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Abstract: We study the wave inequality with a Hardy potential

O — Au + %u 2 [ul’ in(0,00)xQ,

where Q is the exterior of the unit ball in RN, N > 2, p>1,and A = - ( M)2, under the inhomogeneous
boundary condition

a%(t, x) + Bu(t,x) = w(x) on (0, o) x 30,
where a, B = 0 and (a, B) # (0, 0). Namely, we show that there exists a critical exponent p:(N, A) € (1, o]
for which, if 1 < p < pc(N, A), the above problem admits no global weak solution for any w € L'(9Q) with
[ 20 w(x)do > 0, while if p > p<(N, A), the problem admits global solutions for some w > 0. To the best of

our knowledge, the study of the critical behavior for wave inequalities with a Hardy potential in an exterior
domain was not considered in previous works. Some open questions are also mentioned in this paper.
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1 Introduction

In this paper, we are concerned with the study of existence and nonexistence of global weak solutions to the
wave inequality

Du+%uz [uf? in (0, 00) x Q. (1.1

Here, (J := 9y — A is the wave operator, @ = {x € RN : |x| 2 1}, N> 2,p > 1,and A > - (%)2 We will
investigate (1.1) under the inhomogeneous boundary condition

a%(t, x) + Bu(t,x) = w(x) on (0, o) x 00, (1.2)

where a, = 0, (a, B) # (0,0), w € L}(0Q), and v denotes the outward unit normal vector on 0 relative to Q.
Notice that (1.2) includes different types of inhomogeneous boundary conditions. Namely, the Dirichlet type
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boundary condition (in the case (a, 8) = (0, 1))
u(t,x) 2w(x) on(0, o) x0Q,
the Neumann type boundary condition (in the case (a, 8) = (1, 0))
(e x) s wx) o (0,09)x 002,
ov
and the Robin type boundary condition (in the case a = 1 and 8 > 0)
ou
E(t’ x) + Bu(t, x) = w(x) on (0, o) x 0Q.
Let us consider the semilinear wave equation

[ulP in (0, 00) x RY,
(uo(x), u1(x)) inRN,

{ Ou + V(x)u (1.3)

(u(0, x), 0:u(0, x))

where V = V(x) is a potential, and let p.(N) be the positive root of the quadratic equation
(N-1Dp* -(N+1)p-2=0.

In the special case V = 0, (1.3) has been investigated by several authors. Namely, John [12] proved that, if the
initial values are compactly supported and nonnegative, then for N = 3and 1 < p < p.(3) = 1++/2, nontrivial
solutions must blow-up in finite time, while if p > p(3), global solutions exist for small initial values. Next,
a similar result has been derived by Glassey [6] in the case N = 2. In [19], Shaffer proved that in the case
N € {2, 3}, pc(N) belongs to the blow-up case. Georgiev et al. [5] (see also [15, 21]) proved that, if p > pc(N)
and N > 3, then global solutions exist for small initial values. A blow-up result was shown by Sideris [20] (see
also [9, 18]) in the case 1 < p < p<(N) and N 2 4. In [23], Yordanov and Zhang proved that for all N > 4, p(N)
belongs to the blow-up case.

In [22], Yordanov and Zhang studied (1.3) when N > 3 and V is a nonnegative potential satisfying the
following conditions:
“There exist functions ¢; € C%(RY), i = 0, 1, such that

Ado~Vo=0 and Agy - Ve = i,

where Cy! < ¢po(x) < Coand 0 < ¢p1(x) < C1(1 + |x|)#e|"‘ with positive constants C;, i = 0, 1”.
It was shown that, if the initial values are nonnegative and compactly supported, then a blow-up occurs
when 1 < p < pc(N).
In [7], Hamidi and Laptev considered semilinear evolution inequalities of the form
oku

W—Au+ﬁuz|u|p in (0, o0) x RV, (1.4)

where k > 1 (integer), N >3 and A > - (%)2 It was shown that when the initial values are nonnegative, if

A20 and 1<ps<1+ *22
s+ %
or X
—(u) <A<0 and 1<ps<1l+ 2 o
2 _S*+E

where s« < s” are the roots of the polynomial
s?+(N-2)s-1=0,

then (1.4) admits no nontrivial global weak solution.
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The study of blow-up phenomena for semilinear wave equations in exterior domains was considered by
many authors (see e.g. [8, 10, 11, 13, 14, 24, 25] and the references therein). In particular, Zhang [24] studied
the semilinear wave equation

Ou = |ul’ in(0,o0)xQ (1.5)

under the inhomogeneous Neumann boundary condition
ou
5, (X =wl) on(0,e0) x 00, (1.6)

where N = 3, w € L1(00), w = 0, and w = 0. Namely, it was shown that (1.5)—(1.6) admits as critical exponent
the real number p* = 1 + 325, i.e.if 1 < p < p’, then (1.5)-(1.6) admits no global weak solution, while if
p > p’, global solutions exist for some w > 0. Later, the same critical exponent was obtained for (1.5) under
the inhomogeneous Dirichlet boundary condition [10]

u(t, x) = w(x) on(0, o) x0Q, 1.7)

and the Robin boundary condition [8]

%(t’ x)+u=w(k) on(0,o0)x0Q. (1.8)

To enlarge the literature review on the main topic of this article, we recall the study of blow-up of solutions
carried out by Mohammed et al. [17], for fully nonlinear uniformly elliptic equations. Also, we mention the
recent work of Bahrouni et al. [1], where the authors dealt with a class of double phase variational functionals
related to the study of transonic flow, and established useful integral inequalities. In a series of remarkable
papers, Cirstea and Radulescu [2-4] focused on special classes of semilinear elliptic equations (namely, lo-
gistic equations) and linked the nonregular variation of the nonlinearity at infinity with the blow-up rate of
the solutions. They also established existence and uniqueness results for related problems, in the cases of
homogeneous Dirichlet, Neumann or Robin boundary condition.

To the best of our knowledge, the study of critical behavior for wave inequalities with Hardy potential in
an exterior domain was not considered in previous works. In this paper, we investigate the critical behavior
for (1.1) under the inhomogeneous boundary condition (1.2). Namely, we will show that there exists a critical
exponent p:(N, A) € (1, o] for which, when 1 < p < p.(N, A) and fao w(x)do > 0, (1.1)-(1.2) has no global
weak solution; when p > pc(N, A), the problem admits global solutions for some w > O.

Before presenting our results, let us mention in which sense the solutions to (1.1)—(1.2) are considered.
Let

0O=(0,00)xQ and 090 = (0, c0) x0Q.

We introduce the test function space

_ 20y . [1J — 9 ~
‘Da,ﬁ_{¢ecc(o).¢20, Sv a0501f0(—0,o( v+ﬁ(p‘ _0},

where C%(0) denotes the space of C? functions compactly supported in O. Notice that Q is closed and 00 C O.

Definition 1.1. A functionu € L?_(0) is a global weak solution to (1.1)-(1.2), if

loc

/\u‘P(pdxdt+L,p(w) s/u (D(p+%(p) dx dt, (1.9)
) )

forall ¢ € @, g, where

%/w(x)go do dt if a>0,
90
L(p(W) =
-1

3 /w(x)g—fdadt if a=0.

00
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. . 2 2
Now, we are ready to state our main results. We discuss separately the cases A = - (%52)" and A > - (%52)".

ForA = - (%)2, let
2
A = (?) A

Theorem 1.1. Let N > 2, a, 8> 0, (a, B) # (0,0) and A = - (¥52)?,

(i) IfN=2,weLY(0Q)and / w(x)do > 0, then for all p > 1, (1.1)-(1.2) admits no global weak solution.
20

(i0) If N =3, w € L (0Q) and/ w(x) do > 0, then for all
o)

4
1<p<1+m,

(1.1)-(1.2) admits no global weak solution.
(iti)IfN = 3 and
>1+ 4
b N=2’
then (1.1)—(1.2) admits global solutions (stationary solutions) for some w > 0.

Theorem 1.2. Let N >2,a,$>0, (a, B) #(0,0) and A > - (M)z
() Ifwe L'(0Q)and / w(x) do > 0, then for all
30

4
Lep<lr Ny
(1.1)-(1.2) admits no global weak solution.
(i) If
p>1+ s
N-2+ ZAN ’

then (1.1)-(1.2) admits global solutions (stationary solutions) for some w > 0.

Remark 1.1. Let
oo if N-2+2Ay=0,

pC(Na A) =
1

+ v f N-2+2Ay>0.

From Theorems 1.1 and 1.2, one deduces that,
(i) if1<p<pcN,A)and / w(x) do > 0, then (1.1)-(1.2) has no global weak solution;

o0
(ii) if p > pc(N, A), then (1.1)—(1.2) admits global solutions for some w > 0.

The above statements show that the exponent p.(N, A) is critical for (1.1)—(1.2).
Notice that in the case A = 0, one has

oo if N=2,
pC(N’O)=
1+4%5 if N=23,

which is the same critical exponent obtained for the semilinear wave equation (1.5) under the inhomogeneous
Neumann boundary condition (1.6) (see [24]), the inhomogeneous Dirichlet boundary condition (1.7) (see [10]),
and the inhomogeneous Robin boundary condition (1.8) (see [8]).
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Remark 1.2. From Theorems 1.1 and 1.2, we deduce that p.(N, A) is also critical for the exterior problem

—Au+iu > |uf inQ,
x|
(1.10)
ag—s+,8u > w onadQ.

Namely, if 1 < p < pc(N, A) and / w(x) do > 0, then (1.10) admits no weak solution, while if p > p<(N, M), then

00
(1.10) admits solutions for some w > 0.

Remark 1.3. At this time, if N - 2 + 2Ay > 0, we do not know whether p = p-(N, A) belongs to the nonexistence
case or not. This question is open.

Remark 1.4. (i) In this paper, the inhomogeneous term w depends only on the variable space. It would be
interesting to study the critical behavior for (1.1)-(1.2) when w = w(t, x).
(ii) It would be also interesting to study the critical behavior for (1.1)-(1.2) when w = 0.

The rest of the paper is organized as follows. In Section 2, we establish some lemmas and provide some esti-
mates that will be used in the proofs of our main results. Section 3 is devoted to the proofs of Theorems 1.1 and
1.2. Namely, we first prove the nonexistence results (parts (i) and (ii) of Theorem 1.1, and part (i) of Theorem
1.2), next we prove the existence results (part (iii) of Theorem 1.1 and part (ii) of Theorem 1.2).

2 Preliminaries

ForA= - (%)2, let A, be the differential operator defined by

A

Ay:=4- —.
A X2

For a, § 2 0 and (a, B) # (0, 0), we introduce the function H, z defined in Q by

HI00 it A== (¥32)%,
Hy p(x) =
H‘(xz,}g(x) if A>- (M)Z ,
where
H((Xl’;g(x) = |x\¥ {a + (ﬁ + 7(N—22)a> In |x|}
and

HEh00 = g (M2 (25N e a) amp) w2

One can check easily that H, g is a nonnegative solution to the exterior problem

_AAHD(,ﬁ = 0 in .Q,
OH,p
a— +BH,p = 0 onoQ.

We need also to introduce two cut-off functions. Let 17, & € C*°(R) be such that

n=0, n=#0, supp(n) c(0,1)
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and

0<é<1, &(s)=1if[s|<1, &(s)=0ifls]=2.

ForO0< T < oo, let ,
2
X
Hr(x) = Hy p(x)§ (LTZ‘G) , x€Q

¢ ¢
rIT(t) =n (T) ) t> Oy

where ¢ > 2 and 6 > O are constants to be chosen later.

and

Lemma 2.1. Forall¢ =2, 8 > 0, and sufficiently large T, the function
@r(t,x) :=nr(OHr(x), (,x)€O

belongs to the test function space @, g.

DE GRUYTER

Proof. It can be easily seen that @7 > 0, and for sufficiently large T, @7 € C2(0). On the other hand, for

1 < |x| < 1 + € (e > 0 is sufficiently small), one has

2
x|

-1
VHr() = § <L> VHo p0) + 20T 2 |xH, 500§ (""2) ve (B

T26 T26

By the definition of the cut-off function £, since T is supposed to be large enough, one obtains

VHr(x) = VH, p(x), 1<|x|<1+e.

Similarly, one has

T26
Then, since H, g satisfies the boundary condition

V4
Hp(x) = Haﬁ(x)£ (‘ |2> =Ha’l;(x), 1<|x|<1+e.

H, 4

5v

+BH/; 0 Ol'la.Q

one deduces that

opr - OHq,p -
v +B¢T‘ao = (a ov +BH“’ﬁ‘aQ -

Next, wetake a = 0. If A = — (#)2, for r = |x|, one has

(1)
aHT‘ _ aHzx,ﬁ _ aHaﬁ =_ﬁ<0
ov ov lea  or I ’
IfA> - (%)2, one has
H®
OHy|  OHgp _ a Hapl _
ov laa oV lag or |1 2Anp < 0.
Hence, if a = 0, in both cases, we have
LHT <0
ov ’
which yields (since n = 0)
opr ‘ <
ov -

and the lemma is proved.

(2.1)

(2.2)

O

Throughout this paper, C denotes a positive constant (independent of T) whose value may change from line

to line.
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Lemma 2.2. Forall0< T < coand { = 2, we have

/ nz(0 dt = CT.
0

Proof. By the definition of the function n7, and using the properties of the cut-off function 1, one obtains

oo

]onr(t)dt - /n (;)4 dt
0 OT e
SLOK
0

1

= T / n(s)z ds,
0
and the lemma is proved. O

Lemma2.3. Letm > 1.Forall0< T <ocoand{ > %, we have

/ nr(O7 |y (0 * dt < CTV 7%
0

Proof. It can be easily seen that

-2
Inr(B] < CT (%) , 0<t<T.

Hence, one obtains

= T
[0 o ae - [ a0 o1 d
0 0
T
< CT%/nr(t)"’% at
0

1
- Crlwa /n(s)z'% ds,
0
which yields the desired estimate. O
Lemma?2.4. LetA = - (%)2 Forall > 0, ¢ > 2, and sufficiently large T, we have

6(N+2)

/HT(x)dstT z InT.
0

Proof. By the definition of the function Hry (as well as the function H, p), and the properties of the cut-off
function £, for sufficiently large T, one has

)
/HT(X) dx /fol’%(x)f ('ﬁ;) dx
0 o)

/ |x|¥ [cx+ <B+ M) ln\xq {(;fz:)e dx

|x'\>1
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< Mﬂ <ﬁ+(N 2)“)1n(T9\y|)}d

T-9<|y|<v/2

Observe that
/3+@=0 < PB=0andN=2.

So, if f = 0 and N = 2, one obtains

/HT(x)dx < aTW / |y\%dy
0 T-9<|y|<v2

[yt ay
0<ly|<v2

3
O(N+2) N
CT = / p?dp,
p=0

6(N+2)

N

IN

IN

that is,

/ Hr(x)dx < CT

If 8> 0 or N = 3, one obtains § + #2¢ > 0 and

9(N +2)

/HT(x)dx < InT / \y|% dy
T-0<|y|<v2
%

lnT/p2 dp,
p=0

N

9(N +2)

IN

that is,

O(N+2)
/HT(X) dx < CT 2
0

Hence, (2.3) and (2.4) yield the desired estimate.

Lemma 2.5. Let A > - (#)2 Forall > 0, ¢ = 2, and sufficiently large T, we have

/HT(X) dx < cTOC )

Proof. In this case, one has
Hg p(x) = H(Z)( )=0 (|x|¥“\”) , as |x| > oo.

Hence, for sufficiently large T, we obtain

2 e
/HT(x)dx = / foz’%(x){ (‘7{(72‘0) dx
Q

[x|>1
- [ ST dy
T-9<|y|<v2
CTQ(N+2+AN) / |y‘ +/1N dy
0<ly|<v2

IN

DE GRUYTER

(2.3

(2.4)
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cTO(M2+4v) / o5 dp,
p=0

which yields the desired estimate.

Lemma2.6. Let A= - (%2)” andm > 1. Forall 6 > 0, ¢ > 2™ and sufficiently large T, we have

/HT(X)% A Hy|mT dx < CTOCF 75 In T,

Proof. Forall x € Q, one has

-0 Hr(x) = ( A+$> { (1)( )f(';,(2|9> }
- ()] e (2)
K2\ @ q 5 (X W X2\
_ _g(pe) A, - HE A£<T20> ~2vAS vg(m)

¢
+WH(1) )¢ ( ‘;fz‘a )

_ §(|X| ) MHO0 - H<1g(x)A$<'X' ) ~2vHl - vE (s |2>Z

T20 T26

where “ - ” denotes the inner product in RY. Since 4;H", = 0, it holds that

a,p
V4
A1) = ~H) (x)A{(‘;fz‘e) ~2va0-v ¢ (g : )
which yields
|ANH (|
o) X\’ ® x|? "
H00 |ag (I ) |+ 29000 vz(pe)
b= =t
(H(“ () Ae’('}‘z'e) + [VHg p00I#1 |V ¢ ('}%) )
and

-1 m_
Hy()™t [A\Hp(x)| 7t

<ontyeos ()

0| m-1
x|?
A{ (TZG

2
+ CH 001 [VH{ (0| 71§ (‘}‘2‘9)

=
|x|?

/HT(X)%\AAHT(XN% dx < C (I,(T) + (1)),

Hence, it holds that

where

m_
1

L(T) = /Hm( )€< >‘ ’M('ﬁz)e -

dx

—_ 1275

(2.5
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“6(5%)

Now, let us estimate I;(T), i = 1, 2. Using the properties of the cut-off function &, for sufficiently large T, one

has
W2\ (x2Y
| e (3%) " as ()

TO<|x|<\/2T?

To(v-3) / HOTEYD) 14 £y Y dy.
1<ly|<v2

and

m_
1

-
- 2\ m-1
I(T) = / H{Y 007 [VH 00|77 ¢ (%‘e) dx.

_m_
1

I1(T) 7 dx

On the other hand, it can be easily seen that for 1 < |y| < v/2, one has

A&y D) < CEy)D) 2.

Hence, it holds that
s crCED [y ay
1<lyl<v2
_2m
< crf0v-7%) / H&%(Tey) dy. (2.6)
1<ly|<v2
By the definition of the function H () " one has

a,p’

HE) - 1 s (5 O 20 (1) |, 1< va

Observe that

B+M=O < PB=0andN=2.

Hence, if § = 0 and N = 2, one obtains

[ Eatay -t [y
1<ly|<v2 1<ly|<v2

[ Hhatnay-c | wa-c
I<lyl<v2 1<ly|<v2

If 8 > 0o0r N = 3, for sufficiently large T, one obtains

Hence, in both cases, by (2.6), for sufficiently large T, one deduces that
1(T) < ¢T3 -7%) In T. .7)

Next, one has

L(T) - / H, 0077 [VH, (0|7 15(|X2) dx

ve ()"
T26 T26
TO<|x|</2T®

= 7o0) / HOL(Ty)ms [VH L (T0)) [ &y 2 |V §(ly ) |7 dy.
1<lyl<v2
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It can be easily seen that for 1 < |y| < v/2, one has

IV &y < ce(yH)

Hence, it holds that

L) < CcTo0-% / O (T0y) ' (VUL (TO) 7 ()7 dy
1<lyl<v2
< ot [ R v H ) dy.
1<lyl<v2

Elementary calculations show that for sufficiently large T and 1 < |y| < v/2, we get
HO(1%) e [VH(1%)|# < cT7%G 73 if N =2and f =0

and
HO,(1%)w1 [VHO(TP)| T < cT?Gm7) InT i N>3or > 0.

Hence, in both cases, for sufficiently large T, one has
HO,(1%) w1 [VHO(TO)|T < cTCrma) InT, 1< |y| < v2.

Then, by (2.8), one obtains
N+2 2m
L(T) < cT?CF-#5) In T.

Finally, (2.5), (2.7) and (2.9) yield the desired estimate.

Lemma?2.7. LetA > - (%) andm > 1. Forall 6 > 0, ¢ > 2™ and sufficiently large T, we have

N+2 _ 2m

/HT(X)m 1 |A/1HT|m 1 dX < CTG(AN+—_7

Proof. Following the proof of Lemma 2.6, for sufficiently large T, one has

/ Hy () |AyHy |75 dx < C (J1(T) + Jo(T))

where
Jn =t [ HE ) ay
1<ly|<v2
and
Jo(T) s 7705 / HE(1%) 7 [VHZY(T%)| 5 dy.

1<|y|<v2

Elementary calculations show that for sufficiently large T and 1 < |y| < v/2, one has
HE(1%) < cTo(5 M)

and
N

H(z};(Te Yt |VH(2;3(T9y)|m 1 < e -3-75),
Hence, (2.10), (2.11), (2.12), (2.13) and (2.14) yield the desired estimate.

3 Proofs of the main results

In this section, we prove Theorems 1.1 and 1.2. We first establish the nonexistence results.

(2.8

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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3.1 Nonexistence results

We prove below parts (i) and (ii) of Theorem 1.1, as well as part (i) of Theorem 1.2. The proof is based on a
rescaled test-function argument (see [16] for a general account of these methods) and a judicious choice of
the test function.

Proof. Let us suppose that u € L? (0) is a global weak solution to (1.1)—(1.2). By (1.9), we obtain

loc
/|u|p(pdxdt+L¢,(w)s/|u||a“(p|dxdt+/\u|\A/1<p|dxdt, (1)
O O O

for every ¢ € @, p. Using e-Young inequality with € = %, we get

/|u||att(p|dxdts %/|u\p(pdxdt+C/(pP%11|att<p|:%l dx dt (3.2)
O O O
and 1
-1
/\u\|A,1(p|dxdts E/|u|1’<pdxdt+c/qnﬁuwpp% dx dt. (33)
0 O O

Hence, it follows from (3.1), (3.2) and (3.3) that
Lo(w)<C </<ppﬁ|att<p|f1 dxdt+/<pﬁ|AA<p|% dxdt) , (3.4)
O 5]

for every ¢ € CDa’ﬁ. By Lemma 2.1 and (3.4), for all £ > r%’ 0 > 0, and sufficiently large T, one has

=L -1
Ly, (w)<C (/(p%1 |att(pT\v’%1 dx dt+/go§’1 \AAgoT|ﬁ dx dt) . (3.5)
o )

Now, we shall estimate the terms from the right-hand side of the above inequality. By the definition of the
function ¢, one has

/ OF gl dxdt = ( / N7 (0|7 dt) ( / Hr(x) dx) : (G.6)
O 0 Q

On the other hand, using Lemma 2.3 with m = p, we obtain

[ nr @017 des 1, (37)
0

Moreover, combining Lemma 2.4 with Lemma 2.5, one deduces that for all 1 > - (#) 2,

/ Hy(x) dx < CT?CZ W) In T, (3.8)
Q

Hence, by (3.6), (3.7) and (3.8), it holds that

= +
/ o7 |0upr|?T dxdt < CTCE M) FE In T, 69)
(C]

Again, by the definition of the function ¢, one has

OF M| dxdt = (/UT(t)dl‘) (/HTI’ll|AAHT|”pl dth) : (3.10)
0 Q

0]
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Combining Lemma 2.6 with Lemma 2.7, and taking m = p, one deduces that forall A = — (M)Z,

_ N+2 _ 2p
/HTFlllAAHT\% dxdt < cT?' (55 ) 1n T,
Q

Hence, by Lemma 2.2, (3.10) and (3.11), we obtain

= Ns2_ 2p
0T Al dxdt < cT? (W E ) Ty
O

Consider now the term from the left-hand side of (3.5). By the definition of Ly, if a > 0, one has

Lpiw) = 1 / WOOr(t, x) do dt = ( / n2(0) dt) (3/ WOHZ(0) da) .
0

00 Q

By the definition of the function H7, and using Lemma 2.2, it holds that

¢
Ly, (w) = CT/W(X)HM(X){ (%) do.

oQ

Since T is supposed to be large enough, by the definition of the cut-off function &, we get

Loy (W) = CT / W) H, 5(x) do.
00Q

On the other hand, by the definition of the function H, g, for all x € 0Q (|x| = 1), one has
a>0 if A=-(N2)%,

Ha,ﬂ(x) =
2Aya > 0 if A>—(ﬂ)2.

Then, forall A = — (#)2, one obtains

Ly, (w) = CT/W(X) do, a>0.
20

If a = 0, by the definition of Ly,, and using Lemma 2.2, one has

_1 9 __ OHr
Ly W) = / w00 % dodt = -c1 / w0 2T g,
20 o0
Notice that by (2.1) and (2.2), one has
_ if A= (N-=2)2
oHr| <0 if A=-(%2)",
ov lag

AWB<O i A> - (M2)2,
Hence, forall A = - (%)2, one obtains

Ly, (W) = CT / w)do, a=0.
00

Combining (3.13) with (3.14), one obtains

Ly, (W) = CT / w()do, a B >0, (ap)#(0,0).
00

—_ 1279

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Now, using (3.5), (3.9), (3.12) and (3.15), we obtain

/ w(x)do < C <T"(¥”N)*% 4 702235 )> InT. (3.16)
0Q

Observe that for 8 = 1, one has

N+2 _2p _ N+2 2p \ _ N+2 2p
9( 5 +AN> p—_l—e(/l,\ﬁ 3 p—_1>—AN+ 5 o1

Hence, taking 6 = 1 in (3.16), we get

/w(x) do < CTW*' 75 InT. (3.17)
o0

We discuss two cases.

Case1: A = - (%2)°.
In this case, one has Ay = 0. So (3.17) reduces to

/ w(x)do < CT'* #3 InT. (3.18)
FYo)
Moreover, if N = 2, (3.18) reduces to
/ wido < () InT, (3.19)
EYo)

Hence, passing to thelimitas T - oo in (3.19), one obtains a contradiction with the assumption / w(x)do > 0.

20
This proves part (i) of Theorem 1.1. If N > 3 and

4
1 1+ ——
<p< +N_2,
one can check easily that
N+2 2p <o.
2 p-1

Hence, passing to the limit as T - oo in (3.18), we obtain a contradiction. This proves part (ii) of Theorem 1.1.

Case2: 1> - (%)2
In this case, one has Ay > 0. Moreover, it can be easily seen that, if

4
1<p<1+7N—2+2AN’
then N2 5
t2 _2p
Ay + 3 p—1<0'

Hence, passing to the limit as T - oo in (3.17), we lead to contradiction. This proves part (i) of Theorem 1.2. [J

3.2 Existence results

Now, we prove the existence results given by part (iii) of Theorem 1.1 and part (ii) of Theorem 1.2.
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Proof of part (iii) of Theorem 1.1. Let N=>3,a,820, (a, B) # (0,0),A = - (M)Z, and

p>1+ (3.20)

N-2'

For 9N \
0<6<1, FZ_T’ T>efFa>1, £>0,

let
u(x) = g|x|* (1H(T|X|))6, x € Q. (3.21)

Elementary calculations show that
~Au(x) = - glx[*? (ln(T|x|))§72 [(y(N +u-2)-2) (1n(T|x\))2 +8(N +2u-2)In(t|x|) + 6(6 - 1)
—£6(1 - 6)|x*2 (In(r|x]))* 2

and
~83u00) - [u()P =£6(1 - 8)|x}*2 (In(r|x])** - £ |x*? (In(r x))

(3.22)
= ex*2 (In(r|xD)* [8(1 - 6) - &P~ x4 (in(r|x)) V"2

On the other hand, by (3.20), it holds that

Up-uU+2-= +2<0.

2-Np-1)
2
Hence, there exists a constant A > 0 such that
|x|HPH+2 (ln(‘r|x|))8(p_1)+2 <A, xe€Q,
which yields (by (3.22))
~Aqu(x) - [uC)P > elx]*2 (In(r|x])) [5(1 ~8)- ep-lA} .

1
Since 0 < § < 1, taking 0 < € < [@} "' one obtains

-Mux) - Ju@x)P =20, xcQ.

On the other hand, for r = |x|, we have

ou ou
(a5 omw)],, = (a5iom)]

= e(nt)’" [B-au)nT-ab
8 1[ ]

=

(3.23)

Since T > eﬁ, we deduce that w > 0. Hence, the function u defined by (3.21) is a stationary solution to
(1.1)-(1.2), where w > 0 is given by (3.23). This proves part (iii) of Theorem 1.1. O

Proof of part (ii) of Theorem 1.2. Let N =2, a,8 20, (a, B) # (0,0),A > - (#)2, and

4

P>t oy

(3.24)

For

2-N . -2 2-N
T—/\N<6<mln{ﬁ,T+AN} (3.25)

and )
p-1

O<e< [—62+(2—N)5+/1}p , (3.26)
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let
ux) = elx|°, xeQ. (3.27)

Notice that by (3.24), the set of § satisfying (3.25) is nonempty. Moreover, by (3.25), since A > — (#)2, one
has
-82+(2-N)§+A>0.

Elementary calculations show that
~Aqu - [uf? = e|x|?2 [(—52 +2-N)8+ A) - sp‘1|x|5p‘5+2] .
Hence, using (3.25) and (3.26), we obtain

A - |uf?

v

elx|> [(—52 +(2-N)6+ )[) _ gp—l}
0.

v

On the other hand, for r = |x|, we have
ou
(502,

Hence, we deduce that the function u defined by (3.27) is a stationary solution to (1.1)-(1.2), where w = &(B -
ab) > 0. This proves part (ii) of Theorem 1.2. O

(—a% +ﬁu)

= &(B-ab)>o0.

r=1
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