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In this thesis we present an overview of some important known facts related to
topology, geometry and calculus on metric spaces. We discuss the well known
problem of the existence of a lipschitz equivalent metric to a given quasi-
ultrametric, revisiting known results and counterexamples and providing
some new theorems, in an unified approach. Also, in the general setting of
a quasi-metric doubling space, suitable partition of unity lemmas allows us
to obtain, in step two Carnot groups, the well known Whitney’s extension
theorem for a given real function of class C"* defined on a closed subset of
the whole space: this result relies on relevant properties of the symmetrized
Taylor’s polynomial recently introduced in this setting. Finally, some first
interesting investigations on Menger convexity in the setting of a general
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Introduction

Chapter 1 is dedicated to the problem of the existence of a metrically equiva-
lent metric with respect to a given quasi-ultrametric. The idea of measuring
distance between points on abstract sets arises naturally as a generalization of
the concept of geometric distance; clearly every distance must satisfy some
characterizing requirements. The notion of space with a distance, or distance
space, appears in 1906, appropriately exposed in relation to some sets of func-
tions [1], and in the first half of twentieth century has gradually found full
acceptance. We stress immediately the in our study, the terms distance and
metric have a different meaning, due to the level of generality and complete-
ness of the results. The problem of the existence of a suitable metric with a
prescribed topology is well known, and the techniques employed are typical
of the topological setting; instead, rather geometric are the techniques known
in literature for the problem of the existence o a geometrically equivalent met-
ric. Indeed, in 1937, generalizing the proof of E. W. Chittenden, A. H. Frink
exhibits for the first time an equivalent metric to a given — nowadays called —
quasi-ultrametric (with constant K = 2); more precisely in [2] the existence of
a topological equivalent metric is proved, then in [3], by the introduction of
the chain approach techniques jointly with a candidate metric d, , the existence of
a bi-lipschitz equivalent metric is proved, arguing by contradiction; after that,
several proof of the existence of such a metric, and related facts, do appear in
literature (see for instance [4, 5]): in this chapter we organize main key points
and provide simple and new proofs in a unified setting by using standard
techniques based both on the the validity of a relaxed polygonal inequality
(see, for instance, [6])

n
p(x,y) <c) p(xii1,x), X0=2x%1,.,x%, =y €X,
i=1
and topological techniques based on the existence of suitable uniformities. For

the sake of completeness, known results related to existence of a bi-lipschitz
metric for a suitable power of a given quasi-metric conclude the chapter.



2 Contents

Chapter 2 is a technical one. Space of homogeneous type and doubling spaces
are compared: the equivalence of these facts is known, we present several
equivalent facts in the setting of a general quasi-ultrametric spaces. Note
that spaces of homogeneous type appear in [7], more recent is the notion
of geometrically doubling spaces; spaces of homogeneous type are metric
spaces endowed with doubling measure, as, for instance, Euclidean spaces
and the group H'. Moreover, in the setting of doubling quasi-metric spaces
we provide autonomous proofs of global and local partition of unity lemmas,
employed later in Chapter 3. A standard application of these lemmas provide

extension theorem for normed valued Lipschitz mappings.

Chapter 3 is dedicated to the generalization of Whitney extension theorem
in the setting of step two Carnot groups: actually, for the sake of clarity we
provide a quite detailed proof in the setting of the Heisenberg group H!,
avoiding more technicalities. The history of Carnot groups goes back to E. M.
Stein, in 82, when jointly with G. B. Folland began calculus in some connected
and simply connected nilpotent Lie groups whose algebra is endowed with
a family of dilations J,; after more than twenty years a particular class of
these groups, nowadays called Carnot groups, are of relevant interest as a
natural setting for real analysis, calculus and geometric measure theory. These
algebraic structures arise as the natural tangent structures at regular point
of a sub-Riemannian manifold, in analogy with the Euclidean vector spaces
and the Riemannian manifolds. A sub-Riemannian manifold (M, D, g) is a
Riemannian manifold (M, g) where a given distribution D of m-dimensional
vector spaces of the tangent bundle has been fixed. An absolutely continuous
curve v : R O I — M joining two points p and g in M such that () € D,
for a.e. any t € I is called horizontal; through these curves we can define
a metric d(p, q), the C-C or Carnot-Carathéodory metric, as the infimum of all
the lengths of all such a curves joining p e . The induced topology is the
original one but d and d,, the Riemannian metric, are non equivalent in general.
Hormander condition requires that, given a finite family X, X», ..., X}, of
smooth vector fields on a n-dimensional smooth manifold M, there exists a
positive integer r such that we can find at least 7 linearly independent vectors
at each point p of M among all the vector fields of the kind X;, [X;, X;,],
(X, [(Xiy, Xig|], -0 [ Xy Xy, [Xig - - [Xi,_,, Xi,] - - - ]]], calculated at this point.
So, in the setting of step two Carnot groups we exhibit a quite direct proof
of the well known Whitney’s extension theorem. Let us briefly recall some
historical facts about. In 1925 P. Urysohn proved how a given continuous

function defined on a closed subset F of a normal topological space can be
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extended to a continuous function defined on the whole space [8]; indeed
this theorem, whose proof is quite simple when F is a closed subset of IR, was
extended first by H. Lebesgue in 1907 to the plane and after by H. Tietze in
1915 to a metric space [9, 10]). Later on H. Whitney raised and solved in 1934
the problem of finding a differentiable or even analytic extension of a given
function of the same regularity defined on a closed subset F C IR" [11]; finally,
in 2005, C. Fefferman has given a deep generalization and characterization of
this extension theorem for an extension of class C"~1(IR") [12]. Whitney’s
proof relies on two key tools: a particular open covering for open sets in
R" and an extension operator built up with the help of a suitable partition
of unity subordinated to such a covering. Relatively to the first tool, in the
original paper, rather than a type covering argument we should speak about
a decomposition into cubes of open sets in IR” [13]; a simplified argument
avoiding this dyadic decomposition appears in [14], where the same extension
operator is constructed through a partition of unity subordinated to a Vitali
type covering of a given open set. We provide a proof of Whitney’s extension
theorem for functions of class C}; (F), with F C H! closed. The proof is
based on Whitney’s original one, following the scheme of H. Federer. From an
analysis of the original proof, it is evident that various steps are made possible
merely thanks to the properties of the Taylor polynomial in the ordinary
Euclidean case. Unfortunately, the well-posedness of the original definition
of the Taylor polynomial given by Folland and Stein, relies on the existence
of a linear isomorphism between the vector space of polynomial and and
the vector space of left invariant vector fields, but considerable difficulties
of computational kinds occurs if we try to write it explicitly. The Taylor
polynomial introduced in [15] and recalled in the first section helps with this
problem, thanks to its properties that make it similar to analogous one in the
Euclidean case; furthermore, the use of the polynomial is also necessary in
the proof of the extension theorem because the condition for the extension
is characterized in terms of it, jointly with a suitable family of functions, i.e.
a jet associated to the set F, which assigns the coefficients of the polynomial
to each point of space. It comes out that the proof of the Whitney extension
theorem, in spite of the highly non linear structure of Carnot groups, reduce,
in spirit, to a Euclidean one.

Finally an appendix is dedicated to the study of the notion of convexity.
An accurate bibliographic research has shown some properties of sets and
candidate functions to be convex in a metric sense, although these convex set

and functions do not seem to have been the subject of particular study in the
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general setting of a metric space, possibly with supplementary hypothesis
(geometric properties of convex sets, differentiability properties of functions,
Caratheodory theorem (which is false in H) or Helly theorems); actually
such theorems require suitable preliminary definition and properties that, in
a general context of a metric space, do not appear obvious at all. So, in this
appendix, first basic properties of convex sets and functions (characterization
of convex hull, Jensen inequality, basic extensions theorems, etc ), according to
K. Menger [16] are studied, together with possibly supplementary hypotheses

on the metric space.



Chapter 1

Distance spaces and the metrization

problem

1.1 Distances and triangular type inequalities

In this section we recall some fundamental statements about distances and
distance spaces, in particular distinguishing the different conditions that may
be required for a distance in place of the usual triangular inequality. Most of
the things contained here can be found on every book about the argument [17,
18, 19].

Definition 1.1.1 (Semi-distance). A semi-distance p on a non-empty set X is a

symmetric application p : X x X — [0, +oo[ such that

x=vy=p(x,y) =0.

A semi-distance space (X, p) is a non-empty set X equipped with a semi-distance p.

Example 1.1.1. Let X be a no empty set. Then the application p : X x X — [0, +00]
given by p(x,y) = 0 for all x,y € X is trivially a semi-distance on X.

Example 1.1.2. Let V be a linear space and p a seminorm on V. Then by definition
of seminorm the application p : V X V — [0, +oo[ given by p(v,w) = p(v — w)
forall v,w € V is trivially a semi-distance on V.

Example 1.1.3. Let X be a no empty set, xo € X a fixed point and let F (X) be the
set of functions f : X — R. Then considering the application p : F(X) x F(X) —
[0, +o0] given by p(f,8) = |f(x0) — g(x0)| for all f,g € F(X) we have that p
is symmetric and that p(f, f) = |f(x0) — f(x0)| = 0 forall f € F(x),sopisa

semi-distance on F (X).
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Definition 1.1.2 (Distance). A distance p on a non-empty set X is a semi-distance
on X such that

p(x,y) =0=x=1y.
A distance space (X, p) is a non-empty set X equipped with a distance p.

Example 1.1.4. Let X be a set with at least two points and k € R fixed such that
K > 0. Then the application p : X x X — [0, +oo[ given by p(x,y) = 0ifx =y
and p(x,y) = kif x # y forall x,y € X is trivially a distance on X.

Example 1.1.5. Let V be a linear space and p a norm on V. Then by definition of
norm the application p : V X V — [0, 4-o00[ given by p(v,w) = p(v — w) for all
v,w € V is trivially a distance on V.

Example 1.1.6. Considering the application p : R x R — [0, +oco[ given by
p(x,y) = (x —y)? forall x,y € X, then p is trivially a distance on R.

Example 1.1.7. Considering the application p : R* x R? — [0, +oo| given by

p(x,y) = (\/|x1 —yil+ \/|x2—y2|> forall x = (x1,x2),y = (y1,2) € R?,
then p is trivially a distance on R?.

Example 1.1.8. Fixed n € IN with n > 1 and considering the application p :

n
R" x R" — [0, 4-00[ given by p(x,y) = ¥ |xi — yi|* forall x = (x1,...,%,),y =
i=1
(y1,---,Yn) € R", then p is trivially a distance on R".
It is clear that a distance space is also a semi-distance space, but in general the

opposite can not be true.

Example 1.1.9. Let us consider the application p : R* x R? — [0, +o0| given
by p(x,y) = |x1 —y1| for all x = (x1,x2),y = (y1,y2) € R? Then p(x,x) =
|x1 — x1| = 0 for all x € R?, so p is a semi-distance on R2. However this is not an
example of a distance, since we can have two distinct points that are distance 0 from
each other, indeed for all x1,x2,y> € R such that x1 # y, taking x = (x1,x2),y =
(x1,y2) € R? we have p(x,y) = |x1 — x1| = 0.

Definition 1.1.3 (Semi-metric and metric). A semi-metric (metric) d on a non-
empty set X is a semi-distance (distance) on X such that the so called triangular
inequality

d(x,y) < d(x,z) +d(z,y) (L1)

holds for all x,y,z € X. A semi-metric (metric) space (X,d) is a non-empty set X

equipped with a semi-metric (metric) d.
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Example 1.1.10. Semi-distance spaces in the Examples 1.1.1 and 1.1.2, 1.1.3 have
a semi-distance trivially satisfying the triangular inequality (1.1), so they are also

semi-metric spaces.

Example 1.1.11. Distance spaces in the Examples 1.1.4 and 1.1.5 have a distance
trivially satisfying the triangular inequality (1.1), so they are also metric spaces.

It is clear that a metric space is also a distance space, but in general the
opposite can not be true.

Example 1.1.12. Distance space in the Example 1.1.6 is not a metric space. Indeed
taking particular points x =1,y = —land z = 0 we have p(x,y) =4 >1+1 =
p(x,z) +p(z,y), i.e. the distance p does not satisfy the triangular inequality (1.1).

Example 1.1.13. Distance space in the Example 1.1.7 is not a metric space. Indeed
taking particular points x = (1,0), y = (0,1) and z = (0,0) we have p(x,y) =
4>1+4+1=p(x,z)+p(z,y), ie. the distance p does not satisfy the triangular
inequality (1.1).

Example 1.1.14. Distance space in the Example 1.1.8 is not a metric space. Indeed
taking particular points x = (1,0,...,1),y = (-1,0,...,0) and z = (0,0, ...,1)
we have p(x,y) =5 > 142 = p(x,z) + p(z,y), i.e. the distance p does not satisfy
the triangular inequality (1.1).

It is clear that a metric space is also a semi-metric space, but in general the

opposite can not be true.

Example 1.1.15. Let f : R — R be a not injective function. Then the application
p: R xR — [0, +o0o[ given by p(x,y) = |f(x) — f(y)| for all x,y € R is trivially
a semi-metric on IR. By injectivity of function f, there exist two points x,y € R with

x # ysuchthat f(x) = f(y), ie p(x,y) = |f(x) — f(y)| =0, so p is not a metric
on X.

Definition 1.1.4 (Quasi-metric). A quasi-metric p with constant A on a non-empty
set X is a distance on X such that there exists a real constant A for which the so called

relaxed triangular inequality

pxy) < Alp(x,2) +p(z,y)) (1.2)
holds for all x,y,z € X. A quasi-metric space (X, p) is a non-empty set X equipped
with a quasi-metric p.

Definition 1.1.5 (Quasi-ultrametric). A quasi-ultrametric p with constant K on a
non-empty set X is a distance on X such that there exists a real constant K for which
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the so called relaxed ultra-triangular inequality

p(x,y) < Kmax{p(x,z),0(z,y)} (1.3)

holds for all x,y,z € X. A quasi-ultrametric space (X,p) is a non-empty set X
equipped with a quasi-ultrametric p.

Excluding the trivial case by assuming that X be a set with at least two points
we have both A,K € [1,4oo[. We can also note that a quasi-metric with
constant A = 1 is a metric. Then it is usually to call ultrametric a quasi-
ultrametric with constant K = 1. Moreover, by inequality # <max{a,b} <
a + b true for all real numbers a,b > 0, it is easy to check that every quasi-
metric with constant A is a quasi-ultrametric with constant K = 2A, and
that every quasi-ultrametric with constant K is a quasi-metric with the same

constant A = K (so in particular an ultrametric is also a metric).

Example 1.1.16. Distance space in the Example 1.1.4 have a distance trivially
satisfying the relaxed ultra-triangular inequality (1.3) with constant K = 1, so it is
also an ultrametric space.

Example 1.1.17. Let D = {0,1} and let X = DN. We note that elements of X are
the sequences x = {x;},op such that each x; is either 0 or 1. For all x,y € X with
x #yleté(x,y) =min{i € N : x; # y,}, i.e. 5(x,y) is the first index at which x
and y disagree, and consider the application p : X x X — [0, +o0| given by

0 if x=y
p(x,y) =
2700 if x #v.

It is clear that p is symmetric and that p(x,y) = O ifand only if x = y. If x = z,
y =z, orx =y itis clear that p(x,y) < max{p(x,z),p(z,y)} holds. Taking three
distinct points x,y,z € X, let h = §(x,z) and | = 6(z,y) assuming without loss of
generality h < I. Then x; = z; = y; forall i <k, s0 6(x,y) > k, and therefore

o(x,y) =270 < 27F — max {Z_h,Z_l} = max {p(x,z),0(z,y)},
i.e. p satisfies the relaxed ultra-triangular inequality (1.3) with constant K = 1, so X
is an ultrametric space.

Example 1.1.18. Distance spaces in the Example 1.1.6 is not a metric space but is
a quasi-metric space. Indeed for all fixed x,y,z € X, let a = p(x,y), b = p(x,z)
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and ¢ = p(z,y), so we have \/a = |x —y| < |x —z| < + |z —y| = Vb + /¢ by
squaring both sides of /a <= /b + /c we have a < b + ¢ + 2+/bc and by the
well-known fact that the geometric mean is bounded above by the arithmetic mean, i.e.
Ve < %, we obtain a < (b + c) so p satisfying the relaxed triangular inequality
(1.2) with constant A = 2.

Example 1.1.19. Distance spaces in the Example 1.1.8 is not a metric space but is
a quasi-metric space. Indeed for all fixed x = (x1,...,%n),y = (Y1,---,Yn), 2 =
(z1,.-.,20) € R" we have

2(p(x,2) +p(2,y)) =2 (Z (% —zi)* + Z (zi — yi)2>

I
7=
N
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&
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so p satisfying the relaxed triangular inequality (1.2) with constant A = 2.

About quasi-metric spaces we have the following obvious but useful result
below.

Proposition 1.1.1. Let (X, p) be a quasi-metric space with constant A. Then for any
n € N with n > 1 and for any points xg, x1, ..., Xn € X we have that

n—1

p(x0,2n) < Y Alp(xi-1, %) + A" p(x0—1, xn). (1.4)
i=1
Proof. Iterating the relaxed triangular inequality (1.2) the thesis holds. [J
Furthermore, a better basic inequality than (1.4) can be found as illustrated in

the following theorem [20].

Theorem 1.1.1. Let (X, p) be a quasi-metric space with constant A. Then for any
n € IN with n > 1 and for any points xo, x1, ..., X, € X we have that

p(x0,xn) < AT Y p(x;1, x7), (1.5)

n
i=1
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where the function f : N\ {0} — IN is given by

f(n) = —[~log,n] (1.6)

Proof. We prove the thesis by induction on 1. We first note that 2/(")~1 <
n < 2f(") holds for any n € N and that obviously (1.5) holds for n = 1. We
assume that (1.5) is true for n with n > 2k for same k € N. Fixed n € N
with n > 1 and 2F < n < 25*1 let us note that f(n) = k+ 1, f(2F) = k and
f(n —25) <k, so it follows that

p(x0,xn) <Ap(x0, X5k ) + Ap(Xok, Xn)

21 n
< AAT) Y p(xiy,x) + AAT(2) Y p(xi, %)
i=1 =0k

n
< AR Y o(xio1, xi)

i

I
—_

_ Af)

I

N
Il
—

p(xi—1, %),

i.e. (1.5) is true for n proving giving the thesis. []

Remark 1.1.1. By proposition 1.1.1 because it is A > 1, considering the
function g : N\ {0} — IN given by

gn)=n-1 (1.7)

clearly one has that

n
P(xO/ xl’l) < Ag(?l) Zp(xifllxi)/ (18)
i=1
for any n € IN with n > 1 and for any points xq, x1, ..., x, € X. By comparing
the function f given by (1.6) with the function g given by (1.7) it is evident that
the first allows a better estimate for a condition as the (1.8), being in general g
much smaller than f. For instance by explicit computation one can find
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and so on.

About the special case of ultrametric spaces the relative theory is closely
connected with various directions of investigations in mathematics, physics,
linguistics, psychology and computer science, so different properties of ultra-
metric spaces have been studied [21, 22]. For completeness we recall some
peculiar facts about these distance spaces. In the following for a given distance
space (X,p), fixed c € X and r > 0, we call open ball of center ¢ and radius r
with respect to distance p the set B(c,7) = {x € X : p(x,c) < r}, while B(c, )
will denote the closed one.

Proposition 1.1.2. Let (X, p) be an ultrametric space. Then every triangle is isosceles
with possibly a small edge.

Proof. If there exist points x,y,z € X such that p(x,y) < p(y,z) < p(x,z), then
the ultrametric triangular inequality gives p(x,z) < max{p(x,v),p(y,z)} =
p(xy,z),1ie. a contradiction. [

Proposition 1.1.3. Let (X, p) be an ultrametric space. Forall x,y € X ifr = p(x,y)
then B(x,r) N B(y,r) = .

Proof. Suppose B(x,r) N B(y,r) # @ and let z € B(x,r) N B(y,r). Consider-
ing the triangle formed by points x, y and z, we have p(x,z) < r and since
p(x,y) = r, by proposition 1.1.2 then it follows that p(x,y) = r = p(z,y). But
p(y,z) <rasze€ B(x,r)NB(y,r),ie. acontradiction. [J

Proposition 1.1.4. Let (X, p) be an ultrametric space. Then every point inside a ball
is its center, i.e. if p(x,y) < r it follows that B(x,r) = B(y,r).

Proof. Letz € B(x,r), then p(x,z) < r. Since p(x,y) < r, by proposition 1.1.2
we have p(y,z) < rso z € B(y,r) and therefore B(x,r) C B(y,r). Similarly
we can show B(x,r) D B(y,r) hence B(x,r) = B(y,r). O

Proposition 1.1.5. Let (X, p) be an ultrametric space. Then intersecting balls
are contained in each other, i.e. if B(x,r) N B(y,s) # @ it follows that either
B(x,r) C B(y,s) or B(x,r) D B(y,s).

Proof. Supposing r < s let z € B(x,r) N B(y,s) so then p(x,z) < r and
p(z,y) < s. Therefore by proposition 1.1.4 we have B(x,r) = B(z,r) and
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B(y,s) = B(z,s) and noting that B(z,s) O B(z,r) asr < s we have B(x,r) C
B(y,s). Similarly, if s < r then B(x,r) D B(y,s). O

An important class of quasi-metric spaces then are the so called quasi-normed
spaces according to next definition [23, 24].

Definition 1.1.6 (Quasi-norm). A quasi-norm ||-|| with constant B on a linear

space V over K (equal to R or C) is a map ||-|| : V — [0, +oco] such that there exists
a real constant B so that

1) |[v]|=0«<=v=0;
2) [lav]| = |a [}
3) lv+wll <B([[v] + [lwl),

forall v,w € Vand o € K. A quasi-normed space (V, ||-||) is a vector space V

equipped with a quasi-norm ||-||. A complete quasi-normed space is called a quasi-
Banach space.

It is therefore evident that if (V/, ||-||) is a quasi-normed space with constant B,
then by definition 1.1.6 the map p : V x V :— [0, 400 defined as p(v, w) =

||v — w|| for all v, w € V is a quasi-metric, with the same constant B, on V.

Example 1.1.20. Let LP (X, ) be the linear space of all measurable functions from
X to R or C whose absolute value raised to the p-th power has a finite integral. Then
if0 < p<1themap |||, : LP(X,u) — [0, +-00] given by

o = ([ 177ae)

forany f € LP(X, ) is a quasi-norm on LP (X, u). Indeed it is easy to check that
||-1| p satisfies conditions 1) and 2) of definition 1.1.6. Then also the inequality

1-p
1f gl <277 (I flle +18lr) (1.9)

1—
forall f,g € LP(X, ) holds, i.e., the condition 3) of definition 1.1.6 with B = 27
To prove (1.9) first let us note that for fixed 6 € [1,4+o00[, n € N withn > 1 and

ay,...,a, € [0, +00], the inequality

154
n n
<Z ai> < n?t Z a? (1.10)
i=1 1
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is true: in fact by 0 > 1 we have that the function h : [0, 400 — [0, +o00 given by
h(x) = x? for all x € R is convex, hence

Then since % > 1 we obtain

|fz|”du

< b ; ok

J n
=n7 ) |fill
i=1

IN
M:
<=

1-p
i.e. the (1.9) for n = 2. We can also note that n v is the best possible constant in
1-p

(1.10), so 2 7 it is in (1.9). Indeed if E is a measurable set such that u(E) = «,
taking E; = E and the characteristic functions f; = 1g for 1 < i < n, we have
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Example 1.1.21. Let [P be the linear space consisting of all real or complex sequences
{x e satisfying 3 |xg|’ < 4-co. Then if 0 < p < 1 the map ||-||;p :— [0, +-oc0]
keIN

foo ’
el = | 2 ™)

k=1

given by

for x = {xi}yen € 1P, is a quasi-norm on ly. Indeed it is easy to check that [|-|,,
satisfies conditions 1) and 2) of definition 1.1.6 and the inequality

1+l < B llxlle + llylliw)
1-p
forall x,y € IP with the optimal constant B = 2 #
Furthermore we note that quasi-ultrametrics and quasi-metrics can be gener-

ated from others using the following general proposition which will be also

very useful later on.

Proposition 1.1.6. Let (X, p) be a distance space and « € |0, +o0[. The following
facts hold:

1) if p is a quasi-ultrametric then p* is a quasi-ultrametric;
2) if p is a quasi-metric then p* is a quasi-metric;

3) if d is a metric then d* is a metric when 0 < a < 1, a quasi-metric when
a > 1.

Proof. 1) is trivial. In both two other cases thesis follows by observing that, for

any ¢ > 0, the function [0, +o0[> t — (t4¢)* — t* — ¢ is non-positive for

(t+c)® ig a1

any 0 < & < 1, and the maximum of the function [0, +c0[> t — 77z

foranya > 1. [

Example 1.1.22. Let d(x,y) = |x —y| forall x,y € X = R the usual euclidean
metric. Then p(x,y) = d*(x,y) forall x,y € X is a quasi-metric on X with constant
A = 2, as already shown in Example 1.1.18.

Remark 1.1.2. Note that the inequality (f +¢)® < 2% (t* 4+ ¢*) forany a > 0
also holds, and will be useful in the sequel.
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Definition 1.1.7 (Relaxed polygonal inequality). A distance (semi-distance) p
on a non-empty set X satisfies a relaxed polygonal inequality if there exists a real
constant ¢ such that

p(x,y) <c ) p(xiiq,x;) (1.11)
i=1

for any n € IN and for any points xo = x,x1,..., X, =Yy € X.

Usually we call the set of points xy = x, x1, ..., x, = y € X a chain of length n

n
with extremes x and y and the number Y p(x;_1, x;) the sum on this chain.
i=1
According to definition 1.1.7 immediately we have that an usual metric d

satisfies a relaxed polygonal inequality with constant c = 1 and that a if a
distance p satisfies a relaxed polygonal inequality with constant c then it is
a quasi-metric with constant A = c. In any case, there are quasi-metrics and
also quasi-ultrametric that do not satisfy a relaxed polygonal inequality as
shown in the next example which will be very significant also for further

considerations.

Example 1.1.23. Let d be the Euclidean metric on R, « €1, +oo[ and p = d*.
Then p is both a quasi-metric with constant A = 2*~! and a quasi-ultrametric
with constant K = 2%, but the space (R, p) does not satisfy the relaxed polygonal
inequality. Indeed, for any given x,y € R with x < y, for any n € N, with
n > 1, let us consider the points x; = x + (y — x) - %, i=0,1,...,n. We have

4
p(xi_1,x;) = (@) forany i =1,...,n and, for some real number ¢ > 1, the

o

relaxed polygonal inequality would imply |y — x|* = p(x,y) <c -n- ('y;—x') ,Le.
c>n*oralln e N,n > 1,

Now we show a restrictive condition for a distance which guarantees that
a relaxed polygonal inequality is verified. For this purpose we say that a
distance p on X is bounded from below if there exists a constant m > 0 such
that m < p(x,y) forall x,y € X with x # y and we say that p is bounded from
above if a constant M > 0 there exists such that p(x,y) < M forall x,y € X.
We also say that m and M are bounds for p.

Theorem 1.1.2. Let (X, p) be a distance space. If p is bounded from below and from

above with bounds m and M, then p satisfies a relaxed polygonal inequality with

constant ¢ = %
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n
Proof. Fixed a chain xg = x,x1,...,xp, =y € X,leta= Y p(xj_1,%;). Ifa=0
i=1
we have x = x; = y for all i because p is a distance and so p(x,y) = 0 holds.

If a > 0 then by hypothesis we have m < i p(xi—1,%;) and p(x,y) < M so
i=1

My~ o(xi—1,x;) holds. Setting ¢ = M then the inequality p(x,y) <

It

p(x,y) <
" 1

C .Elp(xi,l,xi) is true for all xg = x, x1, ..., x, =y € X, i.e. the thesis. [
i=

Remark 1.1.3. Theorem 1.1.2 is valid for all finite spaces and more in general,
spaces that have infinite points for which theorem works can be constructed
as follows. If d is a metric on X, then d* is a quasi-metric on X for any
« > 1. Fixed m > 0 then for all x,y € X weset p(x,y) = 0if x =y
and p(x,y) = m+d*(x,y) if x # y, so p is a quasi-metric on X bounded
below. Finally fixed M > m and setting p(x,y) = min {m + p(x,y), M} for all

x,y € X, it follows that p is a quasi-metric on X bounded below and above.

Example 1.1.24. Let us take the space (R, p) with

0 if x=y
plxy) = .
min{1+(x—y)2,8} if x#y

(R, p) is a distance space and p is bounded. If p is a metric on R then trivially
it satisfies a relaxed polygonal inequality with constant ¢ = 1, but it is easy to
check that p is a quasi-metric R with constant 2 but not a metric, in fact choosing
points x = 3,y = 0,z = 1 we have p(x,y) = 8, p(x,z) =5, p(z,y) = 2, i.e.
p(x,y) > p(x,z) + p(z,y). Anyway by theorem 1.1.2 p satisfies a relaxed polygonal
inequality with constant ¢ = 8 because it is 1 < p(x,y) < 8 forall x,y € R with

X # .

Starting from a semi-distance p on X it is possible to generate a semi-metric on
X through the so called chain approach technique essentially due to Frink [3].
This semi-metric is defined as the infimum over the sum of all chains of points
in the space that have fixed extremes and it proves to be very useful for various
arguments involving a relaxed polygonal inequality. Then, under suitable
conditions, this can be a bi-lipschitz equivalent metric with respect to the
given p according to a definition that will be given in the next section [6, 25].
More precisely for a given semi-distance space (X, p) letd, : X x X — [0, +-00]

be defined as follows:



1.1. Distances and triangular type inequalities 17

n

dy(x,y) = inf inf 1,2 1.12

o(x,y) = inf zo,zl,...,lzr,}1,2,16X{;p(zl 1 Zz)} (1.12)
n>1 Z0=X,Zn=Y 1=

n
= inf {ZP(Zi—LZz‘) 120,21, --,2n-1,2n € X, 20 =X, 2y =y,n € N,n > 1} )
i=1

Note that all infima are actually minima when X is a finite set. We call d, the
Frink’s map induced by p and show the next fundamental lemma [26].

Lemma 1.1.1. Let (X, p) be semi-distance space. Then the Frink’s map d, : X X
X — [0, +oo[ induced by p is a semi-metric on X.

Proof. Obviously by 1.12 we have d,(x,y) = 0 if x = y so only need to check
the triangle inequality for d,. Let x, y and z be three given points in X and
let € > 0. Then there exist two chains of points xy = x,x1,...,x,-1 = z and
Xpn = Z,Xp41, - Xm = Yy € X such that

n—1 m

e &
Y p(xica,xi) <dp(x,z) + 5 and ) p(xi_1,%;) < do(z,y) + 5
i=0 i=n

so adding the above inequalities we see that

3

dp(x,y) < ) p(xim1, X)) <dp(x,z) +dp(z,y) +¢
i=0

for every € > 0, getting the thesis. [

The next facts concern results connecting Frink’s map induced by a given

distance p and the relaxed polygonal inequality for p.

Theorem 1.1.3. Let (X, p) be a distance space. Then if p satisfies a relaxed polygonal
inequality with constant ¢ > 1 then d,, is a metric on X.

Proof. We prove that if d, is not a metric on X, then p does not satisfy the
relaxed polygonal inequality. Assuming that d, is not a metric on X there
exist two points x,y € X such that x # y and d,(x,y) = 0. If p satisfies
the relaxed polygonal inequality for some constant ¢ € [1,4+o0[, then for any
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points x1, ..., x, € X it follows

p(x,y) < clp(x,x1) + ... +p(xn,y)), (1.13)

and by definition of d, it follows that for any ¢ €]0, 4-co[ there exist the points
X1, ..., Xz € X, depending on ¢ and x, y, such that

p(x, %)+ ... +p(Xny) <e (1.14)

By (1.13) choosing x; = %1,..., x, = %3 and by (1.14) it follows 1p(x,y) < ¢,
and tending with ¢ to 0" we have p(x,y) <0, i.e. a contradiction because p is
a distance but x # y, thus the thesis is proved. [

Theorem 1.1.3 gives a necessary condition such that p satisfies a relaxed
polygonal inequality, and in general this theorem cannot be inverted as shown

by the following example.

Example 1.1.25. If p is a distance on X bounded from below then also d,, is bounded
from below, so it is a metric on X. Let us take the space (R, p) with

0 if x=vy
p(xy) = .
1+ (x—y)? if x#y

(R, p) is a distance space bounded from below so d, is a metric on R but p does
not satisfy a relaxed polygonal inequality. Indeed if there exists ¢ > 1 such that

p(x,y) <c i p(xi_1,x;) for any n € N and for any x; € R with xy = x and
i=1

Xy = Y, let us consider the points x; = 2[c| % foranyi=0,...,n with n arbitrarily

fixed, so i p(xi_1,x;) =n+ 4P g o(x,y) = 1+ 4[c)? It follows that 1 +
i=1

n

4[c?> <c(n+ #) and assuming n = 2|[c| then we have 1 < 4[c](c — [c]) <0,
a contradiction.

Corollary 1.1.1. Let (X, p) be a distance space such that p does not satisfy a relaxed
polygonal inequality. Then p is unbounded from below if p is bounded from above
and p is unbounded from above if p is bounded from below.

Remark 1.1.4. Corollary 1.1.1 works if p does not satisfy a relaxed polygonal
inequality. By theorem 1.1.3 we can assume that d, is not a metric on X to

ensure this condition. However we note that if p is bounded from below then
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also d, is bounded from below, so d, is a metric on X. Hence in this case p

cannot be bounded from below.

The last proposition of this section shows when a distance p satisfies a more
general relaxed polygonal inequality for the which the constant c is not abso-

lute but depends on the pair of extreme points of the chain (x,y).

Proposition 1.1.7. Let (X, p) be a distance space. If d, is a metric on X then p
satisfies an extended relaxed polygonal inequality, in the sense that for any points
Xo = X,X1,...,Xnp =y € Xaconstant c(x,y) > 1 depending only on x and y exists

n
such that p(x,y) < c(x,y) ¥ p(xi_1,x;).
i=1
Proof. For any fixed x,y € X such that x # y we consider the set

i p(xi—l, xi)

=1

X0 =X, X1, .,Xp =Y € X
o(x,y) bt =Y

Ix/y —

We note that inf I, > 0. In fact it is trivially inf I, , > 0 and if inf I, = 0 the
definition of I, , gives that for any & > 0 there exist the points x¢, x1, ..., x, € X

Y. p(xio1%1)
depending on ¢ such that ’le(x—y) < ¢, thus by definition of d, we have

% < & tending with e to 07, dp(x, y) <0, i.e. a contradiction because dp is

a metric but x # y. Setting

1 if x=y
c(x,y) = ,
infllx,y if x#y

we have the thesis. [

1.2 The metrization problem for quasi-ultrametric

spaces

Sufficient conditions for the existence of a metric compatible with a topology
on a given distance space (X, p) are well known with p either quasi-ultrametric
or quasi-metric. If on the set X it is not a priori defined a topology; it is possible
to declare open a set for which any of its points has a ball contained in the
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given set; however these balls, despite being a basis of neighborhoods, are
not open sets in general. Indeed in both two cases, either quasi-ultrametric
with constant K or quasi-metric with constant A, given the ball B(c,r), it is
immediately verified that for any x € B(c, ) (resp. x € B(c, 55 )) there exists
a suitable ball B(x,0) C B(c,r). So, by means of the quasi-distance p, we can
define a uniformity U, [27], such that the balls form a basis of neighborhoods
for the topology 7, induced by U,; we can then apply a variant of the classic
Nagata and Smirnov metrization theorem [18], thus, there exists a metric d on
X such that t; = 7, where 1; is the topology induced by d.

Theorem 1.2.1 (Nagata-Smirnov’s theorem). Let X be a Ty topological space.
Then X is metrizable if and only if every y € X has an open neighbourhood basis
{Uy, 1 }nen such that

a) Ifx € Uy/n th@l’l uX,n g Uy,n_l;
b) .lfx é Uy’n_l ﬂ’lei’l uX,n m Uy,n — @.

Indeed, for ally € X the sets B, (y, @) satisfy the hypothesis of the theorem

1.2.1, so setting U, , = int <Bp (v, ﬁ)) there exists a metric d on X such

that the topology 7; induced by d is the topology 7, induced by p.

Remark 1.2.1. The topology 7, generated by a quasi-ultrametric or quasi-
metric p has some peculiarities: a ball B(c, 7) need not be 1, open [28].

Example 1.2.1. Fixed € > 0 consider the space (N, p) with p : IN x N — [0, +-00]
given by
p(0,1) =1, p(0,m)=1+¢ for m>2

1 1 1
_ 2+ _ >
p(1,m) , p(n,m) = " + for n>2

and extended to N x N by p(n,n) = 0 and symmetry. Then by a direct check it
follows that
plk,n) < (1+€)(p(k,m) + p(m, ) (1.15)

forall k,n,m € N, i.e. p is a quasi-metric on IN with constant A = 1 + €. In fact
it is clear that it suffices to check (1.15) for pairwise distinct k, m,n only. Let L and
R denote the left and the right hand sides of the inequality (1.15) respectively. If
one of k,n, m is equal to 0, then L < 14 ¢ < R. If none of k,m,n are 0, then we
consider subcases. First, assume 1 appears among k,m,n. If k = 1, then L = %
while R = (1 +e¢) (%—l—%) Similarly if n = 1. If m = 1, then L = } + 1



1.2. The metrization problem for quasi-ultrametric spaces 21

while R = (1 +¢) <% + %) Next, assume 1 does not appear among k, n, m. Then
L=1+iandR = (1+¢) (% +2 4 %),ﬁnishing our checking so p satisfies
(1.15). Now noting that B(0,1+ 5) = {0, 1} while B(1,r) contains infinitely many
elements for any r > 0, none of B(1,r) are contained in B(0,1+ %), i.e. the ball
B(0,1 + %) is not open.

Remark 1.2.2. Another peculiarity in a quasi-ultrametric or quasi-metric space
(X, p) is that p could not be continuous [29, 30].

nree

Example 1.2.2. Let X = {O, 1, %, L } and consider the map p : X x X —
[0, +00] given by

(

0 if x=y

1 if x,ye{0,1} with x#y

p(x,y) :
lx —y| if x,ye{O,ﬁ,ﬁ} with x #vy

0 otherwise

By explicit calculation we have that p is a quasi-metric on X with constant A = %.
Indeed for all x,y € X we have p(x,y) > 0, p(x,y) = 0if and only if x = y and
pxy) =p(y,x). Ifp(x,y) = p(0,1) = 1, then p(x,z) +p(z,y) is

P(O,%)+p(%,1):%+4 if z:% |
P(Ofﬁ)ﬂ(ﬁ,l):él%:s if z:2n1+1'
if p(x,y) = p(0, 3) = o= then p(x,z) + p(z,y) is
(P(Orﬁ)ﬂ?(ﬁ,%):ﬁ %—% if z:ﬁ
<‘0(0’2711+1)—H)(Zrnl#—l’%):4—i_4:8 if Z:2m1+17£1
\9(0,1)+p(1,%)=1+4:5 if z=1
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iFp(x, ) = p(F 2) = |3 — & | then then p(x,2) + p(z,y) is
(11 11 11 .
Plap a) Pl 3 = 3w 3| ¥ 7=
11 11 1
ok a1 TP ) AT
1 1.1 1
p(ﬁ;O)—i‘ (0,%) ﬁ‘f‘z— Zf zZ=

ifp(x,y) = p(zlk, ﬁ) = 4 with ﬁ #1,then p(x,z) + p(z,y) is

(1 1 1 .
p(ﬁ,O)—i-p(O P +1)_ﬂ+4 if z=0
1 1 1 1 1 1
- — | 4+4 - .
‘0(2k'2m)+p(2m 2n—|—1 ' 2m| " if = 2m ’
1 1 1 1 1
1.’ 7 :4 4:8 ] =
o D) TP o) =4 A T |

if p(x,y) = p(apts rg) = 4 with 5t # Land 517 # 1 then p(x,z) + p(z,y)

is

(1 1

PG5 0) +p(0,
1 1

+1):4—|—4:8 if z=0
11 1
1 2 — 44— — ;
P o) TP G oy y) =4H4=8 if z=o_
1 1 1 1 1

, ) —44+4=8 if z=
P TP ) =4t if z2=5

if o(x,y) = plgr, 1) = 4 then p(x,2) + p(z,y) is
1
,0)+p(0,1)——+1 if z=0
, 1
) '———m +4 lf Z—2— ;

m
1 1 21

\p(ﬂ'2m+1)+p(2m+1 D=4+4=8 if z=7 —

ifp(x,y) = p(z1,1) = 4 then p(x,2) + p(z,y) is

1 .

1 1 1 1

2m
1 1 1 1 21

7 ,1 :4 4:8 ] =
P ) TP G ) =4 A S |
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ifp(x,y) = p(5e57,0) = 4 then p(x,2) + p(z,y) is

r 1 .
1 1 1 1 . 1
PG qpam) TP 0 =4+, i 2=g,
1 1 1 1

0)=4+4=8 if z=

£1

\p(2k+1’2m+1)+p(2m+1' 2m+1

So previous calculations give that p(x,y) < §(p(x,z) + p(z,y)) forall x,y,z € X,

i.e. p is a quasi-metric on X with constant A = % as mentioned. Then we also have

1 1 1
o(1, 5) =4> 1+§ =p(1,0) +p(0,§),

proving that p is not a metric on X. Now noting that it is

1 1
li = 1 — =
n—l>r—ir—10<> p(o 2n ) n—l>r—]|f—loo 2n 0,

and also ngrfw - = 01in (X, p), however we have

lim p(1, i)_47é1_p(1 0),

n—-+oo

proving that p is a quasi-metric on X not continuous in each variable.

The following result instead gives a sufficient condition such that open balls
and closed balls are open and closed in the topology T, respectively in any

quasi-metric space.

Proposition 1.2.1. Let (X, p) be a quasi-metric space with constant A. Then if p is
continuous in one variable, then p is continuous in other variable. Moreover, for any
c € Xandr > 0 we have

i) B(c,r)isopenin T, ;
ii) B(c,r) is open in T,

Proof. Assuming without loss of generality p continuous with respect to the
first variable, then for any x € X if {y,},.y € X is a sequence such that
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lim = 1 we have
n——+400 Yn Y

im p(x,yn) = lim p(yn, x)

n——+00 n— o0
=p(y,x)
=p(x,y),

proving that p is continuous with respect to the second variable.

i) Let {x,},cn € X\B(c,7) be a sequence such that Llrf x;, = x. Then for
n [ee]
all n € N we have p(c, x,) > rand p(c, x) = Lll}: p(c, x,) = r. This implies
n o0
that x € X\B(c, r) and therefore X\B(c,r) is a closed set, i.e. the ball B(c, r) is

open.

ii) Let {xn},en € B(c,7) be a sequence such that Llrf x;, = x. Then for all
n o
n € IN we have p(c,x,) < rand p(c,x) = 1_1)13 p(c,x,) < r. This implies
n (e}

that x € B(c,r) and therefore B(c, ) is a closed set. [J

Anyway for special case there exist also direct proofs of the metrizability of
the topology of a quasi-ultrametric space based on an approach due to Frink
that uses chains [3, 4] and general results of metrizability were obtained by
a slight modification of Frink’s technique [26, 28]. In the rest of this section
we present new proofs of some of these facts and we are interested to the
existence of a metric d on X bi-lipschitz equivalent with respect to a given
quasi-ultrametric p, or to a suitable power of a given quasi-metric p. Let us

start with a definition.

Definition 1.2.1 (Topological and bi-lipschitz equivalence). Two distance p;
and py on the same no empty set X are called

i) topologically equivalent if Tp, = Tp, ;
ii) bi-lipschitz equivalent if there exist two real constant c1,co > 0 such that
c1p2(x,y) < pr(x,y) < c2p2(x,y)

forall x,y € X.
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Of course, the above definitions applies to metrics as well, as particular cases
of quasi-ultrametrics and note that without loss of generality, we can take
c1 = 1 by replacing the distance p, by the distance c1p5.

Proposition 1.2.2. Let (X, p1) and (X, pa) be distance spaces on the same set X. If
p1 and py are bi-lipschitz equivalent then pq and p; are also topologically equivalent.

Proof. By definition of bi-lipschitz equivalence there exist two real constant
c1,¢2 > 0 such that c1p2(x,y) < p1(x,y) < cp2(x,y) for all x,y € X. Let
x € X,lete > 0,and let By, (x, c1€) denote the open ball of center x and radius
ce with respect to distance p;. If y € By, (x,c1€) then p1(x,y) < c¢, and, by
hypothesis, p2(x,y) < Py g g0 v € By, (x,¢€) and By, (x,c1e) C Bp,(x,¢)

€1

due to the arbitrariness of y. Similarly if y € By, (x, ;) we have p(x,y) < £

X,
and p1(x,y) < cz%ly) < g 50y € By (x,¢) and By, (x, ;) € By, (x,¢€). Now
suppose A € Tp,, i.e. it is an open set with respect to the distance p;. If x € A
then there exists ¢ > 0 such that By, (x,¢) C A thus By, (x, 5) € By, (x,¢) C A
and so A is open with respect to distance p, i.e. A € 1,,, Mutatis mutandis, if
A € 1, it follows that A € 1), so Ty, = Tp,. U

Remark 1.2.3. In general proposition 1.2.2 can not be inverted, i.e. topological
equivalence does not imply bi-lipschitz equivalence. A reason is that bounded
sets under one metric are also bounded under an bi-lipschitz equivalent metric,

but not necessarily under a topologically equivalent metric.

Example 1.2.3. Let (X,d) be an unbounded metric space. Then (X,p) with

p(x,y) = 11(;(’]% )y) for all x,y € X is also a metric space which is bounded, and

so not bi-lipschitz equivalent with respect to (X,d), because there is no constant
c2 > 0 such that dy(x,y) < cada(x,y) as the inequality t < cot does not hold
fort > cp. Anyway p induces the same topology on X. Indeed to show this one can
simply use the fact that d and p agree on small balls. If A € 14, then for x € A there
exists a radius r > 0 such that By(x,r) C A. Supposing that for some y € A and
r > 0 it holds that B,(y,r) C A then for any q € (0,r) it holds that B,(y,q) C A.
In particular, it holds for q = min {%, r} <1 but then By(t,q) = By(y,q).

Example 1.2.4. Let X = (0,1] and let d1(x,y) = |x —y|, da(x,y) = )% — ﬂfor
all x,y € X. Then (X, dq) and (X, dy) are metric spaces, with dy and dy topologically
equivalent distances but not bi-lipschitz equivalent distances as x,y — 0.
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In the case of quasi-norms anyway topological equivalence is equivalent to

bi-lipschitz equivalence as shown by next proposition.

Proposition 1.2.3. Let (V, ||-||;) and (V, ||-||,) be quasi-normed spaces on the same
linear space V. If ||-||; and |||, are topologically equivalent then ||-||, and ||-||, are
also bi-lipschitz equivalent.

Proof. 1f the topologies induced by two norms ||-||; and |||, on the vector
space V are identical, there exists open balls such that we have the inclusion
Bj.|,(0,7) € By ,(0,1) for some r > 0. Let v € V\ {0} and set w = %m
Then ||w||; = 5 < r, hence ||w||, < 1 which shows ||v||, < 2||v||;. Finally by
symmetry we have that ||-||; and ||-||, are bi-lipschitz equivalent. [J

If the topology 7, generated by a distance p on a set X is metrizable this means
that there exists a metric d on X topologically equivalent to p. The problem
of the existence of a metric that is bi-lipschitz equivalent with respect to a
distance, also called metric boundedness property, is solved [6, 25] by the next
theorem of considerable importance because unexpectedly characterizes such

distance as those that satisfy a relaxed polygonal inequality.

Theorem 1.2.2. Let (X, p) be a distance space. Then p is bi-lipschitz equivalent with
respect to a metric d if and only if p satisfies a relaxed polygonal inequality (1.11) for
some constant ¢ > 1.

Proof. Let p be bi-lipschitz equivalent with respect to a metric d, i.e. there
exists a constant ¢ > such that d(x,y) < p(x,y) < cd(x,y) for all x,y € X.
Then we have p(x,y) < cd(x,y) < cYi p(zi-1,2;) foralln € Nwithn > 1
and for all zq,...,z, € X with zg = x, z, = y because d is a metric and
therefore satisfies a relaxed polygonal inequality with constant 1; then by
d(x,y) < p(x,y) wehave p(x,y) < cY' ;p(zi_1,2i), 1.e. p satisfies a relaxed
polygonal inequality with constant ¢ > 1. For the converse, let p be satisfying
a relaxed polygonal inequality with constant ¢ > 1, i.e.

n

p(x,y) <Y p(ziaz (1.16)
i=1

foralln € N withn > 1and forall z4,...,z, € X withzg = x, z, = y and
n

dy = inf { Y o(zic1,zi) 120,21, 2Zn—-1,2n € X,20 = X,2p = Y, N € IN} the
i=1

Frink’s map (1.12) induced by p. By definition of d,, it follows that d,(x,y) <
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p(x,y) for all x,y € X and taking infimum on all chain with fixed extremes
x,y in (1.16) we have p(x,y) < cdp(x,y) for all x,y € X, so it follows that

do(x,y) < p(x,y) < dp(x,y) (1.17)

for all x,y € X. We have that d, is a semimetric on X by lemma 1.1.1, and by
(1.17) if x # y then d,(x,y) # 0 because p is a distance by hypothesis, i.e. d,
is a metric on X. We conclude that there exists a metric d = d, on X such that
p is bi-lipschitz equivalent with respect tod. [

If now we introduce for any nonempty set X the set
D={d:XxX—[0,+00[, d isametric}

and, for any distance p on X the set

1
D, = {d €eD,3H>1: I, p(x,y) <d(x,y) <p(xy), Vx,y € X},
then by theorem 1.2.2 immediately follows the next interesting proposition

Proposition 1.2.4. Let (X, p) be a semimetric space. Then the following facts are
equivalent:

j) c € [1,+o0[ such that

n
(xy) <c Y p(zi_1,z) (relaxed polygonal inequality)
i=1

VnelN, n>1, Vzy,...,z, € X with zo =x, 2z, =V,
jj) dp € Dy, where d, is the Frink’s map 1.12;
i) Dp # ©.

From here on we collect main results and conditions, both for quasi-metrics
and for quasi-ultrametrics, related to the existence of a bi-lipschitz equivalent
metric in terms of the existence of a relaxed polygonal inequality. First we
present a new and very simple proof of a classic result of Frink about the
existence of a bi-lipschitz equivalent metric with respect to a given quasi-
ultrametric in the special case of a constant K = 2 and extended later for
K <2
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Theorem 1.2.3. Let (X, p) be a quasi-ultrametric space with constant K < 2. Then

1
o Py) =do(xy) < p(xy) VryeX.

Proof. According to proposition 1.2.4 we have to prove j) with constant 2K
and, to this aim, we prove by induction on # that for any given sequence of
n+1points xo = x, x1,..., X1, xp =y € X, n € N, n > 1itresults

n—1

p(xy) <K (p (x,x1) +2 ) p(xi1,xi) +p (xn—1,y)> , (1.18)
i=2

where the sum is absent for n = 1,2. Inequality (1.18) is trivial forn = 1,2,

so given n > 3 let us assume the formula true for any sequence of points

X =X0,X1, -+ Xm—1,%m =y € Xwithl <m < n.If ‘% < p(xy-1,y) then

(1.18) is true. Observing that thanks to hypothesis for any x,y,z € X the

inequalities

p(x,z) < 3;< and p(y,z) < p(ﬁlcéy) (1.19)

cannot occur simultaneously, if p(x,_1,y) < @ then it follows £ (’Ii’y ) <
p(x,x,_1), so there exists m € N such that1 <m <n —1and

p(x,y)
K

p(x, xm) < < p(x, xms1);

in the same way by (1.19) and by induction we have

V) ey <K (o Jrzni1 (xi1, %) +
K SPO0Xm YY) = O \(Xm, merl) X Jrzp xl—l/xl) 1Y (xn—lzy) ’
which added with the

X, i
P(K]/) < p(x,xp11) <K <p (x,21) +2 ZP (xi-1,%) +p (xm,xm+1)>
i=2

implies

zp(;/y) <K <p (x,xl) +2nzlp (xi_l,xi) —|—p (xn—lly)> .
=2

1
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The thesis follows noting that K; <KifK<2 O

Previous theorem is no more true when K > 2. In [4] the author exhibits,
for any K > 2, a non trivial example of a space (X, p) for which theorem
1.2.3 does not work, more precisely showing that for every ¢ > 0 there exists
a quasi-metric p with constant A = 1 + ¢ such that the Frink’s map is not
a metric. Other example for the limits of Frink’s method was given [31].
Actually we propose a very simple and general example of these limits. As
shown in Example 1.1.23, the quasi-ultrametric p = 4%, with constant 2%,
does not satisfy a relaxed polygonal inequality for any & €]1,4o0[ so, for any
fixed K > 1 assuming « = log,K we have a quasi-ultrametric with a prefixed
constant that does not satisfy the relaxed polygonal inequality. The same is

valid in the case of quasi-metric space, so we have the following fact.

Proposition 1.2.5. For any fixed real constant K > 2 (A > 2) quasi-ultrametric
(quasi-metric) spaces exists such that the induced Frink’s map is not a metric.

The failure, in some case, for d,, to be a metric yields immediately the following
known equivalences [5], which adapt proposition 1.2.4 to the case of quasi-
ultrametrics.

Theorem 1.2.4. Let X be a nonempty set and K € R. The following facts are
equivalent:
a) K<2;

b) for any quasi-ultrametric p on X with constant K, then p satisfies the relaxed
polygonal inequality;

c) for any quasi-ultrametric p on X with constant K, then d, € Dy,

d) for any quasi-ultrametric p on X with constant K, then D, # &;

e) for any quasi-ultrametric p on X with constant K, then d, € D;
Proof. a) = b) This is the first part of the proof of theorem 1.2.3;b) = c)
this is j) = jj) of proposition 1.2.4 ;c =>d) trivial ;d) = ¢) let p be a quasi-

ultrametric on X with constant K, moreover let d € D, and, finally, let x,y €
X,neN,n>1,andxp =x,x1,...,X,-1,X, =y € X: for some H > (it
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follows that

n n
p(xy) < Hd(x,y) < HY d(xiq,x) < H Y p(xiy,xi);
i=1 i=1
then the relaxed polygonal inequality is satisfied and the thesis follows by
j) = jj) of proposition 1.2.4;e) =>a) let p be a given quasi-ultrametric on X
with constant K: proposition 1.2.5 implies the thesis immediately. [

We conclude this subsection with some remarks on the constant in D,, for
a given quasi-ultrametric p on a nonempty set X. More precisely, in [5] the
authors show that a metric with the better constant K? exists in the equivalence
relation of theorem 1.2.3 . They also show that for any function ¢ : [1,2] —
[0, +00[ such that for any K € [1,2] and any quasi-ultrametric space (X, p)
with constant K and any d € D), such that

L p(ey) d(xy) <plxy) VayeX

@(K) 4 — 4 — 7 4 7
then ¢(K) > K?. Nevertheless for a given space the constant K* may not be

the best possible, as shown in the following proposition and example.

Proposition 1.2.6. Let (X, p) be a quasi-ultrametric space with card (X) < +oo.
Then D, # @.

Proof. Setting S = p ((X x X) \ A(X)), m =minS, M = maxS and H =

the position d = m d, with d the discrete metric on X, obtain us the requested

ml

metric on X. We note also that proposition immediately follows by theorem
1.1.2, i.e. if X is a finite set then it also is bounded from below and above. [

Example 1.2.5. Let X = {x1,xp,x3} and p : X x X — [0, +-00[ assumed to
be symmetric and zero only on the diagonal, defined as follows: p(x1,%2) = a,
p(x1,x3) = aband p(x,, x3) = Kab, witha > 0, b,K > 1, suitable chosen in the
sequel. The map p is a quasi-ultrametric on X with constant K but if we choose K > 1
and b > A then p(x2,x3) > p(x1,x2) + p(x1,x3), i.e. p is not a metric. By
proposition 1.2.6 there exists a metric d on X equivalent to p with constant H = Kb
and it is H < K? if o215 < K, i.e. K €]g,2[, with ¢ = ‘f“ the golden ratio.

A particular class of bi-lipschitz equivalent metrics, in a suitable sense, can
also be obtained through a special type of function ¢ : [0, +o0o[— [0, +0o0],
more precisely the ones satisfying the so called A, condition.
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Definition 1.2.2 (A, condition). A function ¢ : [0,4oo[— [0, +oo[ satisfies
condition Ay with a constant D if ¢(2t) < De(t) forall t > 0.

We note that if ¢ is a non-decreasing function satisfying condition A, with a
constant D then by definition we have D > 1.

Theorem 1.2.5. Let (X, p) be a quasi-ultrametric space with a constant K > 1 and
@ a non-decreasing function satisfying condition Ay with a constant D > 1 and such
that ¢(t) = O ifand only if t = 0. If D < 2“051? then ¢(p) is a distance on X
satisfying a relaxed polygonal inequality.

Proof. Tt is easy to check that ¢(p) is a distance on X. For all x,y,z € X
we have p(x,y) < Kmax{p(x,z),p(z,y)} because p is a quasi-ultrametric
on X with a constant K, and by K = 2log K < 2[l0g:K] e have p(x,y) <
208Kl max {p(x,z), 0(z,y)}. By properties of ¢ it follows

(28K max {p(x,2),p(z,y)})

p(p(x,y)) < ¢
< D& max {g(p(x,2)), 9(0(z,y))},

ie. ¢(p) is a quasi-ultrametric on X with a constant K = D°&K], By D <
1

2Tog2KT then K < 2, thus metrization theorems on quasi-ultrametric spaces for
this special value of the constant give that ¢(p) satisfies a relaxed polygonal
inequality with a constant ¢ depending on K. [

Remark 1.2.4. The function ¢(t) = t* with « > 0 is a non-decreasing function
satisfying condition A; with a constant D = 2% and such that ¢(t) = 0 if

1

and only if t = 0. Then the condition D < 22Kl is satisfied by assuming

a < HO;—K], so recovering also bi-lipschitz equivalent metrics with respect to
2

the a-power of a general quasi-ultrametric.

Up to now we have collected main results and ideas on the existence of a
bi-lipschitz equivalent metric with respect to a suitable quasi-ultrametric p,
using standard techniques to prove the validity of the relaxed polygonal
inequality. In what follows we exhibit analogous results adapting topological
techniques involving uniformity-type families generated by the given distance
p; more precisely, in Theorem 1.2.6 we prove the existence of a bi-lipschitz
equivalent distance f to a given quasi-ultrametric p, with f satisfying the
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relaxed polygonal inequality: it comes to be that both d,, and d are bi-lipschitz

equivalent metrics to p. First let us introduce some notations.

Le X be a set and let A and B subsets of X x X, i.e. relations on the set X.
The inverse relation of A is —A = {(x,y) : (y,x) € A}, then a relation A is
symmetric if A = — A holds. The composition of A and B is denoted by A + B

and we have
A+B={(xy):3Jz€ X:(x,z) € A (z,y) € B};

the composition is associative, i.e. (A+ B)+C = A+ (B + C), but it is not
commutative, i.e., generally A + B # B + A. Finally, for U C X x X and
a natural number n > 1 the set nlU C X x X is defined inductively by the
formulas 1U = U and nU = (n — 1)U + U.

Now we can start with the following lemma.

Lemma 1.2.1. Let X be a nonempty set and {U;};., € X x X such that
- U; is symmetric Vi € Z;
-AX)CU; Viez;
-3U; 1 CU; YieZ;

- JUUu=XxX
ieZ

Then, for any L €]1, 2], the function f : X x X — [0, +o0[ defined by the position

0 if (xy)e N U
fley) =9 | i€z
o if (vy) eUia\l;

is a semi-distance on X satisfying a relaxed polygonal inequality with constant L.

Proof. Let us verify that f satisfies a relaxed polygonal inequality with con-

n
stant L, ie. f(x,y) <L ¥ f(xi1,%) for xo = x,x1,...,xn = y € X. For

1=

n = 1 the thesis is trivial. Let us assume the thesis true for some n > 1,

n+1

and leta = Y f(xj_1,x;). If a = 0 it trivially follows that f(x,y) = 0. If
i=1

a > 0, up to a rearrangement of the chain, let m be the largest integer such

m n+1
that Y- f(x;_1,%;) < 5,then Y f(x;_1,%;) < §; obviously f(x, X41) <
i=1 i=m+2

a, moreover, by inductive hypotheses it follows that f(xg, x;) < %a and
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f(xXma1,xn41) < %a; if s is the least integer involved in the definition of the

above values of f, it results
L
— < max {Ea,a} ; (1.20)

so that f(x0, Xm), f (Xm, Xm+1), f (X1, Xnp1) < % and consequently

(X(), xm)/ (xm/ merl)/ (xm+l/ xn+1) € uS*ll

and (xo, xu41) € 3Us—1 € Us_p, ice. f(x0,%n41) < ix = Ls. By (1.20) it
follows that

L
f(x0,x41) < Lmax {5,1} a:
if max {%,1} <1,i.e. 1 < L <2, the thesis holds. O

Theorem 1.2.6. Let (X, o) be a quasi-ultrametric space with constant K €]1,/2].
Then p satisfies a relaxed polygonal inequality with constant C = K* and there exist
more than one metric d = d(K) on X such that for any x,y € X,

Sep(xy) <d(xy) < plxy)

Proof. Let L = K. For any i € Z let {U;},., C X x X defined as U; =
{(x,y) : p(x,y) < K~%}: it is easy to check that the family {U,}cz satisfies
the hypotheses of Lemma 1.2.1, so the related function f : X x X — [0, +-o0[
satisfies a relaxed polygonal inequality with constant L. Then, if p(x,y) = 0,

ie. (x,y) € ‘ﬂz U;, the thesis is trivially true; otherwise there exists i € Z such
[AS

that (x,y) € Uj_1\U;, s0 25 < p(x,y) < & ie f(x,y) <p(x,y) < K2f(x,y)

for any x,y € X, and p satisfies a relaxed polygonal inequality with constant

C = K*: then the semi-metrics d : X x X — [0, +-00[, where d = d r dp, are

defined by the chain approach, are metrics on X such that d(x,y) < p(x,y) <

K*d(x,y),i.e. thesis. [

We observe that weakening the hypotheses of Lemma 1.2.1 the semi-distance

f satisfies the weaker condition v) as shown in the following lemma.
Lemma 1.2.2. Let X be a nonempty set and {U;};., € X x X such that
- U is symmetric Vi € Z;

-AX)CU; VieZ
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-2Uq C U; VieZ;
- U Ul' =X xX.
ieZ
Then, for any L > 1, the function f : X x X — [0, +co| defined by the position

0 if (xvy)e N U
f(x,y) ={ - i€z
7 lf (x,y) € Ui,l\ui

is a semi-distance on X satisfying v) with constant L.

Proof. Letx,y,z € X. If f(x,z) # 0 and f(z,y) # 0 by definition of f there
exist integers k, I, for instance k < h, such that f(x,z) = Lk and f(z,y) = Lh’
so (x,z) € Uk 1, (z,y) € Up_1 C Ug_q, and (x,y) € 2U;_1 C U_, so that
Fy) < by = Lk = Lf(x,2), ke f(x,y) < Lmax{f(x,2), f(zy)}. I
f(x,z) = f(z,y) = 0 by the definition of f we have (x,z),(z,y) € U; for
alli € Z,so (x,z),(z,y) € Uiy and (x,y) € 2U;41 C U; foralli € Z, i.e.
f(29) = Oand f(x,y) < Lmax [£(x,2), f(z9)}. 1 f(,2) £ 0and f(z,y) =
0 then there exists an integer k such that f(x,z) = Lk with (x,z) € Uy_71 and
(z,y) € U; for alli € Z,soalso (z,y) € Ug_q; then (x,y) € 2U;_1 C U, and

f(x,y) < i = Lz = L f(x,z) and again f(x,y) < Lmax {f(x,2), f(z, )},
that concludes the proof. 0J

As a byproduct of Lemma 1.2.2 we obtain directly a bi-lipschitz equivalent
metric with respect to a given suitable distance, as in the original paper of
Frink (see [3]), with the same constant equal to 4. More precisely let (F) the

following condition:
(F) forevery e > 0,if p(x,z) < eand p(z,y) < ¢, then p(x,y) < 2.

Then arguing by contradiction Frink obtains the existence of a bi-lipschitz
equivalent metric d, with respect to the distance p; indeed, by applying
Lemma 1.2.2 to the distance p with U; = {(x,y) : p(x,y) <27'},i € Z, argu-
ing as in Theorem 1.2.6, the semi-distance f comes to be bi-lipschitz equivalent
to p, as well as the metric d s with the same constant 4. Clearly, any quasi-
ultrametric p with constant K < 2 satisfies the (F) condition but, in general,
Lemma 1.2.2 allows us to generate a bi-lipschitz equivalent quasi-ultrametric
with respect to a given quasi-ultrametric, maintaining the same constant, argu-
ing as before with the sets U; defined as U; = {(x,y) : p(x,y) < K}, Lemma
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1.2.2 provides a quasi-ultrametric f such that, for all x,y € X,

2p(xy) < floy) < p(xy).

The following proposition concludes the overview concerning the existence
of a bi-lipschitz equivalent metric with respect to a given quasi-ultrametric:
an interesting characterization of a “n-angular” inequality is shown.

Proposition 1.2.7. Let X be a nonempty set, L €]|1, +-co[ and let n > 2 an integer.
Then the following facts are equivalent:

1) There exists a semi-distance p on X such that for any xo = x,x1, ..., Xy =Y €
X it results

o(x,y) < Lmax{p(x,x1),...,0(Xu-1,Y)};

11) There exists {U;};c, € X x X such that

U; is symmetric Vi € Z;

AX)CU; Viez

-nl CU; VieZ;

U U =XxX
i€eZ

Proof. 1) == 11) Let {U,},. be a collection of subsets of X x X defined as

u; = {(x,y) tp(xy) < Ll}

then, it is easy to check that U; satisfy all condition of II);

) = Dletp: X x X — [0,+o0[ be a function defined as in Lemma 1.2.2:
then, with similar arguments, the thesis holds. [

In conclusion, we want to emphasize that in the existence of a bi-lipschitz
equivalent metric with respect to a given quasi-ultrametric, the condition
K < 2 seems to play a crucial role, probably due to deeper geometric reasons.
Also, the chain approach technique seems to be particularly relevant, probably
because of the strict relationship with the relaxed polygonal inequality condi-
tion. Moreover it is not so clear what kind of relationship holds between d; in
Theorem 1.2.6 and the original Frink’s metric dp ; furthermore, it is not clear
if a given distance p satisfying the condition (F), jointly with the relationship
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3Ui11 C U; for the sets U; = {(x,y) :p(x,y) <27'},i € Z, is actually a
quasi-ultrametric for some constant K < 2; finally, if p is a distance on X
satisfying a n-angular inequality like in Proposition 1.2.7, it is not that obvious
if p satisfies a more general version of inequality (1.18) for particular values of

the constant L.

1.3 Equivalent metrics on quasi-metric spaces

It is clear that not every quasi-metric with constant A is a quasi-ultrametric
with constant A, so general results for quasi-ultrametric do not hold for a

given quasi-metric.

Remark 1.3.1. No analogous of theorem 1.2.3 can be proved for the general
case of a set X endowed with a quasi-metric p with constant A €]1, +o0[:
in Example 1.1.23 the quasi-metric p = d*, with constant A = 271, do not
satisfy the relaxed polygonal inequality for any a €]1, +-o0] .

In the case of a quasi-metric space (X, p) it is however possible to prove the
existence of a metric which is bi-lipschitz equivalent metric with respect to
the power of a suitable power of p. A very simple proof of this fact is easily
obtained in the following proposition.

Proposition 1.3.1. Let be (X, p) a quasi-metric space with constant A. Then for any

VS :|O, m} it is
1
— " < dya < " , .
20y P (BY) Sdp(xy) S pi(vy) Vry e X (1.21)

Proof. Leta € ]O, @} , then p% is a quasi-ultrametric with constant (2A4)*
thanks to proposition 1.1.6: so the thesis follows immediately by theorem
1.18. O

For the sake of completeness we show the classical result about the existence
of a bi-lipschitz equivalent metric with respect to the power of a given quasi-
metric. Theorem 1.3.1, which, in its turn, relies on Lemma 1.3.1, of which we
exhibit two proofs [3,7, 4, 5, 32, 26, 33, 28], based on the validity of a relaxed
polygonal inequality.

Lemma 1.3.1. Let (X, p) be a quasi-metric space with constant A. Then there exists
a non-increasing continuous function « = a(k), |1,400[> k — a(k) €]0,1[,
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such that

p(x,y) <k) _ dpa(xioq,x;), (1.22)

n
i=1
forany xo = x,x1,..., X1, X, =Yy € X.

First Proof. Inequality 1.22 is easily true when n = 1 for any k > 1. By
induction, for n > 2, let us assume 1.22 true for x = xo, X1, ..., Xp—1,Xm =
y € X, withm < n. Then, for x # y,ifa =Y ; p(x;_1,x;)* > 0, it is either
p(x0,x1)* < 5 or p(xn—1,x,)* < 3. Let us suppose that p(xo, x1)* < 3 (the
other case is similar): let j be the greatest index such that 25:1 p(xi—1,x;)* < 5.
Clearly j < n so that E{: p(xi_1,x;)* > 5. Suppose that j + 1 < n; in this case
itis i p(xi—1,x;)* < 5. Thanks to the inductive hypothesis we therefore
i=j+2
have: ];(xo,xj)“ < k3, p(xj41,x0)* < k5 and obviously p(xj, xj+1)* < a.
Furthermore, the previous inequalities continue to be true even when j +1 =

n. Given such a j by the inequality

p(x,y) < Ap (x0,%;) + Ap (xj, xn)

it follows that either

o (x,y) <2Ap (x0,%;) or p(x,y) <2Ap (xj,x,).

Then, if p (x,y) < 2Ap (xo,xj) itis p(x,y)" < @ku, so (1.22) follows by

choosing a < 1082%’ for any k > 1; while if p (x,y) < 2Ap (x]-, Xp), if
j+1=mnp(xj,x41) < ax implies p(x,y)" < (24)% and (1.22) follows by
choosing & < log%, forany k > 1. If p (x,y) < 2Ap (xj,x,) withj+1 <n
by the inequality

o (xjxn) < Ap (%), xj11) + Ap (xj11, %),

it still follows that either
0 (xj,xn) <2Ap (xj,xj41) or p(xj,xn) < 2Ap (xjy1,%n) .

By p (xj,xu) < 2Ap (xj,xj41) we have p (x,y) < (2A)%p (xj,xj;1) and by

o (xj,xj41) < as we have p(x,y)* < (24) *a, so (1.22) follows by choosing
log,

a < m&%, forany k > 1. If p (xj, xn) < 2Ap (xj+1/xn)/ by p (xj+1,xn) <

20
(k§)* we have that p(x,y)" < (2’3) ka, and (1.22) follows by choosing & <

1
«
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for any k > 1. Finally noting that

_ 1 1 log,k log,k B
i 2log, (2A)" log, (2A)’ 2log, (2A) log, (2A) |

1
2log,(2A)’

7

log,k .
_ —210g2(22A) if k €]1,2]
ifk € [2,+00]

1
2log,(2A)
we conclude that the inequality (1.22) is verified for any & > 1 as long as a(k)
is chosen as follow
log,k
210g2(22A) k 6]1’ 2]
a(k) =
1

2log,(2A) ke [2/ —I—oo[
Second Proof. It suffices to verify that fixed n > 2, for any sequence of n + 1
points xg = X, X1,...,%,-1,%, = y € X and for any h €|1,+o0|, there exists
a €]0,1[ such that

n—1
M%W“Sh<MLMV+ZZme+mV+p&mmyV>/ (1.23)
i=2

for all x,y € X, where if n = 2 the sum in the right-hand side of the inequality
is null; more precisely it follows that for any & €]1, +o0] there exists & =
a(h) €]0,1] such that

p(x,y)" <2k Y p(xi—1,x;)",
i—1

and the thesis is obtained by setting k = 2h. So, for n = 2 (1.23) becomes
p(x,y)" <h(p(x,x1)" +p(x1,¥)") and the thesis follows by remark 1.1.2 and

triangular inequality

p(xy) <Ap(x,x1)+p(x1,y)),

. log,h
with « S m

any sequence of points xo = x,x1,...,Xy_1,Xn =y € X, withm < n. Let

. By induction, if n > 2, let the inequality (1.23) be true for

j be the maximum index such that p(x,y)" < (24)"p(xj,y)", so p(x,y)" >
(2A)"p(xj+1,¥)". In correspondence of x; 1 the triangular inequality

p(x,y) < A(p (x,x541) +p (xj11,7)),
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yields
p(x,y)" < (24)" max {p(x, xj+1)“rp(xj+1zy)a} :

so that p(x, )" < (2A)" p(x, xj+1)". Therefore, by adding we obtain

oo < B (o) + 03"

and the inductive hypothesis applied to the sequences xo = x,x1,..., Xp41
and Xy, Xpy4+1, - -, Xp41 = Y €nsures

( n—1

Q ZA @ o - o o
p(x/y) S 2) h (p(x’xl) +2 Zp(xi—llxi) +P(xn—1/y) > ’
i=2

by which (1.23) follows for any & > 1 by choosing a < m.

Finally, noting that

log,h .
. { 1 log,h } ) etay il el
log, (2A)" log, (24) onaa  ifh € [2, oo
we conclude that the inequality (1.23) is verified for any & > 1 as long as a(h)
is chosen as follow

log,h
10g2(§A) h 6]1’2]

a(h) = , (1.24)

1
o 1€ 2 +el

concluding so the proof of the lemma. [J

Theorem 1.3.1. Let (X, p) be a quasi-metric space with constant A. Then there exist
a non-increasing continuous function o = w(k),

11, +00[> k — a(k) €]0,1]

such that .
P % (x,y) <dpe(x,y) <p(x,y) VxyeX (1.25)

Proof. Let k > 1: then lemma 1.3.1 yields the existence of a non-increasing
continuous function « :]1, +00[—]0,1[, « = a(k), such that (1.22) holds; so the
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right-hand side in (1.25) is apparent by the very definition of dy« and, finally,
the thesis immediately follows from proposition 1.2.4. [

Remark 1.3.2. It is known that the position p’ = d pa% where d,« is the metric

in (1.25) defines a continuous quasi-metric on X.

Proposition 1.3.2. Let (X, p) be a quasi-metric space with constant A. Then the

quasi-metric p' in the remark 1.3.2 satisfies the inequality

1 1—
' (e y) = 'y, 2)] < L max{p'(x,2),0'(y,2)} P/ (xy)* (126)
forall x,y,z € X. Furthermore for all c € X, r > 0 the balls By (c, 1) are open sets
in the topology equivalently induced by o', p or d.

Proof. By lemma 1.1.6 and according to what already proved p’ is a quasi-
metric on X that p induces so the topology 7,. Then, fixed x,y,z € X, forall
r > max {p'(x,2),0'(z,y) } by classical Lagrange’s theorem we have

1 1
0 (x,2) — ¢/ (2 9)] = 1d(x,2)} —d(z,y)*
< P d(x2) - d(zy)|

1 .
< = o
L7 dlny)

_11—4x/ o
= (),

i.e. the (1.26). Finally by this inequality it is easy to check that for all c € X,
r > 0 the balls B(c, r) are open in the topology 7,. Indeed if By(x,r) is a ball,
we have to show that for every y € By(x,r) there exists ' > 0 such that
By (y,1") € By(x,7), thatis,

o' (y,z) <r'=p'(x,2) <,

for any z € X. Supposing that p’ satisfies an relaxed triangle inequality for

some constant A’ > 1, choose first 0 < ' < r. Then we have

o' (x,z) < A'(p'(x,y) +0'(y,2)) <2A'r,
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and by (1.26),

0'(x,2) < p'(x,y) + ' (x,2) — ' (x,y)]

1 - 14
< () + —max {o'(x,2),0'(x,y)} ' (,2)
1
<p'(x,y)+ E(ZA'V)l_“(Y/)“-

Choosing 0 < #' < r such that 1 (2Ar)1%(¥")* < r — p'(x,y) then p'(x,z) <r
holds, concluding the proof. []
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Chapter 2

A brief glimpse into doubling

spaces and applications

2.1 Homogeneity and geometric doubling proper-
ties

A first organic exposition of quasi-metric spaces, and in particular of so called
spaces of homogeneous type appears in [7]; we stress that a particular class of such
spaces are the ones endowed with a doubling measure. In this monograph
the authors present these spaces as a natural setting for standard real analysis,
i.e. covering theorems, Lebesgue’s theorems, Whitney’s decompositions theo-
rems, strong and weak estimates for maximal operators, Calderon-Zygmund's
singular integral operators, fractional integrals, weights, representation formu-
las, and so on; since then several studies have appeared, up to nowadays: first
order differential calculus in metric spaces, Sobolev—Poincare inequalities and
Sobolev spaces and, finally, geometric measure theory. We recall that spaces
of homogeneous type include in particular Carnot-Carathéodory spaces and
Carnot groups. Last but not least, in the last decades, several applications
of metric and ultrametric spaces, and doubling condition, have been done
to computer science, i.e. graph theory and networks, embedding theorems,

machine learning, big data and so on.
Let us now recall some definitions.
Definition 2.1.1 (Space of homogeneous type). A quasi-metric space (X, p) is

called a space of homogeneous type if there exists N € IN, N > 1 such that one of the
two following condition is satisfied:
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Iyt forallx € X, r >0, {x;}ier C B(x,r) such that p(x;, x;) > 5 foralli,j € I,
i # j, it follows that |I| < N;

2gr forallx € X,r >0,n € N, n > 1, {x;}ic; C B(x,r) such that p(x;, xj) >
o foralli,j € I, i # jit follows that |I| < N";

The equivalence of the two above condition is proved in [7], jointly with other
properties, and authors refer to these conditions as homogeneity properties.

Theorem 2.1.1. Let (X, p) be a quasi-metric space. Then conditions 1yt and 2y
in definition 2.1.1 are equivalent.

Proof. Assuming that 17 is true, we proceed by induction on n. For n = 1
obviously 2yt holds. For n > 1 we suppose 2yt valid for n and fixed x € X,
r > 0 we consider a set of points {x;}ic; C B(x,7) such that p(x;, xj;) > 55
foralli,j € I withi # j. If x;, x;,, X;,, ... is a maximal set of points such that
p(xij, x;j) > 5 when j # k, it can not contain more than N points. Then any
other point in the set belongs to one of the balls B(xi]., %) and by induction it
follows that each ball does not contain more than N” points. For the converse,
condition 1yt is obtained by 2 forn =1. [0

These spaces are intimately connected to the geometrically doubling spaces,

as in the following definition [34, 35].

Definition 2.1.2 (Geometrically doubling space). A quasi-metric space (X, p) is
called a geometrically doubling space if there exists a constant D € IN such that one
of the two following equivalent condition is satisfied:

1Ip Vxe X, Vr>0,3x1,...,x € Xwithk < D, such that

B(x,r) < U B(xi,g);

1<i<k
2p Vxe X, Vr>0,VneN,n>1,dxq,...,xc € Xwithk < D", such that

B(x,r) C U B<xi,2ln).

1<i<k

Remark 2.1.1. Clearly previous definitions can be formulated in a weaker
sense with, respectively, “>" instead of “>" in Definition 2.1.1 , and with
closed balls instead of open balls in Definition 2.1.2 : all these definitions are
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qualitatively equivalent, all proofs rest on typical covering arguments and yield

quantitative equivalence between various absolute constant.

Remark 2.1.2. It is no hard to verify that every space of homogeneous type is
separable [34].

Now we propose one of the possible proposition that provides quantitative
estimates of some equivalences.

Proposition 2.1.1. Let (X, p) be a quasi-metric space with constant A € [1,+oo].
Then the following facts are equivalent:

) AMeIN,M >1suchthatVx € X,Vr>0,dz1,...,2x € Xwithk < M,
such that
— r
C N .
B(X,T')_ U B(Zuz)/

1<i<k

i) AMeIN, M >1suchthatVxe X,Vr>0VneN,n>1,3z,...,2
€ X with k < M", such that

iii) 3K € N, K > 1suchthatVx € X,Vr >0, Vm e N, m>1,V

L C B(x,r)such that 1] B(y;, 5=) C B(x,r), then
i3 jel ie] Yir2

iv) 3H € N, H > 1suchthatVx € X,Vr >0,Vn e N,n>1V
{xl}leLn C B(x,r) : p(x1,,x1,) > 5 for Iy # Iy, then

‘Ll < HZlongHn—H;

v) 3H € N, H > 1suchthatVx € X,Vr >0,V {xl}leLn C B(x,r) :
o(xy,, x1,) > % for Iy # I, then

|L| < HZIOgZAH.

Proof. i) = ii) Obvious by induction;
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ii) = iii) Letx € X, r > 0, m € IN with m > 1 be fixed and let {yj}].€] C
B(x,r) with TT B(yj, 5=) € B(x,r); obviously forall j € J,;, m € N with

JE€Im
m >1,i=1,..,k there exists i such that y; € B(z]-, ), for every choice

of n € N; thus for n = m if ji,jo € J,u exist such that yj ,yj, € B(z, 3
i_t follows that p(yj,,z;) < 77 and p(y},,2i) < 7w, i-e. z; € B(yj, 57) N
B(yj2, ), false: so || < N™, i.e. the thesis, by assuming K = M;

iii) = iv) Letx € X, r >0, n € Nwithn > 1, {xl}leLm C B(x,r) with
p(xy,x1,) > o7 for I; # lp; we choice m € IN such that m = n +1+

2log, A, i.e. 2m=n=1 > A2 then it follows that [] B(x;, %) C B(x, Ar),
leL;y,

in fact: foralll € L,y € B(x;, %) it is

p(y,x) < A(p(y,x1) +p(x1,x))
< 2Amax {p(y, x;),p(x;,x)}

< 2A max {ﬂ,r}
2m

< 2Ar;

if then, for some I3, I, € L, there exists ¢ € X such that ¢ € B(xy,, %) N
B(xy,, 45), it follows that

ZLn < p(xy, x1,)
< A (p(xy,¢) +p(c,x1,))

< 2A max {P(xll,c), p(C, xlz)}
A?r

= W!
false. Thus we have |Ly| < [Ju| < K™ = K924’ M1 je. the thesis
assuming H = K;
iv) = v) Obvious;

v) =>i)Letx € X,r > Obe fixedand {x;},.; C B(x,r) with p(xy, x,) > 5
for I; # Ip; then it follows that or B(x,7) C U B(x;, 5) or there exists z
leL

such that z € B(x,7)\ U B(x, %): in this case it follows that p(z,z;) >
leL

for all I € L, and iterating after at most H'9824* H jterations the ball
B(x,r) is covered by at most H'%24”H closed balls of radius 7, i.e. the
thesis assuming M = HlYg:A’H, [
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The adopted terminology may generate some slight ambiguity; in several
papers homogeneous spaces are called doubling spaces, meaning that the quasi-
metric space is endowed with a a so called doubling measure according to the
next definition. Note that if X is a topological space with B (X) we indicate
the family of Borel sets of X, i.e. the elements belonging to the ¢ -algebra
generated by the open sets of X.

Definition 2.1.3 (Doubling measure). A doubling measure y on a quasi-metric
space (X, p) is a Borel measure y : B (X) — [0, +o0| such that for all balls B(c,r)
itis u (B(c,r)) €]0,4oo] and there exists a constant C,, > 1 such that

u(B(c,2r)) < Cup (B(c,7)) (2.1)

forall x € X and r > 0. A doubling measure space (X, p, ) is a quasi-metric space
(X, p) equipped with a doubling measure y and C, is the doubling constant of the
space.

Example 2.1.1. Lebesgue measure is a doubling measure. Indeed for the Lebesgue
measure m on R? it is immediately that m (B(c,2r)) = 4m (B(c,r)) holds for all
c € Nandr > 0. Generally foralln € N, n > 1 the Lebesgue measure m on R"
satisfies (2.1) with constant C,, = 2".

About the doubling constant C,, appearing in (2.1), a nice result exists for its

optimal value, thatis C, = sup ’; (53({ C”er))))
ceX,r>0

introducing for convenience the following definition.

, in a sense that we now clarity,

Definition 2.1.4 (Least doubling constant). The least doubling constant C(x ,) of

a quasi-metric space (X, p) is the constant
C(x,p) = inf {Cy :  is a doubling measure on (X, p)},
with the convention that if no doubling measure exists on (X, p) it is Cx 5) = +o.

Almost all references in the literature place the constant C(x ,) in the interval
[1,00) and one can easily check, unless the metric space reduces to a singleton,
that C(x,) > 1. Anyway an elementary argument shows that the lower bound

C(x,p) = ¢ always holds, with ¢ = @ the golden ratio.
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Proposition 2.1.2. Let (X, p) be a quasi-metric space with at least two points. Then
Cixy 2 9 = Y5

Proof. Let x,y € X be with x # y and r = p(x,y) > 0. For some A > 0

suppose first
2r r
u (36 3)) < (30 D). 22)

Itis easy to check that B(x, %) N B(y,5) = @and B(x,¥) UB(y, §) C B(x, %),

T (86 3)) =0 (B0 3)) = 4 e (e 3

y/ 3 ~ 7 3 .

then one also gets C,, > (1 + %) Finally assuming that neither (2.2) nor (2.3)
hold, then we have

Cun (B )+ (B 5) = u (B 3) 0 (36 3)
> A (B, 5)) + 1 (B(x,3))),

which gives C;, > A. Since this works for any A > 0, in any case we get

1
C 25upmin{)\,1+—},
: A>0 A

and optimizing in A > 0 the thesis follows. [

Remark 2.1.3. The estimate in proposition 2.1.2 can be improved [36]. Indeed
it should be noted that, despite the apparently irrelevant choice of radii of
the balls considered in the proof, any other combination actually yields the

weaker estimate C(x ,) > 2.

An interesting characterization of these measures that offers the idea for

further considerations is that expressed by the following theorem. [37, 38].

Theorem 2.1.2. Let (X, p) be a quasi-metric space with constant A > 1 and p a
Borel measure y : B (X) — [0, 00| such that for all balls B(c,r) it is u (B(c,r)) €
10, +oo[. Then u is a doubling measure if and only if there exist two constant s, C' > 0
such that
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V(B(x/r)) r(T°
w51 2 () =9

forall x,y € Xand R > r > 0 with x € B(y,R)).

Proof. Assuming that u is a doubling measure, for i = 1,2..., we define
R; = 2r and
j=min{i: B(y,R) C B(x,R;)}.

Iterating j times (2.1) we have u (B(y, R)) < p (B(x,R;)) < C{m (B(x,r)) and
then

We first note that by B(y,R) ¢ B(x,R;_1) and x € B(y, R) it follows that
Rj_1 < 2AR. Indeed assuming R;_; > 2AR if z € B(y,R) and x € B(y,R)
it follows that p(z,y) < R and p(x,y) < R, so by relaxed triangular in-
equality we have p(z,x) < A(p(z,y) +p(y,x)) < 2AR < R;_; and finally
z € B(x, Rj,l), a contradiction. By 21y < R;j_1 < 2AR the maximum value

. 4AR
j <log, (—r ) : (2.5)

Now choosing C' = C; 271og24 e can determinate s > 0 such that Cu J >

of j can be obtained as

C'(%)’, since (2.4) is satisfied. Indeed we have j—2 — log,A < slogc, (%) and
by (2.5) j — 2 < log, (®) holds. To prove the thesis it is enough to choose s
such that slogc, (%) > log, (®) , for instance s = log,Cy,. For the converse,
assuming x = y e R = 2r immediately we have

w(Bx2) < &(3) n B,

concluding the proof. [

Theorem 2.1.2 naturally suggests the introduction of a parameter associated
with a given doubling measure y, i.e. the exponent s. However it is always
possible to take a larger constant C;, so as the proof of theorem shows this
parameter is not uniquely definible even if it can not be arbitrarily small. By

this considerations the definition of homogeneous dimension can be given.
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Definition 2.1.5 (Homogeneous dimension). The homogeneous dimension of a
doubling measure space (X, o, u) is the constant s = log, C,.

Considerations about s suggest also the idea of defining the doubling con-
stant C, as the lower bound of the constants in (2.1) so that the homogeneous
dimension can be uniquely fixed. Anyway sometimes according to context ad-
ditional conditions can be required for this parameter. Typically the condition
s > 1 is necessary in the discussion of the theorems of Sobolev’s immersion
where s plays the same role of the dimension of R”, while in the case of
Lebesgue measure on IR" it is proved precisely that C;, = 2" and s = n. Then
for a measure the property of being doubling is closely related to geometry of
the space and not all spaces can be equipped with a doubling measure. The
following proposition using theorem 2.1.2 offers a necessary condition on the
space so that it can support a doubling measure by which follows quite easily
that a doubling metric space (X, p, i) is also a space of homogeneous type
[7]. The reverse is not true in general [37] and however it is also true that a

complete doubling metric space carries a doubling measure [39, 40].

Theorem 2.1.3. Let (X, p, ) be a doubling measure space with doubling constant
Cy and let A be the constant of quasi-metric p. Then there exists a constant C > 0,
dependent only on Cy, and A, such that the minimum number of balls with radius 5
necessary to cover the ball B(x,r) is not greater than C forall x € X andr > 0.

Proof. Let {x;};c; € B(x,r) be a maximal set of points such that p (x;, x;) > %
for all i,j € I withi # j. We have that B(x,r) C U B(x;, %), indeed if
i€l

z € B(x,r) and z € B(x;, 5) for alli € I then p(z,x;) > 5 with z # x; for all
i € I, a contradiction because {x;},.; is a maximal set. Now it is easy to check
that the balls B(x;, ) are disjoint, in fact fixed 7, j € I with i # j, if there exists
z € B(x;, 5) N B(xj, £7), then we have p(z,x;) < 75 and p(z, x;) < 7z so by
relaxed triangular inequality it follow that p(x;, x;) < A(p(x;,2z) +p(2,%;)) <
A(fx + £%) = 5, a contradiction. Furthermore the balls B(x;, ;) are such
that U B(x;, 17) € B(x,2Ar), in fact by x; € B(x,r) we have p(x;,x) < r and
if z ZEG IB(xi, 171) for some i € I, it follows that p(z,x;) < f5 so by relaxed
triangular inequality p(z,x) < A(o(z,x;) +p(x;,x)) < A(fz +71) < 2Ar
holds, i.e. z € B(x,r). Then by (2.1) it follows that
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Finally assuming C' = C,, 2-logyd

2.1.2 it follows

and s = log,C, as in the proof of theorem

1] < ¢ ATom G,

giving the thesis for C = Cf,+10g2A AZogCu . [

Anyway it is true that every doubling measure space is also a space of homo-

geneous type.

Theorem 2.1.4. Let (X, o, u) be a doubling measure space with doubling constant C,,
and let A be the constant of quasi-metric p. Then (X, p, ) is a space of homogeneous

type.

Proof. Fixed x € X andr > 0, letx; € B(x,r),i = 1,2,...,N, be N points
such that p(x;, x;) > 5 with i # j. Then the balls B(x;, 75
it is easy to check that B(x;, /%) € B(x,R) for any i =

) are disjoint and
1,2,...,Nif R =

N
(A+1)r,sowehave ¥ u (B(xi, £)) < #(B(x,R)). On the other hand it
i=1
is also B(x,R) C B(x;,R) if R = A(A+ 2)r, so that we have u (B(x,R)) <
# (B(x;, R)). For any fixed x € X and a,b such that 0 < b < a, by (2.1) it
follows that u (B(x,a)) < A5 (B(x,b)), so witha = R and b = Ty
we obtain i (B(x,R)) < p (B(x;,R)) < A1°g2(4A3+5A2)+1y (B(xi, £x)) for any
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N
i = 1,2,...,N, that together with previous inequality Y p (B(x;, £4)) <
i=1

1 (B(x,R) gives N < Alogy (4474547) 41 concluding the proof. [J

Thanks to the previous considerations, since a doubling measure space is
also a space of homogeneous type, clearly different examples can be founded

among the latter.

Example 2.1.2. Fixed n € IN with n > 1 consider the application p : R" x
n

R" — [0, +oo[ given by p(x,y) = ¥ |xi —v;|" forall x = (x1,...,%u),y =
i=1

(y1,---,Yyn) € R", with a; > 0 for all i. It is no hard to check that p is a quasi-metric

on R"™ though not in general a metric. Then (R", p, m), with m the Lebesgue measure
on R", is a space of homogeneous type because m is a doubling measure.

Example 2.1.3. Let M be a C* compact Riemannian manifold and p the Riemannian
metric on M. Then (M, p, ) is a space of homogeneous type if  is the volume
measure on the Borel sets of M.

Example 2.1.4. Let G be a discrete group with a finite generating set {g;}, i.e. every
g € G may be represented in at least one way as a finite product

g= giﬂgil . .gil. (2.6)

Denoting by e the identity element of G we consider the application |-| : G — [0, +o0]
defined as follows: |g| = 0if ¢ = e, otherwise |g| is the minimal value of k in all
representations (2.6) of g as finite products of the generators and their inverses if
g # e. Then define the application p : G x G — [0, +oo[ such that p(g,h) = [g'h
a left-invariant metric on G. If y is the counting measure on G, then (G, p, i) may

4

or may not be a space of homogeneous type, depending on the algebraic structure of G
which requlates the rate of growth of the cardinalities of the balls B(e, k) as k — +oo.
If G is an abelian group, or more generally is a nilpotent group or has a nilpotent
subgroup of finite index, then it can be proved that C > 0 there exists such that
1 (B(e,k)) < CkC as k — +o0 and moreover the doubling property (2.1) for u holds,
hence (G, p, u) is indeed a space of homogeneous type. In all other cases a theorem
of Gromov shows that y (B(e, k)) grows faster than any power of k, so the doubling

property for u fails.
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Example 2.1.5. Let () C IN be an open set withn € IN,n > 1, and let Xy, ..., X) be
C® vector fields in Q). Suppose that {X;} satisfy the so called condition of Hormander,
which is that they, together with all their commutators of all orders, span the tangent
space to N at each x € Q). Then say that a Lipschitz curve 7y : [0,7r] — Qs
admissible if for almost every t it follows that

k

%y = Y ()X (7(1)

i=1

k
where Y. |ci(t)|* < 1. Defining the application p : Q) x Q) — [0, +oco such that
i=1

p(x,y) s the infimum of the set of all r for which there exists an admissible curve
with ¢(0) = x and y(r) = y it is possible to prove that such an admissible curve
exists for any x,y € Q) provided () is connected. Then p is clearly a metric on () and
if one stays away from the boundary of Q), then (Q), p, m) with m Lebesgue measure
on ) is a space of homogeneous type.

We conclude this section recalling that the existence of a doubling measure
y imposes some restrictions, both on the measure y and on the space. For
instance if (X, d) is a metric space and the measure yu satisfies the doubling
condition, then u({x}) = 0 for every non-isolated point x € X. Also the space
(X, d) must be separable and every bounded subset of X is totally bounded.
If X is further complete, then every closed bounded subset of X is compact.
Finally not any space of homogeneous type carries a doubling measure: for
instance there is a bounded Jordan domain of R" for each n > 2 which does
not carry a doubling measure with respect to the Euclidean metric [41].

2.2 Partition of unity

Partition of unity is usually associated in the literature to covering lemmas
which, in their turn, relies either to a on a dyadic type decomposition, or on
a Vitali type covering argument or also on the existence of maximal families
through Zorn’s lemma [42, 43, 44, 45, 14, 46]. Here we exhibit a quite simple
proof in the general setting of a space of homogeneous type according to
Definition 2.1.1, in the general case of a quasi-metric p with the additional
hypothesis that D, # @, i.e. p do admits an equivalent metric d € D, (in
particular p do verify the relaxed polygonal inequality with constant H); note
that this fact occurs when the quasi-metric p is on its own a quasi-ultrametric
with constant K < 2.
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For completeness we recall that in the general contest of topological spaces
a paracompact space, i.e. a space in which every open cover has an open
refinement that is locally finite in the sense that each point in the space has a
neighbourhood that intersects only finitely many of the sets in the cover, then
it is also normal space, i.e. a space in witch every two disjoint closed sets have
disjoint open neighborhoods. Then classical Urysohn’s lemma the existence
of continuous functions that separate disjoint closed convex sets follows for
this spaces. But paracompact spaces can be also characterized by a stronger
property, i.e. the existence of partitions of unity.

If (X, T) is a topological space, the support supp(f) of a function f : X — R
is the set defined by

supp(f) =cl({x € X: f(x) #0}),

where with "cl" we indicate the closure of a set, and the general definition of

partition of unity can be given as follows.

Definition 2.2.1 (Partition of unity). A partition of unity of a topological space
(X, ) is a family F = {¢; : i € I} of continuous functions ¢; : X — [0, 1] such
that

i) for every x € X there exists a neighborhood U of x where ¢; = 0 for all but
finitely many i € I;

i) Y, @i(x) =1forall x € X.
i€l

If A is an open cover of X then a partition of unity {¢; : i € I} is subordinated
to A if the cover {supp(¢;) :i € I)} of X refines A and it is called locally
finite if the family {supp(¢;) : i € I)} is locally finite.

Partitions of unity will serve to “glue” local constructions to a global one. For

example, assume that 7 = {¢; : i € I} is a partition of unity and for each i

the function f; is defined on some set containing {x € X : ¢;(x) > 0} and has

a certain property P. Then the function ZI @i fi is well defined on X and is a
ic

locally finite convex combination of the f;’s, and for certain properties P, e.g.,
continuity, non negativity, boundedness by a uniform constant, this suffices

to ensure that also ) ¢;f; has P.
i€l
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Remark 2.2.1. Let (X, T) be a topological space and {A;:i € I)} a locally
finite open cover of X. Then there exists a partition of unity {¢; : i € I} such
that supp(¢@;) C A; foralli € I.

Now to show the next result first we need some notations. For a fixed
subset F C X, for any x € X and for any § > 0 we set ry = p(x,F) =

inf{p(x,y):y € F}, B(x,r) = {y € X : p(y,x) < r}, BB = B(x,pr) and
By = B(x,1y).

Lemma 2.2.1. Let (X, p) be a quasi-metric space. Then, for any closed set F C X,
forany | € [1,+oo, for any a € ]0, 74>
{x;}ier of points in X \ F such that:

[ and for any 6 €]0, a|, there exists a family

1) X\ F= U dBy, = szBx — U laBy;
iel iel

Moreover let (X, p) be a space of homogeneous type, then for k = A* La 2‘2 , for any

x € X\F 1€ [1,+oof and a €] szl“—{zel lochﬂlszx#@}
then we have the following facts:

/lAZ[

2) forany i € I\% it is %rx < ry, < kry, in particular for any i,j € I'* with
i #jitis kl—zi”x,- <y < kzrxi;

3) there exists a positive integer n = n(A, 1) such that card (I,ZC"‘) < N", where
N is the absolute constant in Definition 2.1.1;

4) the covering {laBy, }ic is numerable and locally uniformly finite;

5) let d € Dy, by assuming | > H there exists a lipschitz continuous partition of
unity {@; }ics subordinated to the family {I aBy, }ic1, and then numerable and
locally uniformly finite, i.e. such that

- 0<gi(x) <1, foranyx € X\ Fand foranyi € I;
— @ is continuous and supp(¢@;) C la By, forany i € I;
= Yier@i(x) =1forany x € X \ F.
Proof. Let 6 > 0 to be chosen better later. Thanks to Zorn’s lemma, fixed a

maximal family {x;};c; of point in X \ F such that, forany i,j € I, i # j, we
have p(x;, x;) > 6 min{ry, 7y} , we can achieve the thesis.

1) If for some x € X \ F and for all i € I it were x ¢ 0By, then p(x,x;) >

0 min{ry,ry, } foralli € I, and the family {x;};c; would not be maximal, so



56 Chapter 2. A brief glimpse into doubling spaces and applications

X\ F C U 6By, holds; moreover, if x € |J laBy,, 3i € I such thatx € laBy,, ie.
icl i€l

p (x,x;) < lary, = lap (x;, F) and p (x,x;) < laA (o (x;,x) +p(x,F)); so, for

any | € [1,4+oo[, by choosing & €]0,1/IA[ we have p (x,F) > 0,i.e. x € X\ F.

2) Fixed ] € [1, +o00 [ and x € X\ F,foranyi € Iyl("‘, with z fixed in laBy, N laB,

and for any z in la B, we have

e < A(p(xi,x) + p(x, F))
< A2(p(x;,2) + p(z,%)) + A,
< laA%ry, + A%p(z,x) + Ary
< laA%ry, + A3(0(z,2) + p(2,x)) + Ary
< locAer + A30(z,2) + laA3ry + Ary,

and then (1 — [aA%)ry, — (A + locA3)rx < A3p(z,2) follows, so that, choosing
here and in what follows & < ; A2 (< %), taking infimum on z € laBy the
right-hand side of the thesis follows by setting k = ‘?J“ll - ,fZ The left-hand
side then follows immediately by interchanging in the above calculations ry,

and ry. Finally, the others inequalities immediately can be verified. Note that

k> Aforany a € ]0 and any / € [1, 4o0].

1
7 m |:
3) According again to Definition 2.1.1 , fixed | € [1, 400 [, if we choose a

positive integer n large enough such that 2" > l"gk , then, for x € X'\ F and
i,j € I,lc"‘, i # j, thanks to 2) we have

o (xj,x;) > émin {rxi,rx].}

and since the ball /x By contains at most N" different points whose distance is

bigger then '4/*, it follows that card (I!*) < N'", i.e. the thesis.

4) Fixed | € [1,+oo[ and choosing, for any x € X \ F, the ball [aBy as neigh-
borhood of x, taking into account the estimate just obtained, jointly with the

separability of X, we have card (I) < Ry, and the proof is completed.
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5) Fixed I > H, let g : [0, +-00[— [0, 1] the function

1 if t € [0,1]
gty =8 ifre, L)
0 if t € [, +oo]

d(x,x;)

XTy;

then, forany x € X and any i € I, if we set 0;(x) = g( ) itis

1 ifx € aBy,
oi(x) = .
0 ifx & laBy,

In particular, fixed x € X \ F we have that, thanks to 1), 0;(x) = 1 for at least
one value of i € I!*, and 0;(x) = 0 forany i € I\ I'¥; so if o'(x) = ¥ 0:(x),
itis1 < o(x) = Yicpeoi(x) < N" < +oo and by setting ¢;(x) = ‘:;((;C)) ,
we obtain the desired continuous locally uniformly finite partition of unity

concluding the proof. [

2.3 Lipschitz and hdlder continuous functions

We consider some classes of functions specific to distance spaces recalling
main definitions and properties. Later we will focus on the special class of

lipschitz functions.

Definition 2.3.1 (Continuity). Let (X1, p1) and (Xa, p2) be distance spaces. A
function f : X1 — Xj is called

i) continuous if for any x € Xq and any € > 0 there exists § = 6(e, x) > 0 such
that

p1(x,y) <6 = pa(f(x),f(y)) <e forall ye Xy; (2.7)

if) uniformly continuous if for any € > 0 there exists d; > 0 such that

p2(f(x), f(y)) <e forall x,ye€ Xy with pi(x,y) <d;  (2.8)

iii) lipschitz continuous if there exists a constant L > 0 such that



58 Chapter 2. A brief glimpse into doubling spaces and applications

p2(f(x), f(y)) < Loi(x,y) forall x,y € Xi. (2.9)

By definition it is clear that a uniformly continuous function is continuous.
Also, it is easy to check that a L-lipschitz continuous function is uniformly
continuous, indeed, if f : X; — X» is L-lipschitz continuous for some constant
L > 0, then for an arbitrary e > 0 taking 6, = 5 we have po(f(x), f(y)) <
Lo1(x,y) for all x,y € X3 with p1(x,y) < J.. The constant L in (2.9) is called a
lipschitz constant for the function f, and usually one says that f is L-lipschitz
continuous to emphasize this specific constant that obviously it is not unique,
ie. if L’ > L then also L' is a lipschitz constant for the function. Therefore
it makes sense to consider the smallest of these constants, i.e. the so called
lipschitz norm L( f) of a lipschitz continuous function f : X; — X given by

L(f) =inf{L > 0:L is a lipschitz constant forf} .

of which some elementary properties are expressed by the following proposi-

tion.

Proposition 2.3.1. Let (X1, p1) and (Xp, p2) be distance spaces and f : X1 — Xp a
lipschitz continuous function. Then we have

p2(f (%), f(y)) }
L =su X,y € Xq,x . (2.10)
(f) p{ 01 (%, 1) yeXyx#y
Furthermore the lipschitz norm L( f) is the least lipschitz constant for f, in the sense
that

D) p2(f(x), f()) < L(f)pr(x,y) forall x,y € Xy,
it) if L is a lipschitz constant for f, then L(f) < L.

Proof. Let L(f) be the set of all lipschitz constants of function f, so we have
that L(f) = inf L(f), and let ¢ be the supremum in the right hand-side of
(2.10). If L € L(f) then M < Lforallx,y € Xy, x # y. We have that

p1(xy)
v < Lforall L € L(f) and then v < L(f). By definition of vy it follows that

p2(x,y) < yp1(x,y) forall x,y € Xy soy € L(f) and L(f) < 7, finally giving
v = L(f), i.e. the (2.10) holds. Then to prove i) and ii), just note that v € L(f)
and vy =inf L(f). O
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Together with the lipschitz continuous functions it is also possible to consider
the holder continuous functions which are a generalization of the previous
ones.

Definition 2.3.2 (Holder continuity). Let a be a constant such that 0 < a« <1
and let (X1, p1) and (X, p2) be distance spaces. A function f : X1 — Xy is called
holder continuous if there exists a constant L > 0 such that

p2(f(x), f(y)) < Llo1(x,9))* (2.11)
forall x,y € Xj.

A function f satisfying (2.11) with the constant L is also called as an L-holder
continuous function of order a. Noting that assuming & = 1 in condition (2.11)
then in becomes the condition (2.9), so we have that the lipschitz continuous
function are a special case of holder. The class of holder continuous function
of a given order a can be denoted by Lip,(Xj, Xp) for 0 < & < 1 with the
convention that Lip, (X3, Xp) = Lip(Xj, X») denotes the class of lipschitz
continuous function. In a natural way, for an f € Lip,(Xj, X) an a-holder
norm can be defined as

Lo(f) =inf{L >0: f is L-holder of order «}

= sup 22UV fW))
XF£Y (pl(x/y))’x

7

assuming that L1(f) = L(f) for consistency with definition of lipschitz norm.

For a fixed « with 0 < xa < 1, considering the distance pf : X7 X X, —
[0, +o0] we also have the equivalence

f is L-holderof order a <= f is L-(p7,p2)-lipschitz,
that is to say

Lip, ((X1,01), (X2,02)) = Lip((X1,01), (X2,02)),

with the preservation of the a-holder and lipschitz norms, therefore in sub-
stance their study coincides with that of lipschitz class. About the chance to
take & > 1 in the condition (2.11), the following fact should be emphasized if
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involved distance are metric. Before we give a definition relating to one of the

possible notions of convexity in a general metric space.

Definition 2.3.3 (Midpoint convexity). A metric space (X, d) is called midpoint
convex if for all x,y € x with x # y there exists z € X such that

(x,2) = d(z,y) = 74 (x,v).

Theorem 2.3.1. Let (Xy,dq1) be a midpoint convex metric space and (Xp,dy) an
arbitrary metric space. If, for some L > 0 and a > 1, the function f : X1 — Xp
satisfies the condition

da(f(x), f(y)) < Ldi(x,y),

forall x,y € Xy, then f is a constant function.

Proof. First by induction we prove that for all n € IN the inequality

BAF),F9) < e

di(x,y) (2.12)

holds for all x,y € X; with x # y. Indeed for n = 1, fixed x,y € X; with
x # y, by midpoint convexity, there exists a point z € Xj such that d;(x,z) =
d1(z,y) = 3d1(x,y). Then using triangular inequality we have

i.e. the (2.12) holds. Now let us suppose that (2.12) is true for k > 1 and
prove it for k + 1. Again, fixed x,y € X; with x # y, by midpoint convexity,
there exists a point z € X; such that d;(x,z) = di(z,y) = 1d;(x,y). For the
conditions (2.12) applied to the pairs of points (x,z) and (z,y) it follows that

BAF (), £(2)) < i (32
L 1
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and
(), F0) < i z0)
= )
so finally

N

da(f(x), f(y)) < da(f(x), f(2)) +da(f(2), f(y))

L
< gwme iy

Now by (2.12), for all x,y € X; with x # v, observing that it is 2(*~1) we have

L
on(a—1)

da(f(x), f(y)) < di(x,y) = 0

asn — 0,ie. f(x) = f(y) for all x,y € X, that is to say f is a constant
function on X; concluding the proof. [

Remark 2.3.1. Let I C R an interval and f : I — R an L-holder continuous
function of order « with « > 1. Then by

FEAR) = f)|  ppe
h ~ ’

we have f'(x) =0ash — 0, i.e. f is a constant function on I.

2.4 Lipschitz extension theorems

The problem of finding lipschitz continuous extensions of a given lipschitz
continuous function is well known and much discussed in the literature,
with applications and repercussions in very different areas as geometry [47],
computer science, image processing [48, 49], elasticity [50] and medicine
[51]. We first recall various classical extension results for lipschitz functions
obtained and then present an original result in the special case of spaces
of homogeneous type with a quasi-metric satisfying a relaxed polygonal

inequality using an improvement of the partition unity lemma.

Let us start with the proof of classical McShane’s extension theorem for real

lipschitz continuous function.



62 Chapter 2. A brief glimpse into doubling spaces and applications

Theorem 2.4.1 (McShane’s theorem). Let (X,d) be a metric space, S C X a
non-empty set and f : S — Ra L - lipschitz continuous function. Then the functions
g, h: X — R given by

g(x) = sup {f(y) - Ld(x,y)} and h(x) = Jnf {fy) - Ld(x,y")} (2.13)
ye

for all x € X are L-lipschitz continuous extensions of f to X. Furthermore other
L-lipschitz continuous extension e : X — R of f to X satisfies the inequalities

g(x) < e(x) < h(x) (2.14)
forall x € X.

Proof. For arbitrary x € X and y,iy’ € S, by lipschitz condition for f and

triangular inequality we have

f) - ) <Ld(y.y')
< Ld(x,y) + Ld(x,y')
and then
fy) —Ld(x,y) < f(y) + Ld(x,y). (2.15)

It follows that the functions g, h : X — R given by (2.13) are well-defined and
g(x) < h(x) 2.16)

for all x € X. Let us show that g, h are L-lipschitz continuous extensions of
f. First we prove that g and & extend f on x. Indeed if x € S then assuming
y =y = xin (2.15) and by definition (2.13) of the functions g, h and the
inequality (2.16) we obtains
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showing that g(x) = h(x) = f(x), i.e. g and h are extensions of f. Now prove
that ¢ and h are L-lipschitz continuous functions. In fact if x, x’ € X we have

f
< f(y)+ Ld(x",y') + Ld(x,x"),
forall y’ € S, implying
h(x) < h(x') + Ld(x,x") <= h(x) — h(x') < Ld(x,x"),
and interchanging the roles of x and x’ we have h(x") — h(x) < Ld(x, x") so
[A(x") = h(x)| < Ld(x,x")

holds, i.e. h is a L-lipschitz continuous function. Then starting from the

inequalities

g(x) > f(y) — Ld(x,y)
> fy) — Ld(x,y) — Ld(x, ")

similarly it can be proved that the function g is L-lipschitz continuous too.
Finally we show that any other L-lipschitz continuous extension e of f satisfies
the inequalities (2.14). For x € X and y € S, we have e(x) —e(y) = e(x) —
f(y). Since e is L-lipschitz continuous, it follows that

—Ld(x,y) <e(x)— f(y)
< Ld(x,y),

and equivalently,

fly) — Ld(x,y) <e(x) (2.17)
< f(y) + Ld(x,y)

Finally taking the supremum with respect to y € S in the left hand side of
inequalities (2.17) and the infimum in the right hand-side, we obtains
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concluding the proof. [

In the case of a complex lipschizt continuous function an extension with the
same lipschitz constant not always exists. Anyway the following result can be

easily proved.

Corollary 2.4.1. Let (X, d) be a metric space, S C X a non-empty setand f : S — C
a complex L-lipschitz continuous function. Then there exists a L-lipschitz continuous
extensions of f to X such that L < v/2L.

Proof. Let f1,f> : S — IR be real and imaginary part of f respectively, i.e.
f(x) = fi(x) +ifa(x) forall x € S. Then fi, f> are both L-lipschitz continuous
function, and by theorem 2.4.1 have L-lipschitz continuous extensions to X,
e1,e2 1 X — R. Setting e(x) = e1(x) + iex(x) for all x € X it follows that

le(x) —e(y)| = \/(61(x) —ea(y))* + (e2(x) — ea(y))* < V2Ld(x,y)

for all x,y € X, i.e. the functione : X — Cisa I:-lipschitz continuous
extensions of f to X with L < V20, O

Let us remember now that the property for an lipschitz continuous extension
to preserve the norm can be proved in the important case of lipschitz con-
tinuous functions defined in a subset of an real Hilbert space to another real
Hilbert space, according to the well known classical Kirszbraun’s theorem.
To give a proof of this theorem we need some preliminary definitions and
results.

First, considering two metric spaces (X1,d1) and (Xp,d2) and a nonempty
subset S of X;, we say that a function f : S — X is called a contraction or a
nonexpansive map if it is L-lipschitz continuous with L € [0, 1], that is

da(f(x), f(y)) < di(x,y),

for all x,y € S. Then we say also that a pair ((X1,d1), (X2,d2)) of metric
spaces has the contraction extension property if for any subset S of X then
any contraction mapping f : S — X has a contraction extension e : X; — Xp,
and that a pair ((X,d1), (X, d2)) has the lipschitz extension property if any
lipschitz continuous function f : S — X5 has an extension e : X; — X, with

the same lipschitz constant, i.e. there exists an extension e with L(e) = L(f).
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Considering now two families of closed balls
Bi(xi,r,-) = {x e Xy: dl(xi,x) < 7"1'}, iel
and
Bi(x's,ri) ={x' e Xp:dp(x'y,x") <1i}, i€l

we say that a pair of metric spaces ((X1,d1), (X,d2)) has the Kirszbraun
property if for any families {B;(x;,#;) : i € I} and {B!(x';,r;) : i € I} of such
closed balls that satisfy the condition

dZ(x llx ) < dl(xllx])
for all i,j € I, the implication

() Bi(xi,ri) # @ = () Bi(x'i,1:) # @.

iel i€l

holds. Now we can show some fundamental equivalent facts about these
notions according to the next theorem.

Theorem 2.4.2. Let ((X1,d1), (Xa,d2)) be a pair of metric spaces. Then the follow-
ing facts are equivalent.

1) the pair ((X1,d1), (X2, d2)) has the contraction extension property;
2) the pair ((X1,d1), (X2, dp)) has the Kirszbraun property.

Moreover, if X1 and X, are normed spaces, then each of the above properties is
equivalent to the following one.

3) the pair ((X1,d1), (X2, d2)) has the contraction extension property.
Proof.

1) = 2) Assuming x; € Xy, x; € Xp, r > 0,1 € I such that

dz(xll', x/]') < dl(xl-, x]) for all l,] el, with ﬂ Ei(xi,ri) 7& Q,
i€l

then themap f: {x;:i € I} — {x;:i € I} given by

f(xl-) = x’l-, iel,
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satisfies the inequalities

do (f (x:), f(x;)) < di(xi, x)),

for all i,j € I, so it is a contraction. Then, by hypothesis, there exists a
contraction extension e : X; — Xj such that g(x;) = f(x;) = x/ foralli € I.
Finally, if x € N B;(x;,7;), then
iel
dy(8(x),x'i) = da(g(x), e(xi))
< d1(x, x7),

for alli € I, showing thate(x) € N Bi(x;,r;),ie. N Bi(x';, ;) # Q.

iel i€l

2) = 1) Let us consider the set
M={(g,U):SCUC Xq,g:U— X is a contraction extension of f},
with the order given by
(g1, U1)<" (g2, Up) <= U; C Uy and g2|u, = 1

We note that if (g;, U;), i € I is a totally ordered subset of M, then putting
= U U; and defining ¢ : U — X, by g(u) = gi(u) with i € I such

icl
that u € Uj, it is easy to check that map e is well defined, (e, U) € M and
(e, U;) <* (g,U) foralli € I, so the set (M, <*) is inductively ordered, and
consequently, thanks to Zorn’s lemma, it contains a maximal element (e, Y).

Now let us suppose that there exists a point xg € Xj Y; setting
ry =d(x,xp), (2.18)

for all x € Y then we consider the balls B(x,7,) C X7 and B/(e(x),7ry) C X,

for all x € Y. Because ¢ is a contraction on Y we have

da(e(x),e(x')) < di(x,x'),

for all x, x' € Y and by (2.18) it follows that xo € (| B(x,7y) so ﬂ B(x,ry) #
xeY ey

@ and by hypothesis there exists a point yy € ﬂ B'(e(x),r ) Setting Z =
Y U {xo} we define the map h : Z — X, by h( ) e(x) for x € Y and
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e(xg) = yo,sothathly = fand ygp € N B'(e(x),ry) is equivalent to

xeY
dy (h(x_0), h(x)) = da(yo,e(x))
< Ty
= dl (xo, x),

for all x € Y, proving that & is a contraction, that is (h,Z) € M. Finally,
(h,Z) # (e,Y) and (e,Y) <* (h, Z) we obtain a contradiction to the maximal-
ity of (e, Y).

Suppose now that (Xi,d;) and (Xp, dp) are normed spaces.
3) = 1) Itis obvious for arbitrary metric spaces (X1,d1), (X2,d2).

1) = 3) Let Y be some subset of X; and let f : Y — X, be an L-lipschitz
continuous map. If L = 0, then f is a constant function, i.e. f(x) = ¢, for
all x € Y, for some ¢ € X, which automatically extends to e(x) = ¢, for all
x € X1. If L > 0 then the map ¢ = L' is a contraction which, by hypothesis,
has an extension to a contraction h : X; — X, and e = Lh is an L-lipschitz

continuous function extending f. [

Before giving a proof of the Kirszbraun'’s theorem, let us also briefly recall
some facts concerning topologies in a Hilbert space. If (H, (-, -)) is a Hilbert
space, then it has the so called weak topology for which all the functionals
x — (x,y), fory € H, are continuous, and every ball B = {x € H : ||x|| < a},
for & > 0, is compact. This is really a special case of the Banach-Alaoglu
theorem, according to which the closed unit ball of the dual space of a normed
vector space is compact in the so called weak* topology. Indeed if V is a
topological vector space over the field K of real or complex numbers, i.e. V is
a K linear space equipped with a topology so that vector addition and scalar
multiplication are continuous, we may define a possibly different topology
on V using the topological or continuous dual space V*, which consists of
all linear functionals from X into the base field K that are continuous with
respect to the given topology. Recalling that (-, -) is the canonical evaluation
map defined by (x,x’) = x/(x) forall x € V and x’ € V*, where in particular,
(-,x') = x'(-) = «/, then the weak topology on V is the weakest topology
on V making all maps x' = (-,x’) : V — K continuous, as x’ ranges over
V*, and the weak topology on V* is the weakest topology on V* making all
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maps (x,-) : X* — K continuous, as x ranges over V, also called the weak*

topology.

Remark 2.4.1. Many results for convex sets in a topological vector space can
be proved using the classic Hahn-Banach extension theorem which allows
to extend bounded linear operators defined on a subspace of some vector
space to the whole space. In particular, the following separation result is very
useful in applications: let (X, T) be a topological vector space over the field
K of real or complex numbers and A, B disjoint nonempty convex subsets of
X. If A is open, then there exist a continuous linear functional x* € X* and
&, B € R such that Rex*(x) < « < Rex*(y) forall x € Aand y € B. Then if
A is compact, B closed and X is locally convex, i.e. every point in X has a
neighborhood basis formed of convex sets, then there exist a continuous linear
functional x* € X* and &, B € R such that Rex*(x) < a < B < Rex*(y) for
allx € Aandy € B.

Now we can give a proof of the Kirszbraun’s theorem in the following general

version.

Theorem 2.4.3 (Kirszbraun’s theorem). Let (H1, (-, -)1) and (Ha, (-, -)2) be real
Hilbert spaces, S C Hq a non-empty set and f : S — Hp a L - lipschitz continuous

function. Then there exists a lipschitz continuous function e : H1 — Ho extending
f to Hyp and such that L(e) = L(f).

Proof. Thanks to theorem 2.4.2 it suffices to show that the pair of metric spaces
((H1,d1), (H2,d2)) has the Kirszbraun property, with d;(x,y) = ||x — y||, for
allx,y € H;, and ||v|; = /(v,v), forall v € H;,i = 1,2, as usual in Hilbert
spaces.

So if B;(x;,r;) and Bi(y;,1;), i € I, are two families of closed balls in #; and
Hjy, respectively, such that
Hyi — ysz < Hxi — x]-H1 foralli,j € I, and ﬂ Bi(x;, ;) # @,
iel
we have to prove that the condition

m Bl/'(Yi/ri) 7& %

i€l
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holds. So let us assume that

N Bi(yj, 1) # @ (2.19)
j€l
for every nonempty finite subset | of I. Fix an element iy € | and consider
the sets C; = B] (yiy, 1i,) N Bj(yi, 1i), i € I, observing that since all the balls
Bi(yi,r;) are weakly compact, it follows that the sets C; are weakly compact,
hence weakly closed subsets of the weakly compact set Bl’-o (Viy, 7iy)- By (2.19)
this family has the finite intersection property, so it has a nonempty intersec-
tion, hence
(Bi(yiri) =[G #@
i€l i€l
holds. Now suppose that w € () B;i(x;,r;) = and let | be a finite subset of I,
i€l
observing that to simplify the notation we can suppose | = {1,2,...,n} for
same 1 € N. If w = x; for some i € J, then ||y; —yi|, < ||x; — x;||, < r; for
allj € J,so thaty; € ]Q] B]’-(yj, rj). fw & {xq,...,x,}, then we consider the

function g : Ho — R given by

and set A = inf g(H,). Because | lﬁm . g(y) = oo there exists r > 0 such that
Yil2—

g(y) > A+ 1forally € H, with ||y||, > r. As the function g is weakly lower
semicontinuous and the ball By, = r {t € Hj : ||t||, < 1} is weakly compact,
there exists v € 7By, such that

0 < g(v) =infg(H,) = A.
Numbering the points x; we can suppose that it is

lv—yill, = Allw — x|, for 1 <i <k, (220)
lv—yill, <Alw —xi|; fork <i<mn, '

for some k € {1,2,...,n}. Now we can show that v is a convex combination

of vectors {y1,...,yk}, i.e.

v econv ({y1,...,Vk})- (2.21)

Indeed if (2.21) is not true then according the separation results in remark
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2.4.1, we have that v can be strictly separated from conv ({y1,...,yx}), so

there exists a vector u € H; with ||u|, = 1 and such that
(v,u)p < (y;,u)pforl <i<k,

that is
(v—yiu) <0forl<i<k. (2.22)

For z = v + tu, with t > 0, then we have

2 2 2
Iz = yill3 = Iv = yill3 + £ (2(v = yi,w)p + ul}3),

for all < i < k, and by the second of (2.20) and (2.22) we can choose a
sufficiently small t > 0 such that 2(v — y;, u), + |[ul3 < 0 for 1 < i < k and
|z —vyill, < ||w—xi|; fork <1 < n,sothat g(z) < g(v), in contradiction to
the choice of v. By (2.21) there exists Ay, Ay, ..., Ay = Owith Ay + Ay 4 ... +
Ar = 1 such that

v =My1 +Ay2+ ...+ Ay, (2.23)

and we have

Ilyi =il = | (yi =)+ (v =) (2.24)
= llyi —v[3+ |lyj — v|/s +2(yi —v,v—yj)2,

and similarly
i = xlly = lxi = wliT + = wl} + 206 —w,w—xp. (@225)

Replacing (2.24) and (2.25) in the inequality Hyi -y ||§ < Hxi = X; ||i we obtain

|2+ ly =R 2(vi— v, v —yi)a < |xi — WP+ [|x; — w|> (226

lyi = viiz + [ly; = V5 +2{vi = v, v —yj)2 < [Ixi = wll; + [[xi — wl]] (2.26)
+2(x; — W, W — X;)1,

foralll <i,j <k

If A > 1, by the first of (2.20) we have

—lyi = v[5 < = [|xi — w|]7, (2.27)
—lyi = vl < = lxi —wlf;,
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and adding these inequalities to (2.26) we obtain
2(yi —v,v—yj)2 < 2(x; — W, W — Xj)1,

that is
<Yi —V,yj — V>2 > <xi - W,Xj — W>1 (228)
foralll <i,j <k

Observing that (2.23) implies

k k k
Y Aidilyi—v,yj— V), = YA Aiyi— v,y —v)2 (2.29)
iji=1 j=1 =1
=0,
and that, by direct calculation, it is
k k 2
Z Ai)\j<xi — W, X]' - W>1 = Z /\i(xi - W) ’ (230)
ij=1 i=1 1

multiplying the inequality (2.28) by )\,-Aj, summing for i,j = 1,...,k and
taking into account the equalities (2.29) and (2.30), we have

2

K
Y Ai(xi —w)

i=1

0> (2.31)

1
>0

4

i.e. a contradiction, so it must be A < 1. Finally the relations (2.20) show that

n

VvV E ﬂ B(yi,ri),
i=1

concluding the proof. [

As it is clear by the previous argument, we recall that the main tool in the
proof of the existence of the extension is a property expressed in terms of the
intersection of some families of balls, i.e. the Kirszbraun property. Similar but
less general proofs exist, for instance in the special case for X; = Xy = R [52]
and in the Hilbert case for X; = X, = H [53, 54, 55].
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2.5 Extension of lipschitz functions on space of ho-

mogeneous type

We apply previous results to the extension of normed valued lipschitz func-
tions defined on a closed subset of a space of homogeneous type endowed
with a suitable quasi-metric. As a first result we prove that the partition of
lemma 2.2.1 consists of lipschitz continuous functions, i.e., it is a lipschitz

partition of unity according to the following natural definition.

Definition 2.5.1 (Lipschitz partition of unity). A lipschitz partition of unity
subordinated to the open cover { A; : i € I)} of a topological space (X, T) is a family
F = {¢;:i € I} of continuous functions f : X — [0,1] satisfying conditions of
definition 2.2.1 and such that ¢; is a lipschitz continuous function for all i € I.

Lemma 2.5.1. Under the same hypotheses, the partition of unity {¢; }c; defined on
X founded in Lemma 2.2.1 is also a lipschitz continuous partition of unity in X \ F.

Proof. We observe that the function g is % - lipschitz, so that for any i € I
the 0; is lipschitz with the same constant and the function o (x) = ¥ i 07(x)
is %N "-lipschitz. Hence for any x,y € X \ F and for any i € I we have

) — o ()] = |9 0 (y)
2 () =i = 1505 ~ 7w
_oi(x) o (y) —0i (y) o (x)]
o (x)o (y)
< |(gi (x) =i (y)) o (v) + (0 (y) — 0 (x)) 0 (v)]
) |

~—

ie.is % (14 N") - lipschitz for any i € I giving the thesis. [

Now in the following lemma we refine 5) of previous Lemma 2.2.1, so that
lipschitz functions of the partition of unity depends on the radius of the single
ball xBy,: this lemma will be useful in the lipschitz extension results [56, 19].

Lemma 2.5.2. Under the same hypotheses of Lemma 2.2.1 there exists a lipschitz
continuous partition of unity {@;}ic defined on X and subordinated to the family
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{aBy, }ic, numerable and locally uniformly finite, such that 1), 2), 3) and 4) hold,
jointly with the following:

6) supp(¢;) CaBy, Vie [;
7) there exists an absolute constant C > 0 such that ¢; is % - lipschitz Vi € 1.

Proof. 6) Fixed 6 €]0, 557] and | > max {H,2A}, foranyi € Iletg; : [0, +-00[—
[0, 1] be such that

1 ift €0, 2H]
. —Ht . x; Ty
gi(t) = 2r1xi if t € (53, 7]
0 if t € [, +oo]

and 0;(x) = g;( (xxl)),where d € Dy. Soif I8 ={i € I:x € aBy} C ¥ for
any x € X\ F we have 0;(x) = 0 for any i € I\ I}, and in force of § < 5%
and 1) of Lemma 2.2.1, also 0;(x) = 1 for at least one value of i € I. Then
if we set 0(x) = Yje 0i(x) forany x € X\ F,itis 1 < o(x) = Yjecpe 0i(x) <
Yic i oi(x) < N"™ < 400, i.e. this sum is positive and, thanks to ¢) of Lemma

2.2.1, uniformly finite for any x € X \ F. By setting ¢;(x) = ?((;‘)) , we obtain

the desired continuous locally uniformly finite partition of unity.

7) Leti € I. We distinguish three cases: x,y € X\ F,x € Fandy € X\ F,
x,y € F. In the first case we have

o _ gi(x)  oi(y)
|9 (x) — @i (v)] c(x)  o(y)
loi (x) o (y) —oi (y) o (x)]

)
=|(0i (x) —ai (y)) o (y) + (o (y) — 0 (x)) i (y)|
o) +1o(y) —o(x)|oi(y),

and the 25 - lipschitz continuity of o; jointly to o'(y) < N" yields

2H .,
|9i () = 9 W) < L —N"p(x,y) + Ri(x,),

1
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where R;(x,y) = |o(x) — o (y)|0i (y). If y ¢ aBy, then 0;(y) = 0 and also
Ri(x,y) = 0. So let us assume that y € aB,: then

Ri(x,y) < (o (x) + 0 (y)) i (y) (2.32)
< 2N". (2.33)

Now we have either x € laB,, or x € laBy,; in the first case it is lar,, <
p(x,x;) so that lar,, < p(X'\ lszx ,%;); then for any z € aBy, itis lary, < A
(p(X \ laBy,;, z) + p(z,x;)) so that

0<a (% — 1) x, (2.34)
< p(X \ laBy,, aBy,); (2.35)

it follows that either

! !
> “a ; - ‘e
p(x,y) > <A 1) ry, or p(xy) <a <A 1) rx,

The second case cannot occur because if p(x,y) < a (% — 1> ry, then p(x,y) <
p(X \ laBy, aBy,) and it would follow that x € [aBy;s01 < a(l_;;%p(x,y),
and

Ri(x,y) < ZNna(l_—A)rij(xz}/)/
which gives thesis in this case. So let x € laB,,. By introducing the character-
istic functions of /a By, noting that Lia,, (x)=1 laB,, (y) =1, so that

i (x) —0i (y)] <

p(x y) <ﬂlthx1.(x) + ﬂllexi (y)) ’

KTy,

we have

Ri(x,y) <)oy (x) =03 ()| = ) |oj (%) — 07 ()| Lias,, (%) Liap,, (¥)

jel jel
2H
< Z lllagx,(x)+]111a3x,(y) o(x,y) ﬂlzan.(x)ﬂlzan.(y)
jel zxrxj j j i i

2H 1
= (Z r_ﬂluch ﬂloch + Z llan NlaBy. (]/)) P(x/ y)

o jel ¥ jel Tx

The sum 2 7o Lias,, NlaB, (x) has non-null terms exactly when x € laBy, N
jel
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loch]., so by using 2) of Lemma (2.2.1) it follows that ﬂl %HZ“BXW“BX; (x) =
j€

2 . .
y 1< % (analogous calculations for ) %ll“Bximl“ij (y) ); so we obtain

Ty, —
jells i jel i

so that

2N" A )
(x) — @i (y)] < -
9.0 = i) < 5 (H - max { 2218} ) (9,
for any x,y € X \ F. In the second case, by definition of ¢; we have ¢;(x) =0
for x € Fso, if y ¢ aBy, then ¢;(y) = 0, while if y € aB,, x € F implies
x ¢ laBy,, then (2.34) holds and 1 < mp(x, Y), so

|9:(x) = 9i(y)| = ¢i(y)
<1
A

< - .

“a(l—A) rxjp(x,y),
finally, the third case is trivial because |¢;(x) — ¢;(y)| = 0. All in all, by
comparing lipschitz constants for the three cases we conclude that the function
@i is % - lipschitz on X, with an absolute constant

2N" A ’
= — .4 2.
C . (H—i—max{l_A,ZHk }) (2.36)

Due to the general lack of completeness of the quasi-metric space, we need
also the following lemma, where a suitable family of point {p; };c; is found as
substitutes of projections on the family {x;};c; on the set F.

Lemma 2.5.3. Under the hypothesis of Lemma 2.2.1 there exists a family of point
{pi}ic; C Fsuchthat, Vi € I,Vy € F, we have p (p;,y) < 5A% (x,y) V
x € aBy, and p (p;, x) < 2(1+1)A3ry, ¥V x € laBy,.

Proof. First we note that for any y €|1, +o0] it follows that yBy, N F # @, for
any i € I. Indeed, if ')/Bx]. NF = @ for some v > 1 and some j € I, then
x ¢ 7By, for any x € F, so that p (x,x;) > 77y, and passing to infimum on
x € F a contradiction. Let so v €]1, 4o to be fixed later: let us choose a
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family of points {p;},.; such that p; € yBy, N F Vi € I. For any x € aBy,
y € Fand p; € yBy, N F, in force of « < 7, we have

o(pi,x) < A(p(pi, xi) + p(xi, X))
<Ay +a)ry,
< 2A91y,

and also

p(piy) < Alp(pi,x) +p(x,y))
< 2A%yry, + Ap(x,Yy).

Fixed x € nBy, with < «, by

ry, =p(F, x;)
< A(p(F, %) +p(%, x;))
< A%0(F, x) + A%(%,x) + Ap(%, x;)
< A%o(F, x) + A%p(%, x;) + A%0(x;, x) + Ap(%, x;),

we obtain

Ty < Azp(x,y) + A3txrxi + 2A317rx1.,
and

ia < A—2 (x ) _|_ 2—143 a

*i 1—A3(xp Y 1—A30¢;7 it
Finally we have

2A4 4A°
p(piry) < m’ﬂ’(xzy) LR LLEY + Ap(x, y)

for all 7 €]0, [, so

2A%
p(piny) < 7=, 1Y) + Ap(xy).

Observing that for « €]0, IA% [with] > 2Aitis 2(1 — A%x) €]1,2[, by assuming

v = 2(1 — «A%) we obtain
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p(pi,y) < (AA* + A)p (x,y) < 5A% (x,y),

i.e. the first inequality. For the second one, with x € laBy, y € F and
pi € vBy, N F, similarly, by

p(pi,x) < Alo(pi, xi) + p(x, x;))
< Ap(pi, xi) + A%0(x, X) + A%0(%, x;)
< Ap(pi, xi) + A3o(x, x;) + A%p(x;, ) + A%p(%, x,),

we obtain

0(pi, x) < Aqry, + Allary, +2A%yry,
< (I+ 1)A37rxi + 2A3777’xi

so that p(p;, x) < 2(I +1)A3ry, + 2A3yr,, for all 7 €]0,a[, and the second
inequality follows. [

Theorem 2.5.1. Let (X, p) be a space of homogeneous type, (Y, || - ||) a normed space,
F C X a non-empty closed set and f : F — Y a L - lipschitz continuous function.
Then if D, # @ there exists a lipschitz continuous extension of f on X.

Proof. Let {p;};.; C F as in Lemma (2.5.3) and define the function f : F — Y

i€l
as follow:
_ Yei(x)f(pi) ifxeX\F
Flx) = {ie , (2.37)
f(x) ifxeF

where {¢; }ics are as in Lemma 2.5.2 . The function f is well posed and extends
f to all X by construction: let us prove that there exists a constant L > 0 such
that ||f(x) — f(y)| < Lo(x,y) for any x,y € X. Obviously f is lipschitz
continuous with constant L = L for any x,y € F. We distinguish two cases
:x € X\ F,y € Fand x,y € X\ F. In the first case, according to Lemma
2.5.2, the properties of partition of unity {¢; };c; subordinated to the family
{aBy, }icy, recalling that I¥ C II*, gives

fx) = fly) = Y @i(x)f(pi) — f(y)

iel

=Y 9i(x) (f(pi) = f(w)),

ielf
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and then ||f(x) — f(y)|| < Z Ilf (pi) — f(y)]|- Because of L - lipschitz conti-

nuity of f on F by hypothe51s and taking into account that card (I§) < N"

and first inequality of Lemma 2.5.3 , we have

1F(x) = fFW) <L} p(piy)

icl

< 5A*LN"o(x,y).

In the second case, let z € F be such that p(x,z) < 2p(x,F). Now for the

properties of partition of unity we have

Fx) = Fy) = Y (f(pi) — £(2)) (9ix) — 9i(y)),

i€l

and for the L - lipschitz continuity of f in F and the % - lipschitz continuity

of ¢; in X we have
If(x) = Fw)[| < LC (ZI@ (a,, (x) + Lu, (y)>> p(xy),  (238)

where C is the constant in (2.36). Considering that

Zp Pz/ Z P pzl

i€l Tx; iel Xi

in the left-hand side of (2.38), by

o(x, F)
o(x, pi)

p(x,z) <2
<2

and
p(pi,z) < Alp(x, pi) +p(x,2)),

we have p(p;,z) < 3Ap(x, p;), and thanks to the second inequality of Lemma
(2.5.3),if i € I then we have

o (pi,x) S2(1+1)A%ry,

so that
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and therefore it is

ZPP” by, (x) < 6(1+1) AN,

el Txi

For the other sum

ZP Pi z) ZP pi z)

iel Xi zer

we define Q;(x, y) (x eLY) and assume that i € I is such that y € aB,; ifit

occurs Q;(x,y) < thanks to 2) of Lemma (2.2.1) we have

p(x, x;) < Alp(x,y) +p(y,xi))
< A(Qi(x,y)k +a)ry,

<lary,

i.e. x € laBy, and, as in the first sum, it is (x p’) < 6(1 + 1) A%, concluding

that the function f is lipschitz continuous Wlth a constant equal to 12(I +
1)LCA*N"; otherwise, if Q;(x, y) > %, then it follows that r, < %p(x,y) and

by
p(x,z) < 20(x, F)
= 2ry,
we obtain
p(x,z) < —p(x,y)
so that

p(v,z) < A(p(x,y) + p(x,2))
<A (1 + k) p(x,y),

and we can conclude that
2k
p(x,z) +p(z,y) < (A +(A+1) ;) p(x,y);

hence, we have

If ) = FWI < [IF ) = F@ | + [If(z) = fly

(2.39)
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with x,y € X\ Fand z € F, so, for the case just discussed, we obtain

If(x) = Fw)|| < BA*N"L(p(x,2) +p(z.y)),

so that, thanks to (2.39) , the function f results lipschitz continuous with
constant equal to 5 A* N L <A +(A+1) Za_k) Finally, all in all, we have that

f is lipschitz continuous in X with a constant

T NI 2k

L= A*N"Lmax<12(I+1)C,5 A—l—(A—i—l); , (2.40)
so completing the proof of theorem. [J

Finally following corollary is then apparent.

Corollary 2.5.1. Let (X, p) be a space of homogeneous type, (Y, || - ||) a Banach
space, S C X a non-empty set and f : S — Y a L - lipschitz continuous function.
Then, if D, # © there exists a lipschitz continuous extension of f on X.

Proof. By standard arguments the function f can be extended to an L - lipschitz
function to the whole S: the thesis then follows immediately from Theorem
251. O
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Chapter 3

Selected topics on calculus on

Carnot groups

In this chapter we prove the well known Whitney’s extension theorem for
real valued functions defined on a step two Carnot group G. Whitney’s proof
relies on two key tools: a particular open covering for open sets in R" and
an extension operator built up with the help of a suitable partition of unity
subordinated to such a covering. We employ the partition of unity lemma
in Chapter 2 adapted to the setting of the doubling metric space H!. For the
sake of clarity we provide the quite detailed proof in H!, avoiding longer
technicalities that naturally appear in the general setting of a step two Carnot
group. So let us begin with basic definitions and properties.

3.1 Preliminaries and notations

A Lie group is a smooth manifold obeying the group properties and that satis-
ties the additional condition that the group operations are differentiable.The
tangent space at the identity of a Lie group always has the structure of a Lie
algebra, and this Lie algebra determines the local structure of the Lie group via
the exponential map. A nilpotent Lie group is a Lie group which is connected
and whose Lie algebra is a nilpotent Lie algebra [57, 58, 59]. A Carnot group G
of step 2 is a connected and simply connected nilpotent Lie group whose Lie
algebra, denoted by g, admits a suitable decomposition as direct sum of vector
subspaces, i.e. there exists a vector subspace V; such that setting V, = [V, V4]
we have g = V] & V, : Vj is called the horizontal slice and its vector fields the
horizontal vector fields on G. Such an algebra is nilpotent of step 2 by definition,
i.,e. V, is included in the center of g. The stratified structure of g gives rise

to a family {v, },cr, called dilations, defined on the generators by imposing,
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for any A > 0, 7,(X) = AX whenever X € V; and 7,(X) = A2X whenever
X € V; moreover we set y_1(X) = —X. For A # 0 we then have a group
of automorphisms of g. Thanks to the nilpotence, the exponential mapping
exp : g — G is a global diffeomorphism so it is possible to push forward these
dilations on G by the position §, = exp o, o exp~!. Setting dim(V;) = I
and dim(V;) = p, one can choose a basis of g adapted to the stratification by
selecting an arbitrary basis of left invariant vector fields X;, j =1,...,I +p,
assuming also that, thanks to the left invariance property, X;(e) = ¢;, where
e is the identity of G and {e¢;};—,. 1, denotes the standard basis of R*P;
nevertheless, for our purposes, we choose another basis of g selecting first a
basis Xj, ..., X; of Vj as just described, and choosing the basis {T7, ..., Tp},
p < (é), of V5, between all elements of the kind [le,ij], 1<j<jp<L
We stress that in general Tj(e) # ¢ for j = I,...,p. Relatively to this ba-
sis we introduce Malcev’s exponential graded coordinates of the first kind of by
setting x = (x1,...,x;,t1,...,tp) where x = exp(Zﬁ.:1 xiX; + Ef:l t]'Tj): in
particular, when A > 0, it results 6, (x) = = (Axy, .. L AXp, A%, .,/\ztp). In
terms of these coordinates the product law of two elements p,q € G is recov-
ered through the Baker-Campbell-Dynkin-Hausdorff formula - BCDH for
short — P(R,S) between R = exp !(x) and S = exp!(y) so that it results
xy = exp(P(R,S)) : the components of the exponential coordinates of the
product are in general of polynomial kind and with respect to such a given
system of coordinates, it is possible to prove some fundamental facts of the
group law, that we collect in the following proposition whose proof can be
adapted from the one of Proposition 2.1 in [60].

Proposition 3.1.1 (Structure of group’s law). Let us denote by G > (x,y) —
xy € G the group law in G, and by “+” the usual Euclidean sum in R'*P. Then,
there exists a polynomial vector function Q : G x G — R" = R! © R, where
Qx,y) = (Qi(xy), Q(xy)), Qilxy) = (Qi(xy), ..., Q(xy)) € R and
Qa(x,y) = (Qi(x,¥),..., Q5(x,y)) € RP are such that xy = x +y + Q(x,y).
Moreover, foranyi =1,...,land forany j =1, ..., p we have:

i) for any x,y € G, it results Q\(x,y) = 0 and Qé(x,O) = Qé(O,x) =
Q(x,x) = Qy(x, —x) =0;

ii) each Q]é is a homogeneous polynomial of degree 2 with respect to the dilations
6y, i.e. for any x,y € G and for any A > 0, it results Qb (0x(x), 61 (y)) =
N Qy(x,y);
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iii) each Qé depends only on the coordinates of the first slice i.e. for any x,y € G
it results Qé(x,y) = Qé (xl, e XL YL, yl); more precisely each Qé(x,y)
is a sum of terms, each of which contains a factor of the kind (x,yx — Xxyp), for
somel < h,k <I.

From previous facts it follows that the identity e is exactly 0 € R**? and
that the inverse of an element x = (xq,...,x;,t1,...,tp) is exactly —x =
(=x1,...,—x;, —t1,..., —tp). So, roughly speaking, we can think of a Carnot
group of step two as the set R” endowed with a polynomial group law in

each coordinate, and with a suitable family of endomorphisms {J, } , cRr.

Definition 3.1.1 (Homogeneity). We say a function f : G — R homogeneous
of degree & € R if f(0r(x)) = A*f(x) for any A > 0. We say a left invariant
differential operator D on G homogeneous of degree & € R if D(f 0 6))(x) =
AY(Df 06,)(x), for any smooth function f and for any A > 0.

If D is a left invariant differential operator homogeneous of degree &, and
f is function homogeneous of degree B, then Df, if defined, is a function
homogeneous of degree f — « and fD is a left invariant differential operator
homogeneous of degree « — §; moreover if D1, D; are left invariant differential
operators, homogeneous of degree « and 8 respectively, then DD, is a left

invariant differential operator homogeneous of degree a + S.

Arguing as in Proposition 2.2. of [60] we can prove the following properties
on the left invariant vector fields { X} of the basis previously chosen.

Proposition 3.1.2. At each point x € G, it results

P -9 12+r
Xily =0; + X, Olth, ori=1,...,1,
e =0+ L [To )] o for

I P .
T].|x:2a;ai+2a{+ia,+i,, forj=1,...,p,
i=1 i=1
and where T;(0) = (a]i, e, a{%). Moreover each X; is homogeneous of degree 1 and
each T; is homogeneous of degree 2.

Definition 3.1.2 (Degree of a multi index). Let [ = (nq,...,n;,my,.. .,mp) S
IN? be a given (I 4 p)-tuple of non negative integers. We will call the numbers

a(l) = (Z;':l n]-) + 2(2]'.):1 m]-) and |I| = 2;':1 n; + 2}11 m; respectively the

homogeneity degree and the order of the multi index I. If, moreover, I, = (j1,. .., jx)
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€ {1, LI+1,... 1+ pYf setting A, = 1if 1 < ij < I and Ay = 2 if
I+1 < i; < 1+ p, we will call the numbers d(I) = Z;-‘Zl Aip and |Ix| =k,
respectively the homogeneity degree and the order of the multi index I.

Example 3.1.1. If I = (ny,...,ny,my,...,mp)€ NP, then this (I + p)-tuple will
refer to the operator X! =X{1--- X"T" - - T;,np and we will call the numbers
d(I) and |I| respectively the homogeneity degree and the order of such operator. If
moreover I, = (j1,...,jx) € {1,...,1,1 —|—1,...,l—|—p}k and (ay,. .. 0p)€ NK,
setting h = Zi'(:l w;, then the iterated h-derivation Y}, :Yﬁl e Y]i" will have and
order h. In particular any horizontal k-derivation Xy, has homogeneous degree as

well as order k.

Definition 3.1.3 (Derivations). Let Iy = (ji,...,jx) € {1,..., LI +1,...,1+
p}* i a left invariant differential operator of the kind Y, := Y, Y, is called
(iterated) k-derivation; if, in particular, I := Hy = (j1,...,jx) € {1,.. .,l}k, then
the corresponding left invariant differential operator Xy, = X;, --- Xj, is called
horizontal k-derivation. A 0-derivation, denoted with the symbol X;, = Xp,, is just
the identity operator.

Horizontal k-derivations are also called nonholonomic partial derivatives of
order k [61].

Remark 3.1.1 (Birkhoff-Poincaré-Witt Theorem). The Birkhoff-Poincaré-Witt
theorem ensures that the set of all canonical derivations Z! constitutes a
basis for the algebra of all left invariant differential operators on G [59]. In
particular, taking into account the stratified structure of g, the following
spanning relationships easily hold

Spany ({Z1.}) )=« = Spang({Zp, })
= Span ({Z'}) 41y«
= Span]R({Z{;})aeAk-

Definition 3.1.4 (Polynomials). A function P : G — R is called a polynomial on

G if Poexp~!isa polynomial on the vector space g.

If {w;j}=1,..1+p is the dual basis of {Xy,..., X}, Ty, ..., Ty}, then for any x =
exp(Z}z1 xi X+ 257:1 t;jT;) € Gitresults w; o exp~!(x) = x;if j = 1,...,1,
Wy © exp_l(x) =tjifj=1,...,p.So,if [ = (n1,...,m;, my,...,my) denotes
a (I + p)-tuple of non negative integers, the general monomial has the form
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P=xteox i t?’?. Clearly m! has homogeneous degree d(1).

m!(x) = x
A basis for the real vector space of polynomials of degree m at most is the
set of all monomials m! for all n-tuple I such that d(I) < m, so that a general

polynomial P, of homogeneous degree m is Py, = } (1)< 41 m!, a; € R.

Definition 3.1.5 (Carnot-Carathéodory metric). The distance between any two
given points x, y € G is the infimum of all T such that there exists an absolutely
continuous horizontal curve joining the points, i.e. a curve v : [0,T] — G
such that 7 = Z§:1 #;Xj(7y) a.e., for some measurable vector function y :
[0,T] = R, ||ull < 1, and 4(0) = x, 4(T) = y. Such a curves there exist
as a consequence of Chow-Rashevskil Theorem, jointly with the Hérmander
bracket generating conditions trivially satisfied by the horizontal vector fields
X1, ..., X;. The distance d is finite, moreover for any fixed euclidean compact
set K C G, there exists a constant C = C(K), such that

1 1
cllx =yl =d(xy) < Cllx —y]*, (D)

for any x,y € K, where || - || is the euclidean norm. So the topology induced
by d is the Euclidean one, but the two distances are not metrically equivalent.
The metric d is (left) translation invariant and the homogeneous of degree one
with respect to the dilations, i.e. J,, i.e. d(zx,zy) = d(x,y), forany x,y,z € G
and for any A € IR; through the distance 4, it is possible to define a so called
“homogeneous”norm through the position |z|; = d(z,0) : such a norm is not
smooth in general but there exist several quasi norms N equivalent to | - |4,
smooth and easier to handle, for instance — in a step two Carnot group — the

following

N

N(z) = (x‘f+---+x;*+t%+~--+tf,)

for any z € G; indeed, setting
c1 = inf{|z[4: N(z) =1} c; =sup {|z|s: N(z) =1}
we have 0 < ¢1 < ¢ < +o0 and
c1 N(z) < |z|g < 2 N(z) (E)

for any z € G. From now we shall denote with d the Carnot-Carathéodory

metric.
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Definition 3.1.6 (Measure and Dimension). The “homogeneous dimension”of G
is the integer defined by the position

2
Q=) idim(V;) =1+2p.
i=1

This integer is the Hausdorff dimension of R" (n = | + p) with respect to the
distance d; moreover the n-dimensional Lebesgue measure £" is the Haar
measure of the group G; then the translation and dilations invariant conditions
read as follows; if E C G is a measurable set, B,;(x) denotes the open ball of
radius r > 0 about x, z € G and A > 0, then we have

L"(zE) = L"(E), L"(6,(E)) =ARL"(E), L"(B:(x))=7r2L"(B1(0)).
In particular (G, d) is a doubling space.

Definition 3.1.7 (Derivative of a function). Let f : G — R,c € G, X € Vj,
v = exp(X). The function f is differentiable along X at the point c if the function
R > A — f(cdr(v)) € Ris differentiable at the point A = 0 : in this case we write
Xf (c) for such a limit.

Definition 3.1.8 (Functions of class C['(G)). Let f : G — R; we say that
f € CL(G) if X;f exist and are continuous at each point of G, for every j =1, ...,
1. Moreover, for any non negative integer m, we say that f € Ci'(G), if Xy, f exist
and are continuous at each point of G, for every horizontal k-derivation Hy such that
0<k<m.

According to the paper [15] and for completeness, we report the following

characterization of the Taylor polynomial.
Theorem 3.1.1. Let m be a non negative integer, c € G, f € CI*(G) and P a given
polynomial of homogeneous degree m. The following facts are equivalent:
i) P is the m'" Taylor polynomial of f at c;
ii) ZL(P— f)(c) = 0foranyi=0,...,mand forany a € Aj;
i) (P — f)(x) = o[d(x,c)]" as x — c.
Proof. i) <= ii) Follow immediately from Remark 3.1.1 i) = iii) Follows

immediately from the stratified Taylor inequality proved in Theorem 1.42
of [62]. iii)) = i) It suffices to verify that if Q is a polynomial of degree m
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such that Q(x) = o[d(x,0)]" as x — 0, than Q is identically zero. Indeed, let
Q= Yany<ma m! : let us verify by induction that a; = 0 for all I such that
d(I) < m. This is trivial when d(I) = 0; assuming that a; = 0 for all I such
that d(I) = k < m, we can write Q = }j(1)—k+1 arm! + Ykt 1<d(l)<m arm!. Fix
p € G, p # 0.Then J,(p) — 0if and only if A — 0 and, recalling that d is

homogeneous of degree one, we have

Yok an'(p)  Q(dr(p)) Lks1<d(ny<m A" Varn’ (p) 0

[d(PIO)]kH [d(&(p)lo)}kﬂ - Ak+ [d(p,O)}kH

Thanks to the arbitrariness of p it follows that al = 0 for any I such that
d(I) = k+ 1, as desired. To conclude the proof observe that if P’ is the Taylor
polynomial of f at the point c, then, denoting by 7. the left translation pointed
atcwehave (P — P') ot (x) = 0[d(x,0)]"asx — 0,ie. P=P. O

Thanks to the left invariance of the vector fields, for any f € CI*(G), for any
¢ € G and for any |I|-derivation of the canonical basis of BPW, it results
X'f(c) = X!(f 0 1.)(0) so, in the next sections, we will look for the Taylor
polynomial at the identity of G.

Example 3.1.2. The Heisenberg group H" is the step two Carnot group asso-
ciated to the Lie algebra h"" = h @ v whose generators Xy,..., Xy, Yi,..., Yy,
T satisfy the conditions b = Spany ({Xj, Yj}j=1,..n), v = Span{T} and the
only non zero brackets are [X;, Y;] = aT, forany j = 1,...,n and for some fixed
real numbera # 0.If p = (x1,..., X, y1, .- Ynt), g = (X, .., Xy, - yt))
€ H", than the group productreads pq = (x1+x1,..., Xp + X, y1+ VY1, -, Yn
Tynt+ 1+ 5 Y (xjy; — xjy;)); it follows that X; = aixj — Ly 5, Y; = a%j +
3% % and T = %. As in [63] we choose a = —4.

Let now recall the Taylor formula, in the setting of step two Carnot groups.

Definition 3.1.9. Let ay, . .., a, be given elements of a (not necessarily commutative)
ring A. Set

o(ay, ..., ;) = Y Az1)- - An(r),s ()

TES,

where 1T € S, denotes an element of the symmetric group over {1, ...,r}.

Definition 3.1.9 is then useful to define the following differential operator. For
any fixed ny,np,n3 = 0,1,...,setting X1 = --- =Xy, = X, X419 =+ =
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Xinyiny =Y, Xy png1 = -+ = Xy tny+ny = T, we define
n
U(X 1, YTZZI Tl’l3) — U(Xl, ey an+n2+n3),

where, if some n; is equal to zero, then the identity operator is omitted in the

definition.

Then the Taylor polynomial in zero of a given f € C"(IH!) is given as in the

following definition.

Definition 3.1.10. For any f € C"(H'), we set

o(X™M, Y™, T"3)
< (n1+np+ns)! f) (O)

Vlﬂﬂz!l’lg!

Py =Y | L

k=0 1’11,1’12,1’1320,1,...
n1+ny+2n3=k

], oy

Remark 3.1.2. Let Sym(X™,Y"2, T"3) be the sum of all k—iterated vector fields,

each of them containing 7, times the derivation X, n, times the derivation Y,
o(X™,Y™,T"3)
i’ll!i’lz!ngl

and n3 times the derivation T, then clearly Sym(X™, Y"2, T"™) =
It results

Sym(X™,Y") = Sym(X™ 1, Y™) X + Sym(X™,Y"2 1) Y =
= X Sym(X™ 1, Y") 4 Y Sym(X™, Y™ 1), (S)

Observe then that is natural to see the operator containing n; times the
derivation X, n, times the derivation Y and n3 times the derivation T, where
ny + np +2n3 = k, as a unique (17 + ny + n3)fh—iterated derivation, more
precisely as WZZ}!Z—% - Sym(X"™,Y",T"); so the following position ap-
pears quite natural. Set, for any non negative integers k, n1, ny, n3 such that

ny +np+2n3 =k,

8k . nllnz!n3!
0XMoYn29Tns (711 +ny + 713)!

-Sym(X™,Y"2, T"™). (3.1)

We call (3.1) a symmetrized (17 + 1, + n3)—derivation of order k containing
ni—times X, ny—times Y and n3—times T (symmetrized derivation for short,
when we do not need to specify either the order k or the single vector fields).
To indicate a symmetrized derivation of degree d(«) we simply write 9%, if it
is not necessary to specity the vector fields involved. Observe that, according
to (§), the following property for symmetrized derivations holds. For any
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ny,n, =1,2,...,itresults

oMt 1 an1+n2—1 " 1y an1+n2—1 v
OX™MAY™  ny+ny oXm-lgym + ny+ny 9Xmoym-1- —
ny1+ny—1 ny+ny—1
_ n X d 4 ny Y d (S”)

n+n, oXMLgYm | py+ny - oXmayn—1

Observe that, since T belongs to the center of h!, the differential opera-
tor Sym(X™,Y"2, T") satisfies the relation Sym(X™, Y™, T") = ("+7277).

n3

k nq+ny
XM a?/nzaTng) = 82”1 Y2 T"s, Indeed, ele-

ments X,...,X,Y,...,Y can be permuted in (n; + ny)! ways, and for any
—_—— ——

Sym(X"™,Y"2) T" or, equivalently, 3

nm n2
of these ways we can insert n3 fields T: fixed a way, we can insert first T in

(n1 + np + 1) different ways, the second in (11 + np + 2) different ways, and so
on, nz-th in (11 + ny + n3) ways; it follows that in each element of o (X™,Y"2),
after having inserted all the n3 T, we obtain one element of o (X", Y"2, T"3),

and since T commute, we have

(i +12+1) ... (11 + 1+ ng)o (X™,Y™) T = g (X™, Y"2, T"),

ie.,
B (an, Ynz[ Tn3) _ (nl(: 2_2:;3)'0. (an’ Ynz) TYZ?,’
1 2):
and, finally,
ak ot

ns

0X"MoY"29T"s  9X™MoY™

So, according to previous definition we can rewrite as follows

(595 T £ ) (0)

ni!lnp!ng!

Pfo(x,y,t) = i { ).

k=0 7’11,1/[2,1’[320,1,...
n —|—1’12—|—21’l3 =k

xMy"2 t”ﬂ (3.2)

We stress that the set J;2_, Sk, where

anl +ny

Gk: {WT”3:n1,nz,n3 :0/1/---/ ”1+n2+2n3 :k}’

forms a basis for the vector space of all left invariant differential operators in
H'.
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Through definitions above then it is possible — see proposition below — to

show that the linear mapping D : P, — D, defined through the position

m omtn2 . ot "
D=3 X (5xmayes P O) sxmgym T Yo € P

=0 711,1’12,1’13:0,1,...
ni+ny+2n3=k

is an isomorphism having a diagonal matrix associated with respect to the

two basis {x"y"2¢"} .01, and U}, Sk Roughly speaking the
ni1+ny+2n3=0,1,...,m
two bases are essentially dual to each other, i.e. any such a symmetrized

derivation acts on monomials as if it were an Euclidean iterated derivative.
We stress that this result is not at all trivial if one takes into account the very
definition of symmetrized derivation.

In what follows we finally collect main property of the symmetrized Taylor
polynomial.
Proposition 3.1.3. For any ny,ny, n3, my, my,m3 = 0,1, ..., it results

o™ +ny

gy T ) -

(x,y,£)=(0,0,0)
mylmp!ma! if nj=m;, i=1,2,3

0 in any other case

Theorem 3.1.2. Let m be a non negative integer and let f € C"(H'). Then Pj’f’fo is

the Taylor polynomial of f at zero.
Remark. With very minimal changes all previous considerations work in IH".

For the sake of clarity we explicitly write some symmetrized operators, ac-
cording to previous definitions.

Example 3.1.3.

c(X,Y)=XY+YX;

o (XZ, Y) — XXY + XYX 4+ XYX + YXX + YXX
= 2X%Y +2XYX +2YX?;
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o (XZ, Y) — XYY 4+ XYY + YXY

+YYX+YXY +YYX
=2XY? 4+ 2YXY +2Y?X;

o <X3) — XXX + XXX + XXX

+ XXX + XXX + XXX
= 6X53;

o (X,T) = XT+TX

= 2XT.
oL
X ~ %
%  XY+YX
9XdY 21 7
?* 2X2Y+XYX+ YX?
9X29Y 3! ’
P 2XY2 +YXY +Y2X
9X0Y?2 3! ’
3 3
?* ,XT
0XoT 21’

Although we give a detailed sketch of the proof of Whitney extension theorem
in the setting of the first group H!, referring to the paper [64] for the general
case of step two Carnot groups, we briefly recall Taylor polynomial in this last
setting. Let G be a step 2 Carnot group, {Xj, ..., X;} a basis of V; and {Tj,
e, TP} a basis of V,. Indeed, arguing as before, we can recover the Taylor
polynomial starting from the Taylor expansion related to a family of | + p left
invariant vector fields; more precisely, observing that V; is contained in the
center of g, we define the symmetrized derivation with respect to the vector
fields Xy,...,X;, Ty, ..., Ty according to the following definition.
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Definition 3.1.11. Set, for any non negative integers k,ny,...,1y,81,...,8p, such
that, k =y + ... +n4+2(s1 4 ... +5p),

T
ot s1 sp ny!---ng!

- 000 TSt =
oxXy - ox) ! P (mA4- -+ my)!

SSym(X[,.., X - T

(3.3)
We call (3.3) a symmetrized k-derivation of order k containing ni-times Xy,. . .,n;-
times X; and s1-times Ty,. . . sp-times T) (symmetrized derivation for short, when we
do not need to specify either the order k or the single vector fields).

Remark 3.1.3. Then formulas become respectively,

Sym(X;',..., X") =
= Sym(X]", L XXy 4 -+ Sym(X), ., XTHX, (S7)

and
oMty 11 omt-tm—1
= . X1+
X" ...9X™M ni+---+mn oXm-l...g9Xm
o +
1 al/l1+"'+1’ll—1

- X;; %
+n1+...+nl oxXm ...oxXmu—-1 ! ( 2)

as before, the first one is justified by the multinomial identity

(m+---+nm)! _ (m+---+n-1)
= _|_ ...... +
n1!~--nl! (1’11—1)!”-7’11!

(ma+ -y — 1)1
7’[1!'--(1’[1—1)! ’

while the second one follows immediately by the first one after some easy
calculations.

In this case, the right formula for the Taylor polynomial for a given f € C/*(G),
comes to be

oM iy

m { (axll—axll 1 "T;Tpf>(0)xl}
a( ’

Pio(x) =) (PFy)

nleomlmyle - omy!

where, for any k = 0,...,m, I = (ny,...,n;,my,...,m,) denotes a general
(I + p)—tuple of non negative integers, d(I) =ny +...4+n;+2(my +...+mp)
and x! = x{1 - x T t’;p. So, as in the H! case, it remains to check that

P}”’O is actually the m'" Taylor polynomial by verifying ii) of Theorem 3.1.1.
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Analogously, if we set,

an1+...+nl S
& = {—anl T
X oX

ni,...,n,s1,...,5 =0,1,...,ny 4+ +n+2(s1+---+5p) :k}.

with &y = {id}, it is possible to check that the set |, & is a basis of the
vector space of all differential operators on G and that the Taylor polynomial

satisfy ii) of Theorem 3.1.1. To this aim, it suffices to extend Proposition 3.1.3.

Proposition 3.1.4. Forany ny,...,n;,81,...,8p,M1,..., M, 11,..., rp, we have,

an1+...+nl

T TP (X)) —
1 p (%] Pty
oXmM - .- 9XM (11t =(0,...0)

myleomplrgteerpl i mp=my, i=1,..., L and s;=r;, i=1,...,p

0 in any other case

We conclude this preliminary part with the following interesting proposition
[64].

Proposition 3.1.5. Let f € Cm(lHl), m € IN, m > 1. Then for each k-derivation
Zi, e =Ai1, - is g1, g k=145, withd(Z),) = s + 2r < m, we have, in

(x,y,t) = (0,0,0),

m—d(Z;,)
2P, t) = P o W (o),

or each (x,vy,t) € HY, and by invariance, for each ¢ € H.
y Y

Proof. The proof is by induction on the degree m € IN, because it is sufficient
to check it for the fields X, Y, T. Let us verify the proposition for the cases

m = 2,3, recalling that X = 07 +2yd;, Y = d, —2x0;and T = —}L(XY - YX).
For m = 2 we have

P20(x,y,1) = £(0) + XF(0)x + YF(O)y + 0+ ZX)f(O)xV
+ wgg + YZJ;(O)yz +TFO)E,
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so that
X2 (x,,1) = x£(0) + LX) xp0)x 1 2y14(0)

= xf(0)+ X1 ©, = O, 4+ x2¢(0)x
B XYé‘(O)er ng(())y
= Xf(0) + X2f(0)x + YXf(0)y
= Pg(f,o(xrl/r t),

and similarly,

YPZy(x,y,t) = Yf(0) + Xyg(o) X+ XY;C(O) X+ Y?f(0)y — 2xTf(0)

= v(0) + xv£(O)x + 2L v2p(0)y
XY YXFO)

2 2
=Yf(0) + XYf(0)x + Y*f(0)y

= Pll/flo(x,y,t);

we trivially also have TP},O(x, y,t) = Tf(0) = P f,o(x' y,t). Then, form = 3

we have

P ,t) = £(0) + XFOx+ YO+ 2102 YT O 2oy

(XY + 12/X)f(0) xy+ XTf(0)xt+YTf(0)yt + —XS;(O) x3

(OO0 X0 o XYXIO) o YOTO)
2 2
OO YO 5 XCFO),
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and, setting ¢ = Xf,

XP}y(x,y,t) = 8(0) + Xg(0)x + 2Tf(0)y + XYg(O)y

+ %m)y + XTF(0)t + 2XTf(0)xy +2YTf(0)y?
X2g(0) , = X2Y£(0)

+—2 X +—3 Xy =
XYXF(0 YYXF(0 Y2¢(0 YXY£(0
3f()xy+ 3f()xy+ §v( )y2+ 3{()2

#0040+ xg0e+ Xy

2
_ XY;(O)}/+ g( ) YXg( )y+ Tg(O)tX%(O)X2
n Xng(O) Xy + XY}éf(O) xy + Mxy + ZXTf(O)X]/
rarTpo) + Y@ YXI0) oy w 2,

just observing that XYf © XYé’(O) + Xq(o) + YXf (U = Y¢(0); for the others

it must then be checked that (using fields for short).

S YYX  YXY | YYX | YXY | XYY _ YYX.
) 5ttt =
ji) X | XX | YXX L XOX XXX XYX | VXX

For i) we have:
YYX n YXY n XYYy YXY
6 6 6 2
<— YYX+YXY + XYY =3YXY
— YYX-YXY+XYY—-YXY=0
= Y(4T) + (—4T)Y = 4YT —4YT = 0;

for ii) we have:

2XXY +2XYX 4+ 2YXX +3XYX — 3XXY = 3XYX +3YXX
= —XXY +2XYX - YXX =0

= XYX - XXY + XYX - YXX =0

= X(4T) + (—4T)X = 4XT — 4XT = 0.
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In conclusion, previous checks, together with the obvious

TP}y (x,y,2) = Prro(x,y,2),

give basis for induction. Similarly too YP}“:”O(x, y,z) = P} f,o(x' y,z) holds. O

3.2 Whitney’s extension theorem
In order to prove Whitney’s theorem we need some preliminary notation.

Definition 3.2.1 (Symmetrized m-jet). Let F C H!, m € N, a = (ny,n2,n3)
with ny,ny,n3 € N and d(a) = ny + ny + 2ns. An m-jet on F is a collection
JE = {f* Yo<a(a)<m Of functions fo + F — R. An m-jet is of class C"(F) if
fo € C" ) (F) forall xand 0 < d(a) < m. Finally, if f € C"™(F), a symmetrized
m-jet is the collection J} - = {0" f Yo g(a) <m-

Definition 3.2.2 (Taylor polynomial of an m-jet). Let F C H!, m € N and
JE = {f*}o<d(a)<m an m-jet on F. Set

np= ¥ Ly

0<d(a)<m

forallc € F, p € H'. We say that Pji ¢

m-jet J¥. Analogous definition for the Taylor polynomial P”é o associated to the m-jet

]Ili:,f = {0*f Yo<d(a)<m Of a given function f € C™(F).

is the Taylor polynomial associated to the

We now give a sketch of the proof of Whitney’s extension theorem in H?,
referring to [64] for the general proof in the case of step two Carnot groups.

Theorem 3.2.1 (Whitney’s extension theorem). Let F C H! be closed, f : F — R
and m € IN. Then the following facts are equivalent:

1) there exists JF = {f* Yo<d(a)<m m-jet on F such that:

i) f(p) = f*(p) foreachp € F,a = (0,0,0);

it) for each c € F and for each compact K C F, the condition

f4(p) = 8Pt (p) = 0 ((d(p,c)" "),

holds for all «, 0 < d(a) < m and uniformly for all p,c € K.
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2) thereexist f : H' — R, f € C™(H"), such that the condition

" f(p) =" f(p),
holds for all p € F and for all « with 0 < d(«) < m.
In particular, if f € C™(F), then 2) holds.

Proof. Clearly 2) = 1), indeed just assume JF = | IFJ sand P}?:’C = Pc”ff, so the
thesis follows by properties of Taylor polynomial and the invariance of the
fields.

Also, if f € C™(F), obviously i) and ii) are true, and the thesis follows by 1)
= 2), that now we prove.

1) = 2). Let F C H! be a closed set and, for all p=(xy,z),let

2 1/4
Ipl = (249 +2) ",

the Koranyi-Cygan norm in H!, whose induced distance defined by d(p, ) =

-1
la~"p
then, according to Lemma 2.2.1 of Chapter 2, let g € C*(]0, +o0[) such that

g(t) =1forallt <1,g(t) = 0forallt > I, g decreasing, and let {c;},.; be

defined as 0;(p) = g ('j(p—’p")>, with {p;},.; the maximal family of points in

D{Vpi

, for each p,q € H!, is equivalent to the Carnot-Carathéodory metric;

H! \ F as in Lemma, and finally, let {¢;},., be the partition of unity, with
rp = d(p, F). Because the fields X and Y are homogeneous of degree 1, and
T is homogeneous of degree 2, then 9%, with 0 < d(a) < m, is homogeneous
of degree d(a): being p — ||p|| a function of class C*(R3\ {(0,0,0)}) C
C™(H'\ {(0,0,0)}), and homogeneous in H! of degree 1, it follows that
p — 0% (||p||) is homogeneous of degree 1 — d(«), and standard considerations

guarantee that there exists a constant C(«) such that |d¢;(p)| < %, for all

4
p € H'\ F and for all & such that 0 < d(a) < m.

So let i) and ii) be true, and define

| fp) if peF
TP =\ So)pp, () if peHI\F

with ¢; € F such that d(p;,c;) = d(p;, F) for all i € I; to achieve the thesis it
suffices to verify that:
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(F) for all ¢ € F, for all polynomial P} 1 and for all compact set K C H!, the

condition

9*F(p) = Pt (p) = o ((d(p,c)" ™)),

holds for all & such that 0 < d(«) < m and uniformly for p, c € K.
Note that also the following condition trivially holds because f € C*(IR3\ F):

(H'\ F) for all c € H!\ F, for all polynomial P"!

¥ and for all compact set
Ty 7

K C H' \ F, the condition
& F _ yapm _ m—d()
Fp) =P (p) =0 ((d(p.e)" ")),

holds for all & such that 0 < d(«) < m and uniformly for p, c € K.

So, if (F) holds, it is

F(p) = f(p) = (9 ih(p)) + (3P (p) = f(p))
0(( )),

for all & such that 0 < d(a) < m and uniformly in K: in particular f(p) = f(p)
and 2) is proved.

So let us verify (F). Let p € H!: if p € F, p — ¢, uniformly for p,c € K, the
condition (F) follows from i) and ii). Let p € H! \ F: let us verify condition
(F) fora = 0,ie. f(p)— Pk . (p) = o((d(p,c)™)). To this aim, note that

f(p) — P]"}’C(p) = g @i(p) ( ]F/Ci(p) - P]rﬁf’c(p)>: let verify that, for a given
g € F, thena*P} (p) —"Plt (p) = o ((d(p,c) +d(c,q))m_d(“)>. Indeed, if
h(p) = P (p) P . (p), for all p € H! and gq,c € F so, writing h(p) =

)3 a“Z'( )(c_lp) we have
0<d ()<

*h(x) = 9" (sz?,q(P) P, (P))‘
=" }’f_«,q(c) — f*(c)
=0 <d(p,c)m_d(a)> ,

p=c¢
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and then,

ie., P}?'",q(p) — pn

JF.c
Proposition 3.1.5. By Lemma 2.2.1 of Chapter 2, there exists an absolute

(p) =0 ((d(p,c)+d(c,q))"); the general case follows from

constant C such that d(g,¢) < Cd(p,c), so we obtain, for & = 0, the required
condition f(p) — Pji (p) = o ((d(p,c)™)).

Let now d(a) = 1: then we have 9* f(p) — o"Pfi (p)=o0 (d(p,c)m_1>; indeed
*f(p) = )_ei(p)o*Pt . (p) +)_0"¢i(p) Pz . (P),
icl icl
so that

o F(p) =Pt (p) = L ilp) (3Pt (p) — 0Pt (p))

iel

+Y 9%¢i(p) ( 7, (P) — 7‘1’3‘7(’7))

icl

=0 (d(p,c)mfl) :

Analogous considerations hold for 2 < d(«) < m, completing the proof. [J
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Appendix A

First insights into Menger convexity

A.1 Betweenness in metric spaces

Convexity is a concept usually developed in linear spaces. However since
the seventies of the 20th century, convexity is also study in metric spaces in
general. It is a well known fact that the theory of convex sets in linear spaces
uses the concept of convex function, which is very useful in applications.
In the literature, therefore, there are many generalizations of the notion of
convex sets, which want to generalize what happens in linear spaces if we
consider for example spaces without an algebraic structure such the distance
spaces and in particular the metric spaces. Then it is natural to expect that the
analogue of linear convexity for a set allow us to define also an analogue of

convex function in a more general framework.

We present various types of convexity of a space according to different ideas.
Let us start clarifying few necessary definitions and try to keep them as general

as possible.

Definition A.1.1 (Betweenness). Let (X, p) be a distance space. If x,y,z € X are

three pairwise distinct points, z lies between x and y if we have

p(x,y) = p(x,z) +p(z,y)

This relation usually is called "betweenness relation” and can also be represented for
convenience by writing xzy.

The notion of betweenness was introduced by K. Menger in the context of
distance geometry [16], where distance is the only primitive notion and all

others relations are defined explicitly in terms of distance [65].
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In the general context of distance spaces the betweenness relation is symmetric,
in the sense that if z lies between x and y, then z lies between y and x, as

specified by the next proposition together with another property.

Proposition A.1.1. Let (X, p) be a distance space. Then the relation of betweenness
has the following properties:

1) if xzy, then yzx forall x,y,z € X;

2) if xzy, then neither xyz nor zxy forall x,y,z € X;
Proof.
1) Assuming xzy holds, by definition
plxy) = p(x,2) +p(z,y)

holds, and by symmetry of distance we have

oy, x) = p(z,x) +p(y,2),
that is yzx;
2) Assuming xzy holds, by definition
p(x,y) = p(x,2) +p(z,y)

and x # z # y hold; by xyz we have also

p(x,z) = p(x,y) +p(y, 2)

and x # y # z, so addition of these two equalities gives p(z,y) = 0, which
contradicts z # y. Similarly also zxy cannot holds. [ Instead the following
proposition expresses a transitivity property for betweenness relation but

valid in the specific case of metric spaces.

Proposition A.1.2. Let (X,d) be a metric space. Then we have the following
equivalence:
xzy and xyt

0

xzt and zxy
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forall x,y,z,t € X.

Proof. Assuming xzy and xyt hold, because each triple consists of pairwise
distinct points, the points x, z, y, t are pairwise distinct except for, perhaps
the pair z, t. But it is z # t, for in the contrary case xzy and xyz both hold
contradicting property 2) of proposition A.1.1. Then by definition we have

d(x,2) +d(z,y) = d(x,y),

and

d(x,y) +d(y, t) =d(x,t),

so by addition and triangular inequality

d(x,z)+d(z,y) +d(y,t) (x,t)

d
d(x,z) +d(z,t)

IN

holds, that together with triangular inequality applied to points z, y, t shows
that

d(z,y)+d(y, t) =d(z,t).

This last result substituted above gives
d(x,z)+d(z,t) =d(x,t),

and since each two points are distinct, finally we have xzt and zyt. The
converse can be proved in similar manner. [

Remark A.1.1. We note that the notion of betweenness relation of definition
A.1.1 has been introduced for general distance spaces involving three pairwise
distinct points x, v, z which must verify a type triangular equality, in the sense
of the triangular inequality valid in the specific case of metric spaces. The
notion of betweenness therefore does not a priori require the existence of
some inequality relating to the points of space but can be introduced in a very
general context.

A.1.1 Metric segments and convex sets

Another notion of fundamental importance in the study of metric convexity,

namely that of "metric segment" is now presented.
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Definition A.1.2 (Metric segment). Let (X, p) be a distance space. If x,y € X the
metric segment (or briefly the p-segment) connecting x and y is the set

[ ylo={z€ X:p(x,2) +p(zy) =p(x,y)}.

Remark A.1.2. We note that in the definition A.1.2 of metric segment the
notion of betweenness relation of definition A.1.1 can be used, in the sense
that if x,y € X are two distinct points one can define the metric segment
connecting x and y as the set [x,y], = {z € X : xzy}, where z will be different
from x and y because if xzy holds then x, y, z are three pairwise distinct points.
However in this way the metric segment never contains extreme points x and

y. Instead by definition A.1.2 always we have {x,y} C [x,y],.

In arbitrary distance space it may happen that a metric segment of fixed
extremes is of little significance, in the sense that it can contain a few points, or
on the contrary, it can contain many points, this fact depending on the specific
space. Let us note that even is the inclusion {x,y} C [x,y], is always true
and there exist distance spaces (X, p) in which [x,y],\ {x,y} # @ holds for
all pairs of points x, y, also there exist spaces corresponding even to a more

extreme situation: there is no p-segment such that [x,y],\ {x, v} # @.

Example A.1.1. Consider the distance space (R, p) of Example 1.1.6. Fixed x,y € R,
the condition p(x,z) + p(z,y) = p(x,y) for z € R becomes the equation (x — y)?> =
(x — 2)% + (z — y)?, which by explicit resolution gives only the two points z = x,
z =Y. So in this space a p-segment [x, y|, only contains its endpoints, i.e. we have

X, ylp = {x, ¥}

Example A.1.2. Consider the distance space (R, d) with d Euclidean metric. Fixed
x,y € R, the condition p(x,z) + p(z,y) = p(x,y) for z € R becomes the equation
lx — y[* = |x — z|* + |z — y|?, which by explicit resolution gives z € [x,y]. So, for
all x, vy in this space, we have that [x,y]; = [x,y].

Example A.1.3. Consider the distance space (R?,p) of Example 1.1.8 for n = 2.
We have p(x,y) = (1 — y1)* + (x2 — y2)? for = (x1,%2),y = (y1,y2) € R,
and it is easy to check that there exist points x,y € R? such that the condition
p(x,z) 4+ p(z,y) = p(x,y) occurs for points z = (z1,z2) ¢ {x,y}. In fact, by

direct calculation, this condition is equivalent to (z; — “7¥1)2 4 (25 — xzzﬂ)z =

2 2
(xlzm) + (Xzzyz) — (x1y1 + x212); choosing x # y with y = (0,0), then we
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obtain in the cartesian plane z1 — zp a circumference, centered in (3, %) and with

2 2
. \/ X7+Xx
radius L2

2

Obviously an important question is to establish how an idea of convexity in
the metric sense corresponds to the standard definition of convexity in the
usual sense. The most appropriate field for establishing these relationships
is therefore certainly that of normed spaces. If (V,||-]|) is a normed space,
the metric on V is defined in the classical way as d(x,y) = ||x — y|| for all
x,y € V, and two different notions of convexity can be in parallel introduced
using two different definitions of segment, i.e. the definition A.1.2 of metric
segment and that classic of line segment: if x,y € V then the line segment

joining x and y is the set
X,y ={(1-A)x+Ay:0< A <1},

Several immediate consequences can be derived from the two definitions of

segment given above, first of all that expressed by the following proposition.

Proposition A.1.3. Let (V,||-||) a normed space equipped with the standard metric
defined as d(x,y) = ||[x —y]|| forall x,y € V. Then it is [x,y| C [x,y|q for all
x,y €V.

Proof. Fixed x,y € V, let z € [x,y] be, so that by definition of [x, y] we have
z=(1-A)x+ Ay
for some A with 0 < A < 1. Then we have

d(x,z) = ||x — z||
= [Ix = ((1 = A)x + Ay)]|
= [[Ax—y)|
= [Allx =yl
= Ad(x,y),
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and

d(z,y) = |lz—y|
= [[(1=A)x+Ay —y)|

=A==yl
= [1=Afllx—yll

= (1-Md(xy),

so that d(x,z) +d(z,y) = d(x,y) holds. Finally by definition of [x,y|; we
conclude thatz € [x,y];. O

About the notion of algebraic convexity for the subsets of a normed space
(V,]|-Il), in the case of the algebraic convexity, according to the classical
definition a subset A C V is said be convex (or linearly convex) if for all
X,y € A the segment [x, y| is contained in A. Generalizing in the case of a
distance space it is possible to give in a natural way the following definition
of "metrically convex" set.

Definition A.1.3 (Metric convexity). Let (X, p) be a distance space. A subset
A C X is metrically convex (or p-convex) if [x,y|, € A forall x,y € A.

The empty set is p-convex and also V is p-convex. There is another description
of p-convexity, namely: the subset A C X is p-convex if, for any three points
x,y € A,z € V the equality p(x,y) = p(x,z) + p(z,y) implies that z € A.
Obviously, this definition of p-convexity is equivalent to the preceding one.

In the case of normed space (V, ||-||) by Proposition A.1.3 it is immediate to
verify that if C(V) and C4(V) denote the families of, respectively, convex and
d-convex subsets of V then C;(V) C C(V).

Remark A.1.3. Definitions imply that each d-convex set in a normed spaces
is also convex, but the converse is not true in general. Furthermore, a linear

segment is a linear convex set, but again the converse can not be true.

Example A.1.4. Consider the normed space (R?,||-||) with the norm defined as
||| = max {|x1], |x2|} for all x = (x1,x) € R?. The unit ball B in this space is
a square described by the inequalities |x1| < 1, |xz| < 1, and it is linearly convex,
but not d-convex. Indeed, the points a = (1,1) and b = (—1,1) belong to unit
ball, but not the point ¢ = (0,2). At the same time we have d(a,b) = 2 and
d(a,c) =d(c,b) =1,ie c € [a, b,
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Example A.1.5. Let us recall that a convex set A C IR" is called a convex body if it
is closed and has interior points. Now consider the normed space (R3, ||-||) with the
norm defined as ||x|| = max {|x1|, |xa|, |x3|} for all x = (x1,x2,x3) € R3. The
unit ball B in this space is a cube described by the inequalities |x1| < 1, |x2| < 1and
|x3| < 1. We note that the only d-convex body in this space is given by R3 itself.
Since each body contains a subset which is homothetic to the unit ball B, it suffices
to show that a d-convex set A containing B is necessarily equal to R3. Thus assume
that a d-convex set A contains B, and set

(k,1,0) for k even
ar =
““ 1 k0,1) for k odd

and
b (k,—1,0) for k even
“Tlk0,-1) for k odd.

Then it is easy to show that d(ag, by) = 2 and d(ay,ap,1) = d(ag, bryq) =
d(bg,ag11) = d(bg,byyq) = 1, and therefore aj,q, by € [ag, bils. Since
a;, by € B C Aand A is d-convex, the points ay, by belong to A. Furthermore,
since any d-convex set is linearly convex, this implies that the positive xi-semi axis
is contained in A. Reasoning in the same way for other semi axis we have that
every coordinate axis is contained in A, thus, by convexity arquments, A = R3>.
Furthermore, if for a,b € R the vector a — b is not parallel to a spatial diagonal
of the cube B, then the d-segment [a, b|; has interior points, i.e., it is a body. Since
such a body is bounded, it cannot coincide with R3, hence in R there are d-segments
which are not d-convex.

A.2 Menger and Takahashi’s convexity

In this section we recall another definition of metric convexity, adopted by K.
Menger in his main work [16].

Definition A.2.1 (Menger’s convexity). Let (X,d) be a metric space. A subset
A C X is metrically convex in the sense of Menger if and only if it contains for each
pairs of its distinct points at least one between-point, i.e. for all x,y € A with x #y
then there exists z € A such that xzy holds.

It should be noted that this original definition of Menger concerning metric
convexity for the sets in general metric spaces when applied to a normed

space (V,||-||) imply weaker notions than definition A.1.3. For instance one
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can derives that a set A C V is metrically convex in the sense of Menger if

([x, y]a\{x, ¥y}) N A # @ holds for every pair of distinct points x,y € A.

Still according to Menger, in a metric space also the definition of segment is
given in a more general way using the notion of congruence. For two metric
spaces (X1,d1) and (Xp,dp), if x1,11 € Xy and xp,y2 € Xy, then xq,y; are
congruent to xp, ¥ if and only if d1(x1,y1) = da(x2, y2). For the sets, if A and
B are subsets of the same or different metric spaces, then they are congruent
if and only if there exists a mapping f of A onto B such that each point-pair
of A is mapped onto a congruent point-pair of B, i.e., A and B are congruent
if and only if f is an isometric map of A onto B. Then obviously a such f is
biuniform, in the sense that for x,y € A we have d;(x,y) = do(f(x), f(y)) and
so f(x) = f(y) if and only if x = y. Furthermore f is a symmetric, reflexive
and transitive relation and it is easily to see that it is a continuous map, hence

if two subsets of metric spaces are congruent they are also homeomorphic.

Using this notion of congruence, the next definition therefore can introduce

the segments in a metric space according to Menger.

Definition A.2.2 (Menger’s segment). Let (X, d) be a metric space. If S C X and
x,y € S, then S is a segment in the sense of Menger with end-points x,y if and only

if it is congruent with a line segment of length d(x,y) of the Euclidean metric space
R.

Remark A.2.1. It should be noted that, more explicitly, the definition A.2.2
requires the existence of an isometry f : [0,d(x,y)] — S with f(0) = x and

fld(xy)) =y

Menger, a pioneer in the axiomatic study of distance spaces, starting from
above definitions was the first to discover and to prove the following remark-
able fact: each two points of a closed and convex subset of a compact metric
space are joined by a metric segment belonging to the subset, and using the
transfinite induction he extended this same result also for complete metric
space. Here we want show an elegant proof based on the classical Caristi’s
tixed point theorem [66] that we recall:

Theorem A.2.1 (Caristi’s theorem). Let (X,d) be a complete metric space and
let ¢ : X — R be a lower semicontinuous. function which is bounded below. If
T : X — X is an arbitrary mapping which satisfies the condition

d(x, T(x)) < ¢(x) — ¢(T(x))
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forall x € X, then T has a fixed point.

This proof of Menger’s theorem the is basically the same as the original except
for the proof of the following lemmas which utilize Caristi’s theorem instead

of a lengthy transfinite induction.

Lemma A.2.1. Let (X, d) be a complete metric space, x,y € X with x # y, A such
that 0 < A < d(x,y)and S = S(x,y,A) = {z € [x,y];:d(x,z) <A} U {x}.
Then there exists a point z, € X such that

i) zy € S(x,y,A);

it) u € [x,y]|4and xz,y imply d(x,u) > A.

Proof. If there exists z/ € S with d(x,z’) < A such that xz'y implies u ¢ S, we
take zy = z/. If for each z € S with d(x,z) < A there exists y, such that xzy,
holds, we define the map G : S — S by taking G(z) = y, if d(x,z) < A and
G(z) = z otherwise. Now define ¢ : S — R™ by taking ¢(z) = A — d(x, z).
Then clearly ¢ is continuous and for z € S we have

d(z,G(z)) =d(x,G(z)) —d(x,z)
=A—d(x,z) — (A—d(x,G(2)))
= ¢(z) — 9(G(2)).

Since S is closed, hence complete, by Caristi’s theorem A.2.1 we have G(z') =
z' for some point z’ € S. This implies d(x,z') = A and so z/ = z, satisfies
conditions i) and 7). [

Lemma A.2.2. Let (X,d) be a complete and convex metric space in the sense of
Menger, x,y € X with x # y and A such that 0 < A < d(x,vy). Then there exists
z' € X such that xz'y and d(x,z') = A.

Proof. By Lemma A.2.1 there exists a point z, € X such thatz, € S(x,y,A)
and if u € [x,y]4, xz)y thend(x,u) > A. Let A’ = d(x,y) — A and again apply
Lemma A.2.1 to obtain y), € X such thaty, € S(y,z),A') and u € [y,z,]4,
yyyuimply d(y,u) > A'. If zy = y,, then, since d(x,y) = d(x,z)) +d(zr,y),
it follows that d(x,z,) = A. If zy # y,, since X is convex in the sense of
Menger, there exists w € X such that zywy,/. By assumption the relations xz,y,
z yny and z,wy s hold. It follows by Proposition A.1.2 that xwy, xz)w, ywz,
and yy,w also hold. Now xwy and xzyw imply d(x,w) > A, while ywz, and
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yyyw imply d(y, w) > A. Therefore we obtain d(x,y) = d(x,w) + d(w,y) >
A+ A =d(x,y), a contradiction. [

Now we can give the proof of Menger’s theorem in the following form.

Theorem A.2.2 (Menger’s theorem). Let (X, d) be a complete and convex in the
sense of Menger metric space. Then any two distinct points x,y € X are joined by
a segment in the sense of Menger, i.e. there exists an isometry f : [0,d(x,y)] — X

with f(0) = xand f(d(x,y)) = y.

Proof. Letxp, x1 € X with xg # x1. By Lemma A.2.2 there exists the "midpoint"
of the pair (xg, x1), i.e. the point x; , € X such thatd(xg, x1/2) = d(x1,2,x1) =
d(xo,x1). Let I = d(xp, x1) and define the mapping F by taking

E(0) = xo, 1:(%) — %1 E() = 1.

Applying the Lemma A.2.2 again there exist points x1 4, x3/4 Which are re-
spective midpoints of the pairs (xg, x1,2) and (x5, x1). Setting

! 3l
F(ZL) = X1/4, F(z) = X3/4,

by Proposition A.1.2 we have that F is an isometry on the set {O, i, %, %l,l }
By induction we obtain the set of points {xp s} € Xwithl <p <2"—1,
n=1,2...,and taking F (5—,5) = x7/on the mapping F is an isometry. Since the
set {%} is a dense subset of [0,!] and since X is complete, it is possible to
obtain an isometry f : [0,d(xo, x1)] — X extending F in the obvious way to
the entire interval [0, ], so we have a segment in the sense of Menger in X

joining the points xo and x;, completing the proof. [J

Now we show another idea of convexity in a metric space, introduced by
Takahashi [67]. This type of convexity is described in an abstract form and in a
sense is a natural generalization of convexity in normed spaces and Euclidean
spaces in particular.

Definition A.2.3 (Takahashi’s convex structure). Let (X, d) be a metric space
and I = [0,1]. A continuous function W : X x X x I € X is said to be a convex
structure on X if for each x,y € X and all t € 1, then the condition

dlu, W(x,y,t)) < (1 —t)d(u,x) +td(u,y) (A.1)
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holds for all u € X.

A metric space (X,d) with a convex structure W is called a convex metric
space in the sense of Takahashi, and is denoted by (X, W, d). A subset K of X
is called convex if W(x,y;t) € K whenever x,y € Cand t € I.

What makes Takahashi’s notion of convexity solid is the invariance under
taking intersections and convexity of closed balls. We have the following easy
propositions.

Proposition A.2.1. Let (X, W, d) be a Takahashi’s convex metric space. Then the
intersection of an arbitrary family of Takahashi’s convex subsets of X is a Takahashi’s

convex subset of X.

Proposition A.2.2. Let (X, W, d) be a Takahashi’s convex metric space. Then open
balls B(x,r) and the closed balls B(x,r) in X are Takahashi's convex subset of X.

Proof. For y,z € B(x,r) and t € I, there exists W(y,z,y) € X. Since X is a
Takahashi’s convex metric space, d(x, W(y, z,t) < td(x,y) + (1 — t)d(x,z) <
tr + (1 —t)r = r. Therefore W(y, z,t) € B(x,r). Similarly, B(x,r) is a Taka-
hashi’s convex subset of X.

Proposition A.2.3. Let (X, W, d) be a Takahashi’s convex metric space. Then for
x,y€ Xandt el itis

d(x,y) = d(x, W(x,y,t)) +d(W(x,y, 1), y).
Proof. Since X is a Takahashi’s convex metric space, we obtain

d(x,y) <d(x, W(x,y,t)) +d(W(x,y,t),y)
< td(x,x) + (1 - t)d(x,y) + td(x,y) + (1 - 1)d(y,y)
=td(x,y) + (1 - t)d(x,y) = d(x,y)

forx,y € X and t € I. Therefore, d(x,y) = d(x, W(x,y,t)) + d(W(x,y,t),y)
forx,y € Xandt € L.

Proposition A.2.4. Let (X, W, d) be a Takahashi’s convex metric space. Then for any
x,y € Xandany t € I we have d(x, W(x,y,t)) = td(x,y) and d(y, W(x,y,t)) =
(1—1t)d(x,y).



112 Appendix A. First insights into Menger convexity

Proof. For simplicity, let 4, b and ¢ stand for d(x, W(x,y,t)), d(y, W(x,y,t))
and d(x, y) respectively. By (A.1) we geta < tcand b < (1 —t)c. Butc <a+b
by the triangle inequality, soc < a+0b < (1 —t)c+ tc = c¢. This means
a+b=c.Ifa < tc then we would have a + b < ¢ which is a contradiction,

therefore, we must have a = tc and consequently b = (1 — f)c.

The necessity for the condition (A.1) on W to be a convex structure on a metric
space (X, d) is natural. To see this, assume that (X, ||||) is a normed space.
Then the mapping W : X x X x I — X given by

W(x,y,t)=(1—-t)x+ty, xyeX, tel, (A.2)

defines a convex structure on X. Indeed, if d is the metric induced by the

norm, then we have

d(u, W(x,y,t)) = [lu—((1—t)x+ty]
<A =8 flu=x|+t]u—y]
= (1—t)d(u,x) +td(u,y),

forallu € X, t € I. The picture gets clearer in the linear space R? with
the Euclidean metric and the convex structure given by (A.2). In this case,
given two points x,y € R> and at € I, z = W(x,y, t) is a point that lies
on the line segment joining x and y. Moreover, Proposition A.2.4 implies
thatif d(x,y) = L thend(x,z) = tL and d(z,y) = (1 — t)L and we arrive at
an interesting exercise of elementary trigonometry to show that d(u,z) <
(1 —t)d(u,x)+td(u,y) for any point u in the plane, that which can be solved
applying the Pythagorean theorem to suitable right triangles and using the
triangular inequality d(x,y) < d(x,u) +d(u,y).

We conclude this section by noting that also another definition of convex
metric space can be given, according to R. R. Khalil, which is not abstract
like that of Takahashi and that does not involve metric segments like that of
Menger, but the intersection of closed balls [68].

Definition A.2.4 (Khalil’s convexity). Let (X,d) be a metric space. A subset
A C X is metrically convex in the sense of Khalil if and only if for each pairs of its
distinct points x,y € X, the condition

B(x, \)NB(y,r —A) #0, r=d(x,y), Ae]0,r]
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holds.

It is important to underline that there are some equivalences between the
three different ideas of convexity that have been introduced, as the following
propositions show. Indeed, the convexity of Menger and that of Khalil are
equivalent in complete metric spaces, but in general only Khalil’ convexity
implies Menger’convexity [69]; on the other hand, Takahashi’s convexity

always implies Khalil’s convexity.

Proposition A.2.5. Let (X, d) be a metric space. If X is convex in the sense of Khalil,

then X is convex in the sense of Menger.

Proof. Let x,y € X, x # y and r = d(x,y). By Definition A.2.4 there exists
z € X such that z € B(x,A) N B(y,r — A) for any A € [0,7]. Then we have
d(x,z) <A, d(z,y) <r— Aand, by triangular inequality,

d(x,y) < d(x,z) +d(z,y)
<A+r—r
<A
<d(x,y);

we obtain d(x,z) +d(z,y) = d(x,y), i.e. z € [x,y]s. Assuming A > O, if
z =x,wehaved(x,y) <r—A <d(x,y) — A, thatis a contradiction; assuming
A <d(x,y),if z=y, wehave d(x,y) < A, a contradiction again. Finally, by
Definition A.2.1, X is convex in the sense of Menger, indeed we have z # x,y
suchthatz € [x,y];. O

Proposition A.2.6. Let (X, d) be a complete metric space. If X is convex in the sense
of Menger, then X is convex in the sense of Khalil.

Proof. Letx,y € X, x #y,r =d(x,y) and A € [0, r]. By Theorem A.2.2, x and
y are joined by a segment in the sense of Menger, i.e. there exists an isometry
f:00,d(x,y)] - X with f(0) = x and f(d(x,y)) = y. This means that for
any t € [0,1], there exists a point z € X such that d(x,z) = td(x,y) and
d(z,y) = (1 —t)d(x,y), so assuming t = 2, we have d(x,z) = td(x,y) = tr =
Aandd(z,y) = (1—t)d(x,y) = (1 —t)r=r—A,ie.z € B(x,r)NB(y,A —71),

concluding that X is convex in the sense of Khalil. []

Proposition A.2.7. Let (X, d) be a metric space. If X is convex in the sense of

Takahashi, then X is convex in the sense of Menger.
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Proof. Let x,y € X and t € I = [0,1]. Considering z = W(x,y,t), by
Proposition A.2.4 we have d(x,z) = d(x, W(x,y,t)) = td(x,y) and d(z,y) =
d(y, W(x,y,t)) = (1 —1t)d(x,y), so that d(x,z) +d(z,y) = d(x,y), ie. z €
[x,y]4; assuming t # 0,1 then we have z # x,y, so X is convex in the sense of

Menger. U

Finally we observe that it is not known whether convexity in the sense of
Menger or Khalil implies convexity in the sense of Takahashi, under suitable
hypothesis.

A.3 Convex function

A very interesting possible definition of convex function in a metric sense
can be given in relation to the notion of d-convex set [70]. For these convex
functions, defined in a general metric space, it is then immediate to develop
some of the typical properties of convex functions in the ordinary sense, i.e.
in the context of normed spaces [71].

Definition A.3.1 (d-convex function). Let (X, d) be a metric space. A function
f + X — R s said to be d-convex if for any points x,y,z € X, with x # y and
z € [x, Y]y, the inequality

fy) (A.3)

holds.

The naturalness of definition (A.3.1) is justified by the next results. Let us first
recall that a normed space (V, ||-]|) is said to be strictly convex is said to be
strictly convex (or rotund) if the mid-point of any line segment joining two
different points on the unit sphere S of V does not lie on it, i.e., the implication
holds ||x|| = L |ly|]| = 1,x # y = HTY H < 1, holds. The notation of
strict convexity can be described in various equivalent ways according to the

following result, .

Theorem A.3.1. Let (V,||-||) be a normed space. Then the following properties are
equivalent:

a) V is strictly convex;
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b) If x,y € Sand x #y, then |[Ax+ (1 —A)y|| < 1 forevery A € (0,1), i.e.
the unit sphere S does not contain any segment;

o) Ifx,y € Sand x # y, then ||Ax+ (1 — A)y|| <1 for some A € (0,1);

d) If forany x,y,z € V, all different, |x — y|| = ||x — z|| + ||z — y|| then there
exists A € (0,1) such that z = Ax+ (1 — A)y;

e) If ||x+yl| = ||x]| + |ly]| for all x # 0, y # 0 then x = cy, for some c > 0;
H ffforxy €S, x4yl = x|l + [yl thenx =y;
Q) The function h : V —]0, +ool , defined by h(x) = ||x||? is strictly convex.

Proof. 1) = b) Takex,y € Sand x #y. For0 < A < %wehave

z=Ax+(1-A)y

:2Ax—;y—|—(1—22\)y
and then
X+
lzll <2 |52+ 1 =20 5]
<2+ (1-2A)
=1.

When 0 < A < %we have

X+y
2

[ < (22 = 1) fIx]| + (2 = 24)

<2A—=142-2A

=1.
Hence for all A € (0,1) we obtain ||[Ax+ (1 — A)y|| < 1;
b) = a) Just take A = %;
a) = ¢) Obvious;

1_
c)=a)Takex,y € Sand x #y. If 0 < Ap < %, setting & = %_Qg then

SR
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and so

S afx|[ 4+ (1 —a) [[Aox + (1 = Ao)y|

X+y
2

<1

If% < Ag < 1, setting B = 2170, then

X+
- = B(Aox+ (1= Ao)y) + (1 - By
an so
X+
Y = gl 1= dalyl + 1=yl
<L
a) = d) Take x,y,z € V, all different and such that ||x —y| = |[|x —z| +

|z =yl Then [|x — || # 0, [z — y|| # 0 ans suppose that |x — z|| < ||z —y|.

We have H 1 z7y
el T Ty =

1x—z 1lz-y 1lz—-y 1z-y ‘
== + = — = -

=2 " 2e=y] 2lx—2] | 2[x=2]

1 x—z 1 z-y ‘ Hl z—y 1 z—y H
Z |5 + =

ATl " 2=l |~ |2Tx=el " 22y

1 x—z 1 z-y ‘ Hl z—y 1 z—y H
> =

2 x—z|| "~ 2[x—z] ZW—ZH T2yl
_ | ixzztz—y) ]Nz—ﬂ%%h—zH _yw

2 [x—z| 2 |x=z| llz -yl
_Lllix=yll=llz=yll +lx—z|

2 I — 2|
_llix=z| +lz=yl —llz—yl +[[x — 2|

2 [Ix — z]|
=1

Thus, in view of the assumption b), we have

X—z Z—y
[x—z] ~ llz—yl

( 1o, 1 )Z_ LV S
x—z| ~ [lz—yll =z~ llz—yl™

or
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If we take A = |\x1z|| / <HXEZH + HZEYH> we getz = Ax+ (1 —A)y) and d)
holds;

d) = a) Take x,y € S, x # y and assume HXJFTYH = 1. Thus ||x — (—y)| =

|x]| + || —y|| and then by d) applied for z = 0, there exists A € (0, 1) such that
Ax+ (1 —A)(—y) = 0. Hence

0=Ax+ (1 —=2A)(=y)l
Z Al Ix]| = (1= A) =yl
= [2A — 1|

gives A = J and so 1x + 3(—y) = 0 or x = y, which is a contradiction with
X #Y;

e) => b) Take x,y € S and x # y. The equality Ax = ¢(1 —A)y, c > 0,
0 < A < 1 can not take place because if so then A ||x|| = ¢(1 —A) ||y|| and A =

c(1 — A)which means that x = y and we get a contradiction with assumption.
If Ax # c(1 — A)y and V satisfies e), then

[Ax+ (1= Ayl < [[Ax][+[[(1 = A)yl|
= Alx]|+ @ —=2) [yl
=1,

i.e. b) holds;

b) =>e) Let Vsatisfy b), x # 0,y # 0, [[x+y| = ||x]| + ||y, but x # cy for
any ¢ > 0. Thenx' = 5, y' = ﬁ, satisfy X' # y’ and ||| = ||y’|| = 1. So

x|

we have ||[AX' 4+ (1 —A)y'|| < 1forany A € (0,1) and for A = Tl yT We get
Il Iyl ’ x| x Iyl ¥y H
X'+ yi| = +
' [l =yl =l =+ yll el =y Al Il il =+ [y [yl
k-l
][ + [ly

<1,

so that ||x +y|| < [|x|| + ||y]|, i-e. a contradiction;

a) = f) Assume that x,y € S, x # vy, |x+y| = ||x|| +|y| and strict

convexity of V. Then HXJFTYH < 1 therefore ||[x +y| <2 = ||x]| + ||y, i.e. a

contradiction;
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f) = a) Take x,y € Sand x # y. By f) we have ||x+y| < ||x]| + |y] and

thus HTYH < 1,i.e. V is strictly convex;

b) = g) Observe that h is a convex function. In fact

h(Ax+ (1= A)y) = [Ax+ (1 -y
< (Mixl+ (@ =2) iyl
= A2[|x|* +24.(1 = A) [lx]| lyll + (1 = A)2ly]
<A+ A= A) (IxI” + 1) + (1= A2yl
= Xl + (1= ) [yl
= Ah(x) + (1= A)h(y).

Suppose now that / is not strictly convex, which means there exists Ag € (0,1)

such that we have equality
h(Aox + (1= Ao)y) = Aoh(x) + (1 = Ao)h(y),

i.e.
2
IAox + (1= Aoyl = Aollx||* + (1= Ao) Iy ]I

Then, if we take x,y € S we obtain [[Aox + (1 — Ag)y|| = 1 and we have a
contradiction with the strict convexity of V;

g) == b) Let h be a strictly convex functionand x,y € V,x #y, ||x|| = [|y| =
1. Suppose that there exists A(0, 1) such that |[Ax + (1 — A)y|| = 1. Then

h(Ax+ (1 =A)y) = [Ax+ (1= A)y||*
=1
= Ax|* + (1= 1) |lylf*
= Ah(x) + (1 = A)h(y),

i.e. a contradiction. [

Now we can show how in the case of normed spaces a metrically convex
function is convex in the usual sense, with an peculiarity if the space is strictly

convex.

Theorem A.3.2. Let (V, ||-||) a normed space equipped with the standard metric d.
Then every d-convex function f : V — R is convex in the usual sense, and these
concepts coincide if and only if the space V is strictly convex.



A.3. Convex function 119

Proof. Let f : V — R be a d-convex function. Take x,y € V, x # y and
z=Ax+(1—A)y, A € [0,1]. We have

d(x,z) =[x — z|
=[x = (Ax+ (1= A)y)|l
=(1=A)[x—yll
=d(xy),
and
d(zy) = |z -yl
= [[Ax+(1=A)y -yl
= Alx—yll
=d(x,y),
sod(x,z) +d(z,y) = d(x,y),ie z € [x,y]sandalso A = 42¥) 1 _ ) — dlxz)
g , ) Y) 1e. +Ylds d(xy)’ d(xy)

By d-convexity of f then we obtain f(Ax+ (1 —A)y) < Af(x) + (1 —A)f(y),
i.e. f is convex in the usual sense. Now let V be strictly convexand f : V —

R U {—0c0} a convex function in the usual sense. Take x,y € V, x # y and

z € [x,y]y, ie. z € Vsuchthat [x—z|+|z—vy| = |x—y|. Ifz = x, by
x #y, we have z # y, and %’;g =0, Zgizi = 1, so (A.3) trivially occurs as

f(z) < f(z); similarly if z = y. Assuming z # X, z # y, by d) of Theorem
A.3.1, there exists A € (0,1) such that z = Ax+ (1 — A)y; then we have

A= %/ I-A= %, and, by usual convexity of f,

holds, i.e. f is a d-convex function. [

Note that if (X, d) is a convex metric space in the sense of Menger, and (IR, d,)
is the usual Euclidean metric space, defining on the product X x R the metric
J((xl, 1’1), (XQ, 1’2)) = d((xl, Xz)) + de((rl, 7’2)), for all (Xl, 1’1), (xz, 1’2) € X XR,

then the metric space (X x IR,d) is convex in the sense of Menger, and the
following proposition about the epigraph of a d-convex function can be easily

checked:

Proposition A.3.1. Let (X, d) be a convex metric space in the sense of Menger and
f+ X — Rafunction. Then f is a d-convex function if and only if the the epigraph
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of f,ie thesetepi(f) = {(x,7r) € X xR : f(x) < a}, a € R, isad-convex set.

Also the following theorems can be easily proved, using essentially the def-
inition A.3.1, showing how this notion of metric convexity has the good

properties of usual convex functions defined in normed spaces.

Theorem A.3.3. Let (X, d) be a metric space. Then for any d-convex function f :
X = Rand any o € R the level sets {z € X : f(z) <a}and {z € X: f(z) < a}
are d-convex sets.

Theorem A.3.4. Let (X, d) be a metric space. Then for any d-convex function f :
X — R and any non-decreasing function g : R — R, the function h(x) = g(f(x))

is a d-convex function.

Theorem A.3.5. Let (X, d) be a metric space and let {f;};.p be a sequence of d-

convex function f; : X — R. If the numerical sequence f;j(z) : X = R U {—co}

converges for any point z € X, then the function f(x) = lim f;(x) is a d-convex
1— 400

function.

Theorem A.3.6. The sum of d-convex functions is a d-convex function, and the
pointwise supremum of an arbitrary family of d-convex functions is a d-convex

function.

A.3.1 Metric convex hull

It is simple to show how someone of properties of sets which are convex in
the algebraic sense also remain verified by sets which are convex according to
this metric sense. Next proposition concerns the intersection of p-convex sets,
useful for introducing the notion of p-convex hull which generalizes that in

the case of the usual convexity.

Proposition A.3.2. Let (X,p) be a distance space. Then the intersection of an
arbitrary family of p-convex sets of X is a p-convex set of X.

Proof. Let {As},c; denote a family of p-convex sets of X, where a runs over

an arbitrary index set I. Weset A = (| Ax. If x,y € A, then for all « € I the
ael
relation x,y € A, holds, and by the p-convexity of A, we have [x,y], C A,.

Since this inclusion holds for each « € I, we have |[x, y] o C A, thus the set A is

p-convex. [
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The p-convex hull of a subsets F of a distance space (X, p) is naturally the
smallest p-convex set containing F. The Proposition A.3.2 shows that the
p-convex hull exists for an arbitrary F, and then it is the intersection of the all
p-convex sets containing F. In the sequel we indicate the p-convex hull of a
set F with conv, (F).

If we now consider the special case of R", it is well know that the classical
Carathéodory’s theorem implies the following. If F is an arbitrary set of R",
denoting by I(F) the union of the segments [a, b] with endpoints a,b € F,
we call "process of segment joining" the transition from set F to the set I(F).
Iterating, we can consider the set I(I(F)) obtained by the two-fold application
of this process, and so on. We remark that if conv(F) is the usual convex
hull of F, the sets I(F), I(I(F)), ..., constructed by successive application
of segment joining, are contained in conv(F), and Carathéodory’s theorem
says that, starting with F, a finite number of iterations of this process yields
conv(F). The process of segment joining can be introduced for d-segments
in R" too, and analogously, we write I;(F) for the set obtained from F C R"
by this process. Hence one is motivated to ask whether from an arbitrary
set F C R" the d-convex hull conv,(F) is obtainable by a finite number of
corresponding iterations. It is easy to see that the question has a negative
answer. Indeed if x € [a, b];, where a,b € F, then d(a,x) +d(x,b) = d(a,b)
holds and hence at least one of the distances d(a, x), d(x,b) is not larger
than 3d(a, b). For instance, let d(a, x) < d(a,b) < diam(F), where diam(F)
denotes the diameter of the set F, i.e., the upper bound of the distances d(x,y)
with x,y € F. Analogously, if y € [c,d]; for ¢,d € F, then one can write
d(c,y) < 3d(c,d) < diam(F). Hence we obtain d(x,y) < d(x,a) +d(a,c) +
d(c,y) < 2diam(F). Now if the set F has diameter }, then the set obtained
from F by a single process of d-segment joining has a diameter not larger than
2h; the next step of d-segment joining yields a set of diameter not larger than
4h, and so on. Hence a finite number of iterations of the process of d-segment
joining yields again a bounded set. So, starting with the unit ball B from
Example A.1.5, a finite number of such iterations cannot give the d-convex
hull conv,(B) = R3 of B.

Anyway, countably many iterations of the process of d-segment joining yield

the d-convex hull, according to the following proposition.

Theorem A.3.7. Let Fy C IR" be an arbitrary set. If F; denote the set obtained from
F;_1 by the process of d-segment joining, withi =1,2,.. ., then convy(F) = U F.
i=1
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Proof. By F; C convy(F) foreachi =1,2,...,wehave | F; C conv,(Fy). To
i=1

oo
prove the converse inclusion, it suffices to verify that |J F; is a d-convex set,
i=1
o]
since conv,(F) is the smallest d-convex set containing Fy. Forany x,y € U F
i=1
there are some indexiand jsuchthatx € F;,y € Fj,andby p CF C K C ...

we have that x, y € F, with k = max {i, j}. By the introduced construction we
[e9) o0

conclude that [x,y|s € F.y1 € U F, hence | F;is a d-convex set. [
i=1 i=1

A.3.2 Metric convex function and Jensen’s inequality

Let (X, d) be a convex metric space in the sense of Menger, B C X, Cp =

{C C X :Cd-convexC 2 B} and let conv(B) = () C denote the metric con-
CeCp
vex hull of B in the sequel. Now we introduce, according to next definition,

some useful sets, defined by recursion starting from the set B, characterizing
in detail the metric convex hull of the set. Afterwards we show the validity of
a Jensen’s inequality for a d-convex function defined in a d-convex subset of a

metric space, i.e. generalizing condition (A.3) to any number of points.

Definition A.3.2. Let (X,d) be a convex metric space in the sense of Menger,
mmn €N, m>1n>0,1,...,ym € Xand B C X. Then following sets are
defined inductively:

) o ({1, ym}) = {yi- . ym},
co(”“)({yh---,ym}) ={zeX:3p,...,pn2€{V1,- - Ym},
32, 2" € co™ ({p1,..., pus2}),z € [2,2"),);
if) co®) (B) = B,
o™V (B) = {z € X:3x,...,xp42 € B,37,2" € 0™ ({xy,...,
Yni2}),z € [2,2"]4};
iii) 0% (B) = B,

"B = U [yl
x,yeco™ (B)

These sets have good properties, and in particular, their union is equal to the

d-convex hull of B, as shown in the following lemma and proposition.
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Lemma A.3.1. Let (X, d) be a convex metric space in the sense of Menger, m € IN,
m>1,vyy,...,yn € Xand A,B C X. Then

/) AC B = co™(A) C co™(B), 0™ (A) C o™ (B),foralln € N;

i o™ ({y1, -, ym}) S o™V ({yy,...,ym}), col”) (B) C col™*V)(B),
" (B) C " *V(B), forall n € N;

jij) co™ (B) C co\"(B), forall n € N.

Proof. j) obvious by definitions and induction;

ji) c0® ({yl, o ym}) € oM ({y1,...,ym}) is obvious, i.e. the thesis for n =
1; let co™ ({y1,...,ym}) € o™ ({yy,...,yn}) be true forn € N, n > 1.
If z € co(”+1) ({y1,...,Ym}), then there exist: p1,...,pn2 € {Y1,---, Ym},
Z,7" € co™ ({py,...,pns2}) and z € [Z, z”]d, setting p,4+3 = pn+2, there ex-
ist: p1,. ., Puss € Y1, Ym}, 22" € 0 ({p1,..., pusa}) € col V) ({py,

. Pnt3}), and z € [2,2"], ie., z € co™2) ({y1,...,ym}), so the thesis is
proved by induction. If B C X, then co(0) (B) C col) (B) is obvious; let
co™ (B) C co"*1) (B) be true for n € N, n > 1. If z € co("*1) (B), then there
exist: X1,..., %42 € B, 2/,2" € col™ ({xl, e Xpi2}) and z € [Z,2"];; setting
Xn13 = X0, there exist: xq,...,x,.3 € B, Z,Z" € coln ({xl,. e Xng3)) C
co™ D) ({xy,...,x,43}) and z € [Z/,2"]4, i.e. z € co"*?) (B), so the thesis is
proved by induction. Finally, c0”(B) € ¢ (B) is obvious; let &™) (B) C
o"*1(B) be true forn € N, n > 1. If z € 0"V (B), then there exist:
X,y € co) (B), z € [x,y]4, and again the thesis is proved by induction;

jii) ©0® (B) C ¢0'%(B) is obvious; let co™ (B) C o™ (B) be true for n €
N, n > 1. If z € co"*V (B), then there exist X1,...,Xp42 € B, 2,7 €
co™ ({x1,...,x112}), z € [2,2")4; by co™ ({x1,...,x32}) € col™ (B) C
" (B), we have 7,z € ™ (B) and z € "V (B), i.e. the thesis is
proved by induction. [

Proposition A.3.3. Let (X, d) be a convex metric space in the sense of Menger and

B C X. Then
conv(B) = | J co™ (B) = U o
nelN nelN

Proof. Let us prove that conv(B) € |J co™ (B), noting that we just need
neN

to prove d-convexity of |J col™ (B). Let x,y € U co™ (B), so there ex-
nelN nelN

ists 7 € IN such that x,y € co® (B); if 7 = 0 we have [x,y]; € coV) (B);
if i > 1, then there exist: xy,...,x341 € B, y1,...,yss1 € B, 2,2 €
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co™ D ({xy,..., x511}), @, w" € co™ V) ({y,...,yn1}), with x € [7,2"],
and y € [w, w"] ; observing that

o™ ({x1, ..., Xap1, Y1, Yns1}) =
{Z S X: lel /pﬁ—|—1 S {x1,. --/xﬁ+1/y1/~~-,]/ﬁ+1}/
37,7" € col” ({pl,...,Pﬁ+1}),Z e [Z,2"],},

and

0™ ({x1,. .., X1, Y1, -, Yns1}) =
{zeX: 3191,-- ,Pﬁ+1 €{xt, o, Xat L, Y1, Y1},
o', w"” € o™V ({p1,..., pas1}) 2 € [, w"]4},

then we have

x,y €col ({xl, c X+, Y1 Ya+1)) C

CO ({xli---/xﬂJrl/yl/---/yﬁJrl})/
so by

co?™ 1) (B) = {ze€X:3x,..., %41, Y1,-- -, Yas1 € B,

3x,y € o™ ({x1,..., Xns1, 41, - L Yasi}) )

it follows that z € co(®"*1)(B), i.e. [x,y]; € co®*t1)(B) C |J col™ (B), prov-
nelN

ing d-convexity of |J co™ (B). The inclusion |J co™ (B) C U " (B)
nelN nelN
immediately follows by jjj) of Lemma A.3.1. Finally, let C(B) the famlly of

d-convex sets C C X such that C O B, and let us prove that C O |J co )(B),
nelN

for any C € C(B). Indeed, fixed C € C(B), by c0”(B) = B C C, we have
coM(B) C C, and assuming 0" (B) C C, by d-convexity, co"+V(B) C C

holds, so that the inclusion |J co!" )(B) C Cistrue forall C € C(B). It
nelN

follows that {J co™ (B) C N(B)C = conv(B), concluding the proof. [
nelN c

Finally, we prove the validity of the Jensen’s inequality for a d-convex function.

Proposition A.3.4 (Jensen’s inequality). Let (X, d) be a convex metric space in
the sense of Menger, K C X a d-convex set and f : K — R a d-convex function.
Then, for allme N, m > 1, forall {y1,...,ym} C K, foralln € N, n > 1, for all
x € co" ({yl,. .., Ym}), there exist an integer k € N, 1 < k < 2", and there exist
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Vi Yi, €{y1,...,ym}and Ay, ..., A € [0,1] such that

k
f) < L Aif i), (A4)
L

Proof. If n =1,letiy, i € {1,...,m} and x € [y;,,yi,|4, then we have f(x) <

Mf(y1) + Azf (y2), with Ay = % and A, = % Now let (A.4) be

trueforn € N, n > 2;letx € co ) ({y1,...,Ym}), so there exist zq,zy €
0" ({y1,...,ym}) such that x € [z1,25]4. Then there exist A1, A5 € [0,1] such
that, by induction,

— hl ~ - kl ~
<A Y A f(yi) +A2 ) A f(yi),
h=1 k=1

with hiy, ky <2771, and setting A;, = A1A;, A;, = A»A;,, the thesis holds. [
We conclude proving an extension theorem for d-convex functions defined
in a subset B of a metric space (X, d), in the sense that the condition (A.3.1)

holds whenever, for z € [x,y];, with x,y € B, then z € B.

Theorem A.3.8. Let (X, d) be a convex metric space in the sense of Menger, B C X,
and f : X — R a d-convex function. Then there exists a d-convex function f :
conv(B) — R such that f(z) = f(z), forall z € B.

Proof. Let x € conv(B). If it where x € B, by Proposition A.3.4, then we
could find n,k € N, withk > 1,k < 2", and x1,...,xx € B, Aq,..., A €

k k -
[0,1], ¥ A; = 1, such that f(x) < Y A;f(x;). So we define a function f :
i=1 i=1

conv(B) — [—oo,+oo[ as follows: f(x) = inf{ i /\if(xi)}, with Aj, x; as
i=1

above. Clearly f(x) = f(x) if x € B. It remains to check that f is d-convex.
Let x1,xp € conv(B) and x € [x1,x7]4; then there exists i € IN such that

X1,X € C~O(ﬁ)(B), so that x € &)(ﬁ+1)(B); also, for x1,x, € &)(ﬁ)(B), there exist

n,ny € N, xi,...,xp,x%,...,x2 € B, Aj,..., AL, AL, A% € [0,1] with

7 np nl’

sum 1, and there exist A, 4 € [0,1], A + u = 1, such that from the sum

i=1
' '

I 1II

YA+ 3 A2 f (),
i=1

J/
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it follows f(x) < I+ 1I, and consequently the thesis. []
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