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PROPER K-BALL-CONTRACTIVE MAPPINGS IN C}"[0,00)

DiANA CAPONETTI — ALESSANDRO TROMBETTA — GIULIO TROMBETTA

ABSTRACT. In this paper we deal with the Banach space C}"[0,00) of all
m-times continuously derivable, bounded with all derivatives up to the
order m, real functions defined on [0, +00). We prove, for any € > 0, the
existence of a new proper k-ball-contractive retraction with k < 1+¢ of the
closed unit ball of the space onto its boundary, so that the Wosko constant
W, (Cy*[0,00)) is equal to 1.

1. Introduction

Given a Banach space X, we denote by B(X) = {z € X : ||z|| < 1} the
closed unit ball and by S(X) = {xz € X : |lz|| = 1} the unit sphere in X. Tt is
well known that in any infinite-dimensional Banach space X there is a retraction
from B(X) onto S(X), that is, a continuous mapping R : B(X) — S(X) such
that Rz = z for z € S(X). Moreover such a retraction can be chosen to be
Lipschitzian [5] with ||[Rz — Ry| < kol|lz — yl|, for some universal constant ko.
The optimal retraction problem, considered for the first time in [20], consists
in the evaluation, in a given Banach space X, of the constant ko(X) which is
the infimum of all k& for which there exists a retraction of B(X) onto S(X)
being Lipschitz with constant k. The problem has found a large interest in the
literature. It is known ko(X) > 3 for every space X. For evaluation of the
constant in some specific Banach spaces we refer, among others, to results in
[2, 6, 15, 23, 25, 26] and to the surveys on the subject [14, 21, 22].
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In this paper we are interested in the analogous problem which arises when
we consider another metric property, namely measure of noncompactness, of the
above retractions. Throughout we will consider v to be the Hausdorff measure
of noncompactness, i.e. for A C X bounded, v(A) is the infimum of all € > 0
such that A has a finite e-net in X. We recall that the set function 7 satisfies
the following properties, for A, B C X bounded, K C X precompact and \ € R:

(i) v(A) =0 if and only if A is precompact;
~v(€oA) = v(A) (convex closure invariance);
v(AU B) = max{y(A4),v(B)} (maximum property);
v(A+ K) = v(A) (compact perturbations);
7(A) = ]A7(4) (homogeneity);

(vi) ¥([0,1] - A) = v(A) (absorption invariance).

A continuous mapping T : M C X — X is said to be k-ball-contractive if
v(TA) < ky(A) for bounded A C M, and the y-norm, v(T), of T is defined by

~(T) =inf{k >0: v(TA) < ky(A) for bounded A C M}.

We will also consider w(T') = sup{k > 0: y(T'A) > ky(A) for bounded A C M},
which is called the lower y-norm of T', the main reason is that w(7") > 0 implies
T to be a proper mapping. Now the optimal retraction problem for k-ball-
contractive mappings concerns the evaluation (see [4]) of the Wosko constant

W, (X) =inf{k > 1: 3 a retraction R : B(X) — S(X) with v(R) < k}.

The constant W, (X) has been estimated in many Banach spaces X [3, 7, 10, 12,
13, 16, 27, 28]. In some spaces it has been proved W, (X) = 1, and in some cases
the value 1 has been achieved [10, 12] with the construction of a 1-ball-contractive
retraction. Actually it is an open problem whether or not W,(X) = 1 in any
Banach space. The estimate of W, (X), by means of retractions, eventually
proper, leads to useful results for applications as, for instance, applications to
theorems of Birkhoff-Kellogg type (see [3, 8, 9, 11, 17, 24]).

In [13] we have proved W, (C™[0,1]) = 1, being C™[0, 1] the Banach space of
all m-times continuously derivable real functions defined on [0, 1], by constructing
for any € > 0 a proper k-ball-contractive retraction, with &k < 1+ e. Here we
succeed to prove the same result in the Banach space C}"[0,400). In [13] we
have followed a general scheme to construct a 1-ball-contractive mapping from
the closed unit ball of C™[0,1] into itself and obtaining a retraction as the
normalization of a compact perturbation of such a mapping. In the present
framework we need a new original approach, which besides requires quite more
technical proofs for intermediate results. We construct for any p € N a mapping
@Qp defined on B(C}*[0,+00)) taking values in CJ[0,+oc0) which is (1 + ¢,)-
ball-contractive for some €, > 0 with lim, ... €, = 0. After this we are in a
position, for each p € N, to construct retractions, which will depend on some
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u > 0, normalizing compact perturbations of @),. In such a way for any ¢ > 0
we can find a proper k-ball-contractive retraction, corresponding to some p € N
and u > 0, with £ < 1+ ¢, which, in turn, gives W, (C}"*[0,00)) = 1. The paper
is meant as a continuation of the research presented in [13].

2. The auxiliary function fpya and the mapping @,

We denote by CJ* := C}"[0,+00) (m > 1) the Banach space of all m-times
continuously derivable, bounded with all derivatives up to the order m, functions
f:0,400) — R, with the norm

£l = max{|[ /]l : 5=0,1,---,m},

where, as usual, f(®) = f and || - ||oo denotes the supremum norm. For a given
compact interval J C R we denote by C™(J) the Banach space of m-times
continuously derivable real functions defined on J, always endowed with the
|| - [[m-norm. Let p € N be given. For f € C}" and a € [1,2], we introduce the
function f,, € C™ ([1 —1/¢/a,1]) defined in the following way

fp,a(t)—e/i— (14 /a(t - 1)) +T§1f ( a}nj><t_1>j7

whose derivatives are

m—1 1 -
F3220) = e S0+ e - 1) +Zf (- =) e

am (-
fors=0,1,---,m —1, and
fy () = fM 1+ Yalt - 1).

Next we define the auxiliary function fpya € C}", an extension of f, ,, by setting
m
L) (t-1+ )

Fal)={ Yot (1-3a) (=14 35) " wreeo 17%
Tp.a(t) ifte |1-— {f,
1® if ¢ € (1,+00).

Notice that fp,l = f. Moreover,

e 1(0) (FH%)

om =l T55 i ”( —%f) (t—1+ V)m_s_j if ¢ e (0,1 L

Sa(t) ifte|1- =1

() if t € (1,+00),



4 D. CAPONETTI — A. TROMBETTA — G. TROMBETTA

for s=0,1,---,m—1, and

fm0) ifte |0,1— Ve

Fm) () pom .

L () = @) ifte |1- -1
f(t) ift e (1, +o00).

#(m)

Let us observe that, for f € C}"*, the norms || fp,a

and ||f(m)HDO coincide.

Now, given p € N, making use of the auxiliary mapping fp ., we define the
mapping Q, : B(Cy*) — CJ* setting for f € B(C}")

(2.1) Qpf(t) = fpa(t) fora= and t € [0, +o0).

2
L+ fllm
3. Technical results on auxiliary functions of the type fp,a

We begin this section with the following lemma which gives estimates, given

f € CJ*, of the norm fpﬂ To this end, for p € N we put
(3.1) Cp=1 ! +(1+( 1)(1 ! ))(1+( 1)(1 1))
. =1-— m — - — m— - —
i /2 2m /2

and

(3.2) Dpzl—m<1—</;m),

we observe that D, is positive for large enough p, and moreover

lim C,= lim D,=1.

p—+00 p—+00
LEMMA 3.1. Let p € N, then
(3.3) Dy|[fllm <

for all f € CJ* and for all a € [1,2].

Jp.a

< Gllflln,

Proor. Let p € N and f € CJ*. Being the result obvious when a = 1, we
assume all along this proof a € (1,2] to be arbitrarily fixed. At first, we prove
the right inequality of (3.3). To this end we will show

(3.4) BN < Cllfllm,  for s=0,1,...,m.
o0

Since ;%) = | £ 0, we immediately have

(35) 7l < 0l

Assume now s € {0,1,---,m — 1}, then

,sup |fP()]

o te(1,+00)

(3.6) |72

a

—max{ max }]ﬂfg(t)), £

oo tG[O,l—{%f



Let us consider first H f,g ) we have
[ = max ||
o0 te[l—v,l]
1 m—1
< w00+ ate- )|+ 10w (1
tef1-gpa] | V" Jz:;
1 i, 1
< () (¢ m 1-—
< e i [0+ 1l X (1= s

j=s

g[ﬁ Z( (7%)] Il

From the latter inequality we obtain at once

(3.7)

Tl

)

while in the case s = 0,1, m — 2 we can write

<t ( ) £l
o j;l W

(3.8) 789

)

Thus we have found, for s =0,1,m — 1,

(39) |52

e o (1= o)1t

Next let t € [0, 1-— %}, then we have

igw| = ]ﬁﬂm)(m (t-1+02)

m—s ) 1 1 m—s—j
fom=i (1 — ) (t—14— ‘
L e < w)( *%)

(1) Wl Z

Thus using (3.9) we obtain

1 ()

‘féj”i(t)‘ < (1 - ;a)m n <1+(m— 1) (1 - 6/271)) mls (1 -

{1—{)15+(1+(m—1)<1—{/127m)> (1+(m—1)<1—

IN
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that is,

(3.10) max |FE0)] < Collflhm-
tE[O,l—%(F}

a

Looking at (3.9), we observe that 1+ (m — 1) (1 F) < C). Therefore (3.9)

and (3.10), taking into account that sup,e(; 4o 1FE @) < || fllm, imply

1752
for all s = 0,1,---,m — 1. The latter, together with (3.5), gives us the right
inequality of (3.3), with C}, > 1 and lim, ;. C, = L.

Now, we prove the left inequality of (3.3). By the definition of || - ||, there
exists s € {0,1,---,m} such that

<Gyl

(3.11) £l = 117 )l

If (3.11) holds with s = m, then we have

(3.12) £l = 15 oo = || 752]| < || e

)

and we are done. When s, satisfying (3.11), is in {0,1,---,m — 1} we have two
cases, either || f()||o coincides with SUPe (1, 400) |f)(2)| or with maxyeo, 1] |£&)(1)].
IF || fO) |0 = SUPe(1,400) |£)(t)], then we immediately obtain

(313 Il = 15 = sup 170 < |75
te(1,400)

In the second case, when ||f()]|o = maxyeo, 1] |£)(t)], let us observe first that

m=1 ;) .
o) |2 20 (- o= Y e v < =) (1= ) U

Indeed,
m—1 f(J)(]_) - 1 o
J=s (=) (1 pam—j> (t—1)

< : (1- o= ) <m0 (1= ) 17l
< m=1) (1= =) Il



Then, using (3.14), we have

7| = E[lma;}‘féai ()] = Wt Wf(s)(lJrf/&(t—l))’
7:_: f(J) ( {/%) (t— 1) }
> o=l = on = 1) (1= 2= Il

> | g =0 (1= =) | 171 = Dl

The latter, together with (3.12) and (3.13), gives the left inequality of (3.4), and
this completes the proof. O

The following corollary is, actually, a reformulation of Lemma 3.1.
COROLLARY 3.2. Let p € N, then there exists €, > 0 such that

(3.15) (= e fllm < ||| < @+ D1 lms

for all f € C™ and for all a € [1,2], with lim, .. e, = 0.

REMARK 3.3. The case of the Banach space Cy[0,+00) of all continuous
and bounded functions f : [0,4+00) — R endowed with the supremum norm is
studied in [7], where it is proved the existence, for every ¢ > 0, of a (1 4 ¢)-ball-
contractive retraction, so that W, (C[0,+00)) = 1. Here we reduce to the space
Cy[0,400) by allowing m = 0. Then given p € N, a € [1,2] and f € Cp[0, +00)
we can write

~ f(0) ifte |0,1— %
Foa®)=\ f(1+ ¢at-1)) ifte|1- =1
f@) if t € (1, 400),
hence pr)a loo = || f]loo, for any p € N. This implies that we can consider fl,a as

auxiliary function, then if we follow the main steps of the present paper, we will
obtain again W.,(C[0,4+00)) = 1, but by means of proper retractions different
from those constructed in [7].

REMARK 3.4. Let us notice that the case of the Banach space C™[0,1] can
be deduced, from the present setting, restricting every mapping to the interval
[0,1]. Then again we would obtain W, (C™0,1]) = 1, but by means of proper
retractions different from those constructed in [13].

< | fllm, differently

from [7] and [13], cannot be obtained in Lemma 3.3.
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EXAMPLE 3.5. Let f € C} be defined as follows
B +27—t+1 if te€][0,1]

ft) =
1 it te(l,400).
Then f(0) = f(1) =1, f’( )=—1and ||f|lcc = |f'llcc = 1. Consequently
[Fea®)| = [70) (=14 2) + foa (1= 32|
(-t ) e 0 1 45)
= (1= %) Iflloe + 2l oo + (1= ) 1o
= (2— 3z) Il
Therefore we obtain
Voali 2 Vil 2 o |fka ) (2- - ) I,

which is our assert. More in general, it suffices f € C}f
satisties: £(0) = £(1) = £l £/(0) = [ floc and [f'llac < [Iflloc (which
implies ||| = | flloc) to infer [ Fyalli > ||, as well

The example can be suitably modified to carry out the case m > 1.

The following result shows that indeed the mapping @, for p large, maps
the unit ball into itselt.

PROPOSITION 3.6. The mapping Qp, for sufficiently large p € N, maps
B(Cy™) into itself.

PROOF. Let f € B(CJ*). Put ||f|lm = w, so w € [0,1] and Q,f(t) =
fpvlf (t), for t € [0,+00). We have to show ||Q,f||m < 1, for sufficiently large
p € N, which in view of (3.5) means to prove

(3.16) Hf;L

<1 fors=0,1,...,m—1.

and rewrite (3.7) and (3.8)

oo

Having in mind (3.6), at first we consider Hfsz) 2

14w

%. So on the one hand
w

for a =
< w.

o0

(3.17) H £

Ps1tw

On the other hand, for s = 0,1, m — 2, we have

m—1 m—j
1 J
el X (- ()

Jj=s+1

f(s)

p’1+w

(3.18)




and, in such a case, we set

m—1 m—j
o (14+w !
(3.19) opsw)=w |1+ 3 [1- (2)

j=s+1
Then ¢, (0) =0, ¢, (1) =1 and

m—1

o 1+w —3 w m—j,/(14+w m=J
_1+§ 1o ¢/ (=¥ _ 3 .
SOPS ( 2 ) 14+w P ( 2 )
j=s+1 j=s+1

As the last term goes to zero for p — oo, uniformly with respect to w, we
have that for p sufficiently large ¢, (w) > 0 for all w € [0,1]. Therefore, for
such p's, 0 < ¢, s(w) < 1 for all w € [0,1], which together with (3.17) gives

Hf() <1,foralls:0,1,...,m—1.
14w
To prove (3.16), going back to (3.6), now we consider max L ‘f,ﬂi{(t)‘
te [0,1—%] ;
Let ¢ € (0,1 {/152], then
~(s)
0] <o 1 )
m—s g m—s—j
p7 1+1u 2
j=1
From the latter, we deduce ’f(m 1)( )‘ <w [2 - l-erw , therefore, for p suffi-
Pty
ciently large, ;5”;”0?)‘ < 1. On the other hand, for s =0,1,...,m — 2,
Ttw

m—s—1
(m—1) o 1+w 1+w
1 e 1-—
m—s m—s—j
" f(m ) 1_ ¢ 1+ w 1_ 1+w ’
= p’1+'w 2 2
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hence, using (3.17) and (3.18), the last together with (3.19), we can write
1 m—s I m—s—1
Fls) ‘ < -7 ﬂ _p/rtTw
fp,p%w(t) w(l 1/ 5 +w | 1—{/ 5
m—s 1 T m—s—j
b w
# 3 apneiton (1- 5)
=2
1 m—s 1 m—s—1
o1 +w o1 +w
:@p7s(w)+w<1— ¢ 2) +’UJ<1- v 2)
m—s—1 1+ m—s—j
. w
+ ) pmj(w) (1 - 1/2> .
Set

m—s m—s—1
ltw p/1+w
%w):%w)w(l— p ) +w<l‘p )

2
m—s—1 1+ m—s—j
» w
+ Z Ppm—j(w) (1 =1/ 2) .
j=2

Then 1, ,(0) = 0 and ¢, s(1) = 1. Computing the derivative

m—s m—s—1
/1 +w /14w
e = (1) (1 (79
1_q m—s—1
LHw)¥ 1 p )1/l
_ - — | (m—s _
Y\ % 2

m—s—2 m—s m—s—j
/1 +w , o/ 1+w
4 (m—s—1) (1— 2) }+Zcpp,m,j(w) <1— 2)

As in the previous case, it can be seen that for p sufficiently large ¢, ;(w) > 0 for

all w € [0,1], which implies ‘fés)i (t)‘ < 1. Since Q, f(t) = f(t) for t € [1,4+00),
»THw

we infer @, f € B(C}") for any p sufficiently large, as claimed. O

Before Lemma 3.8, which will allow us to deduce the continuity of the func-
tion @)p, we need the following lemma.

LEMMA 3.7. Let p € N be given. Let f € CJ" and assume {an} to be a
sequence in [1,2] such that a,, — a, asn — +oo. Then, for any s € {0,1,---,m}
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we have

i (1L Y_fe (1L )]
(3:20) f ( «ﬁ) foa (1 W)‘ 0
and

Fo) _ Y Y s
N R T

as n — —+00.

PRrOOF. We will prove (3.20). To calculate the term fp a (1 - W) we will

take into account that
1 1 1 1

17{'/776 [1{'/6’1} ifa<a,, and 1-— WG [O,la} if a,, < a.
Assume first s = m. Then f,ﬁ”;i (1 - —) £m)(0), and

F(m 1 m 1 m a .

f,§,a> <1 an) :féﬁa) <1 an) = fm) <1 an) ,  ifa<any,

= 1

i (1) = 1o, iton <a
thus (3.20), trivial in the case a, < a, follows by the continuity of (™) in the
case a < a, . We consider now the case s € {0,1,---,m — 1}. On the one hand

(3.22)

Assume first a < a,,, we have

(3.23)

() -

o2 B ) ()
qm—s f 1+ a 2:: _] Vam—J am=J ’

Thus, using (3.22) and (3.23), we find
1 ~ 1
_f& 1o )|<
f( W) f’“( W)“

L oy 1 <s><_\/7>
=100 - =t (1o [2

—
\_/

m—1

1Al D |~

j=s

1 1

Vap ™
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where the right-hand side of the latter inequality goes to zero, as n — 400 due
to the hypothesis that a,, — a and the continuity of f(*), so (3.20) follows in the
case under consideration.

Now, for a,, < a we have

(3.24)
Fe )

:ﬁf“”“ >( =)

! 1 1 1 1 \" 1
m3) (1 - 1) (= x e (- L
t L ot (%) vt ) #(1- 7).
where

=) (50)

Using (3.22) and (3.24) we obtain

- 1 ~ 1
i (1-7m) -5 (- )

o e (o 3
:
=0+ 5 (- ) (5"
"f”’”‘ »} ;fm_s+mgllf<’”||w\ (fﬁu}f
Wl | s = +||f|m7:2::_: -t T




13

Set C, =1+ (m—1) (1 = #), then in view of (3.9) we obtain

~ - 1 1 1 m—s
() [1— _fle) 1= < _ —
B (1 ge) -5 (- )| <1 | 7
m—s—1 1 1 m—s—j
+ Cyll fllm -——t—
P jz:; Yan,  a
m—1
1 1 1 1
+ [ fllm - 1 fllm ) |— -
Sagp=  Vam—s Jz:: S Yami

and we get (3.20) since the right-hand side of the above inequality goes to zero,
due to the fact that a, — a, as n — 4o00. The proof of (3.21) is similar, so the
proof is complete. O

LEMMA 3.8. Let p € N be given. Let f € C*, and {a,} a sequence in [1,2]
such that a,, — a, as n — 4+o0o. Then

nkrfoo ||fp,an - fnaHm =0.

PROOF. Let p € N be fixed. The assert for f = 0 is immediate, so we assume
fe " and f#0. We prove, for any s € {0,1,---,m},

(3.25) |7, = 7|

and this will give the thesis. Let ¢ > 0 be given. Preliminarily, since f(®) is

— 0, asn — 4o,

uniformly continuous on [0, 1], we find 6 > 0 such that, for any s € {0,1,---,m},
(3.26) [FO (1) = O () < e
for t1,t2 € [0,1] and [ta — t1] < 4.
To prove (3.25), we will evaluate ‘ f,Eiln (t) — f,gsg(t)‘ separately in each of the
following cases:

() ¢ € [0.1-1/ @) n[0,1—1/¢/a)

(i) eithert € [1 —1/¢/a,1—1/3/a,|ifa < ay,ort € [1 —1//an,1—1//4]

if a,, < a;

(i) t € [max {1 —1/¢a,1—1/¢an}, 1];
(iv) t € (1, +00).

For s = m, the evaluation of | £\

() () — Fim) (t)‘ will be almost immediate:

(i) and (iv) Fort € ([0,1—1/¢/a,] N[0,1—1/%/a]) U (1,+00) we have

(3.27) o ) = Fm )| = o.

(ii) Assume a < a,, and let ¢t € [1—1/¢/a,1 —1/¢/a,]. Choose @i € N such that

1= ¢/afan

(3.28)

< ¢ for n > n. Let n > 7, then we obtain

Fom @) = JEm )] = |7 (0) = £+ Ya(t - 1)| < e
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as in view of (3.26), denoting t; = 0 and to = 1 + ¢/a(¢t — 1), we have

a
lto —t1] = [1+ Ya(t —1)| < ‘1— ﬂ/—
Qnp

The case a,, < a similar.

(iii) Let t € [max{1—1/¢/a,1—1/y/a,}, 1], then 1 —¢ < 1. Choose = € N
such that |¢/a — y/a,| < 6 for n > n. Thus, for n > 7, we find

(3.29)

<.

é“;i — JEm | = | £+ (e = 1) - F(+ Yal - )| <

since, as before by (3.26), denoting t; = 1+ ¢/a,(t — 1) and t, = 1+ ¢/a(t — 1),

we have

to — t2] = | (Ya — /)t — V)| < |a— am| <.

Then (3.27), (3.28), (3.29) and the arbitrariness of ¢ imply (3.25) when s = m.
Now we assume s € {0,1,---,m — 1} and again we examine separately each

of the cases (i) — (iv):

(i) Let t € [0,1 —1/¢/a,| N[0,1 —1/¢/a]. Then we have

(s) ooy (110 2
i = )f O (t-1+ )

+m y flm=3) 1_i t—l—{—i "
(m—s—j)! Toa Va Va ’

Jj=1

and analogous formula gives ffg (t), so that, adding and subtracting

f(m p 1 , 1+i m—s—j
o Y Va ’

inside the summation sign, we obtain
1 m—s 1 m—s
t—1 —(t—-1+—
(o) ()

72,0 - 20| < 5[0

)

m—s 1 ] 1 1 m—s—j
. s (=) o)
= (m—s—j)"Pan ¢/an ¥an
| 1 1\
_ fm=3) (1 _ t—14 — ‘
m—s 1

f(m n ( _ 1 )(t_1+1>7n—s—j
yan W {/E

) ()

iR R ey
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£ (0)

<

G|

A

G1*£%>mﬂ<t1+€%)mﬂ
)

flm- a)( 1 > Fim=d ( 1> tHl‘m”
: Pp,an W W %

Let us notice that, due to the fact that max {t —1+1/¢a, t—1+1/ {yan} <1,
we have (we will apply it for i =m —sand i =m — s — j)

(t—1+ y%)i—(t—l-i-;&)i

Consequently we have

F50. 0 = 752 <t>\

3

~ 1
(m—s—j)!

+
1M

3

—S

+

1

1 1

Y a

g

1 o 1
<7l | =~ ]+ 2 e (1-o=)
S o) B R N
- ) 2
1 m—s
<l | o= - 7 + 3| (-7 )| e

pom=g) (1= L) pomesy (- L
D,an m Lo W

o - ) - (- )

Looking at the last term of the above chain of inequalities we see that it does
not depend on t and goes to zero, as n — +oo. Indeed, the first addend
L1 — 0 since by hypothesis a, — a as n — +oo. Using

1l | = — 2
Lemma 3.1 we have

(o)l
)

which again goes to zero as n — 4oo.  For the third addend we have, by

5 ()

m—s

< (m—=8)Cpllfllm | —=

j=1

Lemma 3.7,

m—s
lim
n—-+oo
j=1

(m—3) LY i) I
g (1= ) - (1) | =
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and, by the continuity of £\ 7 at the point (1 = %),

— , 1 , 1
lim <mﬂ<1—>— Wﬂ>@—N_o.
n—-+0o ; p,a s/an p,a {'/Zl

Therefore we obtain, as desired,

MAX(0 11/ g/am]n[0,1-1/ ¥a] f)an() f(g) )‘—>0, as n — +oo.

(i) We assume a < a, and t € [1—1/¥/a,1 —1//a,]. We can write
(3.30)

o) L
F50.(0) = 752 \_ 75,0 — f( %)\
S e e

We look, separately at each of the three terms of the right-hand side of (3.30).
In view of Lemma 3.7, the second term goes to zero, i.e.

o) o )

Looking at the first term we have:

— 0, as n — oo.

i )= —L ) (t 1y

1 m—s
(m — s)! {/an>
m—s 1 1 m—s—j
<m7>1— t—1
+ Z pvan < elan> ( + ﬁan ’

i (1= 97) = G0 )(»}‘elf)m

m—s ( )( 1 )( 1 1 )'rn s$—7
+ p7:lln7 1-— -
i1 -5 {’/ an, {’/ an, %

and

t—1+

’ 1 1
<

an

1
/an

Therefore, also in view of Lemma 3.1, we have

m—s

-5, (1- 52 )| 2o \

1
Vo Ve

m—s—1 ( N 1 m—s—j
2 Z m—s—j)! pan’ (1_ €/cTn>
(m) 1 1 m—s m—s—j
S2ADO | == | s = DGl |
n
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which shows that the first term of the right-hand side of (3.30) goes to 0, as
n — oo, independently on t.
As for the third term, since

i) (1 LYo (L
2(-35) - (-7)

FEE) = £t
mol o)
= o7 D1+ Yalt -1 Z(J; ) (1— a}ﬂ_j)(t—l)Js,

TN T P
Ely—s Vo |\"va) YT

Then, due to the fact that

‘ (%y — (-1

we infer

1
<|lt—1 — | — <
< +W‘(J 5)_‘

12 (1 55) - o

<[5 - 5O+ Ya(e - 1) | m—s-1).

Therefore, using the hypothesis a,, — a as n — oo and the uniform continuity
of £*), as in (3.28), we obtain

MAX[} 1) g3,1-1/ g/ar] f(égn (t) — f(“’g(t)’ —0 asn— +oo.

The case a,, < a and t € [1 — 1/ ¢/a,,1 —1/3/a] can be carried out similarly.
(i47) Let t € [max{1—1/¢/a,1—-1/¢a,}, 1], ( 1 —t<1) then

}Ei%n (t) = 2,0

= S)(lJr{/ﬂt—l erz:(o) ))<1 1j>(t1)j5

/am 6
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and analogous formula gives f,ﬁi%(t) So we have

72, 0) - 72|
() — 1) — L e —h
< Wf (Lt an(t = 1)) = 7= (14 Walt — 1)

m- f(J) 1 - j_s_m*I F9(1) 1 s
f2G ( Hﬁj>@ ! ;;U—w(l i) D

am

and adding and subtracting

f()(l—&-{/i(t—l)) we get

0 - Fow)| <

L 1)) — L () T (t —
Wf (I+ ¢an(t —1)) Wf (I+ ¢an(t —1))

* ’ f/%f(s) (1+ an(t 1)) - {/alfsf(s) (1+ ¥a(t - 1))‘
m—1 .

T I U

+Z;Uﬂwt1VVQ? Jami

<vml%;S—eéns+V®u+v%u—m_ﬂ@@+mm_nﬂ
m—1 1 1

Tl Y |
j=s an

Now, using the hypothesis a,, — a as n — oo and the uniform continuity , as in
(3.29) of f(*), we obtain

79 () = FOm| =0 asn— +oo.

MaAX max{1-1/ Ya,1-1/ ¢/a }, 1]
(iv) If t > 1 we have ’f;(;sa)n (t) — f,ﬁiﬁ(t)‘ =0.
The proof is complete. U
4. The mapping Q,

In this section, first we prove that, for p € N, the mapping @, is C)-ball-
contractive, with C, given in (3.1). In other words, in view of Corollary 3.2, there
exists e, > 0, with lim,_, o €, = 0, such that @, is (1+¢,)-ball-contractive. Then
we prove that @, at least for large p, has positive lower y-norm.

PROPOSITION 4.1. For any p € N, the mapping @, is Cp-ball-contractive.

PRrROOF. Let {f,} be a sequence in B(CJ") and f a function in B(C}{") such
that || f, — fllm — 0, as n — 400. Then, by definition of Q,,

Hprn - pr”m = ||(f~n)p,an - fp,a”ﬂw
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for a,, = m and a = m, so that a, € [1,2] for each n € N, a € [1,2]

and a, — a, as n — +oo. Since by the hypothesis and Lemma 3.8 we have
”(fn)pﬂn - fp,a Im < ||(fn)p7an - fp,an m + ”fpﬂn - fp,allm
= ”(fn - f)p,an”m + ”fp,an - fp,a”m
< Cpllfa = Fllm + [ fpan = Foallm — 0,

we obtain that the mapping (), is continuous. To conclude we have to show that
for M C B(Cy")

Y(@pM) < Cpy(M).

First we observe that for ¢ € CJ* the subset Ay, = {@¢pa : a € [1,2]} of CF"
is compact. Indeed, if {4, } is a sequence of elements in A, , and {ay,} a
subsequence of {a,} which is convergent, say to a, then by Lemma 3.8 we have
8p.an, — Pp.allm — 0. Now let @ > y(M). Let {¢1, -+, @i} be an a-net for M

in CJ*. Then the set A, = Uli:1 Ap.,, is a compact subset of C}". Thus, given
d > 0 we choose a d-net {t1,---,9,} for Ay in Cy".
For g € Q,M arbitrarily fixed, let f € M such that Q,f = g. Then let
1€ {1l,---,1} be such that ||f — @i|lm < @ and j € {1,---,p} be such that
- 2
1(Bi)pa — Yillm <6, for a = w
Then by Lemma 3.1 we obtain

lg = ¥illm = 1Qpf = ¥jllm = lfp.a = illm
< ||fp,a - (@i)p,a ‘ + ||(¢5i)1770« - ijm
< Cpr — @1 |lm +6 < Cpa +9,

that is, v(Q,M) < Cpa + 6. The arbitrariness of § gives the desired result
Y(QpM) < Cpy(M). g

Our next aim is to prove fjl'y(M) < Y(QpM), for M C B(C}"). To this

end, given p € N, g € C7* and a € [1,2] we introduce ¢g"* : [0,400) — R, in

such a way to have g"* € C}", by setting

o) = {%ng (1 + 2t - 1)) 4y el (1 - %Tﬂ) (t—1) iftelo,1]

g(t) ) if t € (1,400).

Computing the derivatives
Yam=sg® (14 gt - 1) +
ay(8) 1y m—1 g@@ o o
(7)™ (t) = St e (1— Ya J) (t—1Y75 if telo,1]
g (t) if te(1,+00),
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for s € {0,1,---,m — 1} and

(gp,a)(m) (t) _ g(m) (1 + %(t — 1)) ift e [0, 1]
t) if t € (1, +00).

We need the following lemma.

LEMMA 4.2. Letp e N. Let f € B(C}"), g € CJ" and a € [1,2]. Then

fp,a - (gfﬁ’/a)p,a <(m+1)

m

fp,a _QH
m

PROOF. Let p € N. Let f € B(C}"), g € CJ* and a € [1,2]. Let us write
explicitly (g7%),.q, we have

(), o) = 4 20 i 97 (1- %) (t-1+ %) if t e [0,1- £]

a g(t) ift € (1—%,+oo)
Moreover, for s = 1,---,m, we have
(4.1) ‘
_ moth g (1- L) (14 4 ) if t e [0,1- L]
) = { =0 I ve e NG
g (1) if t € (1—%,+oo),

which, in particular, for s = m reduces to

(gpa )(m)( t) = g(m (1 — %) if te {0’1 _ %}

9™ (1) it te (1 - %ﬁoo).
To prove the thesis we will show that, for s =0,1,---,m,
i@ < e,

777 Since, for each s,

f;g,qc)a - (grljja)p?a

==Ly

€1(0,1

it suffices to prove

(4:2) max |50 = (PIGU0] < m+1) o — g
tef0.1- =] m
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Let us consider first the case s = m. Since, for t € {0, 1-— %}, ;STZ) (t) =
fm(0) = féf;‘) (1 - T) we have

() )

1 I et I

’f,(ﬂf — (g7®) ‘ =

[01

hence (4.2) holds. Next let s € {0,1,---,m —1}. Let t € [0, 1- Then

7a)

o =) (-4 0=)

(m — s)!

L e <11> <H+1)m "
2 (m—s — jre Va Va

Since f(™)(0) = fz(,fz) (1 - %) and f,ﬁil (1 — %) = }(,il (1 - %), for all s,

we can write
m—s 1 1 m—s—j
f<mﬂ<1><t1+) .
=g ¥ Va

Moreover, changing the summation index (letting j = m — s —4) in (4.1) we can
write

m—s

Jj=

Therefore we obtain

~ m=s ' 1 , 1
(s) ) (s) (m—j) _— (m—3) _
max [0 - @0] < X [ (1-72) o0 (1- 52|
te [0,%%] P JZ::O ' Ya Ya
< JPISTZ J) _ (m J)H < (m+1) fpﬂ —g
=0 m
Hence (4.2) is proved and the proof is complete. O

Now given p € N, let D,, as given in (3.2), then we have

PROPOSITION 4.3. Let p € N. Given M C B(C}") we have
Dy

20 (M) < 1(QyM).

In particular, the following estimate of the lower Hausdorff measure of noncom-

pactness w(Q,) of Q, holds:

(4.3)

D,

(Qp)*m+1
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PrOOF. Let p € N, M C B(CJ") and > v(QpM). Fix an n-net {A1,---, Aq}
for QpM in C}*. Similarly as in Lemma 3.8 it can be proved that given A € C}*
and a sequence {ay} in [1,2] such that a,, — a, then [|A?% — \P¢||,, — 0. Then
we have that APA = {A\* : q € [1,2]} is a compact subset of Ci" and therefore
AP = JI_, APNi is a compact set in C}". Hence, given § > 0 we choose a §-net
{&, -+, &} for AP in CJ".
Now let f € M. Fixi € {1,---,q} such that |Q,f—N;[|m <. Since ()\i)p’HHQW
is in AP, we can choose j € {1,---,r} such that ||(\;) T — &llm < 0. Then,
also in view of Lemma 3.1

If = &illm < IIf — (/\i)p’uuifum

1 -~
< 5 ot = (OGP

o+ NP T — €|

+ 0.

2
P Tm Hm

By Lemma 4.2 we have

—_~—

— ()P )

< (m+ Dl fp oz = Aillms

f”vuu?um 2 e VA m PTHT T
hence we obtain
m+1] =
_ £, < )
17 = &llm < “5= [y e =], 9
m+1 m+1
= 5 Qpf = Aill,,, +6 < n+0.
Dy P
Therefore v(M) < ((m+1)/D,) n+ 6, so that
D, D
—L2 (M) < L_s
a1/ sn+ =6,
which by the arbitrariness of § gives (4.3). Thus the proof is complete. O

5. The mapping P, ,
For p € N and u > 0, we define P, , : B(C}") — C}* by setting

m+1
u 1+”f“7n 1 1+||f”7n
_(’rn<‘r1)'(t_1+</2) if t€|:071— 2 :|

0 if te(l—”lHQ ,

(Pupf)(t) =

=
El
+
8
~—

We observe that if f and g € B(C}]*) and || f||m = ||g|lm we have P, pf = Py 9,
in particular P, ,f coincides with the null function if || f||,, = 1.

Clearly P, ,f € CJ*, and for s =0,1,---,m we have
; L+ fllm
if te[O,l—{/ Hl }

T (t—1+ {/2)
0 if te (1— ( “'Qf”m,+oo>.

+1—s

(Pupf) @ (t) =
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LEMMA 5.1. Let p € N and u > 0. Let {f,} be a sequence in B(C}") and
[ € B(Cy") such that || fullm — [ fllm, then

||Pu,pfn - Pu,pf”m — 0.

Proor. We will show that for each s =0,1,---,m we have

(5.1) [(Pup ) = (Pup )l = 0,
To this end, fix s € {0,1,---,m} and € > 0. Find 7 such that for all n > 7 we
have

§/1+ 1Sl i’/H Ifallm | _ €

2 2 ~u

Let n > m. We will prove
(5.2) ‘(Pw, F)O ) = (Pupf)® (t)‘ <e, forallte [0, +o0).

Ift € [0,1— {/”'Qf”m] n [0,1— (/”'gﬂ”m],then

|(Pu,pfn)(s) (t) - (Pu,pf)(s) (t)|

P [ 1+ frllm 1 [ 1+ fllm
= < \ ) (t \ >
< wu (/1 Ifollm {/1 Hsz"" (m+1-9)< u% =ec.

Assume now [[fll < [[full and ¢ € [1 TR Hy} then
m+1—s
S s 1 m
|(Pupfn) (1) = (Pup /)P ()] < ult—1+ %

p/ 1+l fnllm I+ f
< u \/ 2 2

1+ fnllm 1+ fllm
< uf e
If we assume || fo|lm < ||f|lm and ¢ € [1 — g e ,@/H'J;"m], then in a

similarly way we find

|(Pupf)O0) = (Pup ) (1)) < .

Since for t € <max {1 —{/ %, 1—-{/ HH’;"”T” } , —|—oo) we have

(Pu,pfn)(s)(t) = (Pu,pf)(s)(t) =0,

the proof is complete. O

’m+1

<us =e¢.
- u
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PROPOSITION 5.2. Let u > 0. The mapping P, , is compact.

PROOF. Let {f,} be a sequence in B(C]") and f € B(C{") such that ||f, —
fllm — 0. Then || fullm — ||f|lm, and Lemma 5.1 implies that P, , is continuous.

Now we prove that the mapping P, , is sequentially-compact. To this end let
{gn} be a sequence in P, ,(B(C}")). For each n € N fix h,, € B(C}") such that
gn = Py phy. Passing, if necessary, to a subsequence, we may assume without
loss of generality that ||hy|m — ¢ € [0,1]. Now we choose h € B(C}{") such
that ||h||,m = c so that ||hyllm — ||B]lm. Set g := P, ph. Since ||gn — gllm =
| Py phn, — Py ph|m, Lemma 5.1 implies | g, — g||m — 0, as desired. O

6. The retraction R, ,
Let p € N. Let u > 0 be arbitrarily fixed. We define T,,,, : B(C{") — C*,
by setting
Tup = Qp+ Pup.
The mapping T, 5, being a compact perturbation of @, is Cp-ball-contractive.

Our first step is that of proving that infepcm) || Tu,pfllm > 0 (next Proposition
6.2). To this end, preliminarily let us consider the function h, , : [0,1] — R,

defined by
1
hup(c) = % (1 - ﬁ) —¢, force|0,1].

Since hy p(0)hy p(1) < 0 and hy,, is strictly decreasing on [0, 1], there exists a

unique solution ¢, , € (0, 1) of the equation

U ,/1+c
(6.1) c:2<1— 5 )

Observe that, for any fixed p, we have

(6.2) uEr-sI-loo Cup = L.
Moreover, the following lemma holds true.
LEMMA 6.1. Let p e N and v > 0. Given f € B(Cy"), if

[ £llm < cup

where ¢, p € (0,1) is the unique solution of the equation

U 1+c
= — 1 7
then we have

max{—nf( )||oo—|—u<1— {’/gf'>, || £¢ )||oo} > Cup-
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PrOOF. Let p € N. Let uw > 0. Then, for every ¢ € [0, 1], we define the
auxiliary function ¢, : [0, ] — R by setting

1
@Cyp(x):—x—i—u(l—p ;_C), for z € [0, c].

Further, we set
€up =max{c: c€[0,1] and @, ,(x) >z for z €[0,c]}.

Since, for every ¢ € [0, 1], the function ¢, , is decreasing on [0, c], we have that
&u,p = Cu,p- Then, for every c € [0, ¢, ] the function ., : [0,1] — R defined by

Vep(w) = max{z, g (v)} = max { s tu (1 -4 ) }

satisfies

(6.3) Jnin Yep(r) = Cup:

Now let f € B(Cy*) with || f|lm < cup- Then the result follows by (6.3) consid-
ering ¢ = || f||, and setting z = || ™| . O

Having in mind the constant D, given in (3.2), without loss of generality we
may assume D, > 0. We prove the following result.

PROPOSITION 6.2. Letp € N, u> 0 and f € B(CJ*). Then

1 Twpfllm > Dp cup-

PrROOF. Fix p € Nand u > 0. Let f € B(CJ"). Assume first || f||m < cup.
We have

I Tup fllm 2 1(Tup )™ oo = SUPse[o 400) | (Lup £)™ (1))

= m L+ fllm
_max{maxte[o,l_W} ‘f( )(O)—u(t—1+ W)'7
m 2 m
e 1y £ (14 ¢ mEm = D) ] swic oo £ @
> max f(m) (0) +u (1 _ 1+|2f|m) , max;eo, 1) |f(m) ()], SUDye (1,4 00) |f(m,) (t)|}

> max IIf(’")Hoo“‘(1 v H'f"“) |f(m>|°°}'

Thus, in view of Lemma 6.1 we obtain || Ty, f|lm > cup-

Now assume ¢, , < ||f|lm < 1, and let s € {0,---,m} such that || f|l,n, = || f*] 0.
We distinguish two cases, that is, whether or not s = m. In the first case, s = m,
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we have

I Tupfllen 2 1(Tup )™ oo

m 2 m
>max{maxte[l_ {/ 5T ‘f( (14 /B = D)| s s oo 1 )(t)}

= 1F ™o = £ llm = cup-

In the case in which s € {0,---,m — 1}, if ||f(?)]| = SUDe(1,400) |f)(t)] we
have

I Tupfllm > 1(Tup ) Nl
> SUPye(1, 4oo) [F O = 15D e = 1Fllm > cup-

Finally, always in the case s € {0,---,m — 1}, if || o = maxyeo, 1] |f(5)(t)’

we have
1 Tupflm = (Tup ) oo
(s)
> 2 t)|.
= maxte[l_'c/lﬂlzf”m?l} fp;m( )’

Therefore using Lemma 3.1

HTu,pf”m > D, I fllm > Dy, cu,p,

and this completes the proof. O
We are now in a position to prove our main result.

THEOREM 6.3. For any € > 0 there exists a proper k-ball-contractive re-
traction of the closed unit ball B(CJ") onto S(Cy") with k < 1+ ¢, so that
WL (Cy) = 1.

PRrROOF. Given u > 0, in view of Proposition 6.2, we have || T, pf||m > 0 so
we can define a retraction R, , : B(CJ") — S(CJ") by setting

1
[ Toup fllm
Let now M C B(C}y*). Since P, ) is a compact mapping, from Proposition 4.1

Ru,pf = Tu,pf'

and Proposition 4.3 it follows that

D,
< < .
mrl 'Y(M) = 'Y(Tu,pM) <Cp V(M)

Moreover by the definition of R, , and by Proposition 6.2 we get

(6.4)

RupM € (0.5 —| Tyt

pCu,p
Therefore using the property of absorption invariance of v and the right hand
side of (6.4) we infer

C
V(RupM) < 5=2—(M),

pCu,p
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this means that the retraction R, , is k,, p- ball-contractive with k,, ,, = Cp/(Dpcu,p)-
On the other hand from Lemma 3.1 and the definition of P, , we get

ITupfllm < Qpfllm + [[1Pupfllm < Cp+

for all f € B(C}"), and so we have

u

2

TupM C [0, Cp+ 5] RupM.
Therefore we get
u
V(TupM) < (Cp + 5) V(RupM),
and from the left hand side of (6.4)

DP
m+1

u

2

(Cot 3) (M) < A (RupM).

The latter inequality implies

D u\ ~1
w2 oo (Gt g)
w(R7P)—m+1 Cp+2 ?

consequently w(R,, ,) > 0 for every u > 0, so that R, , is a proper retraction.

Now given ¢ > 0, since

C
lim P —1,
u—co Dpcy,p
we can find @ > 0 such that k; < 1+4¢. Then letting k = kz we see that Ry j is
the desired proper k-ball-contractive retraction. O

Finally, we apply the result of this paper to consider the formulation of
Birkhoff-Kellogg type theorems in C}"*. Let us recall that Guo in [18, Lemma 1],
proved that if a completely continuous operator A : Q@ — X, defined on the
closure Q of a bounded open subset  of an infinite-dimensional Banach space
(X, 11D, satisfies the Birkhoff-Kellogg condition inf regq ||Af]| > 0 and Af # Af
for f € 00 and 0 < A < 1, then the Leray-Schauder degree deg(I — A,,0) = 0.
In [11] the result of Guo has been extended to k-ball-contractive operators,
under a condition, infreaq [[Af]| > EW,(X)supseoq || f]l, depending on the
Wosko constant of the space, and considering the Nussbaum fixed point index
ind(A4, Q) of A on Q (see [1]), which in the case of completely continuous operator
agrees with Leray-Schauder degree. In particular, from [11, Theorem 3.2], being
W,(CJ™) = 1, we have the following result in C}".

THEOREM 6.4. Let ) be a bounded open set in C}*, with 0 € €, and let
A:Q — C" be a k-ball-contractive operator with k < 1, satisfying

6.5 inf ||Af|| >k su
(6.5) Jnf IAT1> ks 17|

and Af £ Xf for f € 0Q and k < X\ < 1, then ind(A,Q) = 0.
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Notice that condition (6.5) in C}"*, as well in any space in which the Wosko
constant is 1, is optimal, indeed if A : B(C}") — Cp" is defined by Af = —kf
with & < 1, then inf;cop(cpm) [|Afl] > 0, and f € OB(Cy") implies Af # Af
for A > 0, but ind(A, B(CJ") \ 0B(C}")) = 1. Now we state the results on the
existence of eigenvalues and eigenvectors and on the extension of Guo’s domain
compression and expansion fixed point theorem ([19]) to k-ball-contractions (cf.
[11, Corollary 3.5] and [11, Corollary 3.7], respectively).

THEOREM 6.5. Let §) be a bounded open set in C}*, with 0 € €, and let
A:Q — C" be a k-ball-contractive operator (for any k > 0), satisfying

inf ||Af|| >k su .
Jaf 471> k sup 1]

Then there exist X\ > k and fy € 9 such that \fy = Afx, and also there exist
w < —k and f, € 002 such that pf, = Af,.

THEOREM 6.6. Let 1 and Qo bounded open sets in C}*, such that 0 €
and Q. C Q. Let A : Qy — Cy* be a k-ball-contractive operator, with k < 1.
Suppose that one of the following groups of conditions holds

infrean, [[Af]] > ksup,epn, [I/]]

IAfI =111l fe o :
[ASI <[]l f e o0

or
infrean, [[Af]] > ksupeaq, I/l

[AfI = 1A f e o8

A < (11l feo.
Then A has at least a fized point in Qg \ .

For details and analogous results for condensing operators, we refer to [11].
Acknowledgement. The authors thank the anonymous reviewer for the
careful reading of the manuscript and his/her comments.
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