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Abstract: The presence of minor details of the ground, including soil or rock masses, occurs more 
frequently than what is normally believed. Thin weak layers, shear bands, and slickensided surfaces 
can substantially affect the behaviour of foundations, as well as that of other geostructures. In fact, 
they can affect the failure mechanisms, the ultimate bearing capacity of footings, and the safety fac-
tor of the geotechnical system. In this research, numerically conducted through Finite Element Code 
Plaxis 2D, the influence of a horizontal thin weak layer on the mechanical behaviour of shallow 
footings was evaluated. The obtained results prove that the weak layer strongly influences both the 
failure mechanism and the ultimate bearing capacity if its depth is lower than two to four times the 
footing width. In fact, under these circumstances, the failure mechanisms are always mixtilinear in 
shape because the shear strains largely develop on the weak layer. However, the reduction in the 
ultimate bearing capacity is a function of the difference between the shear strength of the foundation 
soil and the layer. The presence of a thin weak layer decreases the ultimate bearing capacity up to 
90%. In conclusion, this research suggests that particular attention must be paid during detailed 
ground investigations to find thin weak layers. Based on the obtained results, it is convenient to 
increase the soil volume investigation to a depth equal to four times the width of the foundation. 
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1. Introduction 
Foundation soils are frequently characterized by secondary or “minor” constitution 

details, such as interfaces, shear bands, and thin lenses of materials. These “minor details” 
can have different constitutive features (e.g., mineralogical and grain size composition, 
index properties) and hydro-mechanical characteristics (stiffness, shear strength, hydrau-
lic conductivity) from those of the adjoining materials. In natural soils, weak layers can 
be of sedimentological origin (i.e., produced by layering processes). In this case, they are 
considered to be inherited weak layers. However, they are considered to be induced weak 
layers if they have geochemical (produced by leaching in the flow of water rich in mineral 
salts) or geotechnical origins (e.g., in strain-softening sediments where progressive failure 
can be achieved or in thin strata with increased pore water pressure and hydraulic con-
ductivity). Due to their limited thickness, these minor constitution details are frequently 
undetected from direct (i.e., observation trenches and boreholes) and indirect (e.g., seis-
mic and electrical surveys) geotechnical investigations. However, their influence on the 
pore pressure regimes and the consolidation processes can be noticeable, as observed in 
some cases documented in the literature [1,2]. In addition, there are many real case studies 
in which the presence of a weak layer affected the failure mechanism of slopes [3–11] 
dams, tunnels, and other excavations [12–16]. Moreover, they can have a strong impact 
on the mechanical response of both shallow and deep foundations [17–23]. In this regard, 
it is worth mentioning that tests performed, both under single gravity (1 g) [24] and in 
geotechnical centrifuges up to 40 g [25], on small-scale physical models of a strip footing 
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resting on a dense sand bed including a thin weak layer showed that the latter can strongly 
influence both the failure mechanisms and the ultimate bearing capacity. In particular, 
these laboratory tests, conducted with foundations having a width equal to 3 ÷ 6 cm and 
resting on a limited number of foundation soils types (silica sand bed including a thin 
layer of talc powder or humidified bentonite) showed that the detrimental effect on the 
ultimate bearing capacity was significant when the depth of the weak layer was not deep, 
i.e., lower than three to four times the footing width depending on the relative shear 
strength and stiffness of the base soil and the weak layer. 

In this paper, the results of comprehensive numerical research are presented in order 
to highlight the influence of a horizontal thin weak layer on the mechanical behaviour of 
shallow footings resting on sands. The study of the problem by means of a numerical per-
spective based on Finite Element (FE) modelling will make it possible to approach the 
problem from a more general point of view and to analyse many cases by varying the soil 
parameters in a wide range of realistic values. 

2. The Problem Considered: Scheme and Method of Calculation 
The paper analyses the case of the mechanical behaviour of a shallow strip founda-

tion resting on a sand bank, including a horizontal thin weak layer. The scheme of the 
studied problem is depicted in Figure 1, where a horizontal weak layer with thickness s0 
and depth equal to zi is also presented. 

 
Figure 1. Scheme for the formulation of the problem: the weak layer is horizontal and is located at 
depth zi from the ground surface. The boundary conditions and the dimensions of the model are 
also presented in the figure. 

The footing has a width B and is characterized by an infinite stiffness. The applied 
load Q is vertical and centred. The soils (sand and weak layer) are dry, homogeneous, and 
isotropic. Pore water pressure is considered nil. Preliminary calculations were conducted 
to choose the best dimensions of the model, as well as the boundary conditions, for the 
numerical solving of the problem. 

The calculations were performed by means of the software Plaxis (Version 8.6. 2008), 
a 2D FEM code [26]. The geometrical characteristics of the model are reported in Table 1, 
while the mechanical properties of modelled soils are listed in Table 2. 
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Table 1. Dimensions of the scheme reported in Figure 1. 

L 
(m) 

H 
(m) 

B 
(m) 

zi 
(m) 

s0 
(m) 

60 20 1, 2 0 ÷ 5 0.2 

Table 2. Mechanical parameters of the materials. γd: dry unit weight; c′: effective intercept cohesion; 
φ’: effective shear strength angle; ψ’: dilation angle; E’: Young modulus; ν’: Poisson’s ratio. 

Material γd (kN/m3) c′(kPa) φ′ (°) ψ′ (°) E′ (kPa) ν’ 
Sand 16 0.1 25 ÷ 50 10 ÷ ϕ′ 20,000 0.3 

Weak layer 16 0.1 10 ÷ 30 0 ÷ ϕ′ 2000 0.3 

The cohesion intercept is always considered negligible; however, as recommended 
by the calculation code, a value of 0.1 kPa for both the sand and the weak layer has been 
used. In order to cover all the possible origins of the weak layer (sedimentological, geo-
chemical or geotechnical origin) a rather wide range of the shear strength angle was con-
sidered for the weak layer (Table 2). In this way, the influences of the variation of the 
physical properties [27,28]) and the geotechnical conditions [29–31] on the shear strength 
of the soil involved in the weak layer have been implicitly taken into account. 

A plane strain state and drained conditions are assumed. Preliminary analyses were 
conducted to define an optimum mesh, which allowed us to obtain reliable results with 
an appropriate computational effort. To avoid mesh-related dissymmetry, only half of the 
model was analysed. Therefore, the reference scheme for FE analysis along with the 
boundary conditions is shown in Figure 2. 

 
Figure 2. Problem geometry: dimensions and boundary conditions are sketched in the figure (only 
half of the domain in Figure 1 has been modelled). The horizontal weak layer is located at depth zi 
from the ground. 

The vertical load Q corresponds to an average bearing pressure q on the soil-footing 
interface. In fact, a uniform vertical settlement of the footing base was imposed by using 
the prescribed displacement procedure [26]. 

A mesh of 15 node triangular elements was used to model the numerical domain. 
However, these preliminary calculations showed that the results were not significantly 
influenced by the discretization of the domain of the model. Preliminary studies per-
formed on the thickness s0 of the weak layer (s0 = 0.1 ÷ 0.6 m) highlighted that it did not 
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significantly affect the numerical results. The adopted mesh for the case having B = 1 m 
and zi/B = 0.5 is reported in Figure 3. 

For all soils (sand and weak layer), the simple elastic–perfectly plastic Mohr–Cou-
lomb constitutive model with non-associated flow rule was adopted. Ziccarelli et al. [25] 
highlighted that the dilatant behaviour should be taken into account to model the behav-
iour of shallow foundations on very dense sand. Then, for the completeness of the study, 
the calculations were also conducted for the dilation angle of the sand equal to the shear 
strength angle (i.e., associated flow rule). Simplification of the numerical simulation does 
not make the study lose generality. In fact, as demonstrated by Hettler and Gudheus [32], 
a reduced value of the shear strength angle can be used in an associated flow rule that 
corresponds to a case of non-associated flow rule with a dilation angle different from the 
shear strength angle. To define the initial stress state, the K0 procedure [26] was adopted 
by assuming the coefficient of lateral pressure at rest K0 = 1-sen ϕ′. 

 
Figure 3. Finite element discretization adopted for the case with B = 1 m and zi/B = 0.5. The mesh is very fine in the prox-
imity of the footing FEM and is larger in the other areas of the domain; (a) global mesh, (b) enlargement of the part enclosed 
in the rectangle reported in (a). 

3. Results and Discussion 
This section presents the results of the numerical analyses performed to investigate 

the effect of the weak layer on the mechanical response of the shallow foundations, paying 
attention to the failure mechanisms (Section 3.1), and on the influence on the ultimate 
bearing capacity (Section 3.2). 

Preliminary calculations were performed to study the influence of the domain di-
mensions, of the influence of the mesh employed and of the thickness of the weak layer. 
Validation of the numerical results was done with reference to the case of homogeneous 
foundation soil constituted of sand. For this aim, a series of calculations were performed 
to determine the bearing capacity of the foundation, and the coefficient Nγ was back-cal-
culated. These calculated values were compared with the theoretical definitions of this 
parameter from the literature. In order to clarify the adopted validation procedure, the 
numerical load-settlement curve, obtained by means of the prescribed displacement pro-
cedure, for the case of soil foundation made of sand with ϕ′ = 35° and ψ′ = ϕ′, is presented 
in Figure 4. The calculated curve proved that the FE simulation well reproduced the prob-
lem of the ultimate bearing capacity for the shallow foundations. In fact, Figure 4 shows 
that, for this case, the limit load value Fy was reached for a settlement ρ of about 7 cm. 
Subsequently, the value of the load remained constant because the geotechnical system 
reached the plasticity conditions. The corresponding value of Nγ was calculated as Nγ = 
4 Fy/(γ B2) = 4 × 195/(16 × 12) = 48.75. Fy is the result of the effective vertical stresses (force 



Geosciences 2021, 11, 392 5 of 15 
 

 

per unit length) provided directly by the numerical code, while the ultimate bearing ca-
pacity qlim is equal to qlim = 2 Fy/B. 

Figure 5 presents the incremental shear strains at failure always for the case of B = 1 
m, ϕ′ = 35°, and ψ′ = ϕ′. The extension of the failure mechanism is about 2.7 B, while the 
maximum depth is about 1.2 B. The failure mechanism is very similar to that of Prandtl 
(Prandtl, 1920 [33]). 

In Figure 6, the relationship between Nγ and ϕ′, as obtained from the numerical re-
sults, is reported. For comparison, in the figure, some theoretical relationships [34–40] are 
also plotted. The numerical results are in excellent agreement with the theoretical ones. In 
fact, they are very similar to the ones obtained with the expression of Meyerhof [35] and 
Kumar & Kouzer [40]. Furthermore, for the classical values of the foundation width B (1 
and 2 m), no significant differences were found. 

 
Figure 4. The load-settlement curve for foundation soil made of sand with ϕ′ = 35°, ψ′ = ϕ′, and B = 
1 m. 

 
Figure 5. Incremental shear strain at failure for the case of a homogeneous soil foundation made of 
sand with ϕ′ = 35° and ψ′ = ϕ′ (B = 1 m). 
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Figure 6. Comparison between the values of the coefficient Nγ obtained with FEM simulation and 
some theoretical relationships. 

3.1. Effect of the Weak Layer on the Failure Mechanism 
In this section, the different failure mechanisms obtained by means of FE simulations 

are compared. For this aim, Figure 7 shows the incremental shear strains for the case of 
zi/B = 1.5. In this simulation, the mechanical parameters adopted for the sand were ϕ′1 = 
40° and ψ′1 = 15°, while for the weak layer, ϕ′2 = 10° and ψ′2 = 0 were adopted. In Figure 7a, 
the principal directions of the incremental shear strain vectors (length of the arrows rep-
resents their intensity) are resented, while in Figure 7b, the shadings of the same strain are 
depicted. These representations identify the failure mechanism, which is mixtilinear in 
type. The failure mechanism starts from the edge of the foundation and it develops in part 
along the weak layer. Then, it rises through the upper soil layer and emerges on the 
ground surface. This peculiar failure mechanism characterizes all the simulations where 
the difference between ϕ′1 and ϕ′2 is significant. Moreover, the presence of the weak layer 
has a strong influence on the dimension of the failure mechanism. In fact, in the case of 
the homogeneous foundation soil, its lateral extension is equal to about 2.7 B (Figure 5), 
while as a consequence of the presence of the weak layer, it increases to about 4.5 B (Figure 
7). Indeed, the depth of the failure mechanism is greater than the case of homogeneous 
foundation soil. Moreover, for the case of homogeneous soil shown in Figure 5 (ϕ′1 = 35°, 
ψ′1 = ϕ′1), the maximum depth of the failure mechanism is equal to 1.2 B, while due to its 
presence, the extension of the failure mechanism reaches the depth of the weak layer (1.5B 
in Figure 7). However, when ϕ′2 approaches the value of ϕ′1, the failure mechanism tends 
to the one of the homogeneous foundation soil. In this regard, Figure 8 shows the results 
of the FE simulation in terms of shear strain in the case of foundation soil having ϕ′1 = 40° 
and ψ′1 = 40°, while the weak layer has ϕ′2 = 35° and ψ′2 = 35°. The weak layer has a depth 
of zi/B = 1.5. However, in this case, the value of the ultimate bearing capacity qlim is affected 
by the weak layer and its value is about 80% of the ultimate bearing capacity calculated 
for the homogeneous case.  
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Figure 7. Incremental strains at failure for the case in which the sand has ϕ′1 = 40° and ψ′1 = 15°, while the weak layer is 
characterised by ϕ′2 = 10°and ψ′2 = 0; the depth of the weak layer is zi/B = 1.5. (a) principal directions; (b) shear shadings. 

Figure 9 shows the comparison between the principal strain increment vectors (rep-
resented both in terms of modulus and direction) obtained by modelling the problem con-
sidering the case of homogeneous foundation soil (ϕ′1 = 40° and ψ′1 = 2/3ϕ′1 = 26.7°) (a), the 
presence of the weak layer (ϕ′2 = 15°and ψ′2 = 0) located at zi/B = 0.5 (b), at zi/B = 1 (c), at 
zi/B = 1.5 (d), at zi/B = 2 (e), at zi/B = 3 (f). This representation is effective in representing 
the influence of the depth of the weak layer on the failure mechanism.  

 
Figure 8. Incremental strains at failure for the case in which the sand has ϕ′1 = 40° and ψ′1 = 40, while 
the weak layer is characterised by ϕ′2 = 35° and ψ′2 = 35; the depth of the weak layer is zi/B = 1.5. (a) 
principal directions; (b) shear shadings. 
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Figure 9. Incremental strains (principal directions) at failure for ϕ′1 = 40°, ψ′1= 2/3ϕ′1 = 26.7° (sand), ϕ′2 = 15°, ψ′2 = 0 (weak 
layer), as a function of the relative depth zi/B of the weak layer (B = 1 m). 

In fact, when the weak layer is quite superficial (zi/B = 0.5 and 1, Figure 9b,c), the soil 
volume associated with the shear strain is deeply constrained by the weak layer if com-
pared with the homogeneous case (Figure 9a). However, for zi/B = 1.5 and zi/B = 2 (Figure 
9d,e), the soil volume associated with the deformation mechanism at failure increases sig-
nificantly to always involve the weak layer. When the weak layer is located at great depths 
(zi/B = 3 in Figure 9f), the induced deformation mechanism at failure approaches the ho-
mogeneous one again (Figure 9a). Considering the modulus and the distribution of the 
principal strain increment vectors represented in Figure 9, it is possible to depict the shape 
of the failure mechanism in the different cases, as reported in Figure 10. In the case of 
homogeneous soil (Figure 10a), the failure surface is quite similar to the failure mechanism 
reported by Prandtl [33]). In fact, the log spiral and the active and passive triangular 
wedges are well recognized. However, when the weak layer is located at depth zi/B = 0.5 
(Figure 10b), at zi/B = 1 (Figure 10c), at zi/B = 1.5 (Figure 10d), and at zi/B = 2 (Figure 10e), 
Prandtl’s classical shape is unrecognisable because the weak layer controls the failure 
mechanism. In these cases, a straight section characterizes the failure mechanism due to 
the concentration of shear strain within the layer. This can have two different outcomes. 
If the layer is superficial, the failure mechanism reduces its extension; if the weak layer is 
deeper, the volume of soil associated with the failure mechanism increases. Only in the 
case where the layer is present at the maximum depth does the failure mechanism de-
crease again, even if it is still a little more extensive than the homogeneous soil mecha-
nism. Considering that the difference between ϕ′1 and ϕ′2 is significant, the failure mecha-
nism (see Figure 7) appears to be very similar to the one observed in the physical model 
tested at 1 g [24] and in the centrifuge apparatus at 40 g [25]. 
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Figure 10. Failure mechanism for φ′1 = 40°, ψ′1 = (2/3) φ′1 = 26.7° (sand), φ′2 = 15°, ψ′2 = 0 (weak layer) as a function of the 
relative depth and zi/B of the weak layer (B = 1 m). For comparison, the failure mechanism of the case of homogeneous 
soil is represented in all cases. 

3.2. Effect of the Weak Layer on the Ultimate Bearing Capacity 
The values of the ultimate bearing capacity qlim were determined for all the cases sim-

ulated by means of the load-settlement curve obtained with the prescribed displacement 
procedure [26].  

In order to assess the influence of the weak layer on the bearing capacity of the shal-
low foundation, the ultimate bearing capacity qlim was normalized with respect to the ul-
timate bearing capacity relative to the homogeneous foundation soil qlim,0. Then, the ratio 
qlim/qlim,0 was plotted in Figure 11 as a function of the ratio between the depth of the weak 
layer zi and the width of the foundation B. The results presented consider a range of the 
shear strength angle of the foundation soil (sand) between 25 and 50°, while the shear 
strength angle of the weak layer ranges between 10 and 30°. When the shear strength angle 
of the foundation soil is fixed to 25° and 30°, the maximum value of the shear strength 
angle of the weak layer is 20° and 25°, respectively. 
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Figure 11. Evolution of the normalised bearing capacity qlim/qlim,0 with the depth of the weak layer zi/B, for different values 
of the shear strength angle of the foundation soil φ′1 and the weak layer φ′2. 

Calculations were performed considering both the values of dilation angle ψ′1 and 
ψ′2 of the foundation soil and the weak layer ranging from zero to the value of the angle 
of shear strength φ′1 and φ′2, respectively. However, Figure 11 reports only results relative 
to φ′1 = ψ′1 and ψ′2 = 0. Results obtained for φ′1≠ψ′1 and ψ′2≠0 present similar trends, and 
hence have been omitted, without the study losing generality. 

The results obtained always show that if the weak layer is located at a deep depth, 
the ultimate bearing capacity is independent of the shear strength of the weak layer. In 
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fact, in this condition, the failure mechanism is unaffected by the presence of the weak 
layer, being more superficial, and the ultimate bearing capacity is practically the same as 
the corresponding one in the homogeneous foundation soil. In all cases examined, the 
shallower the weak layer, the lower the ultimate bearing capacity. However, the depth at 
which the layer starts to affect both the failure mechanism and the ultimate bearing ca-
pacity is dependent on the shear strength of the weak layer compared to the foundation 
soil. Obviously, when the ratio qlim/qlim,0 starts to decrease from the unit value, for a con-
stant value of zi/B, the bearing capacity decreases with the difference between the shear 
strength angles.  

Figure 11 show that the tendency of the ratio qlim/qlim,0 is not always monotonic in 
type. In fact, for the cases in which the weak layer is characterized by a shear strength 
angle φ′2 ≥ 25°, the ratio qlim/qlim,0 reaches a minimum value at about zi/B = 0.5, and then it 
starts to increase. The particular behaviour observed in these cases is the consequence of 
the quite high shear strength of the weak layer (φ′2 ≥ 25°), which allows the failure mech-
anism to cross the weak layer, as depicted for the example showed in Figure 12 where φ′1 
= 40° and the weak layer has φ′2 = 35. In these cases, the weak layer is able to transfer part 
of the shear stresses to the soil located beneath the weak layer, involving a greater volume 
of foundation soils, and consequently, the value of the ultimate bearing capacity increases 
again. In any case, the lowest values of the ratio qlim/qlim,0 were obtained when the founda-
tion soil was considered having a φ′1 = 50° and the weak layer had φ′2 =10 ÷ 30° (Figure 
11a), that is, when the difference between the shear strength of the foundation soil and the 
weak layer was at a maximum.  

 
Figure 12. Incremental strains for the case in which the sand has φ′1 = 40° and ψ′1 = 40 while the 
weak layer is characterised by φ′2 = 30° and ψ′2 = 30; the depth of the weak layer is zi/B = 0.5. (a) 
principal directions; (b) shear shadings. 

In Figure 13, the results of the numerical analyses in terms of the ratio qlim/qlim,0 are 
plotted as a function of φ′1 (25° ≤ φ′1 ≤ 50°). In the diagrams, the shear strength angle of 
the weak layer φ′2 varies between 10 and 35° while the values of the ratio zi/B are 0.5, 1, 2, 
3, 3.5, and 4. These diagrams show that, for a constant value of zi/B, the higher the differ-
ence between φ′1 and φ′2, the lower the ratio qlim/qlim,0. The reduction of qlim/qlim,0 increased 
with the decrease in zi/B. Moreover, for the lowest values of zi/B, the reduction of qlim/qlim,0 
was always significant. For φ′1 ≤40°, the influence of the weak layer was negligible when 
the latter was located at a depth of zi/B = 3 (Figure 13d). As shown in Figure 13d,f, for the 
highest values of the shear strength angle of the foundation soil (φ′1 = 45 ÷ 50°), the influ-
ence of the weak layer was still significant for values of zi/B equal to 3.5 and 4 and when 
φ′2 was very low (φ′2 = 10 ÷ 15°).  

Hence, for the reasonable values of the shear strength angle of the sands (30° ≤ φ′1 ≤ 
40°), the influence of the weak layer on the bearing capacity was significant for zi/B ≤ 3. 
Taking into account the typical values for very dense sands (φ′1 > 40°), the weak layer 
affected the bearing capacity of the foundation for zi/B ≥ 3 especially if the shear strength 
angle of the layer was very low (10° ≤ φ′2 ≤ 15°). 
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Figure 13. Normalised bearing capacity qlim/qlim,0 as a function of the shear strength angle φ′1 of the foundation soil for 
different values of the shear strength angle of the weak layer φ′2 and of the normalised depth of the weak layer zi/B. 

4. Conclusions 
The paper presented the results of a numerical study aimed to assess the influence of 

the presence of a thin horizontal weak layer on the mechanical behaviour of shallow foun-
dations resting on sands. For this aim, a comprehensive numerical programme was con-
ducted by means of Finite-Element code Plaxis 2D [26]. The main results can be summa-
rised as follows. 
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• The weak layer strongly affects both the failure mechanism and the ultimate bearing 
capacity qlim if its depth from the ground does not exceed a critical value of about 2 ÷ 
4 times the footing width B. 

• The failure mechanism cuts through the weak layer when it is located at small depths 
beneath the footing. This depth depends on the difference between the mechanical 
properties of the soil foundation (φ′1) and weak layer (φ′2). The weak layer forces the 
failure mechanism to run partly along the horizontal weak layer before rising 
through the upper soil layer and emerging on the ground surface. Therefore, the fail-
ure mechanism is always mixtilinear in shape until the depth of the layer is such that 
the failure mechanism returns to be similar to that of Prandtl’s and no longer reaches 
the weak layer (i.e., for depth zi greater than 4B for φ′1 = 50°). For zi < 2 ÷ 4B, regardless 
of the value of φ′1, the ultimate bearing capacity qlim is always lower than qlim,0, which 
is the value related to the homogeneous foundation soil. At a given depth of the weak 
layer zi, and for a given value of φ′1, the decrease in qlim is greatest at the lowest shear 
strength angle (φ′2) of the weak layer. The numerical simulations show that the re-
duction of the bearing capacity can reach 90% when the shear strength angle of the 
weak layer is very low and that of the foundation soil is very high. Therefore, the 
simulations highlight that the shape of the failure mechanism controls the reduction 
in the bearing capacity of the shallow foundation induced by the weak layer.  

• The results obtained in this research prove the importance of detailed ground inves-
tigations and surveys. In fact, the simulations show that a footing with high safety 
factors can become unstable if a weak layer, also of small thickness, is involved in the 
deformation mechanism. Therefore, a careful geotechnical investigation aimed to 
find the weak layers should be conducted when preliminary knowledge may suggest 
their possible presence in the ground. 

• The numerical results show that the soil volume associated with the failure mecha-
nism depends on the width of the foundation as well as on the geotechnical parame-
ters of the weak layer. In this regard, an operative conclusion can be drawn from this 
numerical study: a preliminary evaluation of the strength of the soil in the layer can 
be useful to update the soil volume to be explored during the execution of ground 
geotechnical investigations. In any case, as a precautional measure, the soil volume 
to be investigated in detail should be increased at least up to a depth equal to 4B, 
where B is the footing width, compared to the value of 1.5 ÷ 2B, which is frequently 
used by practitioners. 
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