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Greenberger-Horne-Zeilinger-state Generation in

Qubit-Chains via a Single

Landau-Majorana-Stiickelberg-Zener x /2-pulse

Roberto Grimaudo,* Nikolay V. Vitanov, Antonio S. Magalhdes de Castro, Davide Valenti,

and Antonino Messina

A protocol for generating Greenberger-Horne-Zeilinger states in a system of N
coupled qubits is proposed. The Hamiltonian model assumes N-wise
interactions between the N qubits and the presence of a controllable in
time-dependent field acting upon one spin only. The dynamical problem is
exactly solved thanks to the symmetries of the Hamiltonian model. The
possibility of generating GHZ states simulating our physical scenario under
both adiabatic and non-adiabatic conditions is within the reach of the

experimentalists. This aspect is discussed in detail.

1. Introduction

In the last two decades a growing attention has been paid
on Greenberger-Horne-Zeilinger (GHZ) states!!! and their
generation.[>-®l These states, as well as W-states and Dicke-states,
exhibit many-body or multi-partite entanglement, that is quan-
tum correlations involving all the parts which a system consists
of [7].
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Entanglement plays a central role
in quantum mechanics as an essen-
tial resource for several applications

quantum information,®!  quan-
tum  communication,’!  quantum
metrology,'®"l quantum topology!'?

and also provides the possibility to test
quantum mechanics against local hidden
theory.3]' Further, it is at the basis of
far-reaching discoveries such as quan-
tum teleportation,['*! quantum dense

coding,!’!  quantum computation,*®]
quantum cryptography!”’! and quantum
fingerprinting.['#]

Multipartite entangled states are of great interest for all these
fields. They are exploited to speed up computations,!* secure
private communications,?") and to overcome the standard quan-
tum limit.l2!l Among all the numerous examples of multipartite
entangled states, the GHZ states play a special role in quantum
information(??! and provide a core resource for applications in
quantum metrology?*! and quantum error correction.’**! More-
over, it is remarkable the pivotal place occupied by these states to
test fundamental aspects of quantum mechanics.!3]

The increased awareness of such a broad applicability has un-
doubtedly stimulated the emergence of numerous theoretical
investigations focused on the search for realistic experimental
protocols effectively exploitable in laboratory for the generation
of GHZ states. Notwithstanding, creating GHZ states of an N-
qubits system in a robust manner is still a current challenging
and topical problem.[>*] Many schemes have been proposed to
produce the multipartite GHZ states via a single- or multi-step
process.[] GHZ states have been previously experimentally real-
ized through nuclear spin systems,[?®] optical photons,?’! trapped
ions, 8! and superconducting quantum circuits.[?’]

As the number of qubits of the physical system increases, the
generation of GHZ states comes up against technical difficulties
that prevent the size of these multipartite states from being con-
trollable at will. In the past few years, the highest numbers of
qubits that have been effectively entangled in a GHZ state in-
clude 14 trapped ions,*%! 18 state-of-the-art photon qubits,3!) and
12 superconducting qubits.[*?] It is then a matter of fact that so
far the practical realization of experimental schemes for generat-
ing GHZ states often progressively loses its effectiveness when
the number of qubits exceeds ten.

In this work we propose a novel and straightforward proce-
dure for constructing GHZ states and, more generally, many-
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body entangled states of N-qubit systems. The experimental
scheme we propose in this paper is based on a new exactly solv-
able time-dependent N-qubit model.3*] Reference!*}] has a more
speculative character and its scope is centred on the presen-
tation of a time-dependent many-body spin model mainly fo-
cused on the specificity of the engineered N-wise coupling be-
tween the N qubits. In this paper, instead, we make use of a
time-dependent model tailored in such a way to be firmly an-
chored to the two most prominent physical systems suitable for
quantum information and computation: trapped ions and super-
conducting qubits. The model, indeed, has been devised hav-
ing in mind first of all the well consolidated protocols for ef-
fectively reproducing N-body interactions involving all qubits of
the system (N-wise interaction) both in trapped ion[3*35 and
superconducting qubit systems!*®}; second, the ability of apply-
ing effective time-dependent fields, in principle at will, on just
one qubit by only performing single-qubit operations in the
case of superconducting qubitsi®*®! and through the Scanning
Tunneling Microscopy (STM) technique in the case of trapped
ions.[37-3

We show that, after generating the N-wise interaction, it is pos-
sible to generate GHZ states and, more in general, maximally
entangled states of qubit systems by applying a single Landau-
Majorana-Stiickelber-Zener (LMSZ) pulse (a linear ramp)*®) on
just one qubit (ancilla). Our analysis transparently reveals the
peculiarity of the N-wise interaction which works as a ‘quan-
tum bus’. It is capable of coherently reverberating the dynamic
beahviour of the ancilla qubit on all the other qubits of the sys-
tem.

The peculiar N-wise coupling we consider is, of course, alien
to physical context like nuclear, atomic, and molecular physics.
However, such N-spin Hamiltonian models turn out to be re-
markably exploitable for quantum information applications, 3!
to treat and study fermion lattice models!*!l and to describe bet-
ter physical features and dynamic aspects of complex systems.[*2]

The paper is organized as follows. In Sec. 2 the N-body qubit
model and its symmetry-based solution are presented. The pos-
sibility of generating GHZ states through a both adiabatic and
non-adiabatic LMSZ x /2-pulse is discussed in Sec. 3. Finally, in
the last section concluding remarks, highlighting the reported re-
sults, can be found.

2. The Model and Its Symmetries

The physical system we are about to investigate in this paper con-
sists in a spin-chain composed of N distinguishable spin-1/2’s
interacting through an N-wise interaction term, which is charac-
terized by the coupling strength parameter y,. We assume that it
is described by the following Hamiltonan model:

H = ho, ()67 +7, ®"V M

where 67 5] and &7 are the standard Pauli matrices of the k-th
spin in the chain. In general®}] N-wise means that the interaction
among the N qubits may be represented as an N-degree homoge-
neous multilinear polynomial in the 3N dynamical variables of all

N qubits. The first term in the Hamiltonian expression, instead,
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is due to the application of a field, in general time-dependent, on
the first spin of the chain which induces the energy separation
ha, (t).

The model under scrutiny is of significant interest in quan-
tum information. The peculiar N-wise interaction we assume
here can be in fact well reproduced in the two main simulat-
ing physical systems of paramount applicative interest for quan-
tum computation: superconducting qubit arrays®! and trapped
ion systems.’**] In the first case, fast multiqubit interactions
are realized by tuning the transmon- resonator couplings through
the modulation of magnetic fluxes.?®! In the second case, in-
stead, the main resource of the simulation technique are multi-
ion Melmeri—Sgrensen*! gate operations, based on the applica-
tion of a bichromatic laser field to the ions.*

As far as the effective time-dependent field is concerned, in
the superconduncting-qubit scenario it can be locally generated
on one spin only, chosen at will in the chain, through single-qubit
gates. Precisely, by detuning the respective qubit from its idle fre-
quency by an amount 6, it is possible to generate field strength
of 276141 In the trapped ions/atoms scenario, instead, the appli-
cation of a time-dependent field on a single spin of the chain can
be realized through the Scanning Tunneling Microscopy (STM)
technique or by microwave approach.[*’-*! The latter, for exam-
ple, allows to produce an LMSZ ramp in a time window of 20ps
on a single spin of a chain.[*] The free Hamiltonian of a prefixed
single qubit in the chain can be made time-dependent by control-
ling the exchange interaction between the atom on the tip of the
microscope and the target qubit in the chain. This interaction de-
pends on the (time-dependent) distance between the two atoms
and it is equivalent to a magnetic field applied on the qubit.3747]
Since accurately controlling the kinematics of the STM is within
the experimental reach, then a time-dependent effective mag-
netic field on the qubit of the chain can be generated at will by ap-
propriately governing the time-dependent distance between the
qubit of interest and the atom on the tip of the microscope.*’]

From a mathematical point of view, our system is character-
ized by the existence of 2N~! two-dimensional dynamically invari-
ant subspaces of the total Hilbert space H of the N-spin system.
This circumstance stems from the existence of the 2V~! constants

of motion & AZ’\JZ (with i # j).*¥] In each of these two-dimensional

subspaces, a basis may be chosen as: a specific appropriate state
le,) of the standard basis in the Hilbert space H and its flipped
state, thatis (), 67)le;). Then, for example, a generic subspace is
spanned by the couple of states of the form |+)®™~"™|—)®" and
|—y®N=" | 4)®™ (57| +) = +1|+)). The subspace relevant for the
scope of this paper is the one involving the two states [+)®" and
|-)®".

In the light of the previous considerations, the dynamics of
our N-spin system in each subspace can be effectively described
in terms of the dynamics of a single (fictitious) two-level system.
It means that, within each two-dimensional subspace, the two
involved N-spin states can be mapped into the two states |+)
and |-) of a single generic qubit. For the Hamiltonian model
(1), in particular, it is remarkable to point out that all the two-
dimensional subdynamics are formally governed by the same ef-
fective two-level Hamiltonian which reads

H = ho, ()57 + 7,67, ()
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where 6* and 67 represent the Pauli operators of the fictitious
two-level system in the specific two-dimensional subspace under
scrutiny. A conspicuous consequence consists in the fact that the
knowledge of exactly solvable problems of a single spin-1/2, in ac-
cordance with Equation (2), provides the key to exactly and simply
solve time-dependent scenarios for our N-spin chain. Thus, iden-
tifying new strategies aiming at providing exact analytical solu-
tions of the single-qubit dynamical problem associated to H143-50]
is a natural passage to make progresses toward our target. The in-
novative feature of our model, then, lies in the possibility of con-
sidering appropriately engineered (time-dependent) fields, driv-
ing the transition of the N-spin system between two desired states
belonging to the same prefixed invariant subspace, or, generally
speaking, to realize the control of the time evolution of the chain
from a given initial state toward a desired coherent superposi-
tions of two states, for example.

We point out that the arguments previously reported are valid
regardless the specific time-dependence of the field applied to the
first spin. This circumstance stems from the fact that the subdi-
vision of the Hilbert space H into 2V~! two-dimensional dynam-
ically invariant subspaces, originated from the symmetries pos-
sessed by H, is independent of the two Hamiltonian parameters
, and y,.. In this way, it is always possible to break down the time-
dependent Schrédinger equation for our N-spin system into a set
of 2¥-1 decoupled time-dependent Schrédinger equations asso-
ciated to H.

3. Many-Body LMSZ Transition

3.1. Full Transition

Suppose that the effective magnetic field applied on the first spin
varies over time as follows

hao, (t) = at/2, ©)

where @, assumed positive without loss of generality, is related to
the velocity of variation of the field, B, « a. We study the case in
which the N-qubit chain is initially prepared in the state |-)®",
so that the system dynamics lives within the two-dimensional
subspace spanned by |-)®" and |+)®". The situation we are
considering results in a proper LMSZ scenario for the fictitious
spin-1/2, effectively describing the N-spin chain within such a
two-dimensional subspace whose Hamiltonian is given in Equa-
tion (2). The fictitious two-level system, in fact, is subjected to
a linearly varying magnetic field along the quantization axis (z
axis) and a (fictitious) constant transverse field (along the x axis).
We emphasize that the actual magnetic field we are applying to
the (true) ancilla qubit consists in the z ramp only and that no
constant transverse field is present. The effective transverse field
felt by the fictitious spin-1/2 originates from the N-wise interac-
tion term between the qubits in the chain and, as shown by Equa-
tion (2), the relative coupling constant y, determines the intensity
of the (fictitious) transverse field.

It is well-known that the dynamical problem of a single spin-
1/2 for an LMSZ scenario, having an arbitrary finite duration
from ¢ to ¢ (initial and final time instant, respectively), can
be analytically solved.®!] The finite LMSZ modell®!l eliminates
the nonphysical assumptions of infinite energies (both of the
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coupling and the detuning), being thus much closer to the ex-
perimental scenario. This means that we can write the exact
form of the time evolution operator, solution of the Schrodinger
equation i#U = HU, and then the exact form of the transition
probability at any time. Therefore, in this way, we get the time-
dependent analytical expression of the transition probability of
our N-qubit system to pass from the initial state |—)®" to the final
state |[+)®"N. Of course, its asymptotic expression, when e =—t;,
in the limit of a very large duration, recovers the probability P
known as the LMSZ transition formula,*"! that is

P =Y (+]U(e0)| )" = [N (= | Ufeo) | +)®N|” = )
=1- exp{—eryi/ha}.

This expression suggests two possible well known physical sce-
narios of interest here, where a plays the role of controllable ex-
ternal parameter. In this subsection we deal with the so-called
adiabatic scenario corresponding to the condition y, > fa. By ap-
plying an adiabatically driving field, when a constant (fictitious)
transverse field is present, the two-level system undergoes a full
transition, that is, a perfect inversion since practically P = 1. In
the light of the mapping at the basis of the effective description
of the N-qubit dynamics in terms of a single spin-1/2 (within the
two-dimensional subspace under scrutiny), we are producing a
perfect coherent inversion of all the spins at the same time.

In Figure 1a the time behaviour of P(t), based on the exact so-
lution of the dynamical problem,! is shown under the adiabatic
condition y?/ha = 1 as a function of the dimensionless time pa-

rameter 7 = \/a/h t.

3.2. Half Transition and Maximally Entangled GHZ-State
Generation

By definition, a full transition does not realize our target. How-
ever, since the reason lies on imposing an adiabatic control of
the qubit-chain evolution, we may reasonably expect the genera-
tion of a linear superposition of [+)®" and |-)®" when the chain
is instead driven under non-adiabatic conditions. Therefore, we
now explore the time evolution of the N-qubit system from ¢, to
t; = —t, as previously considered but when y? /ha < 1, that is far
trom the adiabatic constraint.

It is easy to convince oneself that by setting y, and « as follows

v; ()

~ 0.11, 5
ha 2 )

the value of P from Equation (4) becomes equal to 1/2. It means
that, under such a specific condition on the parameters, the
two populations p,, = |[+)®V(+|®" and p__ = [-)®"(~|®" are
asymptotically (t - o) equal to 1/2. Then, at very large times the
N-qubit system can be found in the two involved states |-)®" and
|+)®" with equal probability. Being the dynamics unitary, this cir-
cumstance implies that the general state asymptotically reached
by the system must be (up to a global phase factor)

o i o b

V2

lw(z = o)) , (©)
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Adiabatic Conditions (y2/fi=2)
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Figure 1. Time behaviour of the LMSZ transition probability P(z) (r =
\/a/# t) of finding the N-qubit chain in [+)®V, starting from |-)®N, un-
der: (a) the adiabatic condition yf/ha =2 and a symmetric (7; = —rf)
ramp (inset); (b) the non-adiabatic condition y2/ha = 0.11 [Equation (5)]
and a symmetric ramp (inset); (c) the adiabatic condition y? /ha = 2 and
an asymmetric (z; = 0, zp = 100) ramp. In the first case a full transition is
performed, while in the other two cases the realization of the GHZ-state is

achieved. The constant dashed lines in the second and third plot represent
pt=1/2.

where the relative phase is uniquely determined and exactly
known since the dynamical problem is analytically solved. Thus,
the specific value of our control parameter, fulfilling Equation (5)
for a given physical realization of our N-spin model, ensures an
asymptotic half transition [P(t; — co0) = 1/2], that is, allows the
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system to reach an equally populated superposition of the two
states (see Figure 1b) involved in the subspace under scrutiny. In
Figure 1b we can see the realization of the half transition under
the condition of Equation (5).

Therefore, we can claim that a symmetric LMSZ pulse applied
to the first spin of the chain for a long time interval, when the
field’s slope « and the spin-coupling y, satisfy Equation (5), is
able to generate the GHZ state (6). The relatively simple protocol
outlined here, thus, is able to render all the qubits in the chain
entangled in a single step only through two main ingredients:
an LMSZ r /2-pulse applied to one (the first) spin only and the
generation of the N-wise many-body interaction characterizing
the model in Equation (1).

The examined half transition, necessary to generate GHZ
states, thus requires non-adiabatic conditions. Adiabatic condi-
tions indeed, as seen before, make the system to undergo a full
transition [P(t; — co) = 1] from |-)®" to [+)®". Nevertheless,
such a non-adiabatically generated entanglement strictly depends
also on the symmetric ramp (t; = —#;) until now considered. In
the asymmetric case (t; = 0, t; = 100), instead, the LMSZ transi-
tion probability reads(>!52!

p_ Loexp{-ar/2ha}

. 7)

Thus, the asymmetric ramp can induce a half transition, with
the consequent GHZ state generation for the qubit chain, under
adiabatic conditions. In Figure 1c, such an effect is clearly shown
by plotting the exact time dependence of the LMSZ transition
probability for y2/ha = 2 and the field turned off at 7 = 0 (inset
of Figure 1c). This aspect highlights the physical relevance of the
half-crossing dynamics, besides suggesting possible interesting
applications for N-qubit scenarios.

A remarkable observation deserving attention is that the rapid
oscillations seen in Figure 1 are artifacts of the LMSZ model.
However, other models exist where these oscillations are ab-
sent, such as the Allen-Eberly-Hioe model which assumes a sech-
coupling and a tanh-detuning (or ramp). By performing a change
of variable, it can be modified as to get a constant coupling
and a tangent-varying detuning.®!! This modified version avoids
the problem of divergences since a finite coupling (rectangular
shape) is considered. It is possible to see that, for such models,
the probabilities of Figure 1 present no oscillations.>!]

We underline that an analogous dynamics (full and half
transitions) is obtained within each dynamically invariant two-
dimensional subspace when the N qubits start from another stan-
dard basis state |e,). In this case, we asymptotically get a GHZ-
like state of the form

)= le,) +€7[(), 67)le,)]
v .

Furthermore, it is important to stress that analogous results can
be produced by considering a generalization of the model by
introducing in the Hamiltonian model (1) a further N-wise in-
teraction term, namely ®£]=1 6,. In this instance too, the sym-
metry possessed by the Hamiltonian determines the existence
of 2N=1 dynamically invariant subspaces in the Hilbert space of

the N-spin system.[33] Then, also in this case we can reduce the

ly(z — ) ®)
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N-qubit dynamical problem to 2N~ effective two-level dynam-

ical problems.*3] Although a slight modification of the LMSZ
transition probability would occur, the latter remains analyti-
cally derivablel>®! and the possibility of GHZ-state generation,
as reported in this paper, is preserved. The interaction ®,Ij=1 67,
instead, would contribute with a constant term in each two-
dimensional subdynamics, not affecting thus the LMSZ transi-
tion probability.

It is now important to discuss the possible time scales of
GHZ-state generation for the procedure outlined here. As sug-
gested by Equation (4), the time scale depends on both the mag-
netic field gradient and the coupling parameter. In a microfab-
ricated ion trap the magnetic field gradient can reach values as
large as 150-200 T/m.I>*! As the spin-spin coupling is concerned,
for Rydberg atoms and ions it can reach few MHz,>*%! im-
plying GHZ-state generation on the sub-microsecond scale. For
microwave-driven trapped ions, instead, the effective spin-spin
coupling, proportional to the magnetic-field gradient, can reach
the kHz range.l’*®!l Finally, in case of two-coupled qubits[>>>¢]
or qutrits,l’] in nuclear magnetic resonance the typical range of
spin-spin coupling is 10-300 Hz (depending on the moleculel®?}),
with a consequent GHZ-state (or better Bell-state) generation on
the millisecond scale.

4, Conclusions

The search of efficient procedures for the generation of
Greenberger-Horne-Zeilinger states in N-qubit-systems is an im-
portant and topical issue on which a great attention has been fo-
cused since their appearance.['l The pursued goal is to invent eas-
ily applicable and realistic protocols that allow to manage a large
number of qubits.

In this work we have proposed a new method to generate
GHZ states in large qubit systems. Our proposed protocol is
based on a N-qubit model®3! whose peculiar features consist in:
i) the presence of N-wise interactions, that is interaction terms
each involving all the qubits of the system; ii) the possibility of
analytically solving the dynamical problem also in presence of
time-dependent control fields. Our theoretical sketch is firmly
based on experimental scenarios allowing to simulate the N-
qubit model. Trapped ions**%] and superconducting transmon
qubits®®] represent physical systems suitable to reproduce the N-
qubit dynamics in a simple manner.

Our results have been derived from the analytical solution of
the dynamical problem. We have shown that, thanks to such an
unconventional type of interaction, GHZ states and, more gener-
ally, multipartite entangled states can be easily produced through
non-local control, namely by applying a single LMSZ pulse to just
one (ancilla) qubit. Thanks to the exact solution, our technique re-
sults clear and relatively simple to apply. Moreover, we brought
to light that the generation of GHZ states can be realized under
both adiabatic and non-adiabatic conditions, depending on con-
trollable characteristics of the LMSZ ramp.

Moreover, we emphasize that, due to the peculiar non-classical
properties of the GHZ state, it would be of remarkable inter-
est to investigate the applicability of the LMSZ-based protocol
here reported to other types of coupled systems,[®] especially
in presence of environmental noise by exploiting both the non-
Hermitian/®%] and the Wigner approach.[®] Finally, we re-
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mark that our results can be read and reinterpreted in terms of
fermion variables on the basis of the correspondence between N-
wise spin models and many-body fermion models.[*!]
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