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Abstract

We consider a nonlinear parametric Dirichlet problem driven by the p-Laplacian
and a reaction which exhibits the competing effects of a singular term and
of a resonant perturbation. Using variational methods together with suitable
truncation and comparison techniques, we prove a bifurcation-type theorem
describing the dependence on the parameter of the set of positive solutions.
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1. Introduction

Let Q C RN be a bounded domain with a C2-boundary 9. In this paper,

we study the following nonlinear singular Dirichlet problem

—Apu(z) = du(z) "7 + f(z,u(z)) in Q, 0, u>0. (Py)

ulyo =
In the above equation, A, denotes the p-Laplace differential operator defined
by

Apu = div(|Vu[P2Vu)  for all u € Wy P(Q), 1<p < +oo.
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In the right hand side (forcing term) A > 0 is a parameter, Au~"7 is the singular
term with 0 < v < 1 and f(z,z) is a Carathéodory perturbation (that is, for all
x € R, 2z — f(z,x) is measurable and for a.a. z € Q, z — f(z,x) is continuous).
We assume that f(z,-) exhibits (p — 1)-linear growth near +o0o and asymptoti-
cally at 400 is resonant with respect to any nonprincipal variational eigenvalue

of the Dirichlet p-Laplacian. Here “resonant” means that asymptotically as
f(2,2)
zp—1
Laplacian. This makes the analysis of (P,]) more difficult, since among other

xr — 400 the quotient

interacts with the spectrum of the Dirichlet p-

things the verification of the compactness condition for the energy functional is
highly nontrivial. So, in problem we have the competing effects of singular
and resonant terms. We are looking for positive solutions and our aim is to
obtain the precise dependence of the set of positive solutions as the parameter
A > 0 varies. We prove a bifurcation-type result which says that there exists a

critical parameter value \* > 0 such that
e for all A € (0, \*) problem admits at least two positive solutions;
e for A = \* problem has at least one positive solution;
e for all A > A\* problem has no positive solutions.

In the past such studies for singular equations were conducted by Sun-Wu-
Long [19] (semilinear equations) and by Papageorgiou-Smyrlis [I6] (nonlinear
equations). In both papers the competition is between a singular term and a
superlinear perturbation. Moreover, the parameter multiplies the superlinear
term, while in problem the parameter A > 0 multiplies the singular term.
In principle, it is easier to control the perturbation than the singular term. Sun-
Wu-Long [19] prove the existence of a parameter A* > 0 such that for all A €
(0, A*) the problem has at least two positive solutions. A more precise descrip-
tion of the dependence on the parameter A > 0 of the set of positive solutions,
can be found in Papageorgiou-Smyrlis [I6], who prove a bifurcation-type result
as described above. Other multiplicity results for singular Dirichlet problems

can be found in the works of Hirano-Saccon-Shioji [11], Papageorgiou-Radulescu
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[14] (semilinear equations) and Giacomoni-Schindler-Takac [9], Papageorgiou-
Radulescu-Repovs [15], Papageorgiou-Smyrlis [17], Perera-Zhang [18]. We should
mention the works of Cirmi-Leonardi [6], Cianci-Cirmi-D’Asero-Leonardi [4],
Cirmi-D’Asero-Leonardi [5] which also deal with operators exhibiting some kind
of degeneracy. It is worth examining whether our results here can be extended
also to such operators. Finally there is also the recent work of Bonanno-Candito-
Livrea-Papageorgiou [3] treating a similar parametric problem with no singular

term.

2. Mathematical Background - Hypotheses

Let X be a Banach space and X* its topological dual. By (-,-) we denote
the duality brackets for the pair (X*, X). Given ¢ € C(X,R), we say that ¢
satisfies the “Cerami condition” (the “C-condition” for short), if the following

property holds:

“Every sequence {u, tneny € X such that {¢(u,)}nen € R is bounded and
(14 JJunlD¢' (un) = 0 in X* as n — +oo, admits a strongly convergent subse-

quence”.

This is a compactness-type condition on the functional ¢. It leads to a de-
formation theorem from which one can derive the minimax theory of the critical
values of ¢. One of the main results in that theory is the so-called “mountain
pass theorem” of Ambrosetti-Rabinowitz [2]. Below we present a slightly more

general version of that theorem (see, for example, Gasinski-Papageorgiou [7]).

Theorem 1. If ¢ € CY(X,R) satisfies the C-condition, ug,u1 € X, |lug —
woll > 7, max{p(ug),e(u1)} < inf{p(u) : ||lu —wl| = r} = m, and ¢ =
infyer maxo<i<1 9(v(t)) where I' = {y € C([0,1], X) : ¥(0) = uo,y(1) = w1},
then ¢ > m, and ¢ is a critical value of ¢ (that is, there exists u € X such that

p(u) = ¢, ¢'(u) = 0).

The study of involves the use of two spaces. The Sobolev space W, ()
and the Banach space C§(Q) = {u € C*(Q) : u|,,, = 0}. By || - || we denote the
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norm of VVO1 (). On account of the Poincaré inequality, we can have
|u| = |Vull, for all u € W, ().

The Banach space C} () is an ordered Banach space with positive (order) cone
given by
Cy ={ueC§Q) : u(z) >0 forall z € Q}.

This cone has a nonempty interior given by

intC+:{u€C+ s u(z) >0 forall z € Q, u

Y <0},
o0

on

@
on
on 0N.

Recall that W, P(Q)* = W17 (Q) with % + 1% = 1. Consider the nonlinear
map A : WP (Q) — W12 (Q) defined by

with being the normal derivative of u and n(-) is the outward unit normal

(A(u), h) :/ |VulP~2(Vu, Vh)gvdz  for all u, h € WyP(Q).
Q

Proposition 1. The map A : WyP(Q) — WL (Q) is bounded (that is,
maps bounded sets to bounded sets), continuous, strictly monotone (hence max-
imal monotone too) and of type (S)i (that is, if up — u in Wy (Q) and

lim sup(A(up), w, —u) <0, then u, — u in Wy*(2)).

n——+0oo

The next result will be a useful tool in our arguments in Section [3| It can

be found in Marano-Papageorgiou [I3] (Proposition 2.1).

Proposition 2. If X is an ordered Banach space with order cone K and ug €

int K, then for every v € K, we can find t, > 0 such that (t,up —v) € K.

Next we fix our notation. Given x € R, we set ¥ = max{+x,0}. Then for

u e WyP(Q) we define u®(-) = u(-)=. We have
ut e WyP(Q), u=ut—u", |ul=ut+u".

If g: Q@ x R — R is a measurable function (for example, a Carathéodory

function), we define

Ny(u)(-) = g(-ul-))  for all u € Wy(Q),



the Nemytskii (superposition) operator corresponding to g. Evidently, z —
Ny(u)(z) is measurable.
If up,us € Wol’p(Q) and u; < ug, then by [u1, us] we denote the order interval

in Wy P(Q) defined by
[u1,ug] = {u € Wy P(Q) s ui(z) < u(z) < ug(z) for aa. z € Q}

By intci g [u1,us] we denote the interior in the CZ(€)-norm topology of

[u1,us] N CH(Q). Finally if @ € W, (), then we set
[@) = {u e Wy P(Q) : u(z) < u(z) for a.a. z € Q.
Given ¢ € C1(W,*(Q),R) by K, we denote the critical set of ¢, that is,
Ky = {ue W) /() = 0}.

Now let us recall some basic facts about the spectrum of the Dirichlet p-

Laplacian. So, we consider the following nonlinear eigenvalue problem

—Apu(z) = Mu(2)P2u(z) inQ, 0. (1)

u|aQ =

We say that A € R is an “cigenvalue” of (=4, WyP(Q)), if problem
 admits a nontrivial solution & € Wy ?(Q). The nontrivial solution @ is an
“eigenfunction” corresponding to the eigenvalue . The nonlinear regularity
theory (see, for example, Gasiniski-Papageorgiou [7], pp. 737-738), implies that

4 € C3(Q). There is a smallest eigenvalue A1 with the following properties:

e A, > 0 and it is isolated in the spectrum 5(p) of (—A,, W, P(R)) (that is,
75 there exists € > 0 such that (A, A\; + &) NG (p) = 0).

) Xl is simple (that is, if @, ¥ are two eigenfunctions corresponding to the

cigenvalue Ay, then @ = £5 with £ € R\ {0}).

Vullf

lullp

A1 = inf e WP (Q), u#0|. (2)
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In the infimum is realized on the one-dimensional eigenspace correspond-
ing to Xl > 0. From the above properties it follows that the elements of this
eigenspace have fixed sign. Let %; be the LP-normalized (that is, ||t1], = 1)
positive eigenfunction corresponding to 1 > 0. We know that @, € C\ {0}.
Moreover, the nonlinear strong maximum principle (see Gasinski-Papageorgiou
[7], p. 738) implies that @; € int C..

Since o(p) is closed and A1 > 0 is isolated, the second eigenvalue Ay of

(=A,, WyP(Q)) is well-defined by

X2 =inf[A € 3(p) : A > Al

Employing the Ljusternik-Schnirelmann minimax scheme (see Gasinski-Papageorgiou

[7]), we can produce a whole sequence {Xk}keN of distinct eigenvalues of (—A,,, W, (Q))

such that Xk — 400 as k — +oo. These eigenvalues are known as “vari-
ational eigenvalues”. Depending on the index used in the execution of the
Ljusternik-Schnirelmann scheme, we can have a corresponding sequence of vari-
ational eigenvalues. All these sequences are the same in the first two elements
which are defined as above. For the rest we do not know if this is the case.
Also, we do not know if there are other eigenvalues distinct from the variational
eigenvalues. The variational eigenvalues exhaust the spectrum &(p), if p = 2
(linear eigenvalue problem) or if N = 1 (ordinary differential equation). We
mention that, if @ is an eigenfunction corresponding to an eigenvalue P\ #* Xl,
then @ € CZ(Q) is nodal (that is, sign changing). For details on these and
related issues we refer to Gasiriski-Papageorgiou [7].

Now we are ready to introduce our hypotheses on the perturbation term

f(z,2):

H(f): f: Q@ xR — R is a Carathéodory function such that for a.a. z € Q
f(z,0)=0, f(z,2) >0 for all z > 0 and

(7) for every p > 0, there exists a, € L () such that

|f(z,x)| < ap(z) for a.a. z € Q, all |z] < p;



(#7) there exists m € N, m > 2 such that

m uniformly for a.a. z € Q)
and if F(z,2) = [ f(z,s)ds, then
pF(z,z) — f(z,2)x — 400 as & — +00, uniformly for a.a. z € Q;
(74i) for some r > p, we have
f(zx)

0 < liminf — < lim sup
z—0+ X 0+ €T

f(z2)

r—1

< ¢ uniformly for a.a. z € ;

(iv) for every p > 0, there exists Ep > 0 such that for a.a. z € Q
z — f(z, ) —|—§pxp71
is nondecreasing on [0, p].

Remark 1. Since we are interested to find positive solutions and all the above
hypotheses concern the positive semiaxis Ry = [0, +00), without any loss of

generality we may assume that
f(z,2) =0 foraa. z€Q, allz <0. (3)

Hypotheses H(f) (i7) implies that the equation is resonant at +oo with respect

to a nonprincipal variational eigenvalue of (—A,, Wy™*(2)).

Example 1. The following function satisfies hypotheses H(f). For the sake of

simplicity we drop the z-dependence:

"1 ifo<z<l1,
flz) =

:\\mxpfl 2?1 — /):m if 1 <,

withl <g<p<r<+4oo,meN, m>2.

1s 3. Positive Solutions

Let £ ={X > 0 : problem (P has a positive solution} (the set of admissi-

ble parameters) and Sy is the set of positive solutions. The nonlinear regularity
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theory and the nonlinear strong maximum principle (see Gasiniski-Papageorgiou
[7], pp. 737-738), imply that
S)\ g int C+

(see Proposition 6 of Papageorgiou-Smyrlis [16]).

We start by considering the following purely singular Dirichlet problem
—Apu(z) = Au(z)™7 in Q, u|8Q =0, u>0. (@)

From Proposition 5 of Papageorgiou-Smyrlis [16], we know that for every
A > 0, problem (@) has a unique solution wy € intC'y. Using this unique
solution of (@,)), we will show that £ # 0.

Proposition 3. If hypotheses H(f) hold, then L # (.

Proof. Using uy € int C the unique solution of (Q,)), we introduce the following
truncation of the reaction in problem (P)))

~ Auy(z)™7 z,x) if z <uy(z),
A= T IED b e @) (4)
Az + f(z,x) if ux(z) < =,

This is a Carathéodory function. We set Fy (z,2) = [y f)\(z, s)ds and con-
sider the C'-functional @y : W, *(€2) — R defined by

oa(u) = %HVUHZ — / F(z,u)dz for all u € WiP(Q).
Q
Given u € W P(Q), u > 0, let
D ={z€Q:uz) <ur(z)} and O3 ={z€Q:ur(z) <u(z)}

‘We have



~ \ N
F(z,u)dz < AutTVdz 4 Mt Vdz S [ WY —ayde
3 =9 Jaz

Ql
+/F(z,u)dz (see ()
)

A
< Aeq|ull + 7/ u1_7d2+/ F(z,u)dz
-~ Q32 Q

Q

(see Theorem 13.17, p. 196, of Hewitt-Stromberg [10])

A u
< Aeqllu +7/ —dz+ [ F(z,u)dz. 5
lll+ 125 [ e+ [ FGw (5)

Recall that uy € int C. Then u~’j\/ € int C;. and so using Proposition |2| we

can find ¢y > 0 such that

’
u < ek,
o o
= uy <cj uy,

.
~— ~T o7
= u,  <c3u; ” for some cg > 0.

Using the Lemma in Lazer-McKenna [12], we have

.
7

i, 7 e L"(9Q),

= U e LP(Q).

So, invoking Holder’s inequality, we have

A A
— %dz < — %dz < Aeq||u]]  for some c¢g > 0 (recall u > 0).
L= Jaz uy L=7Jquy
(6)
Hypotheses H(f) (i), (i7), (¢i7) imply that
F(z,x2) < cslz|” for a.a. z € Q, all x € R, some ¢5 > 0,
= / F(z,u)dz < cg|lu|” for some cg > 0. (7)
Q

Returning to and using @ and , we have

/ Fx(z,u)dz < cr[M|ul| + |Jul|"] for some ¢; >0, all u € WyP(), u > 0.
Q



On the other hand, if u € W&’p(Q), u < 0, then

/ Fy(z,u)dz < cs[Mull + ||lull"]  for some cg > 0, (sce ).
Q

Since for every u € Wy (Q), we have

we conclude that

/ Fi(z,u)dz < co[M[ul| + |[u]|"] for some c¢g > 0, all u € WyP(Q).
Q

Therefore for all u € W, ?(Q) we have

o~

1 T
Pa(u) = EIIVUIlﬁ = co[Mull + [[ull"]

1 _ _
= = = co(Allull "™ + ul"7P) | [lull”.
p
Let 95(t) = M1™P +¢"7P ¢ > 0. Since 1 < p < r, we see that
Ix(t) = +oo ast— 0" and as t — +oo.
So, there exists to € (0, +00) such that
19)\@0) = inf[19>\(t) it Z 0]7
= ﬁ&(to) = 0;
= Ap-Dte" = —pty ",

w—n]*a

= t0:|: r—p

Then we have

o Ao — 1)\ 1
%U@=A£g p) 1+<(p )) ’

N (p - 1)F r—p
o ~
= Ua(to) = AT l(rp) + <p ) 1
p—1 r—p
=\t [a_ﬁj —I—a%} with a = % >0
_aerlre s g

= Ua(to) >0 as A — 0" (recall 1 <p <r).

10



(We did this estimation in detail because it provides a lower estimate for the

critical parameter A*).

So, we can find A\g > 0 such that
1
Ia(to) < = for all A € (0, Ag).
p
Returning to , we see that

Oa(u) > 0=x(0) for all ||u|]| = px = to, all A € (0, Ag).

(9)

Hypothesis H(f) (i¢) implies that given any n > 0, we can find M = M (n) >

0 such that
pF(z,x) — f(z,x)x >n foraa. z€Q,allz > M.
We have
d (F(z,2)\ _ f(zx)a? — pF(z,x)aP""
dx P B 2P

f(z,2)x — pF(z, z)
- xpt+1

—-n

< o] for a.a. z € Q, all > M (see (10))),
F F 1 1
= (271})— (z,x)<n{_} fora.a. z€Q,all M <z <.
P P D VP P

Hypothesis H(f) (i¢) implies that

F 1~
lim M = —)\,, uniformly for a.a. z € ().
v——+00 VP D

So, if in we pass to the limit as v — +o0o0 and use , then
mep —pF(z,2) < —n foraa. z€Q allz> M.

Since n > 0 is arbitrary, we conclude that

:\\mxp —pF(z,2) - —00 as ¢ — 400 uniformly for a.a. z € Q.

(10)

(11)

(12)

(13)

We know that u; € int C.. So, according to Proposition we can find £ > 0

big enough such that

uy < tu;.

11



Then using 7 we have

PPN P~ . 1
oa(tuy) < =X — [ F(z,tuy)dz =
p Q

Eﬁpﬁmw—ﬂzmmw

(recall that [|u]|, = 1),
= Oa(tuy) — —oco  (see and use Fatou’s lemma). (14)

Claim: For every A > 0, ¢ satisfies the C-condition.
Consider a sequence {u, }nen C Wy ™*(2) such that
|Pa(un)| < M;  for some My >0, all n € N,

(1 + |Jun NP\ (up) — 0 in W*Lp/(Q) as n — +oo. (15)

From we have

‘(A(un),m — / f:\(z,un)hdz < 1?_1||| ” ” for all h € Wy(Q), with &, — 0.
Q n
(16)
In we choose h = —u;; € Wy*(€). Then
[Vu, |5 +/ Uy Tuydz < e, (see (3), (@),
Q
= wu, =0 inWyP(Q) asn — +oo. (17)

Suppose that {u; }nen € WyP(Q) is not bounded. Then we may assume

that

|| — +oo.

Jr

3
s

n

We set y,, =

,n € N. We have |lyn|| =1, y, > 0 for all n € N. We

may assume that
Yn — y in Wol’p(Q) and gy, — yin LP(Q), with y > 0.
From and , we have

‘(A(uj{),h} — /Qf,\(z,uj;)hdz < & ||h|| for all h € W, P(Q), with &/, — 0T,

— ,
(A(yn), h) — jk(al%)hdz'<‘%1“ﬂ| for all n € N. (18)

= <
o [lut P! st [P

12



Recall that
i e LY (Q), (19)

while hypotheses H(f) (i), (i¢) imply that
0< f(z,2) <ecio[l +]2[P7!] for aa. 2z € Q, all z € R, some c19 > 0 (see (3)).

(20)
Then from and it follows that

N7 (uh) :
—?—71;_1 C L? (Q) is bounded.
Fal f

Therefore by passing to a subsequence if necessary and using hypothesis
H(f) (i7), we have
Nz (ub) ., ~
Hvn w -1 - /
— = AP in LP (Q 21
L 5 R @ 1)

us  (see Aizicovici-Papageorgiou-Staicu [I], proof of Proposition 16).
In we choose h =y, —y € Wy*(€2) and pass to the limit as n — +oo.
We obtain

ngrfw<A(yn), Yn — y> = 07
= Yo — yin Wy P(Q), hence ||y =1, y > 0 (see Proposition . (22)
If in we pass to the limit as n — +oo and use and , then
(A(y), h) = / Amy? " 'hdz  for all h € WP (),
Q

= —Apy(z) = me(z’)p_l for a.a. z € Q, 0.

y‘ag =

Since y # 0 (see (22)) and m > 2, it follows that y must be nodal, a
contradiction (see (22)). Therefore

{u) nen € WyP(€) is bounded,

= {un}nen € WyP(Q) is bounded (see ()R
So, we may assume that

Up ~ win WyP(Q) and  w, — uin LP(Q). (23)

13



In we choose h = (u, —u) € Wy"P(2), pass to the limit as n — +oo
and use (23). Then
nErJPOO(A(un), Up —u) =0,

= w, = uin W "*(Q) (see Proposition ,

= (@, satisfies the C-condition.

This proves the Claim.

Then (9)), and the Claim permit the use of Theorem [I] (the mountain
pass theorem). So, for A € (0, \o), we can find uy € Wy*(€) such that

ux € Kg, and wuy #0.

‘We have

-~

QO)\(UA) = 07
= (A(un),h) = / Az, un)hdz  for all h € WP (Q). (24)

Q

In we choose h = (liy — uy)* € Wy*(€2). Then

<A(U)\), (17)\ — U)\)+> = / [/\ﬂ;’y =+ f(Z,uA)](ﬁ)\ — u>\)+dz (see "
Q
> / Ay " (uy —uy)Tdz  (since f > 0)
Q

= (A(Wy), (@ —uw)™),

= <A(a)\) - A(U)\), (aA - u)+> < Oa

= uy < uy.

Then from and it follows that

uy € Sy CintCp  for A € (0, \o)

= (0,00) C L #0.

O

Now we prove a structural property of £, namely we show that £ is an

interval.

14



1 Proposition 4. If hypotheses H(f) hold, A € L and p € (0, ), then u € L.
Proof. Since A € £ we can find uy € Sy C int C. We have
—Apux(z) = Aua(2)7 + f(z,ur(2))
> pun(2)"7 4 f(z,ux(z)) for a.a. z € Q (since p < A).

We know that uy € int C'y. Therefore, on account of Proposition [2, we can

find ¢ € (0,1) small such that

t ﬂ# < Uy (25)

We have
—Ap(tTy) = —tP Ay, = ptP;,Y < p(t ) (26)
We set u,, = Z\ﬂ# and consider the following truncation of the reaction in
problem (P,)
W ()7 + F(2) i < T, (2),
ﬁt(zaz) = pr 7+ f(z,x) if 4, (2) <& <up(z), (see (25)). (27)
pun(2)™7 4 f(z,ua(z)) ifun(z) < =z,
This is a Carathéodory function. We set ﬁ#(z,x) =I5 ﬁ(z, s)ds and con-
sider the C'-functional 3, : WP () — R defined by

1 ~
Bulu) = 5||vu||g; - / E,(z,u)dz for all u € W,P(Q)
Q

(see Proposition 3 of Papageorgiou-Smyrlis [16]). From it is clear that
@u(+) is coercive. Also, using the Sobolev embedding theorem, we see that @, ()
is sequentially weakly lower semicontinuous. So, by the Weierstrass-Tonelli
theorem, we can find v, € W, P(2) such that
Bpu(wy) = inf[Bp(u) s uw € WyP(Q)],
= S’O\L(uu) =0,

= (A(uu),h) = /qu(z,uu)hdz for all h € WP (). (28)

15



In we choose h = (T, — u,)™ € WyP(€2). We have
(Alun), @0 —u)™)
— [l + Feml @~ ) s (see @)
Q
> / i, (U, — uy)tdz  (since f > 0)
Q

> (A(uy), (T, — u#)+> (see (26))),
= <A(ﬂ#) - A(u#), (ﬂ# - Uu)+> <0,

= 1, <u, (seeProposition [I). (29)
Next in we choose h = (u,, —uy)t € WyP(Q). Then
(Alup), (uy —ux) ™)
= [+ pea = ) s (see @)
< /Q[/\u;\’Y + f(z,un)](uy, —ux)Tdz  (since p < \)
= (A(uy), (uy —ux)™)  (since uy € Sy),
= (Aluu) = A(wa), (e —un) ™) 0,
= wu, <uy (see Proposition [I). (30)
From and we infer that
Uy € [Uy, unl.
Then from and , we have
(A(uy), h) = /Q[,uu;7 + f(z,uu)lhdz  for all h € W, (Q),
= u, €S5,CintCy andso u € L.
O

Proposition [4] implies that £ is an interval. Moreover, as a byproduct of
the above proof, we have the following corollary which establishes a kind of

monotonicity property for the solution multifunction A — S).

16



s Corollary 1. If hypotheses H(f) hold, A\ € L, n € (0, A) and uy € Sy Cint Cy,
then p € L and there exists u, € S, C int C; such that (uy —u,) € C4 \ {0}.

With little additional effort, we can improve this corollary.

Proposition 5. If hypotheses H(f) hold, A € L, u € (0,\) and uy € Sy C
int Cy, then p € L and there exists u, € S, C int Cy such that (uyx —u,) €

130 Int C+ .

Proof. From Corollary [1 we already know that ; € £ and there exists u, €
S, C int C4 such that
0<u, <uy. (31)

Let p = |lux]loo and let Ep > 0 be as postulated by hypothesis H(f) (iv). We

have

—Apur(z) — dux(z)"7 + EpuA(z)pfl

= f(z,ur(2)) + Eua(2)?

> f(z,uu(2)) + fpuu(z) 1 (see and hypothesis H(f) (iv))
)

> f(z,uu(2)) —i—ﬁpuu(z)p_1 — (A= p)uu(z)™7  (since A > p, u, € int Cy)

-1

= —Apuu(z) — Au,(2)”7 + gpuu(z)p_l for a.a. z € Q (since u, € S, Cint Cy).

Invoking Proposition 4 of Papageorgiou-Smyrlis [I6], we conclude that (uy —

Uu) (S int C+. O
We set \* =sup L.
Proposition 6. If hypotheses H(f) hold, then \* < +o0.

Proof. We claim that there exists X > 0 such that
PV flz,z) > MzP~l foraa. z € Q, all z > 0. (32)

To see this, note that hypothesis H(f) (i) implies that we can find n > M
and Ms > 0 such that

f(z,z) >naP~! foraa. 2z €Q, all z > M. (33)

17



Note that

A A
E > m for all z € (O,Mg) (34)

Moreover, for A > 0 big we will have

—1

135 Let \ = nMET7~! Then from 33), (39). and since f > 0, we have that
holds for this X > 0.
Let A > A and suppose that A € £. Then we can find uy € Sy C intC,..
Using Proposition |2} let ¢ > 0 be the biggest positive real such that

til,\l S uy- (36)

Let p = ||uallco and consider Ep > 0 as postulated by hypothesis H(f) (iv).
We have

= Ay (tiy) + & (1)

= [ + &) (em )

<At + f(zt00) + &, (t0)P~" for aa. 2 € Q (see (32)),
= = A(ty) — A(tTy) T 4 &, ()P

< flz tur) + pr(tﬁl)p_l (since A > \)

< flzyun) + Epuf(*l (see (36) and hypothesis H(f) (iv))

= —Apuy — Au,  + {Apu};*l for a.a 2z € Q,

= (uy —tuy) € int Cy (see Proposition 4 of Papageorgiou-Smyrlis [106]).

This contradicts the maximality of t > 0. Therefore A\ ¢ £ and so \* < X<
+o0. O

Proposition 7. If hypotheses H(f) hold and A € (0, \*), then problem

wo  admits at least two positive solutions ug, U € int C'y.

Proof. Let 0 < A1 < A < Ay < A*. According to Proposition [5| we can find

uxn, € Sy, Cint Cy and uy, € Sy, Cint Cy such that (uy, — uy,) € int Cs.

18



We introduce the following Carathéodory function
A, (2)77 + f(z,un, (2) i 2 <u, (2),
A (2:7) = { X~ + f(z, ) if uy, (2) <z <wy,(2), (37)

Aun, (2)77 + fz,un,(2) ifun,(z) <.

We set Gx(z,x) = [; ga(z,5)ds and consider the functional ¢y : WeP(Q) —
R defined by

1
a(u) = Z—DHVqu — /Q Ga(z,u)dz for all u € WP (Q).

Proposition 3 of Papageorgiou-Smyrlis [16] implies that 1) € CI(WOLP(QL]R).
From it is clear that ¢\(-) is coercive, while using the Sobolev embed-
ding theorem, we see that ) (-) is sequentially weakly lower semicontinuous.

Therefore, we can find ug € W, (Q) such that

Ua(uo) = inf[tha(u) : u € Wy P(Q)],
= P\(ug) =0,

= (A(ug),h) = / ga(z,up)hdz for all h € W}P(9). (38)
Q
In we choose h = (uy, — ug)™ € W, P(Q). Then
(A(uo), (ur, —uo)™)

— _[)[Au;j + f(z,un,)](ux, —ug)Tdz (see )

= (A(uy,), (ux, —ug)™) (since uy, € Sy,),
= (A(ux,) = A(uo), (ur, —uo)™) =0,

= ux, <ug (see Proposition ).
Similarly choosing h = (ug — uy,)* € Wy?(Q) in (3), we obtain

U S UMy y

= up € [ux, Ux,]- (39)
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From , and it follows that
ug € Sy C intC+.

Moreover, as before (see the proof of Proposition|f]), using hypothesis H(f) (iv)
with p = |lux, ||s and Proposition 4 (the strong comparison principle) of Papageorgiou-

Smyrlis [I6], we show that

up —ux, €intCy  and wuy, —up € int Cy,

= Ug € intcé(ﬁ) [U)\l,'UJ)Q}. (40)
Next we consider the Carathéodory function ey : 2 x R — R defined by

ex(z.2) = Auy, (2)77 4 f(zua, (2) if 2 <y, (2), )

AzTY + f(z,x) if uy, (2) < .

We set Ex(z,7) = [ ex(2,s)ds and consider the functional oy : Wy * () —

0
R defined by
1
ox(u) = §||Vu||£ — / Ex(z,u)dz for all u € WyP(Q).
Q

We know that o) € Cl(WOlvP(Q)JR) (see Proposition 3 of [16]). From and
it is clear that
(42)

A | [uxg yuxs] =Ua | [uxg ux,]”

From the first part of the proof, we know that ug € int C'y is a minimizer of

1. This fact together with and imply that

up is a local C}(Q)-minimizer of oy,

= g is a local W, *(Q)-minimizer of oy (43)

(see Giacomoni-Saoudi [§], Theorem 1.1).

Using , we can easily show that

Ky, Cluy,)Nint Cy. (44)
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Hence, we may assume that K,, is finite or otherwise it is clear from
and that we already have an infinity of positive smooth solutions of (P
and so we are done. On account of ([43)), we can find p € (0,1) small such that

ox(uo) < inflor(u) : [Ju —uol| = p] = m, (45)

(see Aizicovici-Papageorgiou-Staicu [I], proof of Proposition 29).

As in the proof of Proposition [3] we show that
ox(+) satisfies the C-condition (see the Claim in the proof of Proposition [3));
(46)
ox(tuy) = —oo as t — 400 (see in the proof of Proposition [3). (47)

Then (45), (46), permit the use of Theorem [1] (the mountain pass the-
orem). So, we can find 7 € W)'?(€) such that

ue Ky, Clux)NintCy (see (44)) and ox(ug) < m, < o ().
145 Therefore U # ug, © € int Cy is the second positive solution of . O
Finally we examine what can be said about the critical parameter value.
Proposition 8. If hypotheses H(f) hold, then \* € L.

Proof. Consider a sequence {A,}nen € £ such that A, — (A*)". Let w, €
Sy, Cint C4 for all n € N. We have

(A(up), h) = / Ant, Thdz +/ f(z,up)hdz  for all h € W) P(2), all n € N.
Q Q (48)
We claim that {u, }neny C Wy *(2) is bounded. Otherwise, we may assume
that
lun|| = +00  as n — +oo. (49)

Un

Let = ,
I ]

n € N. Then |ly,|| = 1, y, > 0 for all n € N. So, we may

assume that
Yn =y in WyP(Q) and y, =y in LP(Q), y > 0. (50)
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From we have

-
(A(yn), h) = / )\nlunhdz+/ Niln) p0 for all h e WEP(Q), all € N,
Q Q

[un [P~ [[un [P~
(51)
From and it is clear that
N¢(uy, / )
{f(u)l} C LP () is bounded. (52)
lunlP~ ] en

If in we choose h = (u, —u) € WyP(Q), pass to the limit as n — +oo
and use , , , then we obtain
ngrfw<A(yn), Yn — y> =0,
=y, —yin Wy P(Q), hence ||y =1, y > 0 (see Proposition . (53)
On account of and of hypothesis H(f) (i7), we may assume that

AT W NPT in LY (Q) (54)
(see Aizicovici-Papageorgiou-Staicu [1], proof of Proposition 16).
Therefore, if in we let n — +00 and use , , , we obtain
(A(y), h) = / mepflhdz for all h € Wol’p(Q),
Q
= —Ayy(z) = Xny(z)p*1 for a.a. z € Q, y|89 =0,
=y is nodal (recall m > 2), a contradiction, see (53)).
Therefore, {un, }neny C Wol’p(Q) is bounded. So, we may assume that
Uy = u* in WeP(Q) and  w, — u* in LP(9Q). (55)

From the proof of Proposition we see that we can always have that {u, }nen is
increasing (see ([39)). Hence u* # 0. Since {Nj(un)}nen € LP () is bounded,
if in we choose h = (u,, —u*) € Wy (Q), pass to the limit as n — 400 and

use , then
nllﬁl@(A(un), Up —u*) =0,

= wu, —»u* in WyP(Q) (see Proposition 1.
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So, from in the limit as n — 400, we obtain

A = [

A*(u*)’”hdz—k/ f(z,u*)hdz  for all h € W, P(),
Q Q

= u* €S CintCy andso \* € L.

150 Proposition [§ implies that £ = (0, A*].
Summarizing the situation for problem (P,]), we have the following bifurcation-
type result.

Theorem 2. If hypotheses H(f) hold, then there exists \* > 0 such that

(a) for all X\ € (0, \*) problem (P))) has at least two positive solutions ug, U €

155 int C+ 5
(b) for X = X* problem (Py) has at least one positive solution u* € int C ;
(c) for all X > A\* problem (P has no positive solutions.

Remark 2. A careful reading of the proof reveals that in fact in hypothesis

H(f) (i9), it is enough to assume that

2,T
7 > lim sup M > liminf
T—+00 P! z—+oo P!

f(Z,.T) > ’):1

that is, the problem need not be resonant. If resonance occurs we use the
second part of hypothesis H(f) (i4). Otherwise that condition is redundant.
1o 1o emphasize that the interesting case is the resonant one, we have decided to

proceed with the particular formulation of H(f) (ii).
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