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Abstract

We introduce, for the first time, bicoherent-state path integration as a method for
quantizing non-hermitian systems. Bicoherent-state path integrals arise as a natural
generalization of ordinary coherent-state path integrals, familiar from hermitian quantum
physics. We do all this by working out a concrete example, namely, computation of
the propagator of a certain quasi-hermitian variant of Swanson’s model, which is not
invariant under conventional PT-transformation. The resulting propagator coincides
with that of the propagator of the standard harmonic oscillator, which is isospectral
with the model under consideration by virtue of a similarity transformation relating the
corresponding hamiltonians. We also compute the propagator of this model in position

space by means of Feynman path integration and verify the consistency of the two results.
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hermitian operators, coherent and bicoherent states; pseudo-bosons; Swanson model



I Introduction

In this paper we focus on the quantum-mechanical oscillator described by the non-self-adjoint

hamiltonian . ‘

Hy = 3 (p*+2%) — % (tan26) (p* — 2?) . (1.1)
acting on wave-functions in the standard Hilbert space H = £L2(R). Here 6 is a real parameter
restricted to the range

™ ™
—— — 1.2
4<0<4 (1.2)

and x and p are the usual (hermitian) canonical position and momentum operators satisfying?! 2
[z, p] = il.

For our paper to be self-contained, and for the sake of pedagogical clarity, in this section
we shall review in some detail all the relevant facts about (1.1) and the dynamics associated
with it, which are necessary for path-integral quantization of this system.

The hamiltonian (1.1) is a variant [1] of Swanson’s model [2], which unlike the latter,
is not invariant under conventional PT-symmetry [3]. In fact, under PT-transformation,
Hy - H4y = Hg. Note, however, that the canonical transformation  — p,p — —ux,
transforms H_y to Hy. Thus, Hy and H_, are isospectral.

We can rewrite Hy in yet a different form as

! [(e’i%)2 + (ewx)z] : (1.3)

- 2 cos 260

Hy
Thus, Hy is obtained from the standard harmonic oscillator Hy— (with spectrum E,, = n+ %)
by a complex canonical transformation

r— Xg= ewx, p— Py = e_wp, (1.4)

such that
[XQ,PQ] :Z]lv (15)
followed by multiplication by an overall scale factor

B 1
- cos20

(1.6)

"'We work in units in which & = 1.
2In order to avoid obfuscation of the physical aspects of our presentation, we shall ignore mathematical

subtleties associated with unbounded operators, such as x, p and Hy, except for occasions on which it is

absolutely necessary to spell them out.



(Note that wy is well defined for all # in the range (1.2).) We thus conclude that the eigenvalues
of Hy are

1
EnZCUQ(TL—I—é) n:0,1,2,.... (17)

This spectrum is an even function of . Consequently, once again, we see that the spectrum
of Hy is invariant under PT-transformation. It obviously coincides with the spectrum of the

conventional hermitian harmonic oscillator
T 1
he =wy | a a+§]1 : (1.8)

where a = \/Li(m—l—ip) and a' = \/Lﬁ(:p—ip) are the standard annihilation and creation operators.

In fact, Hy and hy are isospectral because they are related by the similarity transformation [4]
Hy = TyhoT, ", (1.9)

where
Ty = ez (@™ (1.10)

is an unbounded, self-adjoint positive-definite operator, which we readily recognize as the
squeezing operator [5] with imaginary squeezing parameter i6. Consistency of (1.3) and (1.9)
then requires that

Xg=TyaT,' and Py =TypT,", (1.11)

as well. This is indeed the case, because (1.4) is nothing but the result of the non-unitary
squeezing transformation with 7.

For the benefit of readers not familiar with squeezed coherent states, we note that in the
position representation

Ty = e~ 3@rHpr) — oif oaing | (1.12)

Thus, Ty acting on any sensible function v (z) shifts loga by 6, followed by a multiplication
by an overall phase: Ty)(z) = e'1p(ez). Using this representation of Ty and the fact that
T, ' = T_g, we can prove that Tp (z (T, '¢(2))) = €“z¢(z) in a straightforward manner. In
a similar way, we can prove that Py (z) = e “piy(x) = —ie*w%gf).

The similarity transformation (1.11) implies that Xy and Py are isospectral to x and p.
That is, Xy and Py are diagonalizable with purely real spectra. At the same time, (1.4) tells
us that they are also proportional to  and p, up to complex phases. However, this does not
lead to a contradiction, because the similarity transformation (1.11) maps H onto the Hilbert
space Hy defined following Eq.(1.14) below. The relations (1.4) are only valid in Hy, where
x and p are not hermitian. On the other hand, the operators x and p which appear on the

right-hand sides of the two equations in (1.11), do operate on H, where they are hermitian.
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It follows from (1.9) that Hg = Tg_lhng = T9_2H9T‘92 . That is, Hg and Hy are also related

by a similarity transformation, or equivalently, satisfy the intertwining relation®
H{ g9 = goH,, (1.13)

with
go = Te,g _ eig(aw,(ﬂ) _ ee(xp+pm) _ (1.14>

The intertwining relation (1.13) means that Hy is actually hermitian with respect to the metric

go, namely, in the Hilbert space Hy equipped with inner product

(V1|th2)e = (¥1]gel1)a) - (1.15)

That is,
(Hoth1]h2)o = (1| Hpba)o, (1.16)

by virtue of (1.13). As # — 0, this Hilbert space turns, of course, into the standard Hilbert
space Ho—o = H (= L3(R)) with metric gy = 1.
Clearly, Hy is an observable in our theory, as are Xy and Fy. More generally, any operator A

in this theory, which is hermitian with respect to gy, that is, satisfies the intertwining relation
Ang :ggA, (117)

is an observable. Such observables are sometimes referred to as a quasi-hermitian operators
[6], because A is related to a hermitian operator by a similarity transformation, in a manner
analogous to (1.9) and (1.11).

The Swanson model [2] mentioned above, namely, the PT —symmetric relative of (1.1),
offers yet another example of a quasi-hermitian hamiltonian. This well-studied model also
demonstrates the fact that given the hamiltonian H, the metric ¢ is not unique [2, 6, 7, 8].
Various choices of g lead to different quantizations of the system, with different irreducible
sets of observables, in different Hilbert spaces.

More generally, the hamiltonian of any P7 —symmetric quantum mechanical system, with
unbroken PT symmetry, is hermitian with respect to the CP7T -inner product of that system
[3], and therefore possesses real spectrum.

3Since Hy and gy are unbounded, this equation must be given a proper meaning, for instance by acting on
vectors in some dense domain. Moreover, unbounded similarity transformations should be treated with extra
care, since some eigenvectors of the transformed operator (the analog of Hy) may not belong to the domain
of the transforming operator (the analog of Ty). Under such circumstances, the transformed operator and its

resulting image (the analog of Hg) are not isospectral. Happily, this is not the case in (1.9).



I.1 Quantum dynamics

Path integration is a method for computing matrix elements of the time evolution operator

—iHet which governs dynamics of the system. Thus, a few words are in order

(or propagator) e
concerning dynamics of observables in our model.

Time evolution in the Hilbert space Hy is unitary, namely,
€ngt99€_iH“’t =0y, (1.18)

which is a trivial consequence of (1.13).

Consequently, Quantum Mechanics formulated in Hy is essentially not different from con-
ventional hermitian Quantum Mechanics. To start with, the inner product of any two states
[112(1)) = e Het|)y 5(0)), which evolve in time according to the Schrodinger equation, is time-
independent: (1 (t)|v2(t))s = (01(0)|102(0))g. This implies, of course, probability conservation
in the case of identical states.

By forming matrix elements of an observable A = A(0) in the Schrédinger picture, we
immediately deduce from (1.17) that its Heisenberg picture counterpart A(t) evolves according
to

A(t) = et A(0)e~Hot (1.19)
Equivalently, the Heisenberg equation of motion resulting from (1.19) is

iA(t) = [A(t), Hy] . (1.20)

Thus, observables which commute with Hy are conserved in time.
It is trivial to verify that A(t¢) fulfils the intertwining relation (1.17) at all times, and is
therefore an observable. This is consistent with the fact that the spectrum of A(t) is conserved

in time, because formally, (1.19) is a similarity transformation?.
1.1.1 The quasi-hermitian position and momentum operators Xy and F
The Heisenberg equations of motion (1.20) for X, and Py,

X@ = WQPQ and P@ = —ngg (121)

are similar in form to the corresponding equations of motion in the hermitian problem. We

can readily solve them and find

Xo(t) = e Xy(0)e ! = Xy(0) cos wyt + Py(0) sin wyt
Py(t) = e Py(0)e o' = Py(0) coswyt — Xy(0) sinwpt . (1.22)

+iHgpt

4We qualify this similarity as formal because e are unbounded, in principle, and the range of, say,

e~ tHot needs not to be in the domain D(A(0)) of A(0).



These solutions preserve the equal-time canonical commutation relation
[Xo(t), Po(t)] =il (1.23)

at all times.
Formally, by invoking the similarity transformations (1.9) and (1.11) to the middle term

in each of the equations in (1.22), we can easily show that

Xo(t) = Tp(e"'x(0)e ™) T, = Tya(t) T,
Py(t) = Ty (e™p(0)e ™) Tt = Typ(t)T, " . (1.24)

Thus, (1.11) holds for operators in the Heisenberg representation as well. Xy(t) and Py(t) are
(formally) similar to their hermitian counterparts z(¢) and p(t). They are therefore diagonal-
izable, and their spectra are real as well.

We shall now derive the spectral decompositions of Xy(t) and FPp(t) in terms of complete

biorthogonal bases of right- and left-eigenvectors. To this end, we start by substituting the

standard spectral decompositions®
o0) = [doalaal, [ dela)iel =1, (olat) = 8o - @)
p(0) = /dpp|p><p|, /dp|p>(p|:]1, {plp") = 0(p — p') (1.25)

of 2(0) and p(0), valid in the Hilbert space H, in (1.24). Therefore,

(e}

Xp(t) = /dxx(Teeih6t|$>) ({zle=rTy )

—00
o

P(t) = / dpp (Toc'|p)) ((ple~ ™' T;) . (1.26)

—00

From this equation we can read-off the desired spectral decompositions in terms of complete

biorthogonal bases of right- and left-eigenvectors for the time-dependent operators as follows.

5In order to avoid notational cluttering, in the following equations, as well as in all similar equations
throughout the rest of this paper, we shall use the same symbols to denote the position and momentum oper-
ators  and p and their corresponding eigenvalues. We trust the reader to discern operators from eigenvalues

in all relevant places henceforth.



For Xy(t) we obtain

Xo(t) = /dxx|x;t>RL<:L';t|
lz; g = Tyl t) = Tyeot|x) = o' Ty|z)
w5ty = Tylast) = Ty le™ils) = goe ™ Tyfz) = golas tha, (1.27)

where we used (1.9) and (1.14), and invoked hermiticity of (1.10). Completeness and biorthog-

onality follow immediately:

/ do |z g ot =1, ot t)g = 6(x —2'). (1.28)

Similarly, for Py(t) we obtain

Py(t) = / dp p|p; t)r L(p; t|
pityr = Tylp;t) = Ty |p) = o' Ty p)
pity = T, pst) =T, '™ |p) = goe™'Ty|p) = golp; )R, (1.29)
and .
/ dpp;thr st = 1, p;tlpsthr=0(p—p'). (1.30)

These spectral decompositions, into eigenstates with purely real eigenvalues x and p, will be

crucial for us in constructing the Feynman path integral for this system in Section V.

1.1.2 The Classical Limit

The classical counterparts of the operators Xy(t) and Py(t) in (1.22) are real variables, cor-
responding to their parent quantum observables with their real spectra. This, together with
the classical limit of (1.4), means that ¢z and e *p should be taken as real variables as
well. That is, in the classical limit of the system originally defined in Hy, the particle actually
moves along the line in the complex z-plane making an angle —6 with the real axis. (This is
precisely the anti-Stokes line mentioned in Section I1.1.1 below.)

The classical variables Xy(t) and Pp(t) obviously have canonical Poisson brackets, and
any function A(Xy(t), Ps(t)) of these phase-space variables satisfies the canonical Hamiltonian

equation of motion

0A OHy 0A 0Hy

A={A Hy} = 09X, 0Py 0P 0Xp '

(1.31)
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obtained from (1.20) in the classical limit.

I.2 Objectives

The main objective of this paper is to compute the propagator associated with (1.1) by means
of path integration based on bicoherent states [9]. Bicoherent states are a powerful tool in
studying non-hermitian systems such as (1.1), and the present paper is the first application
of bicoherent states to path integration. We shall also compute the transition amplitude of
(1.1) in position space, by means of Feynman path integration, and verify the consistency of
the two results. As a byproduct of this computation, we shall gain insight into what Feynman

path integrals of non-hermitian quantum systems really mean.

1.2.1 7‘[9 vs. H

The object of main interest in this paper is the probability amplitude

Api(t) = (hrle™ i) = (Wrlgoe Mo |ebs) (1.32)

for wnitary time evolution of an initial state [¢;) into a final state |¢;). Time evolution is
unitary, because (1.32) is defined in the Hilbert space Hy. In this evolution, the metric gg acts
as a boundary term, at the end of the process. Its sole function is to ensure unitarity of the
process, so that |A;(¢)]? is the probability to start from |¢;) and end up at |¢bf) after time t.
Now, imagine sandwiching the propagator e~*7¢! between two resolutions of unity associated

with the position operator, as in the first equation in (1.25):

o0 [e.9]

Ap(t) = (iylgs / iy [2) (a1 e / 0y |22) (2li)

—00 —00
[e.e]

= [ dordas (rlgalon) Gorle ) (ol (1.33)

—00

The factors (¢¢|gg|x1) and (xo|y);) are fixed position-dependent wave-functions, determined
by the initial and final states. The interesting term, encoding the dynamics of our system, is
the matrix element

G(x1, 295 t) = (w1|e” 0 25) (1.34)

of the propagator. It is this object (or its analog, with |z, ) replaced by a pair of bicoherent
states to be defined below) which we shall derive path-integral representations for. As it

stands, we can think of it simply as a matrix element of a non-hermitian operator acting on



the standard Hilbert space H. This is the approach we shall adopt henceforth throughout the
rest of this paper.

In contrast to the hermitian case, (1.34) by itself is of course not a probability amplitude,
but this should not prevent us from representing it as a path integral. After computing (1.34)
by what-ever method we choose, we can plug it back into (1.33) and compute the relevant

probability amplitude.

I.3 Plan of the paper

The rest of this paper is organized as follows: Section II is devoted to a pedagogical review of
the application of pseudo-bosons and the bicoherent states associated with them to studying
the non-hermitian oscillator (1.1). In Section III we compute the matrix elements of the
propagator e~*¢! both in the basis of bicoherent states and between position eigenstates, and
verify the consistency of these matrix elements. Sections IV and V lie at the heart of this
paper and contain our main results: In Section IV, based on the detailed expositions of all
the preceding sections, we derive, for the first time ever, the bicoherent-state path integral for
the bicoherent propagation amplitude derived in Section III. Similarly, Section V is devoted
to deriving the corresponding Feynman path integral. We draw our conclusions and give brief

outlook in Section VI. Some technical details are relegated to the Appendix.

II Pseudo-boson operator analysis of Hy

We use the standard annihilation and creation operators a = \%($ +1ip), al = \%(w —ip) to

form the linear combinations [4]

Ay =TyaT; ' = acosf +iatsinh = L (2 + e L),
o Tty il = g (e ) 1)
By = Tya'T, ' = a'cos 0 + iasin @ = &= (ez — e 1)
It is clear that (for 6 # 0) A} # By and also that
[Ag, By] = 1. (2.2)
Moreover,
[Ag, Al] = —[By, Bj] = 1 cos 26 . (2.3)

For these reasons, we shall refer to Ay, By and their hermitian adjoints as pseudo-boson oper-

ators. For further details and mathematical discussion of these operators, see [4, 10].



We can use these pseudo-boson operators to write

H,g = Wy (B@ A@ + %]1) . (24)

The two vacua of Ay and Bg are defined, respectively, by
Appd (x) = TyaTy ' o () = 0
(2.5)
B (z) = T, aTy v () = 0,

where we have used hermiticity of 7p. Thus, 4,089) (x) and \1189) (x) must be proportional, re-
spectively, to Ty and Tg_1 acting on ¢o(z) - the ground-state wave-function of the hermitian
harmonic oscillator corresponding to 6 = 0:

1 ..
A = aTvaule) = Npowp (—5270?)
1, 1,
v (@) = Lo 'po(x) = Ny exp ( 3¢ - 9:}52) : (2.6)
The arbitrary complex proportionality constant « in the first equation determines that of the

second equation as = due to the normalization condition

0 0
(e]0f) =1 (2.7)

(taken as the usual £*(R) inner product of these states). This normalization condition must
hold, because goé (x) and \Il ( ) comprise the first pair of left- and right-biorthogonal eigen-
vectors of Hy. Equivalently, the normalization constants N, and Ny in front of the Gaussian
functions in (2.6) are constrained by (2.7) according to

e—z’@

T
It is at this point that the reason for restricting the parameter 6 to lie in the range (1.2)
becomes clear: In that range R(e*%?) = cos26 > 0, and therefore both ¢\”(z) and U (z)
(as well as all the other eigenstates, as can be seen from the discussion in the next subsection)
belong to L2(R).

NZ Ny = (2.8)

II.1 Eigenstates

The eigenstates of Hy and HJ, respectively o (x) and g (x), can be derived in the usual
manner [4], by using the raising ladder operators By and Ag :

[/ n 0 7 )
o (@) = alypu(r) = o B o (@) = 7o Ho (¢7) exp (=3 %7 22)

(2.9)

0 — 0) —i —2i
U (2) = LT (@) = o5 (A" 0 () = A H, (e77) exp (—§ e 22)
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where H,(z) is the n-th Hermite polynomial. These are just the conventional eigenstates
on(z) of the hermitian harmonic oscillator Hy—g, rotated into the complex-z plane by +6. It

then follows immediately from (2.2) (and its hermitian adjoint) and from (2.5) that
Aop (@) = Vi Ly (@) and  BYWD (@) = Vv (@) (2.10)

in complete analogy with the hermitian case.

The eigenstates (2.9) give rise to the two sets of functions, ]-"5,9) = {gogf)) (x), n > 0} and
]—"&,9) = {U(2), n > 0}. As discussed in detail in [4, 10], these two sets are complete in £2(R),
but they are not bases. Nevertheless, these two sets are biorthogonal, <g0£{9)|\11$z)> = Op,m, and

they comprise L,-quasi-bases. Here L, is the linear span of the functions ¢, (z) = oD (x) =

U (z) (taken with N, = Ny = —5). The set {n(z)} is the orthonormal basis of the
standard quantum harmonic oscillator, to which our model reduces at # = 0. Hence the set
L, is clearly dense in £2(R). The fact that Fég) and ]-'é,e) are L,-quasi bases means that, for
all f,g € Ly,

(flay =D (F1e?) (TP1gy = (A1) (oPg). (2.11)

This equality is not necessarily mazimal. That is to say, it might happen that a larger set
G D L, exists, such that (2.11) can be extended to all f,g € G. We shall return to this issue
later on.

Many other details on the properties and applications of pseudo-bosons can be found in
[4, 10], to which we refer the interested reader. Here we are more interested in introducing
the bicoherent states [9] for Hy, and use them to construct the bicoherent-state path integral
of the model.

II.1.1 Stokes wedges and observability of the operators z and p

We have seen above that having 6 lying in the range (1.2) renders both 4,089) () and \I/(()e)(fﬂ)
square-integrable along the real axis. In fact, all eigenstates decay at spatial infinity in both
directions like Gaussians. These states are vectors in the standard Hilbert space H = L*(R)
(recall the discussion in Section 1.2.1), in which x and p are observables. Physically, the
particle propagates along the real axis. Its position is a measurable quantity corresponding
to the observable x. Similarly, its momentum is a measurable quantity corresponding to the
observable p.

It is instructive to reverse this logic, and see how the restriction (1.2) on 6 arises from the
requirement that x and p be observables in H, or equivalently, that Xy and P, be observables

in Hy. To this end, consider the standard Schrodinger eigenvalue equation of the harmonic

11



oscillator (that is, # =0 in (1.1))

1, x?
59" () + () = Bo(), (212

subjected to the boundary condition that ¢ (z) — 0 as |z| — co. We can extend this problem
to the complex-x plane. Eigensolutions of (2.12) vanish asymptotically in wedges of angular
opening 5 centered about the negative- and positive-real axes. These are the Stokes wedges
for this problem [3, 12, 13]. These wedges are bounded by the Stokes lines of the differential
equation (2.12). The real line, bisecting these wedges, is the anti-Stokes line of the problem.
The eigensolutions of (2.12) decay most rapidly along the anti-Stokes line and become purely
oscillatory along the Stokes lines.

Let us now turn 6 on. The eigenstates 907(19) (x) of Hy are determined by solving (2.12)
but with # — Xy = ¢?z, in accordance with (1.4). The Stokes wedges for this problem are
obtained by rotating the Stokes wedges of the original equation (2.12) clockwise by angle 6
when it is positive, or counter-clockwise by angle || when it is negative.

Recall the discussion in Section I.1.2 and note that the complex variable Xy = €z is real
along the new anti-Stokes line. It would be interesting to investigate the relation between
anti-Stokes lines in analytically continued spectral problems more generic than (2.12) and the
range of the observable position (or momentum) operator, to see whether this is a generic
feature.

The spectral decomposition (1.25) of x in H and (1.27) of Xy in Hy involve integration
over all real values of z, which we identify with the real axis in the complex x plane associated
with (2.12). Thus, the real axis must remain within the Stokes wedges of the rotated problem.
To this end, we have to restrict |[f] < 7, as in (1.2).

Solving the Schrodinger equation for the eigenstates g (x) of Hg leads to the same restriction
on 6, since H;r = H_,.

Again the same restriction (1.2) on € arises also from solving the Schrodinger eigenvalue
equation for Hy and H;r in the momentum representation, and demanding that p be an ob-
servable in H and P be an observable in Hy, that is, that the real axis in the complex-p plane

always passes through the Stokes wedges as they are rotated according to p — Py = e~ ¥p.

I1.2 The bicoherent states associated with Hy

Bicoherent states were introduced in [9, 14] as a generalization of conventional coherent states,
pertaining to hermitian systems, to tackle non-hermitian quantum systems. In the present

paper we focus exclusively on bicoherent states associated with the hamiltonian ¢ (1.1). These

SFor a general discussion of bicoherent states see [9, 14], and also [15].

12



bicoherent states are built upon the two biorthogonal families of vectors .7:9(00) and .7:\%9), which
are L -quasi bases, as indicated by (2.11). Thus, based on (2.5) and (2.10), and in com-
plete analogy with the construction of conventional coherent states [16, 17, 18], the desired

bicoherent states are given by the two series
() - N 2 (6)
pO(zm) = N(2))) K (z)
VO (zx) = N(2) Y =), (2.13)

with a common 6-independent normalization factor

N = (Z‘ Pk) e (21

As is evident from the first equality in each of the equations (2.9), the bicoherent states are

related to the conventional coherent states

o0

O(z,2) = N(|2)) %%(w) (2.15)

of the hermitian harmonic oscillator according to

09 (z,2) = aTyd(z,z)
1
VO (2, 2) = — T, ' ®(z,2), (2.16)
a
where o was defined following (2.6).

Based on the detailed analysis made in [9, 14], the two series in (2.13) can be shown to
converge in the entire complex-z plane, for all values of # in the range (1.2). Refs. [9, 14] fell
short of explicit expressions for these series as functions of z and z, which we now provide:
From the definition (2.9) of eigenstates, and from Rodrigues’ representation

2 an 2

Hy(w) = (~1)"e 5 e (2.17)

for Hermite’s polynomials [19], we can derive, after some straightforward steps, the following

explicit expressions

09 (z,x) = N,exp [— (J2* + 2% + e2?) + \/ﬁzeiem]

| = N =

Oz, 2) = Nygexp {— (|2 + 2% + e72%27%) + \/ﬁze_wx} ) (2.18)

13



for these states in the position representation. In the limit # — 0 (in which 7 — 1),
these expressions coincide with the conventional coherent-state wave functions in the position
representation. (See e.g., Eq. (27.12) in [18].) In other words, (2.18) are appropriate analytic
continuations of the conventional coherent state position wave functions into the complex-x
plane, replacing x with e**x, in accordance with (1.4).

A defining property of conventional coherent states is that they are eigenstates of the
annihilation operator. Our bicoherent states enjoy a natural generalization of this attribute.
Indeed, we can use (2.10) to show, in a straightforward manner, that ¢ (z, z) and ¥ (2, z)

are eigenstates of the two annihilation operators at hand, namely,
AgpD(z,2) = 20 (z,2) and BJWO(z,2) = 209 (2, 2). (2.19)

Another defining property of conventional coherent states is that they resolve the identity.
(In fact, they form an over-complete set.) This is also an attribute of bicoherent states, which
turn out to resolve (together) the identity, at least on the set £, which is dense in £*(R). To

see this, we have to verify that”

d*z
(o) = [ AN )lo) (220)
for any pair of vectors |f),|g) € L,. Integration over the complex plane in (2.20) is straight-
forward, based on the definition (2.13) and on the elementary integral

Bz e 22T

e = O -
c T vmln! "

The result is

A%(fw(@)(z)xqﬂw(zﬂg) = {fleP) (¥ 1) = (flg) (2.21)

as required, by virtue of (2.11).

In a similar manner, we can establish the alternative resolution of the identity

o) = | NGl (222)

In complete analogy with conventional coherent states, the overlap matrix element of two

bicoherent states has the reporoducing kernel property [17]. More specifically, consider

K(z1,22) = (U9 (21) [0 (22)) (2.23)

. . 2 . . .
"Here we have anticipated the measure 2 = %dRe zdlm z from our experience with conventional coherent

= =

states.
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for any pair 21, 25 € C of complex variables. This overlap is well defined for all 2z, 2z, € C due

to the Schwarz inequality. In order to compute it, recall the definition (2.13) and expand

K(z1,20) = e =3 (=1 41zl Z <‘I’](€9)|901(9)>
k=0 V k!

k
— o mPH=P) (21 20) —a(z Ptz ta 22 (2.24)

e ©
k=0
This is manifestly 8—independent, and holds in particular for # = 0, namely, for the overlap
of coherent states of the standard harmonic oscillator ®(z,z) = e #2377 \j—%gpk(x) =
O (z,2) = ¢(2,2). H-independence of (2.24) should come at no surprise, since due to

(2.16) we can write

1
K(21,2) = <ET;1¢<ZI)

aTy@(z) ) = (D(1)|9(z)) . (2.25)

where we used hermiticity of Tp in (1.10).

Thus, K(z1, 29) coincides with the reproducing kernel of conventional coherent states

K(z1, 22) = (®(21)[®(22)) = (¥ (21) [ (22)) , (2.26)

and therefore satisfies the reproducing relation [17]

/C @K(zl, 29) K (29, 23) = K (21, 23) . (2.27)

™

In a similar manner, we can also show that

K(z1,2) = (¢ (21|09 (29)) , (2.28)

which is equivalent to hermiticity of the inner product in (2.26), namely,
K*(z1,29) = <gp (22 |\I/ zl)> = K(z9,21).

Needless to say, (U (z))|0%)(2)), when 6, # 05, is still well defined, but does not satisfy
(2.27).
Finally, note that (2.26) and (2.28), together with (2.27) imply that

K (21, 22) = (00 (21) [0 (22)) = / OGO @) OO (229)

We have proved the resolution of unity (2.20) by bicoherent states in its weakest form, re-
stricting ourselves to the set £,. We stress that (2.29) extends this resolution well beyond L,,.
This is so because (in comparison with (2.20)) the pair of bicoherent states |f) = [¥®)(2))
and |g) = |¢®(25)) manifestly do not belong in £, (they are not finite linear combinations
of the |@,)’s). Yet, (2.29) demonstrates explicitly that the resolution of unity (2.20) holds for
such states as well.
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III The propagation amplitude

In this section we derive explicitly the matrix elements of the propagator e~*¢* in position

space and in terms of bicoherent states.

III.1 The bicoherent propagation amplitude

Consider the matrix element of the propagator between a pair of bicoherent states
DO (24, zi5t) = (W9 (zp) | 00 (1)) , (3.1)

for initial and final complex parameters z;, z. The matrix elements (3.1), like their position-
space counterparts (1.34), contain all the information about the propagator e~  due to
(over-)completeness of bicoherent states, as was discussed in Section I1.2. This renders
D@ (z;, 2;t) an object of utmost importance for us. Indeed, by invoking the completeness
relations (2.20), (2.22), or (2.29) (depending on which subsets of Hilbert space [¢;) and [¢y)
belong to), we can obtain (1.32) from (3.1) as

dzfd 2

™

Afi(t) = <¢f|gg(,0 Zf >D( Zf,ZZ,tf <\I’ Zz |¢z> . (32)

We conclude this short subsection by computing (3.1) explicitly. To this end, apply
the propagator e~ to the bicoherent state »®(z;) in (2.13), and recall from (2.9) that
Hggpgf) (x) = wy(k + %)cpg’)(x). Thus,

e_iHGt(’O(e) (Zz) — e—iwgt/QSO(@) (Zie_iwgt) ) (33)
We now plug this into (2.24) and (2.26), and obtain the desired result

DO (zp, zist) = e o2 (WO ()@ (z;e70"))

. 1 )
eflwgt/Q exp {_5(‘2}42 + |Zi’2) + Z; zie*zwgt . (3.4)

An alternative derivation of (3.4) starts from (2.16), according to which

1
D(e)(zf,zi;t) — (_

a*

T .
T9—1|<1><zf>>) e H T D (=)
()T e T 0 (=)

= (D(zp)e™™"0(x)) . (3.5)
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where we have first used hermiticity of Ty and then the similarity transformation (1.9). Thus,
DY (zs, 2;) coincides with the analogous coherent-state matrix element for the hermitian
harmonic oscillator with frequency wy, as is evident [18] from the last explicit form equation
in (3.4).

I1I.2 The propagator in position basis

The propagator matrix element (1.34) in position space
Glag, i) = (agle™ "z, (3.6)

can be computed by substituting (z ;0@ (27)) = @ (2, x7) and (VO (2;)|z;) = (VO (2, 2,))*
from (2.18) in (3.2) (with gy knocked out), together with (3.4) and the complex conjugate of
(2.8). We end up with

€i9

Gl ait) = 6—%w9t6—%[(ewl‘f)2+(ei91‘i)2][(mf’ wiit) (3.7)

(e

where the double-Gaussian integral

d2Zfd2Zi 2 2 1 2 *2 6 * * —iwgt
I(xyp zist) = | ——F—exp—|zp|"— |zi|"— S (25 + 27°)+ V2e (zpxp + 2fws)+ Zpzie "
C

2 2
(3.8)
is computed in the Appendix. The final result is
o0 ;210
G(xp,z5t) = Jonismn exp {ZSinwgt [(z% + 27) cos wgt — 22 ;] } : (3.9)

By comparing (3.9) with the analogous matrix element of the conventional hermitian oscillator
hy = wy (aTa + %]l) in (1.8), namely,
7

. 1
—ihgt o
Tyle Tj) = ————=¢€X
(/] [z V27 sin wyt p{

(see e.g. Eq. (6.38) in [18]), and with (1.3) and (1.4) in mind, it is gratifying to note that

(3.9) is nothing but the former expression, analytically continued according to

Tein oot [(x?c + z7) cos wgt — 23 1] } (3.10)

zip— el g, (3.11)

followed by an overall multiplicative factor e?. (See Section V for more details.)
Finally, as a trivial check, note that G(xs,z;;t) — 0(zy — x;) (weakly) as ¢ — 0, in

accordance with (3.6).
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IV The Bicoherent-State Path integral

The main objective of the present work is derivation of the bicoherent-state path integral
representation for the propagator (3.4). Surely enough, the path integral derivation of (3.4)
which follows is not as simple and straightforward as the direct derivation in Section III.1. For
simple systems such as (1.1), path integration techniques are evidently an over-kill. Moreover,
since (3.4) (and consequently (4.8) below) are identical to the analogous quantities for the
conventional hermitian oscillator with frequency wy, the bicoherent-state path integral we are
about to derive in this section for the propagator of the nonhermitian oscillator (1.1) will be
identical with the conventional coherent-state path integral of the hermitian oscillator. Nev-
ertheless, we shall pursue its derivation in what follows, because our purpose here is to take
advantage of the simplicity of (1.1) and use it to introduce bicoherent-state path integration
as a novel technique for quantizing more complicated interacting non-hermitian systems, in-
cluding non-hermitian quantum field theories. Path integration may be the preferable method
for quantizing such systems. Our purpose here is to introduce this method and demonstrate
that it works.

IV.1 Slicing the time axis

The standard first step in constructing the path integral is to slice the segment of the time

axis between the initial ¢; = 0 and final t; = ¢ > 0 times into small N segments:
Ozti:t0<t1<t2<"'<tN,1<tN:tf:t. (41)

With no loss of generality (and for simplicity), we shall take all these segments to be of equal

duration
€ = tk:-i—l — tk s (42)
so that
t = Ne. (4.3)
The total propagator e~*¢! is the result of propagation along the N consecutive time segments.

Thus, we write the bicoherent matrix element (3.1) as
DO ey, z:) = (¥ (z)] () ¥ [0 (z0) ) (1.4

where we have renamed z; = 2y and zy = 2z, in accordance with notation introduced in (4.1).

Next, as in (2.29), we insert N — 1 resolutions of the identity at the intermediate slicing points

18



in (4.4), labelling the bicoherent state complex parameter at time t; by z;. Note from (3.3)
that
efngego(O)(zk) — efiw96/2(p(0) (Zkefinge) ] (45)

By making use of this fact, and by invoking the reproducing kernel property (2.27) repeatedly

when integrating over the intermediate complex variables, we can rewrite D (zy, 2;t) as

Nl TN
DO (zy, 205 1) :/ [H —k] HI(zl,zl_l), (4.6)
=1 ]S
where
I(z,21-1) = <\IJ(9)(zl)|e_iH96|g0(9)(zl_1)> =D (z,z_1;€). (4.7)

I(z, z-1) is sometimes referred to as an element of the transfer matriz, as it transfers, or

propagates, the system from one time slice to the next one. Thus, from (3.4) we obtain
—iwge/2 1 2 2 * —iwge
Iz, 21) = e exp —§(|Zz| +lz21]%) + 27 ziae : (4.8)
Substituting (4.8) in (4.6) we conclude that
DO (zy, 29 t) = et 2e 2P HR g (2 ), (4.9)

where
N—1 —‘Z |2 2
€ k d Zk —IWYE (% * *
Eeza) = [ [H T | R, (4.10)
k=1

Computation of £(zy, zp) is based on the simple integral

2

e a2y o, .

/ I DewrEtFul — qwawi (4.11)
C T

Hence, for instance,

—|21‘2 2 ) )
/ € d 21 ee—zwge(zg Zl+2f ZO) _ eZ; 20 e~ 2iwge
™

Y

Y

2

—lz2|* 2 . , ,

/ e d ZQ eefzwgezék ZQ—l—ZS 20 6727,&)06 _ ez‘; 20 67310095
m

and so on, until the last integration over zy_; yields

g(ZN, Zo) = ez}k\] 0 eTtwpe = GZTV 0 eTtwot (412)
Finally, by plugging this result back in (4.9), we recover (3.4):
D(e)(ZN, Z0;t) = e*iwet/Qef%(|ZN|2+\ZO|2)5(ZN’ 20) = o wot/2 o= 5 (lan [P +z0[?) +23 20 e~ (4.13)
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IV.2 The limit of infinitely many time slices - the path integral

The discussion in the previous subsection is exact for any number N of time slices. It is
evident from this discussion that we always recover the correct matrix element (3.4), whatever
the number N of time slices is.
Let us think of the series of N points z; as snapshots of a function z(t) taken at the times
t;in (4.1):
2= z(t). (4.14)

As N gets larger, the points z; sample the function z(¢) at an ever increasing resolution. Thus,
in the limit N — oo, that is € — 0, we recover the function z(t), a trajectory in the complex
plane, in its entirety. With this picture in mind, the expression (4.6) for the propagation
amplitude D(e)(zN, 2p;t) can be interpreted, in the limit N — oo, as a sum over all possible
paths z(t) in the complex plane, connecting z = zy at t = 0 with z = zy at time ¢, where each
path is weighed with a complex amplitude which we derive below. This is the bicoherent-state
path integral representation of (3.1).

We proceed by rewriting (4.8) as

I(z1,21-1) = e exp {—5 (5 (21— 21m1) = (3 = 5 za] + 2 2 (79 = 1)} - (4.15)

It is at this point that we start making approximations in the limit ¢ — 0. Evidently, one can

interpret the differences appearing in the second exponential in (4.15) as time-derivatives of

2(1),

i1 — R = 62[+1 s (416)

so that, up to corrections of O(€?), we can write
I(z, z-1) = e/ % exp {—% (274 — & (2 — €2)] + 2 (2 — €4) (e7° — 1)} , (4.17)
or, more explictly,
I(z, 21) = e/ ? exp {—% (2] %1 — 2/ 21) — tewpz[ 21 + 0(62)} : (4.18)

for the transfer matrix element. We finally plug (4.18) in (4.6), neglect the O(€*) terms on

the way, and obtain the bicoherent-state path integral representation of (3.4) as

t t

D2[2(t)] exp —% / dt (2*(H)2(t) — 2 (D)=(t)) — i / dt H(2*(t), 2(t))

0

z(t)=zy

D(e)(Zf,Zi;t> :/

2(0)=z;

(4.19)
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where

H@%w¢@»:w4f2+%) (4.20)

is the classical symbol for the hamiltonian (2.4) (with By replaced by z* and Ay by z), and
where the measure D?[z(t)] is the limit of the corresponding discrete measure |[]r;" diﬁ]
in (4.6) as N — oco. Integration in (4.19) is carried over all paths z(¢) in the complex plane
subjected to the boundary conditions z(0) = z; and z(¢) = 2y, and each path is weighed by

iS[z(t)

the phase factor e ], where the (real-valued) classical action S is

t t
1

S[z(t)] 2/&@%&@—?@%»—/#waxﬁy (4.21)

0 0

As was commented upon already at the beginning of this section, the resulting bicoherent-
state path integral (4.19) is identical with the conventional coherent-state path integral of
the hermitian oscillator [18]. The difference between the hermitian and nonhermitian systems
will appear, of course, in position space matrix elements of propagators and in correlation
functions.

The semiclassical limit of (4.19) is governed by the classical equations of motion resulting

from varying the action (4.21), namely,

=wpz, 1= —— = —wyz (4.22)

with the solution
2(t) = zie” ™ot (4.23)

which we recognize as the argument of ¢(® in (3.3). This should come at no surprise, since

coherent states in general are minimal uncertainly states.
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V The Feynman Path Integral

We have derived in Section III.2 the position matrix element (3.9) of the propagator by trans-
forming its bicoherent-state matrix element (3.4) to the position basis. In this section we shall
derive (3.9) directly from the Feynman path integral representation of the propagator. We
shall do so by applying the Gelfand-Yaglom-Montroll method [21, 22], following Chapter 6 of
[18].

Before delving into Feynman path integration, let us present a quick way to compute this

matrix element directly from that of the hermitian theory (3.10). To this end we invoke (1.9)

and write
(wple™ MM a;) = (wp|Tye™ ™" T, | = / dyrdys (¢ | Tolyr) (yale ™" |yo) (ya| Ty i) (5.1)

The matrix elements of Ty and its inverse can be deduced from (1.12) and the discussion
following it. One finds

(x|Tyly) = ) (e“z —y)
(T, x) = (y|Tglz) = e 25 (e Py —a) = ¢'1§ (y — e*z). (5.2)

For these expressions to make any sense, we have to think of e™ as being real variables,
because of the one-dimensional real Dirac delta functions®. (In particular, we have used this
assumption to arrive at the last equality in (5.2).) Effectively, we are taking the corresponding
matrix element (z|T_,|y) = (x|e’2@FP2)|y) = e2§ (e“x — y) of the ordinary unitary squeez-
ing operator (for real values of u) and its inverse, and then analytically continue to u = 6.
Another way to interpret these expressions is to recall from Section 1.1.2 that the classical

variable ¢z corresponding to the observable Xj is real.
Thus, by substituting (3.10) and (5.2) in (5.1), we obtain (3.9) yet again.

Of course, we can express the propagator (y;|e~"!|y,) of the hermitian oscillator in (5.1)
as an ordinary Feynman path integral [18], which is the quickest way to write the Feynman
path integral for (3.9): These two path integrals are essentially the same, up to the action
of the operators Tty at the end points. The paths to be summed over are just those of the

ordinary hermitian oscillator, and they correspond to its position operator x, which is an

8We stress once more: These genuinely real one-dimensional Dirac delta functions should not be confused
with any complexified generalizations of delta functions which exist in the literature. See [23]-[25] and references
therein.
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observable in H. It is of course similar to Xy, which is an observable in Hy. Thus, there
should be an equivalent derivation of this path integral by summing over paths in the real
configuration space associated with the quasi-hermitian operator Xy(t) discussed in Section
[.1.1. The latter configuration space is identical to that of the hermitian problem, leading to
the same path integral.

To see this, we start by slicing the time segment as in Section IV.1, and write the propagator

matrix element (3.6) as

<J:N|€7iH9t‘$0> _ <37N| (efnge)N |$0>7

with endpoints x; = x¢ at tp = 0 and z; = xy at txy = t. At each intermediate time ¢ we

insert a resolution of unity
o0

in terms of eigenstates of the operator Xy(0) according to (1.27) and (1.28) (evaluated at

t = 0), and write the matrix element as

o0 o0

(:L’N]e_iHet]a:()): /del---/dxl

—00 — 00

—iHg(tN—tn—1 —iHg(tN—1—tN—2

)|$N—2>R L<1‘N—2| T

<$N|6 )|$N—1>R L<$N_1|€

e—iHe(tk+1—tk)’xk>RL<xk’e—iHe(tk—tk—1) .. ’332>R L<x2‘e—iHe(t2—t1)|$l>R L<1‘1|€_iH9t1|:U0> .
(5.4)
Concentrate now on zj in (5.4). Evidently, from (1.27) and (1.28),
/ g 10t |V 1 (e~ Hote — / dary [ ] = 1 (5.5)

is just the resolution of unity in terms of complete biorthogonal set of eigenvectors of the

quasi-hermitian operator Xy(t;). Therefore,

oo oo
<xN|e_iH9t|x0> = / dry_q--- / dxy
—o0 —o0

(xnle”™M | zn_1itn1)r L{TN-1;tN-1|TN—2; tn—2)R L{TN—2; tN_2| - -

|z te)r L{Tr; ti| - - - |wa; to)r (@) to|T1; )R L{x1; t1|zo) - (5.6)
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Thus, (5.6) expresses the propagation amplitude as a sum over all curves in the real config-
uration space associated with Xy (), which start at xy at ¢y = 0, terminate at zy at ty =1,
and pass through x1,z9,...xxy_1 at the intermediate slicing points. The continuum limit
N — oo, Ne = t of this sum, namely, Feynman’s path integral for the propagator of Hy,
is therefore a sum over all paths in the real Xj(t)-configuration space with the prescribed
boundary conditions.

Consider now the infinitesimal propagator between two consecutive intermediate points

L(Trerts et |0 e)r = (Tipts bt [Ty Tolzns te) = (Tagr; tegr |Tns i) (5.7)

where we used (1.27). Not surprisingly, it reduces to the corresponding matrix element of the

hermitian problem. Similarly, the matrix elements at the two endpoints are

(xnle ™o oy ity Dr = (en|Tye "oy 1)

(v ti|we) = (x| Ty o) - (5.8)

We end up simply with

%) [e's)
<[L’N|€_iH0t|£lf()> = / dZL‘N_l s / dJTl
—00 —00

—ihge

(xn|The len_1) (Tn_1itnoa|eN—2 tN—2) (TN_2;tN_2| - -

|Tas te) (T te] - - - |2o; o) (a; tolar; 1) (e e T o) (5.9)

which is just a very cumbersome way of writing (v x|(e ™€)V |z0) = (xn|(Tpe T, )N |xg) =
(xn|Ty(e= ™o )NT, 1 ag), which leads us back to (5.1), as promised.

One can readily extend this discussion to computing matrix elements of time-ordered prod-
ucts T'(Xog(t1)Xg(t2) - - - Xo(tx)) of the quasi-hermitian operator Xy by means of Feynman path
integration. We shall not pursue this issue any further here, as our main interest is consistency
of our bicoherent and Feynman path integral results. We refer the interested reader to [26, 27]
for further details on Feynman path integrals for generic quasi-hermitian systems, and the role

of the metric g therein.

24



V.1 Computing the path integral

The limiting process discussed following (5.6) leads, in what by now is a well known procedure
[18], to the path integral representation

z(t)=xf t

G(xyp,xist) = (zs|le ™M ;) = / D[x(T)] exp i/LdT , (5.10)

z(0)=z; 0

for the matrix element (3.9). Here

_L:§E4a%f-£§(w%f (5.11)
is the lagrangian corresponding to Hy in (1.3), and summation is carried over all paths z(¢)

subjected to the boundary conditions
r(0) =z;, x(t)=x. (5.12)

As we shall see, this prescription takes correctly into account the effect of the operators Ty
and T, " at the endpoints in (5.1).
In order to proceed, we follow Chapter 6 of [18], and shift the integration variable in
function space
2(1) = za(T) + (1), (5.13)

where z4(7) is the solution of the classical equations of motion associated with the lagrangian
(5.11), subjected to (5.12). Thus, the functions n(7) we integrate over are subjected to Dirich-
let boundary conditions
n(0) =n(t) =0. (5.14)
The jacobian for this shift of z(t) by a fixed known function z(t) is of course just unity, that
is, Dla(7)] = Dln(7)].
An overall multiplicative factor in the lagrangian, such as e??, does not affect the Euler-
Lagrange equations of motion, which therefore coincide with those for the lagrangian L =

ﬁﬁ — £22 of the standard real harmonic oscillator with frequency wy, namely,

i+wir=0. (5.15)

The desired classical solution, subjected to (5.12), is readily found to be

7x'sin(w9(t—7)) . sin(wyT)
za(T) = i sin(wgt) s

sin(wyt) (5.16)
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We now substitute (5.13) and (5.16) in (5.11) and compute the corresponding action functional

St = Slralr)] + - / (i = o) ar

o210 ‘ &2

= Slza(r)] — 2w9/ (d 5 +w9) ndr, (5.17)
0

where in the last integral we integrated by parts and used the boundary conditions (5.14).

Note that in (5.17) there is no term linear in 7, because z4(t) is an extremal configuration of

the action. After some additional work we obtain the classical action as
t

S[I'CZ(T)] = / L(l’cl,l"cl) dr =

0

627L9

> s oot [(xf + xfc) cos wot — Qxixf} ) (5.18)

As a consistency check of the latter expression, note that for very small ¢ it tends to
iw (zy — i)
2CL)9 t ’

. . 2i0 . . . .
namely, the action of a free particle of mass <, moving from x; to x; in time ¢, consistent

with the kinetic term of (5.11). Next, substitute (5.17) and (5.18) in (5.10) and write

n(t)=0

621'9 ! d2
G(zs, it _ezS[xcl /D 7)] exp | —i / <d2—|—w9)77d7 . (5.19)

2&]9

n(0)=0

The last Gaussian functional integration can be carried out explicitly by employing the
Gelfand-Yaglom-Montroll method [21, 22], as explained in [18]. To this end we first solve

the initial value problem

d*f(r) 2
72 + ngj(T) =0
f0)=0, f(0)=1 (5.20)
associated with the Dirichlet Sturm-Liouville operator % + w3 in (5.19). The solution is
sin(wyT
f(T;wy) = sinfwor) : (5.21)
W

Then, one can show that

n(t)=0
o210 02 €20 [y o0
Dl i dr| = - % (522
| exp 220.)9/ (d 2 —I—an) ner (27rif(t)> V2misin wet (5.22)

n(0)=0
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because f(t;wy) is essentially the finite regularized form of the functional determinant of the
operator jT—ZQ + w2 appearing in the Gaussian integral.
Finally, we substitute (5.18) and (5.22) in (5.19), and obtain our desired result

y oif 50210
(yle=tHot|z;) = T exp {m (27 + 2%) cos wet — 2a;24] } : (5.23)

which coincides with (3.9). Consistency of (3.9), which was derived from the bicoherent-state
path integral, and (5.23), which was derived directly from Feynman’s path integral, vindicates

our novel bicoherent-state path integral derivation.

VI Conclusions and outlook

In this paper we have introduced, for the first time, bicoherent-state path integration as
a method for quantizing non-hermitian systems. We have applied it to the concrete and
very simple system given by (1.1), and used it to obtain its propagator. We have verified
the consistency of our bicoherent-state results with direct Feynman path integration. On
the way, we have elucidated the type of paths summed over in the Feynman path integral.
The bicoherent-state and Feynman path integrals for the propagation amplitude for the non-
hermitian oscillator (1.1) which we derived in this paper are natural generalizations of the
corresponding path integrals of the conventional hermitian oscillator, obtained by setting
6 = 0 everywhere.

The present work opens the way to applying bicoherent-state path integration to more
interesting quasi-hermitian systems which consist of many interacting degrees of freedom,
such as quasi-hermitian quantum field theories or statistical mechanical systems. As one final
comment, we just mention that our results for the Feynman path integral can be extended
also to non-hermitian systems which are not quasi-hermitian, as long as the non-hermitian

position or field operators are diagonalizable in terms of biorthogonal bases.
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Appendix: The Gaussian integral (3.8)

The bilinear form

1 . ,
§=los* 4 |ail + 5 (2 + %) — V2" (zymp + 2i) — e (A1)
in the exponential of the Gaussian integral (3.8) may be written in matrix form as
1 1
€= 5uTMu ~ 7 (u'v+viu), (A.2)
with ‘
Rezs ey
Imz ie?x
u= 1, ov=| Y (A.3)
Rez; ex;
Imz; —iey;
and with the symmetric matrix
3 i _e—iwgt _Z'e—iwgt
M — i 1 Z'e—iwgt _e—iwgt (A 4)
- _efiwgt Z'efiwgt 3 — :
_Z‘e—iwgt _e—iwgt —q 1

In these notations, the integral (3.8) may be written as

d*u
(xf,2t) T e

(A.5)

The eigenvalues of M are 2(1 4 e=%¢%/2) and 2(1 £ ie~™¢*/2)  all with non-negative real parts.
Thus, (3.8) converges (for most values of ¢), and it can be computed in the standard way, by
completing the squares in . The result is

Traf—1
6VMV

I(xfzt) =4 ——. A6
(g, i3 t) Vdot M (A.6)

One can compute

det Ml = 32ie " sin wyt (A.7)
and
1— e—ingt _2(1 _ e—inet) 0 0
M—l _ 1 —Z(]_ - 672iw9t) 3 + efingt 0 4671'40915
- 4(1 _ 672iwﬁ) 0 0 1— e—2iw9t Z(l _ e—Ziwgt)
0 4e—iw9t 2(1 _ €—2iwgt) 3 + e—2iw3t
(A.8)
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Putting everything together we obtain

iwgt
2

6219 ) ) o
V/2i sin wyt OXP { 1 — e2iwet (If + x; — 2™ xfxz)} . (A.9)
Finally, substitution of (A.9) in (3.7) leads to (3.9).

I(zy,xt) =
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