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Abstract

An original formulation for the elastic analysis of multilayered shells is presented in this work.
The key features of the formulation are: the representation of the shell mean surface via a generic
system of curvilinear coordinates; the unified treatment of general shell theories via an Equivalent-
Single-Layer approach based on the through-the-thickness expansion of the covariant components
of the displacement field; and an Interior Penalty discontinuous Galerkin scheme for the solution of
the set of governing equations. The combined use of these features enables a high-order solution of
the multilayered shell problem. Several numerical tests are presented for isotropic, orthotropic and
multilayered shells with di↵erent geometrical configurations and boundary conditions, including
the case of a non-smooth geometry. Comparisons with analytical solutions and finite-element
simulations show the high-order accuracy as well as the capability and robustness of the proposed
formulation, which can be a valuable tool for the analysis of generally-curved multilayered shells.

Keywords: Multilayered shells, Equivalent-Single-Layer theories, Discontinuous Galerkin
Methods, High-order modelling

1. Introduction

Composite multilayered shells are employed in aerospace, automotive and civil engineering
as weight-saving structural components and are increasingly becoming the preferred choice over
their metallic counterparts thanks to the possibility of fine-tuning the stacking sequence and the
orientation of the constituent layers [1, 2]. As opposed to plates, shells are characterized by a non-
flat mean surface and display the curvature e↵ect, i.e. an e↵ect of structural sti↵ening due to the
geometric curvature [3]. However, despite its versatility, the interplay between the curved geometry
and the properties of the composite layers induces a complex distribution of the mechanical fields,
such strains and stresses, which must be accurately resolved to safely employ generally-curved
composite shells as load-bearing structures. In fact, the study of the mechanical response of
laminated shells is currently an active area of research, see e.g. [4, 5, 6, 7].

In general, the analysis of composite multilayered shells is a three-dimensional (3D) problem
that requires the use of computational methods as analytical solutions are limited to very few
special cases as shown, for instance, in [8, 9, 10, 11]. Fully 3D models are very accurate but might
be overly demanding in computational resources and ine↵ective at the early design stage. On the
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other hand, the problem can be addressed through the so-called two-dimensional (2D) theories,
which are based on suitable assumptions on the behavior of the mechanical fields throughout the
thickness of the considered structures and are a viable strategy for reducing the computational
complexity with respect to 3D models.

The most emblematic examples of 2D theories are the Classical Laminated Theory (CLT)
[12, 13] and the First-order Shear Deformation Theory (FSDT) [14, 2], which are based on a linear
through-the-thickness approximation of the in-plane displacements but di↵er in the treatment of
components of the out-of-plane shear strains. Typically, the CLT performs well for thin, isotropic
plates or shells, whereas the FSDT is recommended when moderately thicker, laminated structures
are considered [2]. Motivated by the need for more accurate models, researchers have therefore
enriched the through-the-thickness assumptions and introduced the so-called higher-order theories
for plate and shells, which can be classified into: Equivalent-Single-Layer (ESL) theories [15, 16,
17, 18, 19], whereby the layers are replaced by a single layer with equivalent mechanical properties,
Layer-Wise (LW) theories [20, 21, 22, 23, 24, 25], whereby each layer is treated independently, and
sub-laminate theories [26], whereby groups of layers are replaced by groups of equivalent layers. A
unified descriptions of these approaches has been introduced by the Carrera Unified Formulation
(CUF) [27, 28, 29], which provides a framework able to determine the best 2D theory in terms
of computational e�ciency versus solution accuracy for a given structural problem [6]. Further
approaches to the modelling of shell-like structures include the continuum-based solid-shell models
[30], which are based on displacement degrees of freedom only, and the variable-kinematics models
[31, 32], where di↵erent structural theories are employed for di↵erent regions of the same structure.

In most cases, numerical models based on these theories are solved using the Finite Element
Method (FEM). Recent formulations include high-order FEM approaches [33, 34], the work by
Versino et al.[35, 36, 37] on a four-node finite element for doubly-curved laminated shells modelled
via a refined zig-zag theory, the FEM models based on the CUF [38], and the modified FSDT for
piezoelectric shells by Mallek et al.[39]. The reader interested in a more comprehensive review on
shell theories and the related FEM models is referred to Ref.[40].

Numerical strategies have also been proposed as an alternative to FEM: Wu and Li.[41] em-
ployed the Di↵erential Quadrature method for conical shells modelled by the FSDT; Tornabene
et al.[42, 19, 24, 43] employed the closely related Generalized Di↵erential Quadrature method for
studying doubly-curved shells in the context of both ESL and LW theories; Ferreira et al.[44]
proposed the use of a collocation method based on radial basis functions for the study of doubly-
curved shells modelled via LW theories; Behrami et al.[45] developed a Spectral Element Method
for the vibration analysis of thin shallow shells.

A powerful numerical technique, which was firstly introduced for hyperbolic partial di↵erential
equations (PDEs) [46] and subsequently outlined in the the context of elliptic PDEs [47], is the
discontinuous Galerkin (dG) method. Similarly to FEM, dG methods rely on a discretization, or
mesh, of the analysed domain; however, unlike the majority of numerical schemes, the dG approach
is based on a discontinuous representation of the numerical solution over the mesh elements and on
the use of suitably defined inter-element boundary integrals to recover the solution continuity and
enforce the boundary conditions. Such a feature enables in dG-based formulations the seamless
use of high-order elements and hierarchical meshes with tunable hp-refinement. As regards its
application to the theories of plate and shell structures, the dG method has been adopted for the
CLT [48, 49, 50, 51], the FSDT [52, 53, 54] and more recently, for the analysis of elastic [55, 56] and
piezoelectric [57] multilayered plates modelled by ESL and LW theories. It is also worth noting
that the dG method shares several features with the Nitsche’s method [58] and a penalty-based
Ritz’s approach [59, 60, 61, 7], which have been employed for the analysis of assembly of plate
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and shell structures modelled via the FSDT. However, to the best of the Authors’ knowledge, a
dG-based formulation for multilayered shells modelled via high-order theories is not available in
the literature.

In this work, we therefore present a family of Equivalent-Single-Layer discontinuous Galerkin
schemes for generally-curved multilayered shells. With respect to the existing literature, the pro-
posed approach o↵ers a high-order description of the variables of interest over the whole shell
domain via the combined use of a displacement-based ESL assumption, which allows for di↵erent
through-the-thickness expansion orders of the displacement components, and an Interior Penalty
dG scheme, which allows for a high-order numerical solution of the governing equations through-
out the shell modeling domain. Moreover, the formulation is not limited to the use of orthogonal
curvilinear coordinates and is able to handle shell structures whose mean surface is described via
generic parametrizations.

The paper is organized as follow: Sec.(2) introduces the description of the considered multi-
layered shells in terms of geometry, constitutive behavior and through-the-thickness ESL assump-
tions; Sec.(2) also introduces the governing equation of ESL shells and Sec.(3) outlines the Interior
Penalty dG scheme employed for their solution; Sec.(4) presents the numerical tests conducted
on shells with di↵erent geometries, materials and boundary conditions; the obtained results are
compared with those computed via analytical solutions and FEM models. Eventually, Sec.(5)
summarizes the remarks of this work.

2. Problem statement

This work focuses on the elastic problem for composite multilayered shells. The generic shell
consists of N` composite layers. The `-th layer is characterized by its thickness ⌧ h`i and by an angle
✓h`i, which describes the orientation of the fibers as discussed in Sec.(2.3). Each layer is assumed
to be homogeneous, linear elastic and perfectly bonded through the inter-layer interfaces.

The shells is referred to a Cartesian reference system spanned by the coordinates {x1, x2, x3}
and occupies the volume V with boundary S ⌘ @V . Similarly, the volume of the `-th layer is
denoted with V h`i and its boundary with Sh`i ⌘ @V h`i. In the continuation of the paper, the
superscript h`i will denote a quantity related to the `-th layer, Greek subscripts will take values
in {1, 2}, Latin indices will take values in {1, 2, 3} and Einstein’s implied summation convention
over repeated indices will be employed unless explicitly stated otherwise.

2.1. Geometry description

The description of the geometry of the considered shells is given in terms of an analytic function
x0 : ⌦⇠ ! R3 that defines its mean surface as x0 = x0(⇠1, ⇠2), where {⇠1, ⇠2} denotes the set of
curvilinear coordinates spanning the so-called reference domain ⌦⇠ of the shell. The expression of
the mean surface allows to compute the unit normal vector a3 as

a3(⇠1, ⇠2) =
a1 ⇥ a2

||a1 ⇥ a2||
, with a↵ ⌘ @x0

@⇠↵
, (1)

and describe the location of the generic point x 2 V according to the following expression

x(⇠1, ⇠2, ⇠3) ⌘ x0(⇠1, ⇠2) + ⇠3a3(⇠1, ⇠2), for {⇠1, ⇠2, ⇠3} 2 ⌦⇠ ⇥ I⇠3 , (2)

where I⇠3 ⌘ [�⌧/2, ⌧/2] is the interval spanned by the curvilinear variable ⇠3 and ⌧ ⌘
PN`

`=1 ⌧
h`i

denotes the total thickness of the shell.
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Figure 1: (a) Reference space spanned by the curvilinear coordinates {⇠1, ⇠2, ⇠3}. (b) Sample mapped geometry
showing the covariant basis at the generic point in the shell volume.

By di↵erentiating the mapping given in Eq.(2) with respect to the curvilinear coordinates, it is
possible to introduce: the associated covariant basis, whose vectors are g1 ⌘ @x/@⇠1, g2 ⌘ @x/@⇠2
and g3 ⌘ @x/@⇠3 ⌘ a3; the contravariant basis, whose vectors gi are defined by gi · gj = �ij, being
�ij the Kronecker delta function; and the corresponding covariant and contravariant components
of the metric tensor, which are computed as gij = gi · gj and gij = gi · gj, respectively. It is worth
noting that the use of subscripts and superscripts strictly follows the lower and upper indices
notation only to indicate the vectors of the covariant and contravariant bases and the components
of the metric tensor; in all other cases, standard subscripts are used. A schematic representation of
the reference space spanned by the coordinates {⇠1, ⇠2, ⇠3} is shown in Fig.(1a), whereas a sample
mapped geometry and the vectors of the associated covariant basis at a point x 2 V are shown in
Fig.(1b).

Eventually, given the map (2), the following relations hold [62]

dV =
p
g dV⇠ and dS =

p
g
p
nigijnj dS⇠ (3)

where dV is the Cartesian volume element, dS is the Cartesian surface element, dV⇠ is the curvilin-
ear volume element, dS⇠ is the curvilinear surface element, g ⌘ det (gij) and ni is the i-th Cartesian
components of the outer unit normal at x 2 S. Moreover, the relationship between the Cartesian
components vi of a generic vector v and its covariant curvilinear components v⇠i can be written
using the following matrix notation

v = Rv⇠, (4)

where v ⌘ {v1, v2, v3}|, v⇠ ⌘ {v⇠1 , v⇠2 , v⇠3}| and R is a transformation matrix whose i-th column
coincides with gi.

2.2. Strain-displacement relations

Let us introduce the vector u ⌘ {u1, u2, u3}|, which collects the displacement components in the
Cartesian reference system, and the strain vector � ⌘ {�11, �22, �33, �23, �13, �12}|, which collects
the Cartesian components of the small strain tensor according to the Voigt notation. Following
Refs.[55, 56], the relation between the strain and the displacement are written using the expression

� = I i
@u

@xi
, (5)
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Figure 2: (a) Schematic representation of a multilayered shell where the generic `-th layer is shown in darker color.
(b) Fibers orientation at a slice x = x(⇠1, ⇠2, ⇠3 = const) of the `-th lamina.

where I i are 6⇥ 3 constant matrices given by

I1 ⌘

2

6666664

1 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 1 0

3

7777775
, I2 ⌘

2

6666664

0 0 0
0 1 0
0 0 0
0 0 1
0 0 0
1 0 0

3

7777775
and I3 ⌘

2

6666664

0 0 0
0 0 0
0 0 1
0 1 0
1 0 0
0 0 0

3

7777775
. (6)

Moreover, upon introducing the vector u⇠ ⌘ {u⇠1 , u⇠2 , u⇠3}| containing the covariant components
of the displacement field, and substituting Eq.(4) into Eq.(5), it is possible to express the strain �
as a function of u⇠ as follows

� = I i
@(Ru⇠)

@⇠j

@⇠j
@xi

. (7)

2.3. Constitutive behavior

The constitutive behavior of the considered shell is determined by the constitutive behavior of
its layers, which are assumed to be orthotropic laminae stacked in such a way that they follow the
curvature of the shell surface as shown in Fig.(2a). More specifically, given the coordinates ⇠3 = ⇠h`i3b

and ⇠3 = ⇠h`i3t = ⇠h`i3b + ⌧ h`i of the `-th layer’s bottom and top reference surfaces, respectively, the

volume V h`i of the layer is assumed to coincide with the points x = x(⇠1, ⇠2, ⇠
h`i
3b  ⇠3  ⇠h`i3t ). Then,

at each point x of the layer’s volume V h`i, it is possible to introduce the material local reference
system identified by the unit vectors mh`i

1 , mh`i
2 and mh`i

3 , which are defined as

mh`i
3 ⌘ a3, mh`i

1 ⌘ Ra3(✓
h`i)

g1

||g1||
and mh`i

2 ⌘ mh`i
3 ⇥mh`i

1 , (8)

where Ra3 is a matrix that performs a rotation of the angle ✓h`i around the axis a3, being ✓h`i the
orientation associated to the fibers of `-th lamina. It is worth noting that for general curvilinear
coordinates, the vectors mh`i

1 , mh`i
2 and mh`i

3 not only are di↵erent from layer to layer but they
continuously vary within each layer according to the definition given in Eq.(8). As an example,
Fig.(2b) shows the material reference system and the angle between the vector g1 and the unit

vector mh`i
1 that describes the fibers orientation for a slice x = x(⇠1, ⇠2, ⇠3 = const) of the `-th

lamina.
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In the reference system identified by mh`i
1 , mh`i

2 and mh`i
3 , the material is assumed to be

orthotropic and governed by the constitutive relationship

e�h`i = ech`ie�h`i, (9)

where e�h`i and e�h`i collects the strain and stress components in the local material reference system
according to the Voigt notation and ech`i is the 6 ⇥ 6 sti↵ness matrix of the corresponding elastic
coe�cients, which are typically given in terms of Young’s moduli, shear moduli and Poisson’s
ratios [1]. Using standard transformation operations [63], Eq.(9) is eventually written as

�h`i = ch`i�h`i (10)

where �h`i and �h`i collect the components of the strain and stress tensors referred to the global
Cartesian reference system and ch`i collects the related coe�cients.

2.4. The Equivalent-Single-Layer theory for shells

As introduced in Sec.(1), the present formulation is based on the Equivalent-Single-Layer the-
ory for shells [27, 28], whereby the considered multilayered shell is replaced by a single layer
with equivalent properties. The starting point of this approach is the introduction of a suitable
expansion of the displacement components in terms of known thickness functions and unknown
in-plane functions. In this work, such an expansion is given for the covariant components u⇠i of
the displacement field as follows:

uh`i
⇠i
(⇠1, ⇠2, ⇠3) =

NiX

k=0

Uik(⇠1, ⇠2)fk(⇠3), ` = 1, . . . , N`. (11)

In Eq.(11), Ni is the order of the expansion associated to the covariant component u⇠i , Uik(⇠1, ⇠2)
denotes the unknown in-plane functions, which will also be referred to as generalized displacement,
and fk(⇠3) denotes the known thickness functions, which, for the numerical applications discussed
in Sec.(4), will be chosen as the Legendre polynomials scaled in the interval [�⌧/2, ⌧/2]; however,
it is noted that the present formulation does not depend on the specific choice of the thickness
functions. It is also worth noting that, consistently with the ESL approach, the the expansion
given in Eq.(11) is valid for all the layers of the shells but the expansion order can be assigned
independently to each covariant displacement component.

The displacement expansion given in Eq.(11) is conveniently written in matrix form as

u⇠ = F (⇠3)U (⇠1, ⇠2), (12)

where the subscript h`i has been dropped because the displacement expansion is the same for all
the layers, F (⇠3) is a 3⇥NU matrix containing the thickness functions, U (⇠1, ⇠2) is a NU ⇥1 vector
collecting the generalized displacements and NU ⌘ N1 +N2 +N3 + 3. Upon substituting Eq.(12)
into Eq.(7), it is possible to obtain the expression of the strain � as a function of the introduced
thickness and the generalized displacements as follows

�h`i = J0U + J↵
@U

@⇠↵
, ` = 1, . . . , N`, (13)

where

J0 ⌘ I i

✓
@⇠j
@xi

@R

@⇠j
F +

@⇠3
@xi

R
dF

d⇠3

◆
and J↵ ⌘ I i

@⇠↵
@xi

RF . (14)
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Eventually, the vector containing the stress components is obtained by combining Eq.(13) and
Eq.(10) as

�h`i = ch`i
✓
J0U + J↵

@U

@⇠↵

◆
, ` = 1, . . . , N`. (15)

2.5. Governing equations

The expansion introduced in the preceding section allows to write the mechanical variables of
the problem in terms of the unknown generalized displacements collected in the vector U (⇠1, ⇠2),
whose governing equations are derived from the Principle of Virtual Displacements (PVD). For
the problem at hand, the PVD is written as

NX̀

`=1

Z

V h`i
��h`i|�h`i dV =

NX̀

`=1

Z

V h`i
�uh`i|b

h`i
dV +

NX̀

`=1

Z

Sh`i
�uh`i|t

h`i
dS (16)

where b
h`i

is a vector containing the Cartesian components of the prescribed volume forces acting

throughout the volume of the `-th layer and t
h`i

is a vector containing the Cartesian components
of the prescribed tractions acting on the surface of `-th layer. Upon using Eq.(4) to express u as a
function of u⇠ and using Eqs.(3), (12), (13) and (15) into Eq.(16), the following expression of the
PVD for the multilayered shell is obtained
Z

⌦⇠


@�U |

@⇠↵

✓
Q↵�

@U

@⇠�
+R↵3U

◆
+ �U |

✓
R|

↵3

@U

@⇠↵
+ S33U

◆�
d⌦⇠ =

Z

⌦⇠

�U |B d⌦⇠+

Z

@⌦⇠

�U |T d@⌦⇠.

(17)
In Eq.(17), @⌦⇠ denotes the contour of ⌦⇠, the matrices Q↵�, R↵3 and S33 are referred to as the

generalized sti↵ness matrices while the vectors B and T are the generalized domain and boundary
loads, respectively. Their expressions are given as follows:

Q↵� ⌘
NX̀

`=1

Z ⇠
h`i
3t

⇠
h`i
3b

J↵c
h`iJ�

p
g d⇠3, (18a)

R↵3 ⌘
NX̀

`=1

Z ⇠
h`i
3t

⇠
h`i
3b

J↵c
h`iJ0

p
g d⇠3, (18b)

S33 ⌘
NX̀

`=1

Z ⇠
h`i
3t

⇠
h`i
3b

J0c
h`iJ0

p
g d⇠3, (18c)

and

B ⌘
⇣
F |R|t

p
g
p
nigijnj

⌘

⇠3=±⌧/2
+

NX̀

`=1

Z ⇠
h`i
3t

⇠
h`i
3b

F |R|b
p
g d⇠3, (19a)

T ⌘
NX̀

`=1

Z ⇠
h`i
3t

⇠
h`i
3b

F |R|t
h`ip

g
p
nigijnj d⇠3. (19b)

Eventually, by performing an integration by parts and by resorting to the stationarity of
Eq.(17), one obtains the equations governing the elastic response of the ESL shell

� @

@⇠↵

✓
Q↵�

@U

@⇠�
+R↵3U

◆
+R|

↵3

@U

@⇠↵
+ S33U = B, in ⌦⇠, (20)
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⌫ ⌘ {⌫↵}

Figure 3: Sample 3⇥ 3 mesh of a square domain with a generic element in darker color.

and the following set of boundary conditions

(
⌫↵

⇣
Q↵�

@U
@⇠�

+R↵3U
⌘
= T , on @⌦⇠N

U = U , on @⌦⇠D

, (21)

where ⌫↵ is the ↵-th component of the outer unit normal to the boundary @⌦⇠, @⌦⇠D ⇢ @⌦⇠ is the
part of ⌦⇠ where kinematic boundary conditions are prescribed and @⌦⇠N ⇢ @⌦⇠ is the part of ⌦⇠

where mechanical boundary conditions are prescribed.

3. Discontinuous Galerkin framework

As customary in dG formulations [47], the governing equations are rewritten as a system of first-
order partial di↵erential equations by introducing an auxiliary variable, which, following Ref.[55],
is defined as

⌃↵ ⌘ Q↵�

@U

@⇠�
+R↵3U , (22)

and allows to replace Eq.(20) with the equivalent set of equations

�@⌃↵

@x↵
+R|

↵3

@U

@⇠↵
+ S33U = B (23a)

⌃↵ = Q↵�

@U

@⇠�
+R↵3U . (23b)

The mesh discretization is then introduced and the domain ⌦⇠ is subdivided into Ne non-

overlapping elements, such that ⌦⇠ = [e⌦
(e)
⇠ , where ⌦(e)

⇠ denotes the domain of the generic e-th
element. As an example, Fig.(3) shows a sample 3 ⇥ 3 mesh of a square domain and the generic

element ⌦(e)
⇠ (in darker color); the figure also shows the element’s outer unit normal ⌫ ⌘ {⌫↵} and

its boundary @⌦(e)
⇠ ⌘ @⌦(e)

⇠I [ @⌦(e)
⇠D [ @⌦(e)

⇠N , which consists of the boundary @⌦(e)
⇠I that the element

shares with its neighboring elements, the boundary @⌦(e)
⇠D where kinematic boundary conditions

are prescribed and the boundary @⌦(e)
⇠N where mechanical boundary conditions are prescribed.
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Over each mesh element, Eqs.(23a) and (23b) are stated in weak sense as

Z

⌦
(e)
⇠

@V |

@⇠↵
⌃h↵ + V |

✓
R|

↵3

@Uh

@⇠↵
+ S33Uh

◆
=

Z

@⌦
(e)
⇠

V | b⌃↵⌫↵ +

Z

⌦
(e)
⇠

V |B (24a)

and
Z

⌦
(e)
⇠

� |
↵⌃h↵ =

Z

⌦
(e)
⇠

� |
↵

✓
Q↵�

@Uh

@⇠�
+R↵3Uh

◆
+

Z

@⌦
(e)
⇠

(� |
↵Q↵� + V |R|

�3)(
bU �Uh)⌫�, (24b)

respectively, where: ⌃↵ and U have been replaced by their respective numerical approximations
⌃h↵ and Uh; b⌃↵ and bU are the so-called numerical fluxes, whose explicit expression will be given
in Sec.(3.1); V and �↵ are the test functions taken from the space VNU

hp of discontinuous vector
fields defined as

VNU
hp ⌘

n
v : ⌦⇠ ! R | v|

⌦
(e)
⇠

2 P(e)
p 8e = 1, ..., Ne

oNU

, (25)

where P(e)
p is the space of tensor-product Legendre polynomials with degree p defined over e-th

mesh element. It is noted that the basis functions used to express Uh are also taken from VNU
hp ;

this will lead to a symmetric algebraic system to be solved.
Similarly to the argument regarding the choice of the thickness functions, the present dG

formulation does not depend on the specific choice of the function space. In fact, as already
mentioned in the Introduction, dG formulations allow to use di↵erent numerical approximations
within the same mesh since the continuity of the solution is recovered via the boundary terms
appearing in Eqs.(24a) and (24b) and involving the numerical fluxes b⌃↵ and bU , which are discussed
in the next section.

3.1. Interior Penalty discontinuous Galerkin scheme

Di↵erent choices of b⌃↵ and bU leads to di↵erent dG formulations [47]. In this work, we employ
the Interior Penalty dG formulation proposed by Gulizzi et al.[55, 56, 57], whereby the numerical
fluxes at the elements boundary are defined as follows

bU ⌘

8
><

>:

{Uh}, on @⌦(e)
⇠I

U , on @⌦(e)
⇠D

Uh, on @⌦(e)
⇠N

(26)

and 8
><

>:

b⌃↵ ⌘ {Q↵�
@Uh
@⇠�

+R↵3Uh}� µ[[Uh]]↵, on @⌦(e)
⇠I

b⌃↵ ⌘ Q↵�
@Uh
@⇠�

+R↵3Uh � µ(Uh �U )⌫↵, on @⌦(e)
⇠D

⌫↵ b⌃↵ ⌘ T , on @⌦(e)
⇠N

. (27)

In Eqs.(26) and (27), µ denotes the so-called penalty parameter and {•} and [[•]]↵ are the so-called
average and jump operators, respectively, which are defined at the interface between the elements
e and e0 as follows

{•} ⌘ 1

2

⇣
•(e) + •(e0)

⌘
and [[•]]↵ ⌘ ⌫(e)

↵ •(e) +⌫(e0)
↵ •(e0), (28)

being ⌫(e)
↵ the ↵-th component of outer unit normal to the boundary of the e-th element.
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Eventually, upon setting �↵ ⌘ @V /@⇠↵, combining Eqs.(24a) and (24b), and summing over all
the mesh elements, one obtains the so-called primal form of the proposed method:

B(V ,Uh) = F (V ,B,T ,U ) (29)

which holds 8V 2 VNU
hp and where

B(V ,Uh) ⌘
Z

⌦h

@V |

@⇠↵

✓
Q↵�

@Uh

@⇠�
+R↵3Uh

◆
+ V |

✓
R|

↵3

@Uh

@⇠↵
+ S33Uh

◆
+

�
Z

@⌦hI

[[V ]]|↵

⇢
Q↵�

@Uh

@⇠�
+R↵3Uh

�
+

⇢
@V |

@⇠↵
Q↵� + V |R|

�3

�
[[Uh]]�+

�
Z

@⌦hD

⌫↵V
|
✓
Q↵�

@Uh

@⇠�
+R↵3Uh

◆
+

✓
@V |

@⇠↵
Q↵� + V |R|

�3

◆
Uh⌫�+

+

Z

@⌦hI

µ[[V ]]|↵[[Uh]]↵ +

Z

@⌦hD

µV |Uh (30)

and

F (V ,B,T ,U) ⌘
Z

⌦h

V |B+

Z

@⌦hN

V |T�
Z

@⌦hD

✓
@V |

@⇠↵
Q↵� + V |R|

�3

◆
U⌫�+

Z

@⌦hD

µV |U . (31)

In (30) and (31), the following notation has been used to denote the so-called broken integrals :

Z

⌦h

• ⌘
NeX

e=1

Z

⌦
(e)
⇠

•(e) d⌦⇠ (32a)

and

Z

@⌦hI

• ⌘
NeX

e=1

Z

@⌦
(e)
⇠I

•(e) d@⌦⇠,

Z

@⌦hD

• ⌘
NeX

e=1

Z

@⌦
(e)
⇠D

•(e) d@⌦⇠,

Z

@⌦hN

• ⌘
NeX

e=1

Z

@⌦
(e)
⇠N

•(e) d@⌦⇠.

(32b)

4. Numerical results

In this section, the capabilities of the proposed formulation are assessed through several test
cases involving isotropic, orthotropic and multilayered shells in various curved geometric configu-
rations. For each test case, di↵erent ESL theories are considered and the theory corresponding to
the choice of a specific order of expansion is denoted by EDN1N2N3 , where it is recalled that Ni is
the order of thickness expansion for the i-th covariant component of the displacement field. The
numerical tests are also performed using the FSDT, which is the most commonly employed theory
for laminated thin and moderately thick structures and can be considered as a special case of the
theory ED110 where the sti↵ness coe�cients are modified according to the plane-stress assumption
[1, 2].

Five test cases are presented: Secs.(4.1), (4.2) and (4.3) are devoted to the analysis of cylindri-
cal, toroidal and wing-shaped shells, respectively, and refer to geometries that are parametrized via
orthogonal curvilinear coordinates; Secs.(4.4) and (4.5) are devoted to the analysis of a planar shell
and a generally-shaped shell, respectively, and show examples of geometries that are parametrized

10



Table 1: Properties of the considered materials.

Material ID Property Component Value
M1 (Isotropic) Young’s modulus E 70 GPa

Poisson’s ratio ⌫ 0.33
M2 (Orthotropic) Young’s moduli E1 100.0 GPa

E2, E3 4.0 GPa
Poisson’s ratios ⌫23, ⌫13, ⌫12 0.25
Shear moduli G23 0.8 GPa

G13, G12 2.0 GPa
M3 (Orthotropic) Young’s moduli E1 160.0 GPa

E2, E3 20.0 GPa
Poisson’s ratios ⌫23, ⌫13, ⌫12 0.25
Shear moduli G23 4 GPa

G13, G12 10.0 GPa

Table 2: Properties of the considered shell sections.

Shell ID Material Layup Layer(s) thickness
C1 (Single-layer) M1 [0] 1 cm
C2 (Single-layer) M2 [0] 1 cm
C3 (Multilayered) M2 [0/90]4 0.125 cm
T1 (Single-layer) M1 [0] 1 cm
T2 (Single-layer) M2 [0] 1 cm
T3 (Multilayered) M2 [0/90]2 0.25 cm
W1 (Single-layer) M1 [0] 1 cm
W3 (Multilayered) M3 [0/90]s 0.25 cm
P2 (Single-layer) M2 [0] 1 cm
P3 (Multilayered) M2 [0/90/0/90]s 0.125 cm
G1 (Single-layer) M1 [0] 1 cm

Table 3: Quantities entering the parametric equation of the considered shell mean surfaces.

Cylinder Torus Wing Planar shell Generally-curved shell
Rc 1 m R1t 2 m xw 0.1 m bm 0.5 m ag 2 m
✓c ⇡/4 R2t 0.5 m yw 0 m lm 0.5 m bg 1 m
Lc 1 m ✓1t ⇡/8 Lwa 10 m fg 0.44

✓2t ⇡/2 Lwb 20 m �g 4.0
Rw 1.1 m Lg 8 m

11



x1
x2

x3

Rc

✓c

Lc

Simply-supported

lateral surfaces
t = �qc sin

⇣
⇡
✓c
⇠1
⌘
sin

⇣
⇡
Lc

⇠2
⌘
g3

Figure 4: Geometry, boundary conditions and load conditions of the considered cylindrical shell.

via non-orthogonal curvilinear coordinates. The materials considered for the numerical tests are
grouped and reported in Tab.(1), the properties of the considered shell sections are reported in
Tab.(2) and the parameters entering the equations of shell mean surfaces are given in Tab.(3). All
the numerical tests are performed using a structured grid to discretize the shell reference domain
⌦⇠.

As a last general remark on the numerical tests, it is worth stressing that the Interior Penalty
formulation requires the introduction of a penalty parameter µ, which appears in the definition
of the numerical flux b⌃↵ in Eq.(27) and in the bilinear form given in Eq.(30). Its e↵ect on the
numerical solution is similar to what has been observed in previous works on Interior Penalty dG
methods for multilayered plates [55] and such an investigation is not reported in this paper for the
sake of conciseness. However, following previous observations [55], µ has been chosen as µ ⇠ E/h,
being E a characteristic sti↵ness of the considered shell and h a characteristic size of the mesh
elements. Such a choice is typical in Interior Penalty formulations to ensure optimal convergence
[47].

4.1. Cylindrical shell
In the first set of tests, the cylindrical shell shown in Fig.(4) is considered. The mean surface

of the shell is described by the equation

x0 =

2

4
⇠2

Rc cos(⇠1)
Rc sin(⇠1)

3

5 (33)

where ⇠1 2 [0, ✓c], ⇠2 2 [0, Lc] and Rc, ✓c and Lc are reported in the first column of Tab.(3).
The shell is subjected to simply supported boundary conditions, which are prescribed in terms of
generalized displacements as
⇢

U2k = 0, for k = 0, . . . , N2

U3k = 0, for k = 0, . . . , N3
, at ⇠1 = 0, ✓c, and

⇢
U1k = 0, for k = 0, . . . , N1

U3k = 0, for k = 0, . . . , N3
, at ⇠2 = 0, Lc.

(34)
The contribution to the vector T of the generalized boundary loads is zero, whereas the only
contribution to the vector B of the generalized domain loads is given by the traction applied on
the top surface of the shell as

t = �qc sin

✓
⇡

✓c
⇠1

◆
sin

✓
⇡

Lc
⇠2

◆
g3, at ⇠3 = ⌧c/2, (35)
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(a) (b)

(c) (d)

(e) (f)

Figure 5: hp-convergence analysis for the cylindrical shells shown in Fig.(4). The figures in the left and the right
columns refer to the FSDT and the ED222 theory, respectively, whereas, from top to bottom, the figures refer to
the shell sections C1, C2 and C3 reported in Tab.(2). The slope of the dashed lines is p+ 1.
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(a) (b)

(c) (d)

(e) (f)

Figure 6: Comparison between the 3D solution and the solution obtained with the present formulation and di↵erent
shell theories for the cylindrical shells shown in Fig.(4).
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where qc = 10 MPa and ⌧c is the thickness of the cylindrical shell. As regards the material
properties and the stacking sequences, the three shell sections denoted by C1, C2 and C3 in Tab.(2)
are considered. It is noted that they all have the same thickness. These settings have been chosen
because they admit exact two-dimensional Navier solutions [2] and allow to compute the solution
of the corresponding three-dimensional elasticity problem [8].

The reference domain ⌦⇠ of the shell is subdivided into n ⇥ n rectangular elements such that
the dimensions of each element is h✓c ⇥ hLc, being h ⌘ 1/n a measure of the element size. Given
the existence of the Navier solutions, the following error measure is introduced

e(Uh) ⌘
|Uh �U ref |1

|U ref |1
, (36)

where Uh is the solution computed using the present Interior Penalty formulation, U ref is the exact
Navier solution and | • |1 is the 1-norm defined over ⌦⇠. Figure (5) shows the hp-convergence
analyses in terms of the error given in Eq.(36) as a function of the element size h and the polynomial
order p. As it is possible to notice, the present formulation allows to obtain optimal convergence
for all the tested shell sections and shell theories.

The solution obtained using the present formulation with a 4⇥ 4 mesh, p = 6 and the theories
FSDT, ED111, ED222, ED333, ED444 is then compared with the corresponding solution of three-
dimensional elasticity [8]. The comparison is reported in Fig.(6) in the terms of the non-dimensional
through-the-thickness Cartesian displacement component u1 and curvilinear covariant component
u⇠3 defined as

u1 ⌘ u1 ·
✓
⌧ 2cE2

L3
cqc

◆
and u⇠3 ⌘ u⇠3 ·

✓
⌧ 3cE2

L4
cqc

◆
. (37)

The top, center and bottom rows of Fig.(6) refer to the isotropic shell C1, the orthotropic shell C2

and the laminated shell C3, respectively, and show that the di↵erences between the 3D solution and
the ESL theories are more pronounced for the covariant component u⇠3 rather than the Cartesian
component u1. More specifically regarding u⇠3 , fig.(6b) shows that all the considered ESL theories
with the exception of the ED111 are able to recover the 3D solution, fig.(6d) shows that the ESL
theories ED333 and ED444 are able to fully recover the 3D solution and, eventually, fig.(6f) shows
that, although the theories ED333 and ED444 provide a converged ESL solution, ESL theories are
not able to fully recover the 3D solution. The obtained results are consistent with the findings
reported in Ref.[55] for multilayered plates and, as expected, show that higher-order theories
provide a better response than low-order theories when employed for orthotropic and laminated
shells. They also suggest that layer-wise theories are generally required to fully recover the 3D
solution in laminated structures.

4.2. Toroidal shell

In the second set of tests, the toroidal shell shown in Fig.(7) is considered. The mean surface
of the shell is described by the equation

x0 =

2

4
cos(⇠1)(R1t +R2t cos(⇠2))
sin(⇠1)(R1t +R2t cos(⇠2))

R2t sin(⇠2)

3

5 (38)

where ⇠1 2 [�✓1t, ✓1t], ⇠2 2 [�✓2t, ✓2t] and R1t, R2t, ✓1t and ✓2t are reported in the second column
of Tab.(3).
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⇡
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⌘
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Figure 7: Geometry, boundary conditions and load conditions of the considered toroidal shell.

The shell is subjected to clamped boundary conditions, i.e. U = 0 for {⇠1, ⇠2} 2 @⌦⇠, and to
surface tractions over its top surface prescribed as

t = �qt cos

✓
⇡

2✓1t
⇠1

◆
cos

✓
⇡

2✓2t
⇠2

◆
g3, at ⇠3 = ⌧t/2, (39)

where qt = 100 MPa and ⌧t is the shell thickness. The considered material properties and the
stacking sequences are those of the three shell sections denoted by T1, T2 and T3 in Tab.(2).

Analytical solutions are not available for these tests. Therefore, the solution obtained using the
present formulation is compared with the solution computed using the FEM software Abaqus [64].
The comparison is performed in terms of the non-dimensional covariant component u⇠3 , defined as

u⇠3 ⌘ u⇠3 ·
✓
⌧ 3t E2

R4
2tqt

◆
, (40)

versus the number of total degrees of freedom of the algebraic system to be solved. Figures
(8a), (8c) and (8e) show u⇠3 evaluated at {⇠1, ⇠2, ⇠3} = {0, 0, ⌧t/2} using the present formulation
with the FSDT and a polynomial order p = 3 and using Abaqus’ S4R elements for the shell
sections T1, T2 and T3, respectively. Similarly, Figs.(8b), (8d) and (8e) show u⇠3 evaluated at
{⇠1, ⇠2, ⇠3} = {0, 0, ⌧t/2} using the present formulation with the ESL theory ED222 and a polynomial
order p = 3 and the results obtained using Abaqus’ C3D8R elements for the shell sections T1, T2

and T3, respectively. From the figures, it is possible to note that the present formulation reproduces
the FEM results and, when using the ED222, o↵ers a significant saving in terms of total number of
degrees of freedom with respect to the 3D model.

4.3. Wing-shaped shell

In set of tests discussed in this section, the wing-shaped shell shown in Fig.(9) is considered.
The profile of the wing is generated by means of a Joukowsky transformation [65] and the mean
surface of the shell is described by the equation

x0 =

2

4
⇠2

(Rw cos(⇠1)� xw)(1 + 1/�(⇠1))
(Rw sin(⇠1) + yw)(1� 1/�(⇠1))

3

5 , with �(⇠1) ⌘ x2
w+y2w+2Rw(�xw cos(⇠1)+yw sin(⇠1))+R2

w,

(41)
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(a) (b)

(c) (d)

(e) (f)

Figure 8: Comparison between the results obtained with the present formulation and the results obtained with
FEM for the toroidal shell shown in Fig.(7).
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x1

x2

x3

Lw

t = qwe3

Clamped lateral surface

Penalized displacements jump

Figure 9: Geometry, boundary conditions and load conditions of the considered wing-shaped shell.

(a) (b)

(c) (d)

Figure 10: Comparison between the FEM solution and the solution obtained by the present formulation for the
wing-shaped shell shown in Fig.(9).
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where ⇠1 2 [0, 2⇡], ⇠2 2 [0, Lw], being Lw equal to Lwa or Lwb whether a short wing or a slender wing
is considered, and xw, yw, Lwa, Lwb and Rw are reported in the third column of Tab.(3). As sketched
in Fig.(9), the shell is clamped over the lateral surface identified by the points x = x(⇠1, ⇠2 = 0, ⇠3)
and is subjected to prescribed traction t = qwe3 on the outer surface, i.e. the surface identified by
x = x(⇠1, ⇠2, ⇠3 = ⌧w/2), being e3 ⌘ {0, 0, 1}, qw = 10 kPa and ⌧w the thickness of the shell. The
remaining surfaces are traction-free.

Eventually, the parametrization of the shell given by Eq.(41) is such that x0(⇠1, ⇠2 = 0) =
x0(⇠1, ⇠2 = 2⇡), i.e. the mean surface is a closed surface, albeit non-smooth at ⇠2 = 0 and ⇠2 = 2⇡.
Therefore, to enforce the displacement continuity at the trailing edge of the wing, the Interior
Penalty scheme given in Eq.(29) is supplemented with a term the penalizes the jump between the
Cartesian components of the displacement field evaluated at x0 = x0(⇠1, ⇠2 = 0) and the Cartesian
components of the displacement field evaluated at x0 = x0(⇠1, ⇠2 = 2⇡). It is worth noting that
such an approach has been employed to study assemblies of plates and shells, see e.g. [60, 61, 7]
and has been implemented only for this specific test case to show the flexibility of the proposed
formulation. A general treatment regarding the assembly of multilayered shells modelled using the
present ESL approach is outside the scope of this work and will be considered in future studies.

The two shell sections denoted by W1 and W3 in Tab.(2) are considered and the results obtained
with the present formulation are compared with those obtained using FEM. The comparison is
performed in terms of the non-dimensional Cartesian component versus the number of total degrees
of freedom of the algebraic system to be solved; u3 is defined as

u3 ⌘ u3 ·
✓
⌧ws2wE2

L4
wqw

◆
, (42)

where sw = 0.475 m represents the thickness of the wing profile. All numerical tests investigated
in this section are performed using the FSDT. Figures (10a) and (10c) refer to the case of the
short wing, i.e. Lw = Lwa, and show u3 evaluated at {⇠1, ⇠2, ⇠3} = {0, Lwa, ⌧w/2} using the present
formulation with polynomial order p = 4 and using Abaqus’ S4R elements for the shell sections
W1 and W3, respectively. Similarly, Figs.(10b) and (10d) refer to the case of the slender wing,
i.e. Lw = Lwb, and show u3 evaluated at {⇠1, ⇠2, ⇠3} = {0, Lwb, ⌧w/2} using the present formulation
with polynomial order p = 4 and using Abaqus’ S4R elements for the shell sections W1 and W3,
respectively. In all cases, it is possible to note that the present formulation reproduces the FEM
results.

4.4. Planar elasticity using non-orthogonal curvilinear coordinates
To test a case of a geometry described by a set of non-orthogonal curvilinear coordinates, let

us consider the planar geometry shown in Fig.(11) and described by the equation

x =

2

4
2⇠1 cos(⇠2)
⇠1 sin(⇠2)

0

3

5 , (43)

where ⇠1 2 [bm, bm + lm], ⇠2 2 [0, ⇡/2] and bm and lm are reported in the fourth column of
Tab.(3). For this case, g1 · g2 6= 0. Let us also assume that the domain is subjected to a constant
strain �ref = {",�", 0, 0, 0, 0}|, with " = 0.01, generated by a displacement field whose Cartesian
components are uref = "{x1,�x2, 0}|. Using Eq.(4), the corresponding covariant components of
this displacement field are given as

u⇠,ref = "

8
<

:

�⇠1(5 sin
2(⇠2)� 4)

�5⇠21 sin(2⇠2)/2
0

9
=

; . (44)
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Prescribed displacements

Figure 11: Geometry and boundary conditions of the considered planar shell parametrized using a system of non-
orthogonal curvilinear coordinates.

(a) (b)

Figure 12: hp-convergence analysis for the planar domain shown in Fig.(11). Figure (a) and (b) respectively refer
to the shell sections P2 and P3 reported in Tab.(2). The slope of the dashed lines is p+ 1.
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Figure 13: Geometry, boundary conditions and load conditions of the considered generally-curved shell.

Then, the problem considered in this section consists of solving Eq.(20) subjected to the bound-
ary conditions given in Eq.(21) where: U contains the zero-th order generalized displacements only,
i.e. U ⌘ {U10, U20, U30}|, since the out-of-plane behavior is disregarded in this case, and the bound-
ary conditions are prescribed as U = U = u⇠,ref . The considered shell sections are those denoted
by P2 and P3 in Tab.(2), and, for this case, the angle ✓h`i is referred to the Cartesian reference
system rather than the curvilinear reference system.

The modelling domain ⌦⇠ of the shell is divided into n ⇥ n elements such that the dimension
of each element is hlm ⇥ h⇡/2, being h ⌘ 1/n a measure of the element size. The following error
measure e(uh) is introduced

e(uh) ⌘
|uh � uref |1

|uref |1
, (45)

where uh collects the Cartesian components of the displacement field computed with the present
formulation. Figure (12) shows e(uh) as a function of the element size h and the polynomial order
p for the two considered shell sections. As it can be noted from the figures, the present formu-
lation o↵ers optimal convergence also when a system of non-orthogonal curvilinear coordinates is
employed.

4.5. Generally-curved shell

In the last set of tests, the shell shown in Fig.(13) is considered. The shell consists of a tapered
elliptical cylinder swept toward the x2 axis. Its mean surface is described by the equation

x0 =

2

4
⇠2

ag cos(⇠1)((fg � 1)⇠2/Lg + 1) +�g⇠2/Lg

bg sin(⇠1)((fg � 1)⇠2/Lg + 1)

3

5 (46)

where ⇠1 2 [0, 2⇡], ⇠2 2 [0, Lg] and ag, bg, fg, �g and Lg are reported in the fifth column of Tab.(3).
The considered shell section is the one denoted by G1 in Tab.(2). The shell is subjected to clamped
boundary conditions on the lateral surface identified by x = x(⇠1, ⇠2 = 0, ⇠3) and to prescribed
tractions t = qge3 on its outer surface, i.e. the surface identified by x = x(⇠1, ⇠2, ⇠3 = ⌧g/2),
being e3 ⌘ {0, 0, 1}|, qg = 1 MPa and ⌧g the thickness of the shell; the remaining surfaces are
traction-free. Moreover, similarly to the case of the wing-shaped shell, the parametrization given
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(a) (b)

Figure 14: Comparison between the FEM solution and the solution obtained by the present formulation for the
shell shown in Fig.(13).

x1

x3

u3
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x3

�11 · 102

�3.25 0 3.25

(b)

Figure 15: Deformed shaped of the generally-curved shell problem shown in Fig.(13) with superimposed contours
of (a) the displacement component u3 and (b) the stress component �11.
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by Eq.(46) describes a closed surface such that x(⇠1 = 0, ⇠2, ⇠3) = x(⇠1 = 2⇡, ⇠2, ⇠3). However, in
this case, the geometry is smooth and the present formulation can be employed without the need
for adding any additional penalization term provided that the domain ⌦⇠ is considered periodic in
the variable ⇠1.

The results obtained using the present formulation are compared with the results computed
using the FEM software Abaqus. The comparison is performed in terms of the non-dimensional
Cartesian component u3, defined as

u3 ⌘ u3 ·
✓
⌧gb2gE2

L4
gqg

◆
, (47)

versus the number of total degrees of freedom of the algebraic system to be solved.
Figures (14a) shows u3 evaluated at {⇠1, ⇠2, ⇠3} = {0, Lg, ⌧g/2} using the present formulation

with the FSDT and a polynomial order p = 7 and using Abaqus’ S4R elements. Similarly, Fig.(14b)
show u3 evaluated at {⇠1, ⇠2, ⇠3} = {0, Lg, ⌧g/2} using the present formulation with the ESL theories
ED222 and ED333 and using Abaqus’ C3D20R elements. Consistently with the findings related to
all the previous tests, the figures show that the present formulation reproduces well the FEM
results and o↵ers a significant saving in terms of the total number of degrees of freedom.

For the sake of completeness, Figs.(15a) and (15b) show the contour plots of the displacement
component u3 and the stress component �11, respectively, which have been computed using the
present formulation with a 8⇥ 8 mesh of the reference domain ⌦⇠ and a polynomial order p = 7.

In the figures, u3 is given by Eq.(47) whereas �11 ⌘ �11 ·
⇣

⌧gbg
L2
gqg

⌘
.

5. Conclusions

In this work, we presented a high-order formulation for modelling multilayered shells based
on Equivalent-Single-Layer theories and the Interior Penalty discontinuous Galerkin method. The
ESL approach consists of expressing the covariant components of the displacement field as a series
of generalized displacements throughout the thickness of the shell, which in turn is replaced by a
layer of equivalent mechanical properties governed by a set of 2D partial di↵erential equations in
the curvilinear coordinates. A numerical scheme for the solution of these equations was then devel-
oped using the Interior Penalty dG formulation whereby the unknown fields are approximated via
discontinuous basis functions and inter-element continuity and boundary conditions are enforced
by suitably defined boundary integrals. The combined use of these approaches allowed a high-order
representation of the mechanical fields throughout both the shell thickness and the shell modelling
domain.

Numerical tests were performed on isotropic, orthotropic and multilayered shells with di↵er-
ent geometrical configurations and boundary conditions described by either orthogonal or non-
orthogonal curvilinear coordinates. Several shell theories were considered, including the FSDT as
a special case. The comparison between the results obtained with the proposed formulation and
the results computed using exact or finite element solutions confirmed the accuracy of the proposed
approach and also showed that using higher-order two-dimensional theories instead of low-order
three-dimensional models leads to significant computational savings in terms of the overall number
of degrees of freedom.
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