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Abstract. We study the local quasiminimizers of an integral functional exhibiting
Lp&q logL double phase growth. More precisely, some properties of a special double
phase type function in the context of Musielak-Orlicz-Sobolev spaces are obtained. We
first get Caccioppoli type and Sobolev-Poincaré type inequalities, then we establish
that the gradient of a local quasiminimizer has local higher integrability on a bounded
domain. We also get boundary higher integrability on a ball for local quasiminimizers.
Finally, we explore the existence of weak solutions to certain double phase Dirichlet
problems.

1. Introduction

Let Ω ⊂ RN be a bounded domain with smooth boundary ∂Ω. The paper focuses
on the analysis of local quasiminimizers to the energy integral functional (for short,
HL-energy)

(1) u 7→
∫
Ω

HL(x, |∇u|) dx,

where

(2) HL(x, t) = [tp + a(x)tq] log(e+ t) for all x ∈ Ω, all t ≥ 0, 1 < p < q < +∞,

depicts the Lp&q logL double phase growth, via the modulating coefficient

(3) a ∈ C0,α(Ω) with 0 < α ≤ 1 and a(x) ≥ 0 for all x ∈ Ω,
q

p
≤ 1 +

α

N
,

and e denotes the Euler constant.
The precise notions and notation, together with the hypotheses of the work, will be

stated and discussed in the sequel, however for convenience of reader we include here
the main results of this manuscript. The first result establishes a Sobolev-Poincaré type
inequality for functions which need not vanish everywhere on the boundary, but they
are zero on a set of positive measure.

Theorem 1. Let HL be the function defined by (2)-(3) with ess infBr a(x) = a0 > 0
where Br ⊂ Ω. If u ∈ W 1,HL(Br) with ∥∇u∥LHL (Br) < 1 and u = 0 a.e. on a measurable
set A ⊂ Br such that |A| ≥ c0|Br| for some 0 < c0 < 1, then there exists a constant
c = c(q, c0, N, s,HL) > 0, independent of u, such that

(4) −
∫
Br

HL

(
x,

|u|
r

)
dx ≤ c

[(
−
∫
Br

HL(x, |∇u|)
1
sdx

)s

+ 1

]
for some 1 ≤ s < min{p, N

N−1
}.

Key words and phrases. Lp&q logL double phase growth, higher integrability, boundary higher
integrability, logarithmic perturbation, Dirichlet problem, minimizers.
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The second result is a theorem about the local higher integrability for the gradient
of the integrand in (1), that is, for the function HL(·, |∇u|).

Theorem 2. Let HL be the function defined by (2)-(3). If u ∈ W 1,HL

loc (Ω) is a local
K-quasiminimizer of the HL-energy, then we can find ε > 0 such that

HL(·, |∇u|) ∈ L1+ϵ
loc (Ω).

Its proof follows the classical arguments, in the sense that it is established by using a
Caccioppoli type inequality, a modular version of the Sobolev-Poincaré inequality and
a reverse Hölder inequality. The third main result aims to establish higher integrability
up to the boundary for the gradient of a local K-quasiminimizer to the functional in
(1).

Theorem 3. Let HL be the function defined by (2)-(3) with ess infB2r a(x) > 0, let

B2r ⋐ Ω and let w ∈ W 1,HL

loc (Ω) be a function such that∫
B2r

HL(x, |∇w|)1+δdx < +∞,

for some δ > 0. If v is a local K-quasiminimizer of the functional∫
Br

HL(x, |∇u|)dx

with boundary values w, then there exists 0 < ε < δ such that

HL(x, |∇v|)1+ε ∈ L1(Br).

Moreover, the following estimate holds

−
∫
Br

HL(x, |∇v|)1+εdx ≤ c

(
−
∫
Br

HL(x, |∇v|)dx
)1+ε

+ c−
∫
Br

HL(x, |∇w|)1+εdx+ c,

for some positive constant c = c(p, q,N,K,HL).

In general, we do not impose that the modulating coefficient a(·) is bounded away from
zero, hence we use the bounded condition ess infΩ a > 0 only to get higher integrability
result up to the boundary (as shown in the statement of Theorem 3, whose proof makes
use of Theorem 1). Under such setting, the double phase function H(x, t) = tp + a(x)tq

has unbalanced growth as

tp ≤ H(x, t) ≤ c0[t
p + tq] for a.a. x ∈ Ω, all t ≥ 0, some c0 > 0.

We note that the double phase growth reduces to the weighted (p, q)-Laplacian growth
when we assume ess infΩ a > 0, and to the p-Laplacian growth when we assume a ≡ 0.
The logarithm log(e + t) gives us a perturbation of the growth condition, and we are
interested to study the properties of this special class of weak Φ-functions (namely,
HL(x, t)); we refer also to the notion of Orlicz function in the book of Musielak [31]. As
usual, the qualitative study of such functions involves the Musielak-Orlicz-Sobolev space
W 1,HL(Ω) (we give the precise definitions of weak Φ-function and related framework
spaces in Sections 2-3). Integral functionals of the form

(5) u 7→
∫
Ω

f(x,∇u)dx,

where the integrand f : Ω× RN → R is a suitable function, were studied by Marcellini
[27, 28, 29] and Zhikov [38, 39, 40] in the context of problems of the calculus of variations
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and of nonlinear elasticity theory. Marcellini and Zhikov studied the regularity of local
minimizers under the p&q-growth assumption

(6) |t|p ≤ f(x, t) ≤ c[1 + |t|q], q > p > 1, for a.a. x ∈ Ω, all t ∈ RN , some c > 0,

which identifies the growth of the integrand with respect to the gradient variable.
This task becomes relevant in mathematical models (of anisotropic materials) involving
derivatives with different weights along distinct directions. We say that u ∈ W 1,1

loc (Ω) is
a local minimizer of (5) if and only if f(x,∇u) ∈ L1

loc(Ω) and satisfies∫
supp v

f(x,∇u)dx ≤
∫
supp v

f(x,∇(u+ v))dx,

for all v ∈ W 1,1(Ω) such that supp v ⊂ Ω (see again Section 3 for more details). An
interesting class of functionals that satisfy non-standard growth conditions are those
with so-called φ-growth, given as

(7) φ(|t|) ≤ f(x, t) ≤ c[1 + φ(|t|)] for a.a. x ∈ Ω, all t ∈ RN , some c > 0,

where φ : [0,+∞[→ [0,+∞[ is an appropriate Orlicz function. Clearly, if φ(|t|) = |t|p
then we retrieve a p-growth assumption. We note that the regularity of local minimizers
of functionals subject to φ-growth, with appropriate features for φ, were considered by
Passarelli di Napoli and co-workers [2, 13], Diening et al. [8], Fusco and Sbordone [11],
and many other authors. We recall that the notion of quasiminimizers of functionals
into the context of elliptic equations, was considered in the works of Giaquinta [14] and
Giusti [18], see also their joint papers [15, 16]. In these works, the authors showed that
many features of weak solutions to elliptic problems generalize to appropriate elliptic
quasiminimizers u ∈ W 1,1

loc (Ω) of the type inequality

(8)

∫
supp v

f(x,∇u)dx ≤ K

∫
supp v

f(x,∇(u+ v))dx, K ≥ 1,

for all v ∈ W 1,1(Ω) such that supp v ⊂ Ω. In the case K = 1, we have that u
reduces to a local minimizer. Of course, there is a strong link between quasiminimizers
and minimizers to nonlinear elliptic equations, but some crucial differences occur too.
Among the drawbacks of quasiminimizers, we recall some facts in the context of potential
theory. Namely, quasiminimizers do not obey any comparison principles, and do not give
unique solution for the Dirichlet problem. However, quasiminimizers are largely used
to prove regularity of minimizers to variational integrals (without the need to consider
the corresponding Euler equation). Thus, we establish here a higher integrability result
for an integral functional under unbalanced double phase growth condition exhibiting a
logarithmic perturbation (namely Lp&q logL double phase growth), that at the best of
our knowledge is not yet considered in the literature. For other special classes of weak
Φ-functions we refer to Example 2.3 of Harjulehto et al. [21], where the authors collect
in a table the interpretation of the assumptions in each one of their special cases. A
practical motivation in introducing function such HL originates in dynamic modeling of
mechanical systems, where certain barrier logarithmic terms are brought into the main
equations for governing the output signals within appropriate constrained regions (see,
for example, He et al. [22]). Further, the fact to consider the logarithmic perturbation
on both the terms of the double phase function H, links the working space here to the
setting of Orlicz-Zygmund spaces (see Remark 2). However, the salient point is that we
can note the equivalence between the modular function (18) and the Luxemburg norm
(21) (see Proposition 3).
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We note that Giaquinta and Modica [17] focused on higher integrability of the gradient,
which is a basic regularity property of weak solutions for elliptic equations in divergence
form, and it is a crucial ingredient in relying on regularity theory. We also mention the
work of Colombo and Mingione [5] where the assumption q

p
< 1+ α

N
(α being the Hölder

exponent of a(·)) is used to obtain higher integrability of the gradient. This assumption
essentially says that the Hölder exponent of a(·) has to be balanced with the triplet
N, p, q. In [1], the authors pointed out that the condition

a ∈ C0,α(Ω) with 0 < α ≤ 1 and
q

p
≤ 1 +

α

N

is sufficient enough to ensure maximal regularity (precisely [5] already covered the case
“<” (less than) in the last inequality, while [1] handles the case “=” (equal to)). In the
following, we make large use of this condition. Thus, we establish our results combining
a Caccioppoli type inequality together with a Sobolev-Poincaré type inequality. These
two inequalities are the necessary tools to obtain a reverse Hölder type inequality which
is the main step in showing that the gradient of a local quasiminimizer has local
higher integrability. Precisely speaking, we benefit from the De Giorgi’s techniques
on the regularity of minima, which briefly derived the Hölder continuity of minima
(solutions), with an exponent depending only on the constant in the right hand side of
appropriate Caccioppoli type inequalities on level sets (recall that weak solutions satisfy
such inequalities), and hence depending on the ellipticity ratio of the coefficients’ matrix
in the considered elliptic equation (see, [30], pp. 358-360). Indeed, Giaquinta, Giusti
and Modica applied usefully the Widman’s hole filling method, keeping advantage on
the fact that the minimality property together with appropriate growth conditions, is
sufficient enough to force minimizers to satisfy Caccioppoli type inequalities, and hence
the Hölder continuity can be deduced as a consequence of De Giorgi’s method (that
is, we get the expected regularity results). Moreover, we refer to some representative
works concerning double phase problems and quasiminimizer problems: Choudhuri et
al. [3], Colasuonno and Squassina [4], De Filippis and Mingione [6, 7], Fang et al. [10],
Gasiński and Winkert [12], Liu and Dai [25], Liu and Papageorgiou [26], Papageorgiou
et al. [32], Ragusa and Tachikawa [33], Vetro [35], Vetro and Winkert [36], Zhang and
Rǎdulescu [37], and the references therein.

The manuscript is organized as follows. In Section 2, we first introduce the notation
and collect relevant facts about certain classes of weak Φ-functions (namely, Φw(Ω) and
Φc(Ω)), then we study the properties of Lp&q logL double phase function HL, finally
we collect the relevant facts about Musielak-Orlicz spaces related to function HL. In
Section 3, we first revisit the Caccioppoli inequality in the special case of our function
HL and retrieve a local boundedness result of local K-quasiminimizers, then we obtain
a Sobolev-Poincaré type inequality and note a Harnack inequality leading to Hölder
continuity of local K-quasiminimizers. In Section 4, we establish the proofs of main
results, namely Theorems 2 and 3, respectively, about local higher integrability on a
bounded domain for the gradient of a local K-quasiminimizer, and about boundary
higher integrability on a ball for local K-quasiminimizers. Finally, in the last section,
namely Section 5, we remark that weak solutions to a Dirichlet HL-Laplacian problem
are minimizers of the associated energy functional.
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2. Weak Φ-function HL and framework space

In this section, we first introduce the notion of Φ-function and list their relevant
properties, then we discuss the special class of Lp&q logL double phase function HL,
hence we collect the relevant facts about the Musielak-Orlicz spaces related to HL.
We refer to the book of Harjulehto and Hasto [19] (see also [31]), and to the works
of Colasuonno and Squassina [4], Fan [9], Harjulehto et al. [21], Liu and Dai [25].
According to the notation therein, we now give some preliminaries and materials.

2.1. Weak Φ-functions. As usual Br(x) means the open ball B(x, r) = {z ∈ RN :
|x− z| < r} centered at x ∈ RN with radius r > 0. Moreover, we will use only Br and
Bnr (n > 0) to denote two balls with radius r and nr, respectively (that is, we omit
the information on the center whenever we work with concentric balls and hence there
is not ambiguity in identifying the center). The Lebesgue measure of a set A ⊂ RN is
denoted by |A|. If |B1(0)| = ω(N) > 1, then |Br| = ω(N)rN . When A and Ω are open
sets and A is compact, by A ⋐ Ω we mean that A ⊂ Ω. Moreover, by (u)A we mean
the integral average of an integrable function u : A → R with 0 < |A| < +∞, namely

(u)A = −
∫
A

u(x) dx :=
1

|A|

∫
A

u(x) dx.

We recall that u is an almost increasing function, provided that we can find ℓ ≥ 1
satisfying u(s) ≤ ℓu(t) for all s ≤ t. Similarly, one has the notion of almost decreasing
function. Here, we use the concept of weak Φ-function (that is, a special class of Orlicz
functions) pointing out on some regularities in the sense of measurability, monotonicity
type conditions and weak continuity. Precisely, we have the following key definition.

Definition 1. A weak Φ-function is a function φ : Ω× [0,+∞[→ [0,+∞] such that:

(φ1) x 7→ φ(x, t) is a measurable function for all t ≥ 0, and t 7→ φ(x, t) is an increasing
function for all x ∈ Ω;

(φ2) φ(x, 0) = limt→0+ φ(x, t) = 0 and limt→+∞ φ(x, t) = +∞ for all x ∈ Ω;
(φ3) t 7→ t−1φ(x, t) is an almost increasing function for all t > 0, all x ∈ Ω;
(φ4) t 7→ φ(x, t) is a left-continuous function for all t > 0, all x ∈ Ω.

Let φ−1 mean the left-continuous inverse of φ, defined by

φ−1(x, τ) := inf{t ≥ 0 : φ(x, t) ≥ τ}.
From now on, we will denote by Φw(Ω) the class of weak Φ-functions. If φ ∈ Φw(Ω)
satisfies the following:

(φ5) t 7→ φ(x, t) is a convex function,

then we write φ ∈ Φc(Ω), that is, we consider the class of convex Φ-functions. Two
interesting properties of the classes Φw(Ω) and Φc(Ω) appear in [19] in the following
form (namely, properties (aInc) and (aDec)).

Definition 2. φ ∈ Φw(Ω) possesses the property:

(aInc) if the function t 7→ t−pφ(x, t) is almost increasing for some p > 1, a.a. x ∈ Ω;
(aDec) if the function t 7→ t−qφ(x, t) is almost decreasing for some 0 < q < +∞, a.a.

x ∈ Ω.

Definition 2 essentially provides finer monotonicity conditions, linking the growth of
φ ∈ Φw(Ω) to certain power terms tp and tq involved in the double phase growth H. As
already mentioned in the Introduction, we remark that appropriate growth conditions
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are key tools in satisfying some technical requirements to establish regularity results of
functionals. Following this finding, we will benefit of the following classical properties
of φ ∈ Φw(Ω). Hence, we say that φ is doubling (namely, φ ∈ ∆2) if there exists a
constant cφ ≥ 1 such that

(9) φ(x, 2t) ≤ cφφ(x, t) for all x ∈ Ω, all t ≥ 0.

By (9), we deduce the inequality

(10) φ(x, t+ s) ≤ cφφ(x, t) + cφφ(x, s) for all x ∈ Ω, t, s ≥ 0.

Moreover, we say that φ ∈ Φw satisfies the ∇2-condition if there exists a constant cφ > 1
such that

φ(x, cφt) ≥ 2cφφ(x, t) for all x ∈ Ω, t ≥ 0.

To denote this property we write φ ∈ ∇2. Both the conditions ∆2 and ∇2 were
introduced to control the growth of the integrand (see (7)). Precisely, ∆2-condition

is used to avoid fast growth (for example, as for et
2
), and the ∇2-condition is used

to avoid slow growth (for example, as for t ln(1 + t2)). Moreover, we refer the reader
to the book [19] for linking the ∆2-condition to property (aDec) (see Lemma 2.2.6),
and the ∇2-condition to (aInc) (see Corollary 2.4.11), respectively. We remark that
certain inequalities as the ones obtained above, play a crucial role in obtaining useful
estimates and hence establishing regularity results. Among the others, we recall the
Young inequality

(11) ts ≤ φ(x, t) + φ∗(x, s),

where we involve the notion of complementary of a weak Φ-function φ ∈ Φw, namely
we define the function

φ∗(x, t) = sup
s≥0

(st− φ(x, s)) for all x ∈ Ω.

2.2. Properties of function HL. This subsection is devoted to the qualitative analysis
of the Lp&q logL double phase growth related to the integral functional in (1). Namely,
we consider the function

HL(x, t) = [tp + a(x)tq] log(e+ t) for all x ∈ Ω, all t ≥ 0, 1 < p < q,

and introduce suitable hypotheses (on the exponents p&q and the weight a(·)) to verify
that this function can be seen as a special class of weak Φ-functions. Clearly, if we
assume that a(x) ≥ 0 for all x ∈ Ω, then all the conditions of Definition 1 are fulfilled.
Moreover, for all λ > 1 we get the inequalities

λpHL(x, t) ≤ HL(x, λt) = [(λt)p + a(x)(λt)q] log(e+ λt) ≤ λq+1HL(x, t).

These inequalities say that HL is doubling with constant cHL
= cHL

(q) and that HL ∈
∇2 with constant cHL = cHL(p). We remark that cHL

, cHL do not depend on a(·). In
the following we shall denote by c > 0 a constant whose value may change from line to
line, and any relevant dependencies will be underlined by using round parentheses (as
in the case of cHL

above, where we point out the dependence by q).
Now, for B ⊂ Ω we define the quantities:

H−
L,B(t) := inf

x∈B
HL(x, t) and H+

L,B(t) := sup
x∈B

HL(x, t),

and without loss of generality we identify H±
L,Ω by H±

L , that is we set H±
L := H±

L,Ω.
Among the relevant properties that the interested reader can find in the development of
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weak Φ-functions’ theory, we point out the so-called properties (A0) and (A1) (according
to the notation used in [20, 21]). Briefly, these technical conditions realize the requirements
of maximal regularity, as mentioned in Section 1 (see page 3 herein and refer to [1,
5]). Here we are also interested to prove a third property, namely (A1-N) that was
introduced in the recent work of Harjulehto et al. [21]. This condition corresponds
to the log-Hölder continuity in the case of variable exponent setting and to the above
mentioned maximal regularity condition by Baroni et al. [1] in the case of double phase
growth. We summarize these properties in the following definition.

Definition 3. HL ∈ Φw(Ω) is said to satisfy the property:

(A0) if we can find 0 < β < 1 such that H+
L (β) ≤ 1 ≤ H−

L (1);
(A1) if we can find 0 < β < 1 such that

H+
L,Br

(βt) ≤ H−
L,Br

(t) for all t ∈ [1, (H−
L,Br

)−1(1/|Br|)], all balls Br ⊂ Ω;

(A1-N) if we can find 0 < β < 1 such that

H+
L,Br

(βt) ≤ H−
L,Br

(t) for all t ∈ [1, 1
diamBr

], for every ball Br ⊂ Ω.

Since these properties realize the regularity requirements in [1], then we establish
them by imposing the following set of assumptions:

(12) a ∈ C0,α(Ω) with 0 < α ≤ 1 and a(x) ≥ 0 for all x ∈ Ω,

(13)
q

p
≤ 1 +

α

N
,

(14) q ≤ p+ α.

We note that (13) implies (14) if p < N , and (14) implies (13) if p ≥ N .
In a first result we prove properties (A0) and (A1) to functional HL given in (2).

Proposition 1. If (3) holds, then HL defined by (2) satisfies both (A0) and (A1).

Proof. We obtain the two properties in separate steps. Hence, we first establish (A0).

Claim 1: HL satisfies the property (A0). Since H−
L (1) ≥ 1, and for β ∈]0, 1[, we have

the bound
H+

L (β) ≤ βp[1 + ∥a∥∞] log(e+ 1).

It is directly obtained that the following restriction

H+
L (β) ≤ 1 ≤ H−

L (1)

holds for the range of values β satisfying

0 < β ≤
(

1

[1 + ∥a∥∞] log(e+ 1)

) 1
p

.

Consequently, property (A0) is verified herein.

Claim 2: HL satisfies the property (A1). For a fixed ball Br ⊂ Ω, we introduce the
quantities

i(Br) := inf
x∈Br

a(x) and s(Br) := sup
x∈Br

a(x) ≤ i(Br) + ca(2r)
α,

where ca is the Hölder constant of a(·). Accordingly, we can write the following equalities
and inequalities:

H−
L,Br

(t) = [tp + i(Br)t
q] log(e+ t),
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and
H+

L,Br
(t) = [tp + s(Br)t

q] log(e+ t),

and

tp ≤ H−
L,Br

(t) =⇒ (H−
L,Br

)−1

(
1

|Br|

)
≤
(

1

|Br|

) 1
p

.

Therefore, if we choose t ∈
[
1, (H−

L,Br
)−1
(

1
|Br|

)]
, then we deduce the following

(15) t ≤ |Br|−
1
p = w(N)−

1
p r

−N
p

with r < 1.

Since r < 1, from the assumption (13) on the exponents, we obtain the following
implication

(16) α− N

p
(q − p) ≥ 0 =⇒ rα−

N
p
(q−p) ≤ 1.

In the case that i(Br) ≤ ca(2r)
α, we first deduce that s(Br) ≤ 2ca(2r)

α and then we
show that there exists a suitable value β satisfying

H+
L,Br

(βt) ≤ βp[tp + s(Br)t
q] log(e+ t)

≤ βp[1 + 2ca(2r)
αtq−p]tp log(e+ t)

≤ tp log(e+ t) ≤ [tp + i(Br)t
q] log(e+ t)

= H−
L,Br

(t).

To this aim, if we choose β ∈]0, 1[ satisfying the bound condition

βp[1 + 2α+1ca(r)
αtq−p] ≤ βp[1 + 2α+1car

α−N
p
(q−p)w(N)−

1
p
(q−p)] (by (15))

≤ βp[1 + 2α+1caw(N)−
1
p
(q−p)] (by (16))

≤ 1,

that is, we choose β such that

β ≤

(
1

1 + 2α+1caw(N)−
1
p
(q−p)

) 1
p

,

hence we obtain the inequality

H+
L,Br

(βt) ≤ H−
L,Br

(t) for all t ∈ [1, (H−
L,Br

)−1(1/|Br|)].
Now, we consider the other case, that is we assume that i(Br) > ca(2r)

α, then we show
that there exists a suitable value β satisfying

H+
L,Br

(βt) ≤ βp[tp + s(Br)t
q] log(e+ t)

≤ βp[tp + 2i(Br)t
q] log(e+ t)

≤ [tp + βp2i(Br)t
q] log(e+ t)

≤ [tp + i(Br)t
q] log(e+ t)

= H−
L,Br

(t).

If we choose β ∈]0, 1[ satisfying the restriction β ≤ 2−
1
p , then we obtain also this time

the inequality

H+
L,Br

(βt) ≤ H−
L,Br

(t) for all t ∈ [1, (H−
L,Br

)−1(1/|Br|)].
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Considering together the restrictions for β in the two above cases, we conclude that
property (A1) holds true provided that

β ≤ min
{
(1 + 2α+1caw(N)−

1
p
(q−p))−

1
p , 2−

1
p

}
.

□

Remark 1. Note thatHL defined by (2) satisfies the property (A0) whenever a ∈ L∞(Ω).
That is, the proof of Claim 1 in Proposition 1 remains true if we assume a ∈ L∞(Ω)
instead of a ∈ C0,α(Ω) with 0 < α ≤ 1.

In the next result we give the precise proof of the property (A1-N) for the function
HL.

Proposition 2. If (12) and (14) hold, then HL defined by (2) satisfies (A1-N).

Proof. Similar to the proof of Claim 2 in Proposition 1, the starting point of the proof
is in considering a ball. Different from Claim 2, here we require that the diameter of
the ball is not greater than 1 (that is, diamBr ≤ 1). Moreover, we again set

i(Br) := inf
x∈Br

a(x) and s(Br) := sup
x∈Br

a(x) ≤ i(Br) + ca(2r)
α,

where ca is the Hölder constant of a(·). Consequently we have

H−
L,Br

(t) = [tp + i(Br)t
q] log(e+ t)

and

H+
L,Br

(t) = [tp + s(Br)t
q] log(e+ t)

for all 1 ≤ t ≤ (2r)−1. Since diamBr ≤ 1, or equivalently 2r ≤ 1, then by (14) we
deduce that

(17) α− (q − p) ≥ 0 =⇒ (2r)α−(q−p) ≤ 1.

Now, we distinguish two cases. When i(Br) ≤ ca(2r)
α, we immediately have that

s(Br) ≤ 2ca(2r)
α, and then we show that there exists a suitable value β satisfying the

following

H+
L,Br

(βt) ≤ βp[tp + s(Br)t
q] log(e+ t)

≤ βp[1 + 2ca(2r)
αtq−p]tp log(e+ t)

≤ tp log(e+ t)

≤ [tp + i(Br)t
q] log(e+ t)

= H−
L,Br

(t).

Hence, if we choose β ∈]0, 1[ to verify the following bound condition

βp[1 + 2ca(2r)
αtq−p] ≤ βp[1 + 2ca(2r)

α−(q−p)] (as t ≤ (2r)−1)

≤ βp[1 + 2ca] (by (17))

≤ 1,

then we obtain that the following restriction on the values of β is required

β ≤
(

1

1 + 2ca

) 1
p

.
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Thus, we conclude the inequality

H+
L,Br

(βt) ≤ H−
L,Br

(t) for all t ∈ [1, 1
diamBr

].

On the other hand, we consider the other case, that is, we assume that i(Br) >
ca(2r)

α. Consequently, we get

H+
L,Br

(βt) ≤ βp[tp + s(Br)t
q] log(e+ t)

≤ βp[tp + 2i(Br)t
q] log(e+ t)

≤ [tp + βp2i(Br)t
q] log(e+ t)

≤ [tp + i(Br)t
q] log(e+ t)

= H−
L,Br

(t),

whenever β ∈]0, 1[ is such that β ≤ 2−
1
p . This implies

H+
L,Br

(βt) ≤ H−
L,Br

(t) for all t ∈ [1, 1
diamBr

].

Considering together the restrictions for β in the two above cases, we conclude that
property (A1-N) holds true provided that

β ≤ min
{
(1 + 2ca)

− 1
p , 2−

1
p

}
.

□

2.3. Musielak-Orlicz spaces associated to HL. Let M denote the space of all
measurable functions u : Ω → R. We identify two such functions differing only on
a Lebesgue-null subset of Ω. Let ρHL

(·) be the modular function given as

(18) ρHL
(u) =

∫
Ω

HL(x, |u|) dx.

The Musielak-Orlicz space LHL(Ω) is defined by

LHL(Ω) = {u ∈ M(Ω) : ρHL
(u) < +∞},

and furnished with the following norm

(19) ∥u∥HL
= inf

{
λ > 0 : ρHL

(u
λ

)
≤ 1
}

(Luxemburg norm).

We know that LHL(Ω) is complete with respect to the Luxemburg norm, namely
(LHL(Ω), ∥ · ∥HL

) is a Banach space (see [31], Theorem 7.7). Inequality (11) leads to the
following Hölder inequality∫

Ω

|u||v|dx ≤ 2∥u∥HL
∥v∥H∗

L
for all u ∈ LHL(Ω), all v ∈ LH∗

L(Ω).

We point out that ρHL
(·) and the Luxemburg norm above are closely related to each

other, as stated in the following proposition with complete proof.

Proposition 3. Let HL be the function defined by (2)-(3), then we have:

(i) if u ∈ LHL(Ω) \ {0}, then ∥u∥HL
= λ if and only if ρHL

(
u
λ

)
= 1;

(ii) ∥u∥HL
< 1 (resp. > 1, = 1) if and only if ρHL

(u) < 1 (resp. > 1, = 1);
(iii) If ∥u∥HL

< 1, then ∥u∥q+1
HL

≤ ρHL
(u) ≤ ∥u∥pHL

;

(iv) If ∥u∥HL
> 1, then ∥u∥pHL

≤ ρHL
(u) ≤ ∥u∥q+1

HL
.
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Proof. Given u ∈ LHL(Ω), we know that the function R ∋ λ 7→ ρHL
(λu) is continuous,

convex and even. Since λ > 0, it is strictly increasing too. By definitions, we easily get

∥u∥HL
= λ if and only if ρHL

(u
λ

)
= 1.

It follows that item (i) is fulfilled, and hence also item (ii) is proved.
Next, depending on the values of ξ, we know that

(20)
ξpρHL

(u) ≤ ρHL
(ξu) ≤ ξq+1ρHL

(u) if ξ > 1,

ξq+1ρHL
(u) ≤ ρHL

(ξu) ≤ ξpρHL
(u) if 0 < ξ < 1.

Further, if ∥u∥HL
= λ with 0 < λ < 1, by (i) we know that ρHL

(
u
λ

)
= 1. For ξ = 1

λ
> 1,

we have
ρHL

(u)

λp
≤ ρHL

(u
λ

)
= 1 ≤ ρHL

(u)

λq+1
,

by the first line of formula (20). This establishes item (iii). Using the second line of
formula (20), item (iv) follows easily. This concludes the proof. □

Remark 2. Referring to Iwaniec and Verde [23], we recall the Orlicz-Zygmund space
Lp logα L(Ω) with 0 < α and 1 < p < +∞, defined by

Lp logα L(Ω) =

{
u ∈ L1(Ω) :

∫
Ω

|u|p logα(e+ |u|)dx < +∞
}
,

and furnished with the Luxemburg norm

(21) ∥u∥Lp logα L = inf

{
λ > 0 :

∫
Ω

|u|p

λp
logα

(
e+

|u|
λ

)
dx ≤ 1

}
.

Clearly, in the case α = 1 we identify LHL(Ω) with Lp logL(Ω) on the set {x ∈ Ω :
a(x) = 0}. As in the other settings, a salient point is the equivalence between the
Luxemburg norm (21) and the corresponding modular function in Lp logL(Ω).

Referring to C∞
0 (Ω) = {u ∈ C∞(Ω) : supp u is compact in Ω}, by [19, Theorem

3.7.15], we know that this space is dense in LHL(Ω) (note that HL fulfils the properties
(A0) and (aDec)). We introduce the Musielak-Orlicz-Sobolev space W 1,HL(Ω) defined
by

W 1,HL(Ω) = {u ∈ LHL(Ω) : |∇u| ∈ LHL(Ω)}.
Now, we endow W 1,HL(Ω) with the following norm

∥u∥1,HL
= ∥u∥HL

+ ∥∇u∥HL
,

where we assume ∥∇u∥HL
:= ∥|∇u|∥HL

. Further, we introduce the space W 1,HL
0 (Ω)

defined by

W 1,HL
0 (Ω) = C∞

0 (Ω)
∥·∥1,HL ,

that is the completion of C∞
0 (Ω) in W 1,HL(Ω). Since HL satisfies the property (aDec),

we know that the Musielak-Orlicz-Sobolev spacesW 1,HL(Ω) andW 1,HL
0 (Ω) are separable

Banach spaces. Further, HL fulfils also the property (aInc), hence we have that these
spaces are uniformly convex and reflexive (we refer to [19, Theorem 6.1.4]).

Working in W 1,HL
0 (Ω), we have the Poincaré inequality, namely, there exists c > 0

such that

(22) ∥u∥HL
≤ c ∥∇u∥HL

for all u ∈ W 1,HL
0 (Ω).
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A proof of inequality (22) is given in [34, Proposition 6], see also [19, Theorem
6.2.8] (since the function HL fulfils (A0) and (A1) of Definition 3). As a consequence
of this Poincaré inequality, we deduce that two involved norms (namely, ∥u∥1,HL

=

∥u∥HL
+ ∥∇u∥HL

and ∥∇u∥HL
) are equivalent in W 1,HL

0 (Ω).

3. Inequalities involving HL

In this section, we note Sobolev-Poincaré type inequality and Harnack inequality for
the special function HL. As mentioned in the introduction, the basic tool to obtain
our main results is the Caccioppoli inequality for a local K-quasiminimizer (see also
(8)). The Caccioppoli estimates are the inequalities that most strongly emphasize the
reverse form of the Sobolev-Poincaré inequality (see Proposition 1). We first recall the
definition of local K-quasiminimizer related to HL that will be used in the sequel.

Definition 4. Let HL be the function defined by (2) and (12), and let K ≥ 1. A

function u ∈ W 1,HL

loc (Ω) is a local K-quasiminimizer of the HL-energy in Ω if∫
Br

HL(x, |∇u|)dx ≤ K

∫
Br

HL(x, |∇v|)dx

for all Br ⋐ Ω and all v ∈ W 1,HL(Ω) with supp (u− v) ⊂ Br.

Next we give a definition of local K-quasiminimizers on a ball with boundary values.

Definition 5. Let HL be the function defined by (2) and (12), K ≥ 1 and let Br ⊂ Ω.
A function u ∈ W 1,HL(Br) is a local K-quasiminimizer of the HL-energy on Br with

the boundary values w ∈ W 1,HL(Br), if u− w ∈ W 1,HL
0 (Br) and∫

Bs(z)∩Br

HL(x, |∇u|)dx ≤ K

∫
Bs(z)∩Br

HL(x, |∇v|)dx

for every Bs(z) with z ∈ Br and for all v ∈ W 1,HL(Br) with supp (u− v) ⊂ Bs(z).

Then, we establish the following Caccioppoli inequality for local K-quasiminimizer of
(1), by using the Widman’s hole filling method.

Theorem 4. Let HL be the function defined by (2) and (12). If u is a local K-
quasiminimizer of the HL-energy in Ω and B2r ⋐ Ω, then we have

(23)

∫
Br

HL(x, |∇u|)dx ≤ c

∫
B2r

HL

(
x,

|u− (u)B2r |
r

)
dx,

for some constant c = c(q,K) > 0.

Proof. Without any loss of generality, we consider concentric balls satisfying the radius
constraints r < t < s < 2r ≤ 1, and we introduce a cut-off function η ∈ C∞

0 (B2r) with

0 ≤ η ≤ 1, supp(η) ⊂ Bs, η ≡ 1 on Bt, |∇η| < 2

s− t
.

Based on this cut-off function, we introduce the auxiliary function

w(x) = η(x)(u(x)− (u)B2r),

and consider test function v = u− w. Consequently, we deduce that

supp(u− v) ⊂ supp(η) ⊂ Bs and v = (u)B2r on Bt,
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which leads to ∇v = 0 on Bt. For the above choice of v, using the properties of η(·)
and involving the fact that

|∇v| ≤ (1− η)|∇u|+ |∇η||u− (u)B2r |

≤ 2|∇u|+ 2
|u− (u)B2r |

s− t
,

then we obtain the chain of inequalities∫
Bt

[|∇u|p + a(x)|∇u|q] log(e+ |∇u|)dx

≤
∫
Bs

[|∇u|p + a(x)|∇u|q] log(e+ |∇u|)dx

≤ K

∫
Bs

[|∇v|p + a(x)|∇v|q] log(e+ |∇v|)dx

= K

∫
Bs\Bt

[|∇v|p + a(x)|∇v|q] log(e+ |∇v|)dx (recall ∇v = 0 on Bt)

≤ c

∫
Bs\Bt

[(
|∇u|+ |u− (u)B2r |

s− t

)p

+ a(x)

(
|∇u|+ |u− (u)B2r |

s− t

)q]
× log

(
e+ |∇u|+

|u− (u)BB2r
|

s− t

)
dx

≤ c

∫
Bs\Bt

[|∇u|p + a(x)|∇u|q] log (e+ |∇u|) dx

+ c

∫
Bs

(
|u− (u)B2r |p

(s− t)p
+ a(x)

|u− (u)B2r |q

(s− t)q

)
× log

(
e+

|u− (u)B2r |
s− t

)
dx (recall (10))

≤ c

∫
Bs\Bt

[|∇u|p + a(x)|∇u|q] log (e+ |∇u|) dx

+ c

∫
B2r

(
|u− (u)B2r |p

(s− t)p
+ a(x)

|u− (u)B2r |q

(s− t)q

)
log

(
e+

|u− (u)B2r |
s− t

)
dx(24)

for some constant c = c(q,K) > 0. Involving the Widman’s hole filling method, that is,
by adding to both sides of the final inequality in formula (24) the quantity

c

∫
Bt

(|∇u|p + a(x)|∇u|q) log(e+ |∇u|)dx,

and dividing the obtained inequality by c+ 1, we get∫
Bt

[|∇u|p + a(x)|∇u|q] log(e+ |∇u|)dx

≤ϑ

∫
Bs

[|∇u|p + a(x)|∇u|q] log(e+ |∇u|)dx

+ c

∫
B2r

[
|u− (u)B2r |p

(s− t)p
+ a(x)

|u− (u)B2r |q

(s− t)q

]
log

(
e+

|u− (u)B2r |
s− t

)
dx,(25)
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where 0 < ϑ < 1. Next, we construct a sequence {ti} iteratively by

t0 = r and ti+1 − ti = (1− λ)λir

for some λ ∈ ]0, 1[. By (25) and involving a standard iteration as given in [18] (see
Lemma 6.1), we obtain the following estimate∫

Br

[|∇u|p + a(x)|∇u|q] log(e+ |∇u|)dx

≤ ϑn

∫
Btn

[|∇u|p + a(x)|∇u|q] log(e+ |∇u|)dx

+ c

n∑
i=1

ϑi−1

∫
B2r

[
|u− (u)B2r |p

(ti − ti−1)p
+ a(x)

|u− (u)B2r |q

(ti − ti−1)q

]
log

(
e+

|u− (u)B2r |
ti − ti−1

)
dx

≤ lim
n→+∞

ϑn

∫
Btn

(|∇u|p + a(x)|∇u|q) log(e+ |∇u|)dx

+ c
+∞∑
n=1

ϑn−1

∫
B2r

[
|u− (u)B2r |p

(tn − tn−1)p
+ a(x)

|u− (u)B2r |q

(tn − tn−1)q

]
log

(
e+

|u− (u)B2r |
tn − tn−1

)
dx

≤ c

(1− λ)q+1

∫
B2r

[
|u− (u)B2r |p

rp
+ a(x)

|u− (u)B2r |q

rq

]
× log

(
e+

|u− (u)B2r |
r

)
dx

+∞∑
n=1

ϑn−1

(λq+1)n−1
.

Finally, given λ satisfying the constraints ϑ < λq+1 < 1, we conclude that

+∞∑
n=1

ϑn−1

(λq+1)n−1
< +∞

and hence the Caccioppoli inequality (23) is proved, as HL(x, t) = [tp+a(x)tq] log(e+ t)
for all x ∈ Ω, all t ≥ 0. □

The following local boundedness result is analogous to Theorem 1.2 of [21], and hence
we omit the proof.

Theorem 5. Let HL be the function defined by (2)-(3), then each local K-quasiminimizer
of the HL-energy is locally bounded.

Remark 3. In establishing Theorem 5, the function HL needs to satisfy the properties
(A0) and (A1) (as follows by Proposition 1), (aDec) and (aInc). Now, referring to
Definition 2, HL given by (2)-(3) satisfies (aDec) with respect to q + 1 and the almost
decreasing constant ℓ = 1. It also satisfies (aInc) with respect to p and the almost
increasing constant ℓ = 1.

We know that certain so-called energy estimates are crucial tools in establishing the
regularity properties of the solutions to partial differential equations (see also Section
5). From [20, Proposition 3.6], we derive the following modular version of the Sobolev-
Poincaré inequality for the function HL : Br × [0,+∞[→ [0,+∞[ defined by

HL(x, t) = [tp + a(x)tq] log(e+ t) for all x ∈ Br, all t ≥ 0, 1 < p < q,
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where a ∈ C0,α(Br) is non-negative with 0 < α ≤ 1 and q/p ≤ 1 + α/N and Br ⊂ RN

is a ball of radius r and let s ∈ [1, p] with s < N/(N − 1). Then there exists a constant
c = c(N, s,HL) such that

(26) −
∫
Br

HL

(
x,

|u− (u)Br |
r

)
dx ≤ c

[(
−
∫
Br

HL(x, |∇u|)
1
sdx

)s

+ 1

]
for all u ∈ W 1,1(Br) with ∥∇u∥LHL (Br) < 1.
As usual, this Sobolev-Poincaré inequality says that the mean oscillation of a smooth

perturbed function is controlled by the average of its perturbed gradient. Moreover, the
above inequality yields an exponent strictly less than 1 necessary for the use of reverse
Hölder inequality where the integral averages are taken over balls Br ⊂ B2r ⊂ Ω (see
Lemma 1 below). The last result of this section, due to Giaquinta and Modica [17], is
well-known and allows to derive higher integrability from reverse Hölder inequality.

Lemma 1. Let f ∈ L1(B2r) be non-negative. Assume that there exists 0 < s < 1 such
that

−
∫
Bγ

fdx ≤ c

(−∫
B2γ

f sdx

) 1
s

+−
∫
B2r

gdx


for all B2γ ⋐ B2r, some c > 0. If g ∈ Lm(B2r) for some m > 1, then there exists
1 < t < m such that

−
∫
Br

f tdx ≤ c

[(
−
∫
B2r

fdx

)t

+−
∫
B2r

gtdx

]
for some c > 0.

Next, we are going to establish the proof of Theorem 1, namely we obtain a Sobolev-
Poincaré type inequality for functions which need not vanish everywhere on the boundary,
but they are zero on a set of positive measure. This result is constructed by the Sobolev-
Poincaré inequality (26), involving the assumption (13) (namely the last inequality in
(3)).

Proof of Theorem 1. The assumption u = 0 a.e. on a measurable set A ⊂ Br implies
that ∫

A

[
|u− (u)Br |p

rp
+ ∥a∥∞

|u− (u)Br |q

rq

]
log

(
e+

|u− (u)Br |
r

)
dx

= |A|
[
|(u)Br |p

rp
+ ∥a∥∞

|(u)Br |q

rq

]
log

(
e+

|(u)Br |
r

)
.

Dividing by |A| both the sides of this equality, since A ⊂ Br we get that[
|(u)Br |p

rp
+ ∥a∥∞

|(u)Br |q

rq

]
log

(
e+

|(u)Br |
r

)
≤ 1

|A|

∫
Br

[
|u− (u)Br |p

rp
+ ∥a∥∞

|u− (u)Br |q

rq

]
log

(
e+

|u− (u)Br |
r

)
dx

≤ c

|A|

∫
Br

[
|u− (u)Br |p

rp
+ a0

|u− (u)Br |q

rq

]
log

(
e+

|u− (u)Br |
r

)
dx

≤ c

|A|

∫
Br

[
|u− (u)Br |p

rp
+ a(x)

|u− (u)Br |q

rq

]
log

(
e+

|u− (u)Br |
r

)
dx.
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Referring to the integral term herein, we obtain the following estimate∫
Br

[
|u|p

rp
+ a(x)

|u|q

rq

]
log

(
e+

|u|
r

)
dx

≤ c

∫
Br

[
|u− (u)Br |p

rp
+ a(x)

|u− (u)Br |q

rq

]
log

(
e+

|u− (u)Br |
r

)
dx

+ c

∫
Br

[
|(u)Br |p

rp
+ a(x)

|(u)Br |q

rq

]
log

(
e+

|(u)Br |
r

)
dx (by (10) for some c = c(q) > 0)

≤ c

∫
Br

[
|u− (u)Br |p

rp
+ a(x)

|u− (u)Br |q

rq

]
log

(
e+

|u− (u)Br |
r

)
dx

+ c

∫
Br

[
|(u)Br |p

rp
+ ∥a∥∞

|(u)Br |q

rq

]
log

(
e+

|(u)Br |
r

)
dx

≤ c

∫
Br

[
|u− (u)Br |p

rp
+ a(x)

|u− (u)Br |q

rq

]
log

(
e+

|u− (u)Br |
r

)
dx

+ c
|Br|
|A|

∫
Br

[
|u− (u)Br |p

rp
+ a(x)

|u− (u)Br |q

rq

]
log

(
e+

|u− (u)Br |
r

)
dx.

Finally, involving the modular version of the Sobolev-Poincaré inequality, that is we use
inequality (26), then we conclude that

−
∫
Br

[
|u|p

rp
+ a(x)

|u|q

rq

]
log

(
e+

|u|
r

)
dx

≤ c

(
1 +

1

c0

)
−
∫
Br

[
|u− (u)Br |p

rp
+ a(x)

|u− (u)Br |q

rq

]
log

(
e+

|u− (u)Br |
r

)
dx

≤ c

(
1 +

1

c0

)[(
−
∫
BR

(|∇u|p + a(x)|∇u|q)
1
s log

1
s (e+ |∇u|) dx

)s

+ 1

]
(by (26)).

This completes the proof. □

Remark 4. The Caccioppoli inequality (23) together with the Sobolev-Poincaré inequality
(4) give us the necessary tools to obtain a reverse Hölder inequality. This fact will be
noted in next section.

Following the similar arguments in [21], one can establish the Harnack inequality for
HL in the following form.

Lemma 2. Let HL be the function defined by (2) and (12). Assume that (13) holds

if p < N (resp., (14) holds if p ≥ N). If u ∈ W 1,HL

loc (Ω) is a non-negative local K-
quasiminimizer of the HL-energy, then we can find r0 satisfying

(27) ess sup
x∈Br

u(x) ≤ c

(
ess inf

x∈Br

u(x) + r

)
for all 0 < r ≤ r0, where c = c(N,K, ∥u∥L∞(B2r),HL), B2r ⋐ Ω.

We leave the proof of this result to the reader (we refer also to [21]). We only note that
to establish Lemma 2, the function HL needs to satisfy all the properties (A0), (A1),
(A1-N), (aDec) and (aInc) (recall Remark 3 and Proposition 2 (for (A1-N))) given
in Section 2. Clearly, the constant c in (27) depends also on the parameters involved
in these properties. As a consequence of Lemma 2, we have the following result about
Hölder continuity of the local K-quasiminimizers.
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Corollary 1. Let HL be the function defined by (2) and (12). Assume that (13) holds
if p < N (resp. (14) holds if p ≥ N). If u is a local K-quasiminimizer of the HL-energy,

then u ∈ C0,β
loc (Ω) for some suitable β > 0.

4. Higher integrability

In this section we collect the proofs of main Theorems 2 and 3. We recall that the first
one is a result about the local higher integrability for the gradient of the integrand in
(1), imposing sufficient regularities (as discussed in the Introduction). The proof follows
the classical arguments and is established by using the Caccioppoli type inequality, the
modular version of the Sobolev-Poincaré inequality and the reverse Hölder inequality,
however for completeness and convenience of the reader, we give a short proof.

Proof of Theorem 2. We design the setting required to apply the Sobolev-Poincaré inequality
(26). Thus, we assume that 1 < s < min{p, N

N−1
} and choose a ball Br with B2r ⋐ Ω

satisfying the constraint ∥∇u∥LHL (B2r) < 1 (here, with a slight abuse of notation with
respect to our convention in (21), we have denoted by ∥∇u∥LHL (B2r) the Luxemburg
norm). The Caccioppoli inequality for a local K-quasiminimizer u and Bγ ⋐ Br, gives
us that

−
∫
Bγ

HL(x, |∇u|)dx ≤ c−
∫
B2γ

HL

(
x,

|u− (u)B2γ |
γ

)
dx.

Thus, we can use the modular version of the Sobolev-Poincaré inequality (recall (26))
to obtain that

−
∫
Bγ

HL(x, |∇u|)dx ≤ c

(
−
∫
B2γ

HL(x, |∇u|)
1
sdx

)s

+ c.

If we choose g = cχΩ in Lemma 1, then we conclude that

−
∫
Br

HL(x, |∇u|)tdx ≤ c

[(
−
∫
B2r

HL(x, |∇u|)dx
)t

+−
∫
B2r

gtdx

]
< +∞

for some t > 1. So, HL(·, |∇u|) has higher integrability in the ball Br. We choose
Ω′ ⋐ Ω and consider the covering of Ω′ by balls Br, whose properties are depicted at the
beginning of the proof. We note that Ω′ is compact, and hence there is a finite subcover
{Bri}ki=1 of Ω′ and some ε > 0 such that

−
∫
Ω′

HL(x, |∇u|)1+εdx ≤ c
k∑

i=1

(−∫
B2ri

HL(x, |∇u|)dx

)1+ε

+−
∫
B2ri

c1+εdx

 < +∞.

It follows that HL(·, |∇u|) ∈ L1+ϵ
loc (Ω) for some ε > 0. □

Next, we prove Theorem 3, that is the higher integrability result up to the boundary
for the gradient of a local K-quasiminimizer to the functional

u 7→
∫
Br

HL(x, |∇u|)dx (recall (1)),

by the synergic use of the auxiliary results given in previous sections.
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Proof of Theorem 3. We involve the function u defined by

u(x) = v(x) if x ∈ Br and u(x) = w(x) if x ∈ B2r \Br.

We choose z ∈ Br with B2γ(z) ⊂ Br and satisfying the constraint ∥∇u∥LHL (B2γ(z)) < 1.
By Theorem 4, we deduce that∫

Bγ(z)

[|∇v|p + a(x)|∇v|q] log(e+ |∇v|)dx

≤ c

∫
B2γ(z)

[ |v − (v)B2γ(z)|p

γp
+ a(x)

|v − (v)B2γ(z)|q

γq

]
log

(
e+

|v − (v)B2γ(z)|
γ

)
dx.

Using the modular version of Sobolev-Poincaré inequality, we derive that

−
∫
Bγ(z)

[|∇v|p + a(x)|∇v|q] log(e+ |∇v|)dx

≤ c

(
−
∫
B2γ(z)

[|∇v|p + a(x)|∇v|q]
1
s log

1
s (e+ |∇v|)dx

)s

+ c

for some 1 < s < min{p, N
N−1

}. So, the higher integrability is immediately obtained as
byproduct of Lemma 1.

On the other hand, we assume that B2γ(z) ⊂ B2r with z ∈ ∂Br and fix γ ≤ t < s ≤
2γ. Then, we introduce a cut-off function η ∈ C∞

0 (B2γ(z)) such that

0 ≤ η ≤ 1, supp(η) ⊂ Bs(z), η = 1 on Bt(z) and |∇η| ≤ 2

s− t
.

For a test function h = v− η(v−w) ∈ W 1,HL(Br) with supp (v− h) ⊂ Bs(z), using the
properties of η(·) and the estimate

|∇h| = |(1− η)∇v + η∇w + (w − v)∇η| ≤ (1− η)|∇v|+ |∇w|+ 2
|w − v|
s− t

,

together with (10), we obtain∫
Bt(z)∩Br

[|∇v|p + a(x)|∇v|q] log(e+ |∇v|)dx

≤
∫
Bs(z)∩Br

[|∇v|p + a(x)|∇v|q] log(e+ |∇v|)dx

≤ K

∫
Bs(z)∩Br

[|∇h|p + a(x)|∇h|q] log(e+ |∇h|)dx

≤ c

∫
(Bs(z)\Bt(z))∩Br

[|∇v|p + a(x)|∇v|q] log(e+ |∇v|)dx (as η = 1 on Bt(z))

+ c

∫
Bs(z)∩Br

[
|w − v|p

(s− t)p
+ a(x)

|w − v|q

(s− t)q

]
log

(
e+

|w − v|
s− t

)
dx

+ c

∫
Bs(z)∩Br

[|∇w|p + a(x)|∇w|q] log(e+ |∇w|)dx.(28)

Now, we apply the Widman’s hole filling method, that is, we add the quantity

c

∫
Bt(z)∩Br

[|∇v|p + a(x)|∇v|q] log(e+ |∇v|)dx
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to both sides of (28) and dividing the obtained inequality by c+ 1, we have∫
Bt(z)∩Br

[|∇v|p + a(x)|∇v|q] log(e+ |∇v|)dx

≤ ϑ

∫
Bs(z)∩Br

[|∇v|p + a(x)|∇v|q] log(e+ |∇v|)dx

+ c

∫
Bs(z)∩Br

[
|w − v|p

(s− t)p
+ a(x)

|w − v|q

(s− t)q

]
log

(
e+

|w − v|
s− t

)
dx

+ c

∫
Bs(z)∩Br

[|∇w|p + a(x)|∇w|q] log(e+ |∇w|)dx(29)

for some 0 < ϑ < 1. Let us consider the sequence {ti}, defined as follows

t0 = γ and ti+1 − ti = (1− λ)λiγ

for some 0 < λ < 1. Using (29) and a standard iteration (see the proof of Theorem 4),
we get ∫

Bγ(z)∩Br

[|∇v|p + a(x)|∇v|q] log(e+ |∇v|)dx

≤ c

∫
B2γ(z)∩Br

[
|w − v|p

γp
+ a(x)

|w − v|q

γq

]
log

(
e+

|w − v|
γ

)
dx

+ c

∫
B2γ(z)∩Br

[|∇w|p + a(x)|∇w|q] log(e+ |∇w|)dx

= c

∫
B2γ(z)

[
|w − u|p

γp
+ a(x)

|w − u|q

γq

]
log

(
e+

|w − u|
γ

)
dx

+ c

∫
B2γ(z)∩Br

[|∇w|p + a(x)|∇w|q] log(e+ |∇w|)dx,

where we have used the fact that v = u on Br. It follows that

∫
Bγ(z)

[|∇u|p + a(x)|∇u|q] log(e+ |∇u|)dx

=

∫
Bγ(z)∩Br

[|∇v|p + a(x)|∇v|q] log(e+ |∇v|)dx

+

∫
Bγ(z)\Br

[|∇w|p + a(x)|∇w|q] log(e+ |∇w|)dx

≤ c

∫
B2γ(z)

[
|w − u|p

γp
+ a(x)

|w − u|q

γq

]
log

(
e+

|w − u|
γ

)
dx

+ c

∫
B2γ(z)

[|∇w|p + a(x)|∇w|q] log(e+ |∇w|)dx.

By the definition of u, we have that u−w = 0 on B2r \Br and therefore on B2γ(z)\Br.
From |B2γ(z) \ Br| ≥ c0|B2γ(z)| for some 0 < c0 < 1, we can use the Sobolev-Poincaré
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type inequality (4), and hence we get

−
∫
Bγ(z)

[|∇u|p + a(x)|∇u|q] log(e+ |∇u|)dx

≤ c

(
−
∫
B2γ(z)

[|∇(w − u)|p + a(x)|∇(w − u)|q]
1
s log

1
s (e+ |∇(w − u)|)dx

)s

+ c−
∫
B2γ(z)

[|∇w|p + a(x)|∇w|q] log(e+ |∇w|)dx+ c,

for some 1 < s < min{p, N
N−1

}. Further, we get

−
∫
Bγ(z)

[|∇u|p + a(x)|∇u|q] log(e+ |∇u|)dx

≤ c

(
−
∫
B2γ(z)

[|∇u|p + a(x)|∇u|q]
1
s log

1
s (e+ |∇u|)dx

)s

+ c−
∫
B2γ(z)

[|∇w|p + a(x)|∇w|q] log(e+ |∇w|)dx+ c.

Referring to Lemma 1, we deduce that there exists 0 < ε < δ such that the following
estimate holds

−
∫
Bγ(z)

[|∇u|p + a(x)|∇u|q]1+ε log1+ε(e+ |∇u|)dx

≤ c

(
−
∫
B2γ(z)

[|∇u|p + a(x)|∇u|q] log(e+ |∇u|)dx

)1+ε

+ c−
∫
B2γ(z)

[|∇w|p + a(x)|∇w|q]1+ε log1+ε(e+ |∇w|)dx+ c,

for a positive constant c = c(p, q,N,K,HL). This implies that

[|∇u|p + a(x)|∇u|q]1+ε log1+ε(e+ |∇u|) ∈ L1(Bγ(z)),

or equivalently

HL(x, |∇u|)1+ε ∈ L1(Bγ(z))

and so we have HL(x, |∇v|)1+ε ∈ L1(Bγ(z) ∩ Br), for some 0 < ε < δ. The conclusion
follows by a covering argument. □

5. Dirichlet problem

According to the classical theory and methods described in [14, 18], in this section
we link the weak solution of the following Dirichlet problem

(30) −∆HL
u = f in Ω, u

∣∣∣
∂Ω

= 0,

where f ∈ LH∗
L(Ω), to the minimizers of the functional defined by

(31) I(u) =

∫
Ω

HL(x, |∇u|) dx−
∫
Ω

fu dx for all u ∈ W 1,HL
0 (Ω).
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Equation (30) is governed by the following perturbed double phase operator

∆HL
u = div

(
H′

L(x, |∇u|)
|∇u|

∇u

)
for all x ∈ Ω, all u ∈ W 1,HL

0 (Ω).

We recall that by a weak solution to problem (30), we mean a function u ∈ W 1,HL
0 (Ω)

satisfying

(32)

∫
Ω

H′
L(x, |∇u|)
|∇u|

∇u · ∇v dx =

∫
Ω

fv dx for all v ∈ W 1,HL
0 (Ω).

Referring to (22) (the Poincaré inequality) and subsequent discussion, here we consider

the norm ∥u∥ = ∥∇u∥HL
for all u ∈ W 1,HL

0 (Ω). Further, we remark that (W 1,HL
0 (Ω), ∥·∥)

is a reflexive Banach space. Firstly, we get some properties of the functional I(·) given
by (31), that is, the energy functional for problem (30). We set

ρHL
(|∇u|) =

∫
Ω

HL(x, |∇u|) dx and F (u) =

∫
Ω

fu dx for all u ∈ W 1,HL
0 (Ω).

Now, we show that I(·) is convex. Indeed, we have

I(λu+ (1− λ)v) =

∫
Ω

HL(x, |∇(λu+ (1− λ)v)|) dx−
∫
Ω

f(λu+ (1− λ)v) dx

≤
∫
Ω

HL(x, λ|∇u|+ (1− λ)|∇v|) dx− λF (u)− (1− λ)F (v)

≤ λρHL
(|∇u|) + (1− λ)ρHL

(|∇v|)− λF (u)− (1− λ)F (v)

= λI(u) + (1− λ)I(v).

Moreover we note that I(·) is lower semicontinuous, since ρHL
(·) is lower semicontinuous

and F (·) is continuous. Next, we show that I(·) is coercive, that is, I(u) → +∞ as
∥u∥ = ∥∇u∥HL

→ +∞. In fact, we note that if ∥u∥ > 1, then by Proposition 3 (iv) we
get

I(u) ≥ ∥∇u∥pHL
− 2∥f∥H∗

L
∥u∥HL

≥ ∥u∥p − 2c∥u∥ → +∞,

as ∥u∥ → +∞.
For reader convenience, we recall the following result about the existence of minimizers

of sufficiently regular functionals, as can be found in Kinderlehrer and Stampacchia [24].

Theorem 6 ([24], Theorem 2.1). Let V be a reflexive Banach space. Let I : V → R
be a convex, lower semicontinuous and coercive operator, then there is an element in V
that minimizes I(·).
Based on Theorem 6 and the involved properties of the functional I(·) defined by

(31), we have the following result.

Corollary 2. Let Ω ⊂ RN be a bounded domain and f ∈ LH∗
L(Ω). Then there exists a

function u ∈ W 1,HL
0 (Ω) such that

I(u) = inf
v∈W 1,HL

0 (Ω)

I(v),

where I(·) is defined by (31).

Finally we provide the correct link between weak solutions to (30) and minimizers to
(31).
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Lemma 3. Let Ω ⊂ RN be a bounded domain and f ∈ LH∗
L(Ω). Then each weak

solution u ∈ W 1,HL
0 (Ω) of problem (30) is a minimizer of the functional I(·) defined by

(31).

Proof. Using the convexity of I(·), we get the inequality

I(u+ λ(v − u)) ≤ (1− λ)I(u) + λI(v) for all u, v ∈ W 1,HL
0 (Ω).

Consequently, we deduce that

I(u+ λ(v − u))− I(u) ≤ λ(−I(u) + I(v)),

and hence we have
I(u+ λw)− I(u)

λ
≤ I(u+ w)− I(u),

with w = v − u ∈ W 1,HL
0 (Ω). Since I ∈ C1(W 1,HL

0 (Ω)), passing to the limit as λ → 0+

we get∫
Ω

H′
L(x, |∇u|)
|∇u|

∇u · ∇w dx−
∫
Ω

fw dx ≤ I(u+ w)− I(u) for all w ∈ W 1,HL
0 (Ω).

The hypothesis that u is a weak solution of problem (30) implies that

0 ≤ I(u+ w)− I(u),

that is,
I(u) = inf

v∈W 1,HL
0 (Ω)

I(v).

This concludes the proof. □

Remark 5. As I ∈ C1(W 1,HL
0 (Ω)), we deduce that each minimizer of I(·) is a weak

solution to (30).

Keeping in mind that the second derivative of HL with respect to its second variable
is positive for all t > 0, then we deduce that the solution to problem (30) is unique. In

fact, let u,w ∈ W 1,HL
0 (Ω) be two weak solutions to (30) with u ̸= w, then by (32) with

v = u− w we get that∫
Ω

[
H′

L(x, |∇u|)
|∇u|

∇u− H′
L(x, |∇w|)
|∇w|

∇w

]
· (∇u−∇w) dx = 0,

and by u ̸= w we know that

|Ω0| = |{x ∈ Ω : ∇u ̸= ∇w}| > 0.

Next, by using the inequality

[H′
L(x, |∇u|)−H′

L(x, |∇w|)](|∇u| − |∇w|)

≤
[
H′

L(x, |∇u|)
|∇u|

∇u− H′
L(x, |∇w|)
|∇w|

∇w

]
· (∇u−∇w),

we get

0 <

∫
{x∈Ω0:|∇u|̸=|∇w|}

[H′
L(x, |∇u|)−H′

L(x, |∇w|)](|∇u| − |∇w|) dx

+

∫
{x∈Ω0:|∇u|=|∇w|}

[
H′

L(x, |∇u|)
|∇u|

∇u− H′
L(x, |∇w|)
|∇w|

∇w

]
· (∇u−∇w) dx
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≤
∫
Ω0

[
H′

L(x, |∇u|)
|∇u|

∇u− H′
L(x, |∇w|)
|∇w|

∇w

]
· (∇u−∇w) dx

=

∫
Ω

[
H′

L(x, |∇u|)
|∇u|

∇u− H′
L(x, |∇w|)
|∇w|

∇w

]
· (∇u−∇w) dx = 0.

This is a contradiction and hence we conclude that u = w, namely the solution to
problem (30) is unique. By Remark 5, we deduce that the minimizer u ∈ W 1,HL

0 (Ω) of
Theorem 2 is also unique. Consequently, if f = 0 ∈ LH∗

L(Ω) then we conclude that the
unique solution to problem (30) possesses all regularities of local K-quasiminimizers of
the HL-energy.
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[12] L. Gasiński, P. Winkert, Existence and uniqueness results for double phase problems with
convection term, J. Differential Equations, 268 (2020), 4183–4193.

[13] F. Giannetti, A. Passarelli di Napoli, Regularity results for minimizers of integral functionals with
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