furthermore, for both injection schemes, right before the saturation, C and R

topologies achieve better accuracy than the FC one. This feature can be related to
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Figure 4.3: Average Results - Reconstruction MSE (a)-(b), two-point corre-
lation function C' (c)-(d), and local Holevo information x (e)-(f), as a function
of time, for different interaction topologies, as a function of time in the interval
t € ]0,5]. In each plot we present the data corresponding to the three interaction
topologies, FC (orange diamonds), C (blue circles), R (green triangles), outlined
in fig. 4.1. The left realizations (a)-(c)-(e) refer to the SL scheme, while the
right realizations (b)-(d)-(f) the ML scheme. In each case, we present the me-
dian results over 500 realizations of random Hamiltonians with the corresponding
topology, with a reservoir of N = 7 qubits plus a single input qubit. The error
bars show the first and third quartiles around the median. For the MSE we used
sampling statistics of 10° in both training and test, both of which were performed
with training and testing dataset comprised of 50 random states each.

the higher efficiency of the FC scheme to hide information in non-local correlations

due to the higher number of interaction terms.

Remarkably, fig. 4.3 shows in some cases contradicting results when relating
the average x and the MSE. This is particularly evident with the FC topology in
the SL coupling where, in the transient regime, the results show a lower averaged
x and at the same time a lower MSE. This observation is directly related to the

average, which hides the real information distribution in the network. Indeed, the
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Figure 4.4: Condition Number - Condition number of P"*® for the topologies
of fig. 4.1 with SL (a) and ML (b) coupling schemes, for different evolution times
t € [0, 5]. In each topology and coupling scheme, each point gives to the condition
number averaged over 500 random Hamiltonians, a reservoir with N = 7 qubits,
and sampling statistics of 10° for both training and testing. The error bars rep-
resent the first and third quartiles. Training and testing were conducted with 50
states each. The long-time condition numbers are kK = 4.6 + 1.1 and Kk = 5.1 + 1.2
for SL and ML schemes, respectively.

results in fig. 4.5 show a symmetric information distribution among the qubits in
the reservoir for the FC topology; on the other hand, in the other two reservoirs
the only informationally relevant nodes are those closer to the input state, showing
a completely asymmetric distribution of the information. This reflects on a higher
average Y for the C and R topologies, since FC is faster in spreading it both
locally and non-locally, nonetheless almost all their outcome measurements are

uncorrelated to the input state.

A different situation is observed in the ML-coupled systems where information
spreads much more symmetrically, and thus the average x is inversely correlated
with the MSE, as expected. Beyond the scrambling time every single y saturates
to the same value of y ~ (2.5 & 1.2) x 1073, as expected from fig. 4.3.
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Figure 4.5: Holevo information Distribution - Distribution of the Holevo in-
formation among the nodes of the reservoir for SL (a,b,c) and ML (d,e,f) input
coupling, and for chain (a,d), ring (b,e), and fully connected (c,f) interaction
topologies. Each figure reports the Holevo y corresponding to each of the N =7
reservoir qubits, here labelled from 0 to 6, for different evolution times ¢ € [0, 5].
Each data point is the median of the dataset obtained over an ensemble of 500
random Hamiltonians.

Overall, all the reported data shows a robust convergence to a regime where
state estimation is possible with the same performances granted by random uni-
tary dynamics, without the need to fine-tune the interaction times. The initial
differences between interaction topologies - due to different rates of information
spreading - gradually converge to a uniform behaviour over longer timescales, once
information has spread evenly across the network. Furthermore, if such fine-tuning
is feasible, higher performances are possible for some types of interactions in the

transient regime before the scrambling time.
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4.5 Discussion

This chapter provides strong evidence that QELM-based accurate reconstruction
29,51, 52] with local measurements is possible well beyond the scrambling time
for several types of dynamics. Indeed, we showed the equivalence - in terms of
accuracy - of such evolution with that obtained through Haar-random unitaries,
which results in the maximum amount of distributed correlation across the system.
These findings are interesting for both their experimental implications, and for the

insights they provide into the relations between QELMs and QIS.

From an experimental perspective, our findings mean that for many types of
dynamics there is no need to fine-tune the evolution time for the purpose of re-
constructing properties of input states via QELMs. As long as the system is left
to evolve long enough for the information to spread uniformly, accurate recon-
struction is always possible. The evolution time must still remain fixed across
different measurements, but its precise value does not need to be known to the

experimenter.

At a more fundamental level, our findings offer a novel perspective into the
nature of QIS and its relations to QELMs and state reconstruction tasks. Even
though a scrambling system is considered to be one where information is hidden in
the correlation and is locally irretrievable, our results highlight that - at least for
relatively small systems - the opposite is true from a state estimation perspective:
when information is allowed to spread uniformly throughout the reservoir qubits,
the residual local information is still sufficient to retrieve arbitrary properties of

input states.

In summary, our results pave the way for robust experimental state reconstruc-

tion schemes that do not rely on accurate knowledge of the underlying dynamic or
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fine-tuning of the experimental apparatus, and furthermore suggest that the way
information spreads locally for scrambling system might be a useful resource for

quantum state estimation purposes.

In the next chapter, we will discuss another application of QELM, this time
to a classical task. In particular, we will present a noise resilient QELM frame-
work, which we are going to employ for the atmospheric retrieval of exoplanets,

implementing the model on a real quantum device.
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Chapter 5

Exoplanetary Atmospheres

Retrieval with a QELM

The analysis of exoplanetary atmospheres via absorption and emission spectra re-
lies heavily on mathematical modeling [66-73]. Forward models simulate expected
spectra based on atmospheric composition and physical conditions; in atmospheric
retrievals, these are compared with observations to estimate parameters [74-80].
However, balancing computational cost with model accuracy remains challenging.
Simple models allow for fast analysis but risk oversimplification and bias [133,134],
while complex physical simulations capture intricate phenomena at the cost of sig-

nificant computational resources [135-138].

Machine learning offers a solution, enabling rapid and accurate spectral char-
acterization [139-142]. These algorithms significantly improve computational ef-
ficiency over classic retrieval methods and can be designed to output posterior

distributions, synthetic spectra, or direct atmospheric parameters.

However, reliable ML algorithms depend on high-quality training datasets. As
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most models struggle to extrapolate outside their training parameters, generating
robust datasets that reproduce features observable by space- and ground-based
instruments is crucial. This scalability is vital for exploiting low-resolution spec-
troscopy from missions like JWST [143] and Ariel [144]. As model complexity
increases to interpret these rich datasets, ML tools must evolve to meet new chal-

lenges in precision and efficiency.

Inspired by the architecture used in [145], in this work, we construct a QELM
to extract information from synthetic spectra generated by TauREx [146, 147],
focusing on minimizing quantum resources while maintaining resilience to noise in
near-term implementations. In this chapter, based on [130], we describe the first
QELM applied to an astrophysical analysis problem. To test QELM’s robustness,
the algorithm is evaluated on datasets within the JWST spectral range, both
with and without added artificial shot noise, to assess its response to realistic data
imperfections. Additionally, robustness is proved by running the JWST dataset on
the IBM Fez quantum hardware, confirming the performances and so the potential

of QELM for NISQ applications.

5.1 Dataset: Generation, Pre-Processing and En-

coding Pipeline

In this section, we present the structure of the training dataset, its pre-processing

and the QELM workflow
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5.1.1 Dataset Generation

In this chapter we will focus on a classical application of QELM models, in par-
ticular by training one capable to extract atmospheric features from a dataset of
spectra of exoplanets. Specifically, we are going to process datasets of synthetic
spectra generated by TauREx [146,147]. TauREx is an open-source Bayesian code
for exoplanetary atmospheric modeling and retrieval which allows for the gener-
ation and retrieval of transmission, emission and reflection spectra over a wide
range of compositions and physical parameters. It computes radiative transfer
on exoplanetary atmospheres taking into account different chemical and physical
conditions to produce the resulting spectrum. Its object-oriented structure allows
the inclusion of many different atmospheric scenarios and it is widely used in the

exoplanetary community.

The dataset employed in this study is the same described and processed in [140].
The atmospheric model relies on seven parameters distributed among four molec-
ular volume mixing ratios (C'Hy, COy, CO, H20O) and three physical parameters
representing planetary mass (M), radius (R), and equilibrium temperature (7).
We assume constant vertical abundance profiles and an isothermal temperature-
pressure profile. The parameter space is defined by specific lower and upper
bounds, with each interval discretized into 10 values (see table 5.1). Spectra were
generated in the [0.3,50] um range, divided into 515 spectral bins, by combining
these parameter values. This yields a total pool of 107 spectra, from which we
sampled a subset of 10* spectra for the training and testing stages. This baseline

dataset is hereafter referred to as TauREx.

To evaluate the QELM in a realistic observational scenario, we generated a
second dataset, denoted as JWST. We adapted the baseline TauREx spectra to

match the instrumental resolution and spectral range ([0.6, 2.8] um) of the HAT-
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Fig.A: TauREx Fig.B: JWST
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Figure 5.1: Spectra - Example of a simulated spectrum produced by TauREx
(Fig.A), interpolated on JWST spectral range (Fig.B), with the addition of shot
noise (Fig.C) and with the addition of a principal component filter taking 10
components in account (Fig.D). As can be seen in the spectra, adding the filter
slightly modifies the shape of the spectrum.

P-18b observations presented in [148].Subsequently, we introduced artificial shot
noise to the JWST spectra to create the NJWST (Noisy JWST) dataset. This
process assumes a photon source temperature of 7, = 6460 K and follows the
noise model detailed by [149]. Finally, to assess noise mitigation strategies, we
generated the FJWST (Filtered JWST) dataset by applying the pre-processing
steps described in the following subsection. Representative examples of all four

datasets are displayed in fig. 5.1.

5.1.2 Pre-Processing

As already discussed in section 2.5.1 and section 2.5, the primary challenge in
Quantum Machine Learning in general, lies in efficiently encoding high-dimensional
data into a Hilbert space of limited dimension and limit the influence of decoher-

ence noise into the quantum device.
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Variable | Lower Bound | Upper Bound
CH, 107° 1071
COq 10~8 1071
cO 1078 1071
H,O 108 1071

M 0.8M, 2.0M,
R 0.8R; 1.5R;
T 1000K 2000K

Table 5.1: Spectral parameters bounds - The spectra considered in this work
have been produced considering atmospheric parameters in the intervals above.
Each interval has been divided in 10 values. The spectra are produced considering
all the 107 possible combination of these values.

In this context, the use of a compressing strategy is not only suggested but
mandatory. This is indeed a crucial element in efficiently encoding the most rel-
evant features of a high-dimensional data, limiting both the information loss due

to the compression strategy and the quantum noise.

Therefore, the common approach consists in reducing the dimension of data
employing either convolutional neural networks, auto-encoders or principal com-
ponent analysis (PCA) [48,150-152] to extract the most relevant and discernible
features of a dataset. For instance, PCA is a linear transformation which consists
in finding a different representation of the dataset, searching for a reference frame
in
with augmented variance and separability.

However, in generative contexts like Quantum Generative Adversarial Networks
(qGANSs) [145], reducing the qubit count presents a significant trade-off. Since the
generator’s output resolution scales with the number of qubits, heavy compression

can degrade the quality of generated data. To address this, previous works have

proposed "task factorization”—training multiple generators in parallel to produce
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Figure 5.2: Pictorial representation of a single reservoir - The encoding
of the classical data is performed by means of RX gates whose rotation angles
depend on the principal component extracted by each patch; the reservoir layer
consists of random RY rotations, a set of CNOT and other random RY rotations.
Finally the outcomes are collected performing a projective measurement in the
computational basis

smaller sub-sections of the data [145].

In this work we employ a hybrid approach which combines both the dimension-
ality reduction of the PCA and the task factorization. In particular, we divided
the spectral range according to the major water bands in the IR while also taking
into account the instrument pass-bands of JWST/NIRISS, NIRcam, MIRI and
Hubble/WFC3, for a total of Prayurex=14 spectral bands, which from now on we
are going to address as “patches”.

The number of patches has been reduced to PywsT=8 when considering only the
JWST/NIRISS spectral range. Beyond the need to factorize the problem, this
operation has also been performed in order to normalize the patches one by one

and amplify their spectral features.

As outlined in section 5.1.1, we also tested the model considering artificial shot
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noise added to the JWST dataset. The shot noise is computed as in [149].

We assumed that measurement noise is dominated by quantum detection noise
following Poisson statistics with equal mean and variance between ~0.6 and 2.8 pm.

We estimated the mean number of collected photoelectrons to be:

IR WAN (R*D > 2

A2
_ B\, T)AdA, 1
=T (57 [ BT (5.1

A1

where A\; and A\, are the limiting wavelengths of the spectral bin, d is the
distance of the star (we took here 270 pc by default), R, = 1.46 Rgyp, T\ = 6460K,
d=270pc and At = 21340s, respectively. The parameters D = 16, 7 = 0.4,
and At are the diameter of the telescope, the performance of the system, and
the integration time, respectively, whose values were fixed for JWST according
to [149]. Since systematics may prevent us from reaching a 10 ppm precision with
the JWST, we assumed a floor noise of 30 ppm throughout the whole spectral
domain with a normal distribution [153] from 0.6 to ~ 2.8 um, wherever the noise

was lower than 30 ppm.

For the FJWST dataset, we apply a PCA-based filtering step to mitigate noise
before processing. We reconstruct the spectra using only the first 10 principal
components. This threshold was selected by analyzing the cumulative explained
variance, ensuring that the majority of signal information is retained while high-
frequency noise is discarded. This filtering is critical, as standard normalization

would otherwise amplify the noise, hiding genuine spectral features.

The final pre-processing step involves extracting the principal components
(PC's) from each spectral patch to further reduce dimensionality. Normaliza-

tion ensures these components are of comparable magnitude. Each patch is thus
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mapped to a vector x° of dimension PC. To preserve global context lost dur-
ing patching, we append a supplementary vector containing the global maximum,
minimum, and average value of the full spectrum. The final input matrix X is

organized as follows:

_ o -
x2 PTauR,Ex:]-4
X — with P= (5.2)
Pywst=8
P

5.1.3 Encoding Scheme and Reservoir Structure

To limit the number of qubits and the depth of the circuit, with a similar rea-
soning of [145,154] we consider a factorized reservoir where the first sub-system
encodes the global features of the spectra, while, the remaining P sub-reservoirs,

are dedicated to processing the information from each individual spectral band.

Each sub-reservoir is initialized as a quantum register with N, > PC qubits
in the state |0). The processing pipeline for the i-th patch x’ consists of three
distinct stages (visualized in fig. 5.2):

¢ Encoding Layer: The PC principal components of the patch are mapped
to the qubit states via Angle Encoding. We apply a layer of R, rotations,
where the rotation angle of the k-th qubit corresponds to the k-th component

of the input vector:

PC
k=1

e Reservoir Layer: To induce entanglement and spread information, we em-

ploy a hardware-efficient ansatz. This consists of an initial layer of random
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R, rotations, followed by a linear chain of CNOT gates acting on nearest

neighbors (k, k + 1), and capped by a final layer of random R, rotations:

URes = (® Ry(ﬁk>> (ﬁ CNOTk7k+1> <® Ry(()ék>> . (54)

k=1

The parameters ay, O are randomly initialized and remain fixed for all in-
puts. Crucially, this gate set was selected to match the native gate set of the

target hardware, minimizing compilation overhead and circuit depth.
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Figure 5.3: Resuming scheme of the whole processing - Spectra are patched
according to [140] and pre-processed by the processing layer consisting of an in-
terpolator (for JWST spectra), a normalization layer and a principal component
analysis layer acting on each of the patches. The components are encoded in
a reservoir as shown in Figure 5.2 and the outcome probabilities are than post-
processed via the output layer to obtain the atmospheric parameters.

e Measurement Layer: The final stage consists of projective measurements

in the computational basis. For each sub-reservoir, we obtain a probability
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distribution p’ over the 2™V« basis states:
P = (M| UnesUpyel0) . (5.5)

These local probability vectors are then concatenated into a global feature
matrix Q (as shown below), which serves as the input for the classical linear

readout training:

T
Q: p17p27"'7pP+1] : (56)

Finally we train the output linear layer as already seen in the previous section

in order to retrieve the atmospheric parameters listed in table 5.1:
W=YQ". (5.7)

The pictorial representation of the model in its entirety is shown in fig. 5.3

We assess the model’s generalization using the Mean Squared Relative Error

(MSRE) calculated over the testing dataset (Dieg):

1 Diest (y;tht . yzred)Q
test)Q

= 5.8
Dtest 3 (yk ( )

€

Beyond this continuous error metric, we also define a binary accuracy score, A(e*),
which counts the percentage of retrievals where the individual error ¢ falls below

a tolerance threshold €*:

Dtcst
. 100 .
A(e") = D E NGEHE (5.9)

77



1, if ¢ <€,
d(ex, €") = (5.10)

0, otherwise.
Having observed a linear relationship between accuracy and tolerance, we adopt a

fixed threshold of €* = 5% for all subsequent analyses.

The expressivity of the present QELM is constrained by the data encoding.
Following the Fourier analysis of QELMs [43], the encoding determines the set
of achievable Fourier frequencies, while the reservoir dynamics and the measure-
ment determine the corresponding coefficients and accessible feature functions. In
our case, each spectral patch is represented by M PCA coordinates and encoded
through local Pauli rotations Equation (5.3). Therefore, for each coordinate %,
the accessible frequencies are restricted to the differences of the eigenvalues of the
Pauli generator. For the hardware experiment, M = 5 the Fourier support of each
block is small and implies that the demonstrated model should not be interpreted
as a generic highly expressive quantum model or as evidence of quantum advan-
tage. The factorized architecture further implies that the complete feature map is

a direct sum of patchwise feature maps,

Pourn(z) = P ®:(x"),
i=0
rather than a single global feature map over all spectral coordinates. We emphasize
that the novelty of our approach is the structured use of this primitive for high-
dimensional continuous inverse regression. This architecture provides a concrete
route for applying QELMs to high-dimensional scientific data while respecting
near-term hardware constraints. Increasing the input resolution does not require a
single reservoir acting on all spectral bins; it can instead be handled by increasing

the number of structured spectral blocks. The present implementation does not
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create global quantum correlations between different patches. Cross-patch corre-
lations are learned only through the final classical linear regression layer. Thus the
framework should be understood as a modular, hardware-compatible QELM archi-
tecture for structured inverse problems, rather than as a claim of a new universal

QELM model or of quantum advantage.

5.2 Results - Hardware Implementation

5.2.1 JWST Benchmark Simulations

To prepare for implementation on a physical quantum hardware, we first carried
on a series of benchmarks to optimize the key hyperparameters, namely the num-
ber of principal components PC's and the size of the training dataset. These tests
were performed on the JWST dataset, which represents a good compromise be-
tween the most complete data generated by TauREx and the noisy, observational

NJWST data (see fig. 5.1 (a-c)).

These preliminary benchmarks were performed under idealized, noiseless con-
ditions, assuming infinite sampling precision, to isolate the performance from sta-
tistical measurement noise. The simulations employed 8-qubit reservoirs, with

results summarized in Figure 5.4.

Panel (a) displays MSRE [see Equation (5.8)] for each atmospheric parameter
as a function of the extracted principal components PC', using a fixed training
set of 8000 spectra. Panel (b) shows the convergence of the MSRE as a func-
tion of training set size, with PC' fixed at 6. From this exploratory analysis, we
determined that extracting a minimum of PC'=5 principal components is suffi-

cient for robust performance, though marginal improvements in retrieving H,O
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Figure 5.4: Benchmark simulations using JWST dataset - Benchmark sim-
ulations at infinite statistics to determine the minimal number of principal com-
ponents to extract from each spectral patch (Fig. a) and the minimal number of
training data. Both benchmarks were performed using reservoirs of N,=8 qubits.
The results in the upper plot are obtained considering a training dataset of 8000
spectra, while those in the lower plot considering a PC'=6 principal components.
For each point in the plot we made the training 10 times with different training
datasets, while testing always on the same set

and C'Oy concentrations are observed with PC'=6. Furthermore, panel (b) points

to a minimal requirement of 4000 spectra for the algorithm to converge.

The retrieval accuracy for CO saturates at an MSRE of approximately 107!, re-
gardless of the number of training samples or principal components retained. This
behavior is consistent with results reported in spectral reconstruction using DC-
GANSs [140]. It arises because the C'O molecule lacks prominent spectral features
within the considered bandpass, making its abundance inherently more difficult to

predict than that of the other three target molecules.

5.2.2 Hardware Implementation

We deployed the algorithm on IBM Fez, a superconducting quantum processor
featuring 156 qubits. As detailed in section 5.1, processing the JWST dataset

needs 9 distinct sub-reservoirs: 8 dedicated to the principal components of specific
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spectral patches plus an additional circuit encoding the global features (mean,
maximum, minimum). To parallelize execution on the QPU, we allocated nine
subsets of five qubits each. Within each sub-reservoir, qubits were encoded with

distinct principal components following the scheme in Figure 5.2.

Based on our benchmark simulations, we employed a dataset of 4080 spec-
tra (split 75%/25% for training and testing) and extracted PC' = 5 principal
components per patch. Under the present experimental conditions, the model is
classically simulable because it is composed of independent five-qubit reservoirs.
Nonetheless, while performing the real experiment on QPU requires a computa-
tional time which only depends on the depth of the quantum circuit, from a simu-
lational point of view the computational time strongly depends on the considered
number of qubits per reservoir. However, from both perspectives this in general
strongly depends on the number of qubits on the QPU for the quantum case and on
the specifics of the classical computer from the simulation standpoint. We there-
fore do not interpret the hardware experiment as evidence of quantum advantage.
The relevant scalability property of the proposed architecture is instead modular-
ity: spectra depending on a higher number of parameters could generally require
a finer patching, increasing the number of associated sub-reservoirs, while keeping
each reservoir below the regime in which concentration effects make the measured
observables input-insensitive. This patchwise scaling differs from the scaling of a
single unstructured many-qubit reservoir. In a monolithic reservoir, concentration
effects may cause observable readouts to approach an input-independent value
exponentially with the number of qubits, requiring an exponentially increasing

number of shots to resolve the input dependence.

Figure 5.5 presents the retrieval accuracies defined in eq. (5.9). We compare

the results obtained doing infinite-statistics simulations (blue bars), finite sam-
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Figure 5.5: Hardware Results with JWST dataset - Results obtained by
processing the dataset using IBM Fez. The results have been obtained using
reservoirs of 5 qubits each and M=5. In this context we considered a dataset of
D=4080 spectra, with the 75% used for training and the rest for testing. Both
the results obtained on hardware and the finite statistics simulation were obtained
with 20000 shots.The algorithm was also tested considering a classical ELM (brown
bars), and considering the QELM without any reservoir - using only the encoding
layers with M =5 (purple bars) and M=8 (black bars) - as a baseline to show how
the reservoir is actually improving the predictions.

pling statistics with 20,000 shots (orange bars) and experimental execution with
the same statistics (green bars). As expected, accuracy slightly decreases at fi-
nite sampling statistics and again when implementing the model on hardware.
These deviation arise from shot noise, readout errors and gate imperfections given
by the device. However, the strong consistency across all three cases validates
the robustness of our QELM architecture. Since the QELM receives features al-
ready extracted by classical patching, normalization and PCA, the retrieval accu-

racy cannot be attributed solely to the quantum reservoir. We therefore compare

82



against linear regression on the same PCA features and against a classical ELM
with a matched random-feature dimension. These comparisons are necessary to
identify the contribution of the quantum feature map relative to the information
already present in the preprocessed classical representation. In Figure 5.5 (black
and purple bars) we show the accuracies obtained performing the linear regression
directly on the preprocessed data. The purple bars for M = 5, corresponds to
the same number of PCA components used in the hardware QELM experiment,
and the black bars for M = 8, which tests whether simply retaining more PCA
components can reproduce the QELM performance. The results show that the
classical preprocessing is indeed informative. In particular, the radius is already
well captured by the preprocessed representation, consistently with the fact that
its information is largely contained in global spectral quantities. However, the
no-reservoir baselines do not reproduce the QELM accuracy for most retrieved pa-
rameters. For example, at M = 5 the direct linear baseline is substantially below
the IBM Fez QELM results for CHy, CO,, CO, H,O, M, R, and T. Increasing
the number of PCA components to M = 8 does not close the gap and, in several
cases, performs worse. Thus the observed performance cannot be explained simply
as a consequence of applying linear regression to a low-dimensional PCA represen-
tation. For the implementation of the classical ELM we considered a similar setup
as in the quantum case, considering 9 random neural networks of 32 neurons each.
In this context, the input data are multiplied by a random matrix of dimension
32 x 5, followed by a sigmoid function. The choice of the number of neurons for
each reservoir has been done accordingly to the dimension of the Hilbert space in
the quantum case for a consistent comparison. As before, we collected the outputs
of all the reservoirs in a unique training matrix, in order to tune the output layer
parameters. Figure 5.5 shows that with this setup the resulting accuracies are

much lower than in the quantum counterpart.
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The figure also shows the predictive capabilities of the PCA without the reser-
voir are not powerful enough, with the model achieving only the 90% of accuracy
for the radius which should be the easiest parameter to be retrieved, and decreas-
ing accuracy also for the other parameters. Interestingly, increasing the number
of principal components is detrimental for the model, as already anticipated by

fig. 5.4.

1.0y

Simulation

Simulation

0.5 To %90 0.5 1.0
IBM Fez IBM Fez

©
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Figure 5.6: Compared predictions using simulator and hardware with
JWST dataset - Parameters estimated by IBM Fez and by finite statistics sim-
ulations for each parameter.

The numerical results in Figure 5.5 show that, with the current dataset and
set of principal components, the model is able—at infinite statistics—to retrieve
the planetary radius for all samples with a relative error below 5%. Similarly, the
concentrations of CH4 and H,O are successfully reconstructed for nearly the entire
dataset within the same 5% threshold. The concentration of COj is accurately re-

trieved for about 86% of the dataset, while the remaining atmospheric components
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are reconstructed with progressively lower accuracy.

Most importantly, the discrepancy between the finite-statistics simulation and
the experimental hardware results is negligible. The agreement between the finite-
shot simulation and the IBM Fez, shown in Figure 5.6, results should be understood
as readout-level adaptation to the effective noisy feature map. In the QELM pro-
tocol, the output weights are trained directly on the probability matrix produced
by the reservoir. On hardware, this matrix is not the ideal noiseless matrix Pgeal,
but an experimentally realized matrix P,y = Pgeal + APuw, where APy, includes
the effects of finite sampling, readout errors, gate imperfections, crosstalk, and
other device-specific noise sources. Since training and testing are performed us-
ing the same hardware-generated feature map, the final linear readout learns the
regression map associated with the experimentally realized features. This mecha-
nism has clear limitations. It can only compensate distortions that are sufficiently
stable between training and testing and that do not erase the input-dependent in-
formation contained in the feature matrix. In the simple case where the dominant
effect of hardware noise is an approximate attenuation, Py, >~ AP.gea, the Moore-
Penrose pseudo-inverse can absorb this factor through (APgea)™ = A1 P4 ;. This
compensation is algebraic and occurs in the classical readout layer; it should not be
interpreted as a quantum error-mitigation protocol. Moreover, it is not cost-free:
the corresponding increase in the norm of the learned weights can amplify finite-
shot fluctuations in the measured probabilities. Therefore, the hardware results
demonstrate robustness under the stable noise conditions and shallow circuits used

in the IBM Fez experiment.
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5.3 Results - Simulative Benchmarks on Differ-

ent Datasets

In this section, we present the analysis of the results obtained across the four
datasets introduced in fig. 5.1. In particular, section 5.3.1 extends the benchmark
analysis —previously described for the JWST case — to the remaining datasets to
identify their respective optimal configurations. After having established the opti-
mal parameters, in section 5.3.2 we report the final retrieval performance achieved

by processing the four datasets in a simulative context.

5.3.1 Training and Feature Test

Following the methodology already developed for the JWST dataset, we extended
the benchmark analysis to all datasets illustrated in fig. 5.1. As in the previous
case, we determined the optimal number of principal components (PC') by fixing
the training size to Dy = 8000 and evaluating performance on a test set of

Diest = 2000 under idealized, noiseless conditions.

The results, displayed in fig. 5.7, show distinct behaviors across the datasets.
In the TauREx and JWST cases (fig. 5.7 (a) and (b)) we observe that the
MSRE in the retrieval of all the parameters, reaches a minimum PC = 5—6
components. Consistent with previous findings, C'O retrieval shows a plateau
above 0.1 regardless of the number of components, confirming the difficulty of

assessing the information about its concentration.

On the other hand, for the two noisy and filtered datasets (NJWST and
FJWST) increasing the number of principal components beyond PC = 5 does
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Figure 5.7: Benchmark simulations on all datasets with variation of prin-
cipal components - Mean squared relative error of the algorithm as a function
of the number of encoded principal components. The simulations were performed
on a dataset of 10* spectra, with the 80% used for training and the remaining
20% for testing. Panel(a) shows the results for the TauREx dataset, (b) for
the interpolated dataset within JWST spectral range, in (c) for the NJWST
dataset and (d) for the FJWST dataset. Each point has been obtained by doing
10 different training instances, considering different training sets, while keeping
fixed the testing set.

not grant any advantage in terms of accuracy. This suggest that shot noise and the

filtering procedure both destroy most of the information captured through PCA.

Interestingly, the retrieval accuracy for planetary radius R, mass M, and tem-
perature T' remains independent of the number of principal components. This
implies that information regarding mass and temperature is concentrated in the
first principal component. Conversely, initial tests using only the minimum, maxi-
mum and average of the spectra to train the model, suggested that the robustness

of the radius retrieval is primarily granted by these global features.
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Finally, we assessed the training requirements by fixing PC=6 and varying
Dirain (see Figure 5.8). Here we observe that the TauREx dataset requires ap-
proximately D = 5000 samples for convergence, while the others reach their

plateau earlier, typically between 3000 and 4000 samples.

5.3.2 Simulations Results
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Figure 5.8: Benchmark simulation with all datasets as a function of the
number of training data - Accuracy of the algorithm as a function of the
number of training states and considering a test of 2000 spectra. In the panel
(a) shows the performances using the TauREx dataset, in (b) shows those using
the interpolated dataset in the spectral range of JWST, in (c) those with the
dataset of NJWST and in (d) those with the dataset of FJWST. The number of
components used for each patch is PC'=6. Each point has been obtained by doing
10 different training instances, considering different training sets, while keeping
fixed the testing set.

The results obtained Section 5.3.1 allow us to test the algorithm at its full

potential.
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Figure 5.9: Simulation results in the best conditions - Accuracy of the QELM
in retrieving each atmospheric parameter using the datasets shown in fig. 5.1. In
this context we used a dataset of 10000 spectra split in 80 — 20% respectively for
training and testing and used PC' = 6 principal components for each patch. In
Fig. A are reported the results at infinite statistics, while in Fig. B the results
with a statistics of 20000 shots.

Figure 5.9 presents the atmospheric retrieval results across the four dataset
categories. For the TauREx dataset, the plots show that nearly all parameters are
retrieved with 99 —100% accuracy in the limit of infinite statistics. The exceptions
are planetary mass and temperature, which achieve a slightly lower success rate
of 96%, and C'O, which remains the most challenging parameter with an accuracy
of approximately 80%. In the finite statistics regime (see Figure 5.9 (B)), we
observe that while C Hy, CO,, HyO, and (R) maintain success rates exceeding 90%,
the retrieval of mass and temperature worsens, highlighting a higher sensitivity to

statistical noise.

For the JWST dataset, the QELM exhibits a comparable level of accuracy

to that observed in the TauREx case, with only a slight degradation in the re-
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trievability of CO; and C'O. This suggest that part of their spectral features lies

within the spectral range that was excluded.

Adding shot noise to this dataset and processing it without first filtering the
noise using the principal component analysis results in a retrieval accuracy below
the 70% for all parameters, except for the radius. The latter shows robustness
against noise, as previously seen in Figure 5.7, confirming its information is en-
coded in the average values of the spectra and is therefore less affected by the
presence of shot noise. These performances can be enhanced by applying a filter-
ing procedure during pre-processing. Indeed, without such filtering, the normal-
ization of each spectral patch amplifies not only the spectral features but also the
shot noise, invalidating the principal components extracted before the encoding.
As shown in Figure 5.9, the principal component filtering significantly improves
retrieval performance, Althogh the success rate remains lower than those obtained
for the JWST dataset, they still outperform the NJWST, reaching 70 — 80% of
accuracy at finite statistics for CHy, CO, and H5O. Naturally, all the results at
finite statistics can be improved with a higher number of shots approaching the

infinite statistics results.
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Chapter 6

Supernovae Spectral Analysis

with QELM

This final chapter reviews our recent results in applying Quantum Extreme Learn-
ing Machines (QELMSs) to astrophysical data. Building upon the framework es-
tablished in the preceding chapter, we aim to extend the model’s capabilities by
evaluating it on an entirely distinct dataset: X-ray emission spectra from super-

nova remnants.

Consistent with the methodology used for the exoplanetary analysis, this dataset
is entirely synthetic. It was generated by sampling a comprehensive grid of physical
and chemical parameters to simulate realistic emission spectra. To further optimize
the QELM architecture, we introduce and benchmark several model enhancements
in this chapter. These include testing different pre-processing strategies such as
Partial Least Squared Regression (PLSR), alternative encoding strategies (such as

Dense Angle and IQP encoding) and data re-uploading protocols.
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6.1 The Dataset

The dataset utilized in this work consists of 170,000 synthetic X-ray spectra gen-
erated using the XSPEC (version 12.15.1) software package [155]. Specifically, we
modeled the thermal emission from an optically thin plasma in non-equilibrium
ionization (NEI) by adopting the VNEI model within XSPEC. The ionization
fractions and subsequent spectral calculations were derived using ATOMDB 3.1.3

(http://www.atomdb.org/).

We explored different values of the plasma temperature, of the ionization pa-
rameter 7, defined as the integral over time of the plasma density calculated since
its impulsive heating) and of the Si, S, Fe and Ni abundances (referred to the
corresponding solar values reported in [156]). The values of each parameter are
intrinsic in the bounds reported in table 6.1. We also incorporated the effects
of photoelectric absorption by the interstellar medium using the TBABS model
within XSPEC, exploring different values for the absorbing hydrogen column den-
sity (Ng). The sampling bounds for each parameter are detailed in the table

below.

Finally, we passed our synthetic spectra through the instrumental response of
an active X-ray telescope to simulate realistic observational conditions. We simu-
lated an XMM-Newton observation utilizing the EPIC-pn camera [157] equipped
with a medium filter. The required Auxiliary Response Files (ARF) and Redis-
tribution Matrix Files (RMF) were generated using the ARFGEN and RMFGEN
tasks of the Science Analysis System (SAS version 22.1), assuming a circular ex-

traction region with an angular radius of 20 arcseconds.

Consistent with the methodology outlined in the previous chapter, all target

parameters were normalized to the interval [0, 1] prior to training.To optimize the
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Variable Units Lower Bound | Upper Bound

Ny 1022 x em ™2 0.08 0.2

kT keV 0.8 1.75

S Cn/Cu 1.0 4.0

St Cin/Ch 1.0 4.0

Fe Cin/Ch 1.0 4.0

N1 Cn/Ch 1.0 4.0

T 10Y x s/cm? 3.31 65.2

Table 6.1: Spectral parameters bounds - The spectra considered in this work
have been produced considering physical and chemical parameters distributed non-
uniformly in the intervals reported above. The complete dataset comprises 170000
spectra.

extraction of physical features and facilitate the factorized quantum reservoir ar-
chitecture, the simulated spectra were once again divided into distinct sub-bands,
or "patches.” Whereas the patch boundaries in the exoplanetary analysis were
dictated by major water absorption bands in the infrared, the boundaries for the
supernova remnants were specifically engineered to isolate key physical and chem-
ical features in the X-ray regime. The spectra were segmented into the following

distinct spectral bands: It is important to note a specific physical constraint em-

Table 6.2: X-Ray Spectral Bands and Key Diagnostics

Energy Band (keV) Dominant Feature Key Physical Parameter

0.5-1.5 Soft X-ray emission (ISM absorption) Hydrogen column density (Ng)
0.7-1.2 Primary spectral features Iron (Fe) abundance

1.6 - 2.1 Emission lines (Si & S complex) Si and (S) abundances
44-6.2 X-ray continuum Plasma temperature (k7T)

6.3 6.9 Iron K-shell complex Ionization parameter (7),

Fe abundance

bedded within the simulated dataset: the spectra were generated such that the
abundances of Fe and Ni are perfectly coupled (i.e., they share the same abun-
dance values relative to solar), as are the abundances of S and Si. Consequently,

while the selected spectral bands do not contain distinct, isolated emission fea-
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tures for Nickel, the QELM can implicitly infer its concentration by mapping the
correlated Iron features. In the following sections, we will demonstrate that the
model successfully capitalizes on these correlations to retrieve the correct values

for all coupled elements.

6.2 Upgrading the QELM Pipeline

While the baseline model is the same as the previous chapter, in this work we
further developed it in order to enhance the performances and solve some issues

intrinsic to this particular dataset.

In this section we are going to review all the upgrades performed on the archi-
tecture described in section 5.1.3, describing alternative pre-processing strategies,

encodings.

6.2.1 Data Compression

While the key data pre-processing and normalization techniques remain consistent
with our previous work on exoplanetary atmospheres [140], this chapter introduces
a comparative benchmark of data compression techniques. In particular, we evalu-
ate the performance of PLSR against the previously utilized Principal Component

Analysis PCA.

While PCA is an unsupervised technique which consists in applying orthogonal
transformation to the input data matrix, retaining the components with highest
variance, PLSR is a supervised dimensionality reduction method. Specifically,

rather than simply focusing on the input matrix alone, PLSR seeks to maximize
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the covariance between the input features and the target labels - namely each
spectral patch with our spectral parameters. This ensures that the extracted latent

variables retain the most relevant information for the specific predictive task.

Mathematically, PCA performs a standardization of the input data matrix X,
centering the mean and standardizing the variance to 1, defining the matrix X

and computes its Singular Value Decomposition:
X =UxV7 (6.1)

where we remind U, V being two orthogonal matrices containing the left and right
singular vectors of X and 3 being a square matrix containing its the singular
values in the diagonal. The columns of V represent the principal axes of the data,
while the singular values in 3 are proportional to the variance captured along each
corresponding axis. The singular vectors are sorted in descending order of their
corresponding singular values, meaning the first column captures the maximum
possible variance. To achieve dimensionality reduction from D to M dimensions
(where M < D), the data is projected onto the subspace spanned by the most
significant principal components. This compressed representation, X;; € RV*M
is obtained by multiplying the centered data by V,,, a matrix containing only the
first M columns of V:
Xy =XV

Unlike the single-step projection of PCA, PLSR compression is generally performed
iteratively. The algorithm decomposes both the input matrix X and the target
matrix Y by finding projection weight matrices S and C that maximize the co-
variance between their respective score matrices. This optimization problem can
be formulated as:

S, C = argmax(STX"YC) (6.2)
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subject to normalization constraints on the weight vectors. These weights are

subsequently used to project X and Y onto the latent score matrices T and U:

T=XS, U=YC

The first M columns of the score matrix T represent the PLSR-compressed data.

6.2.2 Encoding Strategies

As previously discussed in section 2.5.2; the quantum feature map—the mechanism
by which classical data is embedded into a quantum state—is a critical determi-
nant of both the model’s expressivity and its practical feasibility on near-term

hardware. In our prior investigation of exoplanetary atmospheres, we employed

Dense Angle Angle IQP
Er\ccol‘mg Ev\coohng Encoallng
|O> Rx(x1) |O> = H Rz(x‘l) | m
|O> N Rx(x1) | Rz(xp_) . th(x1 X2)
[o> R (x,) o> — H R(x)— —
(A) (B) ()

Figure 6.1: Encoding Strategies - Schematic representation of the encoding
strategies evaluated to enhance the baseline model from chapter 5. (A) Dense
Angle Encoding embeds two features per qubit, exploring a larger region of the
Bloch sphere and halving the required qubit count compared to standard Angle
Encoding. (B) Standard Angle Encoding. (C) IQP Encoding utilizes diagonal en-
tangling gates to natively embed higher-order correlations into the initial quantum
state.

a standard angle encoding strategy. Despite its relative simplicity, this method
yielded highly accurate parameter retrievals. In this chapter, we improve our

architectural framework by benchmarking this baseline against dense angle encod-
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ing and IQP embedding (illustrated in fig. 6.1).Dense angle encoding maximizes
resource utility by utilizing two distinct rotational gates to embed two classical
features into the relative phase and amplitude of a single qubit. While this adds
a marginal increase to the initial circuit depth, it reduces the total qubit require-
ment to N;/2 compared to standard angle encoding. Conversely, IQP encoding
introduces entangling operations directly into the feature map, potentially en-
abling the quantum state to natively capture higher-order, non-linear correlations

present within the input data. Finally, we evaluate the impact of data re-uploading

First Encoding Re-Uploao{ing Mea::;zrent
X \ () o/ .

Encoding Encoshng

lO_) | Layer Layer £ 25
|0> —————————| Reservoir Reservoir ——m

[0 —_— __a
PE— A

Figure 6.2: Data Re-Uploading - The classical input data is iteratively re-
injected into the quantum system, alternating between encoding layers and reser-
voir processing layers. This iterative process increases the representational capac-
ity of the model by exploring a more complex subspace of the multi-qubit Hilbert
space.

4AC v=n~

(fig. 6.2) across all three encoding schemes. This technique iteratively injects the
classical input into the quantum circuit, interleaving encoding blocks with the
reservoir’s processing layers. In an idealized, noiseless simulation, this systematic
repetition increases the representational capacity and non-linearity of the quan-
tum model. However, it also causes the circuit depth to scale linearly with the
number of re-uploading layers. In an experimental context on physical hardware,

this increased depth can quickly become detrimental, as it introduces a higher ac-
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cumulation of gate errors and decoherence noise. Therefore, a primary objective of
this benchmarking analysis is to identify the optimal operational trade-off: finding
an encoding scheme and re-uploading depth that maximizes predictive accuracy
while remaining sufficiently shallow to mitigate the destructive effects of quantum

noise.

6.3 Results and Discussion

This section presents the empirical validation of the enhanced QELM architecture.
To systematically evaluate the model’s capabilities and the impact of our proposed
upgrades, the discussion is structured into three sections: at first we establish the
baseline hardware requirements by determining the minimal number of qubits and
latent components—extracted via both PCA and PLSR—mnecessary to carry out
the dataset analysis; next, we evaluate the predictive performance across the three
quantum encoding strategies illustrated in fig. 6.1. This stage simultaneously tests
the efficacy of data re-uploading at various circuit depths and directly compares
the feature extraction capabilities of PCA versus PLSR; finally, we subject the
optimized model to a strict generalization test using a newly generated validation
dataset. While the physical parameters of this dataset remain confined within
the bounds established in table 6.1, they are drawn from a completely different
statistical distribution. This critical analysis proves whether the algorithm has
genuinely learned the underlying physics of the X-ray emission models, or if it has

merely overfitted and memorized the parameter grid of the primary training set.

In this context, in addiction to the principal components, instead of the global

average of the spectrum, we encoded the hardness ratio and the average of the
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soft band of the spectrum. These are defined in the following way:

H-S
H+ S

HR = (6.3)

where H is the hard X band of the spectrum (0.5 — 1.5)keV, while S is the soft
band of the spectrum (1.5 — 7.5)keV .

In order quantify the retrieval accuracy across all experiments, we employ the
Normalized Mean Squared Error (NMSE). This metric evaluates the deviation
between the ground-truth test parameters and the algorithm’s predictions, with
both sets rescaled to the [0, 1] interval to ensure equal weighting across disparate
physical units:

test 7p7“6d

NMSE(Ytesb pred =

||Mz

where N represents the total number of test samples, and y denotes the normalized

parameter values.

All the results were obtained considering a total of IV, = 5 patches, for a total

of 6 reservoirs, 5 for the spectral bands and one encoding the hardness ratio.

6.3.1 Resource Benchmarks

Consistent with our previous methodology, adapting the QELM to an entirely new
dataset requires a preliminary evaluation of its fundamental resource requirements.

Before performing the full analysis, we benchmarked the model’s performance by

varying the number of encoded latent components and the total number of qubits.
As a first step, we fixed the reservoir size at N, = 10 qubits and varied the

number of encoded components. To directly compare data compression techniques,
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Figure 6.3: Benchmark for the number of principal components - Normal-
ized Mean Squared Error (NMSE) evaluated on the test set as a function of the
number of extracted components used for data compression. Simulations were con-
ducted at infinite statistics using 10-qubit reservoirs. Retrieval accuracy reaches a
stable plateau after encoding 6 components per sub-reservoir.

these components were extracted using both PCA and PLSR. For this baseline
assessment, we employed the standard Angle Encoding. All benchmark simulations
in this phase were performed in the infinite statistics limit to isolate the model’s

theoretical capacity from finite-sampling shot noise.
Figure 6.3 illustrates the NMSE for each target parameter as a function of the

number of extracted components, M. The retrieval accuracy plateaus for all pa-
rameters at M = 5 to 6 components. While the asymptotic performance of PLSR
is only marginally superior to PCA, PLSR achieves better performances, especially

for Ny and kT, already with M = 1, approaching the same plateau as the PCA

100



—&— nH —*— kT —A— Si - S Fe —%— Ni —-— T

S 0.0020 A
/ N
*- N ’ N ya N
N // N ,A\\ ¥ A
N/ % 0.0015 S '
» /
4
‘/t\//’ /
0.0010
0.0020 n v
/S 0.0020 0.0020 S
w !\\ / - L ] (.. L 4
2 0.0015 /S T /” i
¢ 0.0015 0.0015 S
x’/
3
0.0010
6 7 8 9 10 6 7 8 9 10
Ny Ny
® 0.00015 PLSR
=~ ---- PCA

0.00010

Figure 6.4: Benchmark for the Number of Qubits with Angle Encoding -
Infinite-statistics simulations evaluating the NMSE as a function of reservoir qubit
count (V). The number of encoded components is fixed at M = 6, utilizing stan-
dard Angle Encoding. The results indicate that accuracy is largely independent
of N, once the minimum component threshold is met, with minor variations stem-
ming from distinct random reservoir initializations.

with the increase of encoded latent components.

In fig. 6.4 we fix the number of extracted principal components to M = 6 and
the evaluate the impact of changing the number of qubits IV, on the performance
of the model. The figure shows only minor fluctuations, which can be addressed
to the intrinsic random nature of the reservoir’s initial parameters, rather than an

increasing or decreasing representational capacity.

Introducing Dense Angle Encoding into these benchmarks yields substantial
resource advantages. A fundamental hardware constraint of standard Angle En-

coding is that the number of qubits must be strictly greater than or equal to the
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Figure 6.5: Benchmark for the Number of Qubits with Dense Angle En-
coding - Infinite-statistics simulations evaluating the NMSE as a function of reser-
voir qubit count, utilizing Dense Angle Encoding to embed M = 6 principal com-
ponents. The data reveals a weak dependence on qubit count, demonstrating that
Dense Angle Encoding achieves comparable accuracy to standard Angle Encoding
(fig. 6.4) using exactly half the physical qubits.

number of encoded features N, > M. Because Dense Angle Encoding embeds two

features per qubit, it effectively relaxes this condition to N, = M /2.

Figure 6.5 presents the results of this optimized approach, fixing the latent
components at M = 6 while employing Dense Angle Encoding. Notably, the
model achieves the same order of magnitude in accuracy as the previous baseline
using only N, = 3 qubits. While the overall accuracy exhibits a weak dependence
on adding additional qubits, the retrieval of the critical ionization parameter (7)
shows a distinct improvement when the reservoir size is marginally increased to

N, = 4.
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6.3.2 Benchmarking the Encoding Strategies

In the previous section, we proved how Dense Angle Encoding provides an advan-
tage in reducing the number of qubits required to effectively solve the regression
task. Here, we carry on our study to evaluate the impact of data re-uploading

when combined with the three distinct encoding strategies introduced in fig. 6.1.

Figures fig. 6.6, fig. 6.7, and fig. 6.8 show the model’s NMSE as a function of the
number of data re-uploads for Angle, Dense, and IQP encoding, respectively. These
simulations were performed with reservoirs of N, = 6 qubits and M = 6 extracted
components. For both standard Angle and Dense Angle encoding, iterative re-
uploading yields a substantial improvement in predictive performance, with the
NMSE decreasing by nearly a full order of magnitude before plateauing. On the
other hand, this same trend is not followed in the IQP encoding, where data
re-uploading decreases the model’s accuracy. This phenomenon is likely caused
by the Rz, entangling gates inherent to the IQP feature map which, rather than
improving the expressivity of the model, hides the information inside non-measured

correlations.

Consistently with what we observed in the previous section, PLSR marginally
outperforms PCA across all re-uploading depth, though advantage is not significant
enough to prefer a compression technique to the other. Finally, while re-uploading
is a powerful tool for increasing the expressivity, its utility depends on the employed
quantum feature map used to encode the classical data and, more importantly,

come with a intrinsic trade-off of increasing the circuit depth.

To better frame the differences between these methods, fig. 6.9 provides a direct
performance comparison across the three quantum feature map. While Dense

Angle Encoding obtains the greatest benefits from data re-uploading, achieving
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Figure 6.6: Data Re-Uploading with Angle Encoding - This figure shows
the NMSE of the model as a function of the number of input data re-uploads
using a standard Angle Encoding strategy. Pre-processing was performed using
both PLSR and PCA. Simulations were conducted at infinite statistics, utilizing
M = 6 components and reservoirs of N, = 6 qubits. The accuracy monotonically
increases (NMSE decreases) with additional re-uploads until reaching a plateau.

the highest accuracy among all the methods with 4 uploads, IQP is able to reach
almost the same performance without the need of any prior re-uploading. This
presents a critical optimization opportunity: while Dense Encoding combined with
re-uploading is the best performing feature map, it requires 45 layers (fig. 6.10) to
be implemented (35 considering only N, = 4). On the other hand, a single-upload
IQP circuit only requires 10 layer to be implemented, effectively presenting an
advantage in case of a real hardware implementation. This also points out that
the predictive accuracy is not strictly bound to the raw circuit depth or the number
of reservoir layers, but rather by the mathematical structure of the implemented

encoding strategy.
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Figure 6.7: Data Re-Uploading with Dense Encoding - This figure displays
the NMSE of the model as the number of re-uploads increases under a Dense Angle
Encoding strategy. Simulations were performed at infinite statistics with M = 6
and N, = 6. Similar to the trend in fig. 6.6, the error monotonically decreases
before plateauing.

6.3.3 Testing with Parameters from Unknown Distribu-

tion

While our results are already very promising, we need to test whether the model
is actually understanding the physics of supernova remnants, thus fitting the ac-
tual relation between the input parameter and the outcome spectra, or if it is
memorizing the distribution connecting the training and testing parameters to the

dataset.

In order to infer this property, we generated two other different datasets, whose

parameter values are always confined within the bounds reported in table 6.1, but
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Figure 6.8: Data Re-Uploading with IQP Encoding - This figure illustrates
the NMSE of the model under an IQP Encoding strategy. In stark contrast to the
previous methods, the error strictly grows as the number of re-uploads increases,
indicating that a single data injection is optimal for this highly entangled feature
map.

with different distribution. One of the two datasets is used as a testing set; while,
the second dataset is used to mix it inside the current training set in order to
help the model to generalize correctly. The parameters of the two distributions
are sampled in such a way that their values are close to those in the first dataset.

The idea is to make the parameters’ distribution as smooth as possible.

Figure 6.11 shows the NMSE as a function of the mixing of the training dataset
between data from different distribution, obtained by a model composed of reser-
voirs of N, = 6 with M = 6 and employing the IQP encoding with single injection.
The NMSE is computed on the retrieved parameters from the data of a third dis-

tribution. The results show that without this initial mixing in the training phase,
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Figure 6.9: Accuracy Comparison Between Encoding Strategies - This
figure compares the NMSE of the model as a function of the number of uploads,
at infinite statistics, considering N, = 6 reservoirs and PLSR compression. Dense
encoding achieves the highest peak accuracy at four uploads. While IQP encoding
suffers from re-uploading, its single-upload iteration remains highly competitive,
presenting high accuracy with low circuit depth.

the model goes in a sort of grid overfitting, where it learns to approximate the
step function instead of the correct function modeling the physics of the system.
As the mixing increases the system learns to generalize to different distribution,
obtaining the correct solution of the problem. Comparing this figure with fig. 6.9
we observe that, while the model is at a certain point capable of retrieving the
parameters for this test dataset, it is not as accurate as in the case of the spectra

from the initial distribution.

107



—8— Angle Encoding
—— Dense Encoding
—A— Dense Encoding 4 Qubits
50 —®— IQP Encoding

60

IS
o

Circuit Depth
w
o

20

10

0 1 2 3 4 5
Reuploadings

Figure 6.10: Circuit depth dependence on number of uploads - This figure
shows the dependence of the circuit depth from the number of re-uploads in the
different encoding strategies, including also the number reservoir layers. These
refer to reservoirs of IV, = 6, except for the green line, representing a reservoir of
N, = 4 qubits with Dense encoding.
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Figure 6.11: Retrieval accuracy on out-of-grid dataset - This figure show
the retrieval NMSE on a dataset with parameters sampled out of the grid, using
the IQP encoding and reservoirs of 6 qubits, using both infinite statistics and a
statistics of Ngpors = 20000. In the training phase we have used a dataset with total
size of 20000 spectra, which have been gradually mixed with a second composed
of spectra with different sampling distribution. The test has been performed on
1000 spectra with a third distribution.
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Conclusion

This thesis proves the theoretical viability and practical power of Quantum Ex-
treme Learning Machines for near-term astrophysical applications, showing their

potential and limitation, especially in the field of physical implementations.

The conventional framework of quantum information scrambling states that once
a system evolves beyond the scrambling time, local information is hidden within
non-local correlations and becomes locally irretrievable. However, the findings
presented in our work contradict this expectation for state estimation tasks. We
demonstrated that the information retrieved via local measurements remains suf-
ficient for accurate state reconstruction well into the scrambling regime. Further-
more, while the interaction topology of the reservoir significantly impacts the esti-
mation accuracy during the initial transient phase of the evolution, these structural
differences entirely vanish at longer timescales. In this last regime, the accuracy
of all tested topologies converges and matches the performance of a Haar-random
unitary evolution, implying that robust experimental state reconstruction does
not require precise fine-tuning of the evolution time, nor does it rely on perfect

knowledge of the underlying Hamiltonian dynamics.

QELMs represent a highly pragmatic alternative in the landscape of near-term

quantum machine learning. In this work, we address the computational bot-
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tlenecks of classical exoplanetary retrieval methods and propose the first noise-
resilient QELM framework for exoplanetary spectral analysis. The model was
evaluated on synthetic datasets dependent on specific chemical and physical pa-
rameters—namely C'Hy, COy, HyO, CO, M, R, and T'. We evaluated variations of
this data by restricting the observed wavelengths - comparing the TauREx dataset,
comprising wavelengths measured by multiple detectors, with a JWST-specific
dataset - and introducing simulated shot noise. The QELM proved exceptionally
effective when processing the complete TauREx dataset, achieving an accuracy of
over 90% for most parameters (CH,, COy, H>O, R) at both infinite and finite
statistics. Comparable accuracies were maintained when restricting the data to
the JWST spectral band. Testing this JWST framework on the 156-qubit IBM Fez
hardware not only proved the model’s inherent fault tolerance, but also that the
QELM outperforms a classical extreme learning machine of comparable feature
dimensions. Finally, we have shown that while the model is not able to retrieve
the atmospheric parameters when adding shot noise to the dataset, it is possible
to improve its accuracy adding a filter employing a principal component analysis

to the pre-processing pipeline.

Last but not least, we have also proved that our algorithm can adapt to many
different spectral dataset, testing its efficiency also on a spectral dataset of super-
nova remnant. In this context, we have improved our model, by testing different
compression techniques in the pre-processing of the dataset, and different encod-
ing strategies, testing the previously employed angle encoding against dense, IQP
encoding and data re-uploading. We have shown that the pre-processing strategy
does not provide any kind of advantage while restricting to linear methods as PCA
and PLSR. Furthermore, we have proved that while data re-uploading improves
the accuracy with both angle and dense encoding, in the case of IQP encoding it

becomes detrimental, gradually decreasing the accuracy. Finally, the combination
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of dense angle encoding and data re-uploading seems to be generally the more ex-
pressive strategy, leading to the overall highest accuracy. Nonetheless, our results
show that the IQP encoding achieves similar accuracy without re-uploading the

data, therefore maintaining low depth for the circuit.

This thesis establishes the foundational framework for Quantum Machine Learning
in astrophysics, driving the transition toward a new generation of fault-tolerant

spectral retrieval models.
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