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1. Introduction

Consider a vector y = (y1,...,y,)" of n observations, normally distributed with mean X8
and positive definite variance matrix V, where the elements of V depend on a finite number
of unknown parameters 6 = (61, .. .,6,,) . The likelihood is given by

) VI exp—2 (y ~ XYV (y - XP), m
and hence maximizing the likelihood is equivalent to minimizing
L(B,0)=(y—XB)'V™(y = XB) +log V. )
If V is known, then the maximum-likelihood (ML) estimator of 8 is given by
p=X'VIX)TIXVTY, (3)

the generalized least-squares (GLS) estimator. If V is not known, then we may obtain the ML
estimators either by minimizing (2) with respect to f and 6 or by concentrating out §, in
which case we need to minimize

L:0)=¢eVle+1log|V| (4)
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with respect to 6 only, where the residual vector
e=y— XXV IX)"'X'vly (5)

now also depends on 6. In the latter case, we first obtain 0, then compute V =V(),and finally
B = X'V-1X)~'X’V~1y. Both procedures are simple and mathematically transparent, but
they don’t always work. In this note, we shall discuss one important case where the procedure
does not work, and explain why it does not work.

The case we are interested in is the case where corr(y;, y;) = p for all i # j, so that the
correlation matrix takes the form

L p p P
p 1 p ... p

P=|. . . - (6)
p p p ... 1

The matrix P is known as the ‘equicorrelation matrix’ or the ‘compound symmetric matrix,
and the distribution of y is called the ‘symmetric normal distribution’ (Rao 1973, Section 3c).
We first consider the case where var(y;) = 1 for all i, in which case V' = P. In Section 4, we
shall allow var(y;) to depend on i.

The specification V = Pis not a weird outlier that never occurs in practice. On the contrary,
the idea that all correlations are the same is the simplest form of a correlation structure. As
pointed out by Zyskind (1969, p. 1361), the structure arises naturally when we sample without
replacement from a population of numerical characteristics (cj, . . ., cn). In the population,
we define u = YV | ¢i/Nand o2 = 3N (¢; — )?/N. Collecting a sample y = (y1,. .., )’
of size n from this population without replacement gives

Pr(y1 =c) = % Pr(y1 =ciy2 =¢j) = —N(Nl_ D Q@ # 7)
and hence E(y1) = E(y2) = u, E(y%) = E(y%) =02+ p?, and
Egrys) = ———— > e =- A a8 (®)
NN -1) & N—1
so that var(y;) = var(y,) = 0% and
cov(yr,y2) =EQ1y2) — EG) E(y2) = — _2 T )

Hence var(y) = o 2P with p = —1/(N — 1), which is positive definite (hence non singular)
for every n < N.

The structure also arises as a special case (m = 2) of the variance-components model (Rao
and Kleffe 1988), where

m
V=aoly+ ) aili, (10)
i=1
which is widely used in practice. More recently, Engle and Kelly (2011) introduced dynamic
equicorrelation in the finance literature, where it has many followers.
The fact that a ML estimator does not exist in such a simple setup is perhaps remarkable,
but the case is by no means unique. In the context of variance components, the non existence
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of a ML estimator has been studied by Infante (1995); Demidenko and Massam (1999) (with
a correction by Grzadziel and Michalski 2014), Birkes and Wulff (2003); Eck and Geyer
(2018); Shi and Xu (2020), and others. All these papers refer to underlying (and sometimes
rather complex) theoretical results from other sources. In contrast, we provide a simple and
elementary proof without reference to any exterior source, and this allows us to precisely
identify and understand the reason why a ML estimator does not exist in this case. In Section
4, we also provide a non trivial extension which, as far as we know, is new.

2. Main result

Let us formally state our main result as follows.

Proposition 1. Consider the model y = X + u, where X is a non random n x k matrix with
full column-rank, u is a normally distributed random error with E(u) = 0 and var(u) = P as
given in (6), and 8 and p are unknown parameters to be estimated. If the regression contains a
constant term, then no ML estimator exists.

To prove the result, let 1 denote the n x 1 vector of ones. Then, defining the idempotent
n X n matrix J = 11/ /n, we can write the matrix P as

P=aiJ+ax(Iln =), (11)

where oy = (n — 1)p + 1 and p = 1 — p are the eigenvalues of P with multiplicities 1 and
n — 1, respectively. The matrix P is positive definite if and only if @; > 0 and a, > 0, that is,
if and only if

—1
— <p<l (12)
n—1
If P is positive definite, then
_ 1 1 _
Pl=—J+—U—)), [Pl=af (13)
(03} o)

Letting M = I, — X(X'X) "1 X', we see that

_ p
(1—=p)np+1-0p)

since MX = 0. If the regression contains a constant term (or, more generally, if  lies in the

column space of X), then Mi = 0 and hence

X'P M= X'1) (M), (14)

XP ' —XPIXX'X)"'X =XP'M=0, (15)
implying that
X'P'x)"xX'P = (X' X)X, (16)

so that GLS = OLS in this case; see Amemiya (1985, Theorem 6.1.1) or Lu and Schmidt (2012)
for a more general discussion and historical references.
Letting u = y — X, we have

W' Ju = nii?, U (I, — Nu = ns2, (17)
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where
'u u—u) (u—u
S Ut D (U 0} as)
n n

and hence, using (2),

L(B,p) =u'P " u+log|P|
=2 2
:ﬂ+ﬂ+10ga1+(n—l)logaz. (19)
(05} (0%

When p — 1, we have oy — nand oy — 0%, and hence

2/ (n—1
LB, p) — i+ logn+ (n—1) lim (logaz + M) , (20)
a—07F o)
and when p — —1/(n — 1), we have @; — 0" and oy — n/(n — 1), and hence
=2
L(B,p) —> (n— l)sf{ + (n—1)log " + lim (log(xl + ﬂ) . (21)
n— a1 —0t o1

The problem lies in the appearance of u in (21). If 8 is known, so that we only estimate p,
then there is no problem as long as :"(y — X) does not vanish. But if 8 is unknown, then we
need to estimate both 8 and p. In that case, we have to replace the error vector u in (19) by
the residual vector

e=y—XBp=y—XXP'X)"IX'Ply=y - X(X'X)"'Xy, (22)
in view of (16) and using the fact that the regression contains a constant term. In general,

residuals do not sum to zero in generalized least squares, but here they do, and hence e = 0.
This does not affect (20), but it does affect (21). To see why, recall that for any a > 0,

a —o0ifa=0,
lim (logx+ —) = 23
x—0t ( & x) {—i—oo ifa> 0. (23)

Given (23), the function (21) approaches —oo when p approaches its lower bound —1/(n —
1), and hence achieves no finite minimum. Consequently, a ML estimator does not exist in
this case.

3. Discussion

To illustrate the non existence, we consider a simple setup, where we take X = 1 (only constant
term), n =20, B =0, and p = 0.1. The function £(B, p) is plotted in Figure 1, first for the
case where 8 is known so that only p is estimated (left panel), then for the case where $ is not
known so that both § and p are estimated (right panel).

The dashed line indicates the asymptote at p = —1/(n — 1) &~ —0.053. In the left panel
(where B is assumed to be known), we do achieve a minimum at p = 0.146, but in the right
panel (where both B and p are estimated) the function diverges to —oo as p approaches its
lower bound.

The fact that no ML estimator exists raises the question whether this failure is a feature
of the method of estimation (maximum likelihood) or of the variance structure (equicorre-
lation). Let us therefore investigate what happens when we estimate 8 and p by least squares
rather than by ML. In the (generalized) least-squares approach, we minimize

L*B,0) =@y —Xp)'V 'y —XB) (24)
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Figure 1. L(B, p) as a function of p; left panel: 8 known; right panel: 8 unknown.

rather than (2), and in our case, assuming that the regression contains a constant term, this
amounts to minimizing
/ / /
ele e,—)e ¢€e
e =
o1 o2 o2

; (25)

where e = (I,, — X(X/X)’IX’))/ and we used the fact that Je = 0. Hence (25) is minimized

when oy = 1 — p is maximized, that is at p = —1/(n — 1). The least-squares estimators are

A 1

p=XX)"'Xy, p=- . (26)

n—1
Thus, a least-squares solution exists, but the corresponding variance matrix
n
P= In =) (27)
n—1

is singular. In both cases (ML and least squares), the estimator of p equals or approaches
the lower bound —1/(n — 1), which is not really an estimator, since it does not depend on
the sample. Hence, in neither case can we estimate p meaningfully, and this is caused by
the equicorrelation structure (and the presence of a constant term), not by the method of
estimation.

4. Extensions

Let us now consider three related cases. First, if V = o-2P and o2 is not known, so that it needs
to be estimated together with 8 and p, then (19) is replaced by

) 2
L(B,p) =n—+nlog (Z— + ;—”) +loga; + (n— 1) logay, (28)
1 2

after concentrating out o2, which, in the special case & = 0, reduces to
L(B,p)=n+ nlogsi + loga; — loga,. (29)

Since loga; — —00 as ;] — 07, a ML estimator does not exist in this case either, if the
regression contains a constant term.
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Our second extension merits a more formal statement.

Proposition 2. Consider the model y = X + u, where X is a non random n x k matrix with
full column-rank, u is a normally distributed random error with E(u) = 0 and var(u) =V =
Vi2pyi2 here

0 0 >

Vo= diag(crlz,. .. ,03),

and P is the correlation matrix defined in (6). We assume that the o are all known, and that B
and p are the unknown parameters to be estimated. If the regression contains a constant term,
then no ML estimator exists.

In contrast to Proposition 1 where 6 =1 for all i and hence V =P, the variances o}
are now not necessarily equal to 1 and not necessarily equal to each other. This case is the
‘nontrivial’ extension alluded to in the introduction, and it plays a role in meta-analysis

(Magnus and Vasnev 2025). It would seem that, upon premultiplying the regression by V,, 12,

and noting that is, in general, not a linear combination of the columns of V, 12X we should
conclude that a ML does exist in this case. This conclusion is, however, incorrect—no ML
estimator exists.

Proof. Write the normal equation X'V~'XA = X'V~1y as
(XX + AX, Iy — DXs) B = X Jys + AX, Ty — N)ys (30)

where X, = V(;I/ZX, Vi = V(;l/zy, and A = a1 /a,. Using the fact that ] =11’/n, we then
obtain

(1 — WXLt (s — XuB) + na X, (y5 — Xof) =0, (31)

where we note that X, (y. — X,) will, in general, not vanish. Hence, if X'V, 12 #0, it

follows that

V- xp)=o. (32)

lim 'V,

A—0t
If Vy is equal or proportional to the identity matrix, then GLS = OLS and the residuals sum
to 0. But even if V) is not proportional to the identity matrix, (32) holds and no ML estimator

exists. O

In Proposition 2, we have assumed that all o7 are known. This may in fact happen
in practice with grouped data, where al.z = 1/n; and n; denotes the (known) number of
observations underlying y;. But it is more common that the o are not known and have to
be estimated. If all variances are unknown, then we cannot estimate the parameters, because
the number of parameters exceeds the number of observations. So we have to assume that the
variances are known functions of a finite set of parameters, in which case an argument similar
to extension 1 applies. The simplest such situation occurs when we have two subsamples with
two variances, i.e., when Vo = diag(o21},0#1}), where 1; denotes the n; x 1 vector of ones.
Then, (32) still holds when o and o} are estimated, so that no ML estimator exists.

Our third and final extension considers the case where the observations constitute a panel,
say yir, where equicorrelation applies to one dimension but not the other. In that case the
problem disappears and a ML estimator does exist; see Greene (2018, pp. 607-608).
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5. Conclusions

In this note, we have attempted to explain why a ML estimator in the linear model with
equicorrelated errors does not exist. Since this model is frequently used in practice, this
finding should serve as a warning not to use the equicorrelation structure in a simple
regression framework. Things are different in a panel-data framework, where equicorrelation
does not cause any estimation problems.

The fact that we cannot estimate o (at least not meaningfully) is caused by the equicor-
relation structure, not by the method of estimation, because problems also occur when we
estimate by least squares.
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