RIESZ-LIKE BASES IN RIGGED HILBERT SPACES

GIORGIA BELLOMONTE AND CAMILLO TRAPANI

ABSTRACT. The notions of Bessel sequence, Riesz-Fischer sequence and
Riesz basis are generalized to a rigged Hilbert space D[t] C H C D*[t*].
A Riesz-like basis, in particular, is obtained by considering a sequence
{¢»} C D which is mapped by a one-to-one continuous operator T :
D[t] — H]|| - |]] into an orthonormal basis of the central Hilbert space H
of the triplet. The operator T is, in general, an unbounded operator in
H. If T has a bounded inverse then the rigged Hilbert space is shown
to be equivalent to a triplet of Hilbert spaces.

1. INTRODUCTION

Riesz bases (i.e., sequences of elements {{,} of a Hilbert space H which
are transformed into orthonormal bases by some bounded operator with
bounded inverse) often appear as eigenvectors of nonself-adjoint operators.
The simplest situation is the following one. Let H be a self-adjoint operator
with discrete spectrum defined on a subset D(H) of the Hilbert space H.
Assume, to be more definite, that each eigenvalue A, is simple. Then the
corresponding eigenvectors {e,} constitute an orthonormal basis of H. If
X is another operator similar to H, i.e., there exists a bounded operator
T with bounded inverse T~! which intertwines X and H, in the sense that
T : DH) — D(X) and XT¢ = THE, for every £ € D(H), then, as it
is easily seen, the vectors {p,} with ¢, = Te, are eigenvectors of X and
constitute a Riesz basis for H. There are, however, more general situations,
mostly coming from physical applications, where the intertwining operator T°
exists but at least one between T and 7! is unbounded. This is actually the
case of the so-called cubic Hamiltonian X = p? + iz of Pseudo-Hermitian
Quantum Mechanics, for which it has been proved that there is no inter-
twining operator bounded with bounded inverse which makes it similar to a
self-adjoint operator [28]. Of course, for studying these cases, one also has
to relax the notion of similarity since problems of domain may easily arise
(see [6, 7] for a full discussion of the various notions of (quasi-) similarity
that one may introduce).

Also, when studying the formal commutation relation [A, B] = 1, where
B is not the adjoint of A (the so-called pseudo-bosons studied by Bagarello
[8, 9]), in the most favorable situation, one finds two biorthogonal families of
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vectors {¢r}, {1r}, a positive intertwining operator K (K¢, = ¥, n € N)
and the family {e,} with e, = K _%gon, n € N, is an orthonormal family of
vectors. But, in general both K and K1 are unbounded [10, 11].

These examples motivate, in our opinion, a study of possible generaliza-
tions of the notion of Riesz basis that could cover these situations of interest
for applications.

Whenever unbounded operators are involved, dealing with discontinuity
and with sometimes nontrivial domain problems becomes unavoidable. Both
difficulties can be by-passed if one enlarges the set-up from Hilbert spaces
to rigged Hilbert spaces.

A rigged Hilbert space (RHS) consists of a triplet (D, H,D*) where D is
a dense subspace of H endowed with a topology ¢, finer than that induced
by the Hilbert norm of H, and D* is the conjugate dual of DI[t], endowed
with the strong topology t* := B(D*, D).

Of course, one could also pose the problem of extending the notion of
Riesz basis in the more general set-up of locally convex spaces, but the
nature itself of the notion of Riesz basis requires also a control of its behavior
in the context of duality and, as we shall see, a Riesz-like basis on a locally
convex space D[t] will automatically make of D the smallest space of rigged
Hilbert space. Thus it appears natural to consider rigged Hilbert spaces
from the very beginning.

On the other hand, rigged Hilbert spaces (and their further generalizations
like e.g. partial inner product spaces) have plenty of applications. In Analy-
sis they provide the general framework for distribution theory; in Quantum
Physics they give a convenient description of the Dirac formalism [5, Chap-
ter 7]. Finally, rigged Hilbert spaces (e.g. those generated by the Feichtinger
algebra) or lattices of Hilbert or Banach spaces (mixed-norm spaces, amal-
gam spaces, modulation spaces) play also an important role in signal analysis
(see [5, Chapter 8], for an overview).

As it is known, a Riesz basis {&,} in a Hilbert space H is also a frame
[15, 17, 19]; i.e., there exist positive numbers ¢, C' such that

(1) cllElF <D 1l P < CIEIP, Ve eH.
n=1

The peculiarity of a Riesz basis relies in its exactness or minimality: a
frame is a Riesz basis if it ceases to be a frame when anyone of its elements
is dropped out. The notion of frame is crucial in signal analysis and for
coherent states (see e.g. [15] and references therein) and in approximation
theory [1, 18, 30]. A further generalization is the notion of semi-frame [2]
for which one of the above frame bounds is absent (lower or upper semi-
frames). For instance a lower semi-frame has an unbounded frame operator,
with bounded inverse.

The paper is organized as follows. In Section 2, after some prelimi-
naries, we discuss shortly the notion of basis in a rigged Hilbert space
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D[t] ¢ H c D*[t*]. Then we introduce Bessel-like sequences in D*[t*]
and Riesz-Fischer-like sequences in D[t] and study, in the present context,
their interplay in terms of duality. In Section 3, we define {{,} to be a
Riesz-like basis if there exists a one-to-one linear map T : D — H, continu-
ous from D[t] into H[|| - ||], such that {T¢,} is an orthonormal basis for the
central Hilbert space H. Some characterizations of these bases are given.
Finally, we consider the special case where T" has also a continuous inverse.
This additional assumption, even though natural, reveals to be quite strong,
since, as we will see, the rigged Hilbert space D[t] C H C D*[t*] is in fact
equivalent to a triplet of Hilbert spaces. An application to nonself-adjoint
Hamiltonians is briefly discussed in Section 3.2.

2. PRELIMINARIES AND BASIC ASPECTS

2.1. Rigged Hilbert spaces and operators on them. Let D be a dense
subspace of H. A locally convex topology ¢t on D finer than the topology
induced by the Hilbert norm defines, in standard fashion, a rigged Hilbert
space (RHS)

(2) D[t] <= H — D*[t*],

where D* is the vector space of all continuous conjugate linear functionals on
Dlt], i.e., the conjugate dual of D[t], endowed with the strong dual topology
t* = (D>, D) and — denotes a continuous embedding. Since the Hilbert
space H can be identified with a subspace of D*[t*], we will systematically
read (2) as a chain of topological inclusions: D[t] C H C D*[t*]. These
identifications imply that the sesquilinear form B(-,-) that puts D and D*
in duality is an extension of the inner product of D; i.e., B(¢,n) = (£|n),
for every &,n € D (to simplify notations we adopt the symbol (-|-) for both
of them).

Example 2.1. Let T be a closed densely defined operator with domain D(T)
in Hilbert space H. Let us endow D(T) with the graph norm || - ||r defined
by
1 1
lllz = (IEl® + 1T€l®)z = [[(F + T*T)2¢ll, & € D(T).
With this norm D(T) becomes a Hilbert space, denoted by Hr. If H} denotes
the Hilbert space conjugate dual of Hr, then we get the triplet of Hilbert
spaces
Hr CHCHF

which is a particular example of rigged Hilbert space.

Example 2.2. Let D be a dense domain in Hilbert space H and denote by
LY(D) the *-algebra consisting of all closable operators A with D(A) = D,
which together with their adjoints, A*, leave D invariant. The involution of
L1(D) is defined by A — AT, where AT = A*p. The *-algebra L1(D) defines
in D the graph topology ti by the family of seminorms

£€D — |E]la = (I + A A)z¢|, AeLi(D).



4 GIORGIA BELLOMONTE AND CAMILLO TRAPANI

Since the topology t+ is finer than the topology induced on D by the Hilbert
norm of H, it defines in natural way a structure of rigged Hilbert space.

Let now D[t] C H C D*[t*] be a rigged Hilbert space, and let £(D, D*)
denote the vector space of all continuous linear maps from D[t] into D> [t*].
If D[t] is barreled (e.g. reflexive), an involution X ~ XT can be introduced
in £(D,D*) by the equality

<XT77 !§> = (XE[n), VEneD.

Hence, in this case, £(D, D*) is a f-invariant vector space.

If D[t] is a smooth space (e.g. Fréchet and reflexive), then £(D,D>) is a
quasi *-algebra over £(D) [3, Definition 2.1.9].

Let £, F € {D,H,D*} and £(&,F) the space of all continuous linear
maps from Eltg] into Ftx]. We put

C(E,F)={X € &D,D*): IY € £(£,F), Y¢ = X, V€ € D).

In particular, if X € C(D,H) then its adjoint XT € £(D,D*) has an
extension from H into D*, which we denote by the same symbol.

The space £(D,D*) has been studied at length by several authors (see
e.g. [22, 23, 24, 29]) and several pathologies concerning their multiplicative
structure have been considered (see also [3, 5| and references therein). Re-
cently some spectral properties of operators of these classes have also been
studied [13].

2.2. Topological bases and Schauder bases. Let £[tg] be a locally con-
vex space and {&,} a sequence of vectors of £&. We adopt the following
terminology:

(i) the sequence {,} is complete or total if the linear span of {,} is
dense in Eltg];

(ii) the sequence {&,} is a topological basis for £ if, for every ¢ € &£, there
exists a unique sequence {c,} of complex numbers such that

(3) ¢ = Z cnén,
n=1

where the series on the right hand side converges in E[t¢g].
Every coefficient ¢, = ¢,,(¢) in (3) can be regarded as a linear functional on
€ and, following [20], we say that

(iii) a topological basis {&,} of £[te] is a Schauder basis if the coefficient
functionals {c,} are tg-continuous.

Remark 2.3. We notice the following well-known facts.

(a) If £ has a total sequence, then it is a separable space.
(b) Ewvery topological basis is a complete sequence; the converse is false,
i general.
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(c¢) If {&.} is a topological basis for E, then {&,} is w-independent; i.e.,
if Y07 enén =0, then ¢, = 0, for every n € N. This in turn implies
that the sequence {&,} consists of linearly independent vectors.

(d) If E[te] is a Fréchet space, then every topological basis is a Schauder
basis (|20, Section 14.2, Theorem 5]).

By a slight modification of [20, Section 14.3, Theorem 6] we have

Proposition 2.4. A complete sequence of vectors {&,} C € is a Schauder
basis of E[te] if, and only if, for everyn € N and every continuous seminorm
p on E[te], there exists a continuous seminorm q on E[tg] such that

() o 85

i=1 =1
where c1,...,Cpem are arbitrary complex numbers and m s an arbitrary
natural number.

As is known, a Riesz basis {&,} in Hilbert space H is transformed by
some bounded operator into an orthonormal basis of H; this is equivalent
to saying that a new (and equivalent) inner product can be introduced in
H which makes of {£,} an orthonormal basis. A similar notion for locally
convex spaces, calls immediately on the stage rigged Hilbert spaces.

Proposition 2.5. Let {{,} C & be a Schauder basis of E[te] and assume
that there exists a one-to-one continuous linear map T from E[te] into some
Hilbert space K[|| - ||] such that {T&,} is an orthonormal basis of K. Then
there exists an inner product (-|-), on £ X & such that the topology induced
on & by the norm || - ||+ is coarser than tg and {&,} is an orthonormal basis.

Proof. Define (£ |n), := (T€|T'n), §,;n € €. Then all the statements follow
immediately. O

Then, under the conditions of Proposition 2.5, one can consider £ as a
subspace of the Hilbert space completion H4 of &[|| - ||+], so that a rigged
Hilbert space can be built in natural way: E[tg] C Hy C EX[tF]. This is
essentially the reason why, as announced in the Introduction, we will confine
ourselves within this framework.

Let D[t] C H C D*[t*] be a rigged Hilbert space and {&,} a Schauder ba-
sis for D[t]. Then, every f € D can be written as Y - | ¢u(f)&n, for uniquely
determined suitable coefficients ¢, (f). Since every ¢, is a continuous linear
functional on DJt], there exists a sequence {(,} C D* such that

en(f) = (Culf), VneN,feD.

For every n € N, the vector (, is uniquely determined. If we take f = &,
then it is clear that ¢, (&) = 0,5 Hence ((n [€k) = 0pn; i.e., the sequences
{&,} and {(,} are biorthogonal. More precisely,

Proposition 2.6. Let {{,} be a topological basis for D[t]. The following
statements are equivalent.
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(i) {&n} is a Schauder basis.
(ii) {&n} is minimal; i.e., &, & span{&,;m # kY, for every k € N.
(iii) There exists a unique sequence {(,} C D* such that {&,} and {(n}
are biorthogonal.

(i) < (ii) is proved in [20, Section 14.2, Proposition 3], and (ii) = (iii)
in [20, Section 14.2, Proposition 1J; (iii) = (ii) is trivial. See also [17,
Theorem 6.1.1].

Proposition 2.7. Let {{,} be a Schauder basis for D[t]. Then there exists
a sequence {(,} of vectors of D* such that

(i) the sequences {&,} and {(,} are biorthogonal;
(ii) for every f € D,

(4) = Gl n

(iii) The partial sum operator Sy, given by

Suf = (G feD,
k=1

is continuous from D[t] into Dt] and has an adjoint S}, everywhere
defined in D* given by
n
SO =Y (V&) TeD*
k=1

The proof is straightforward.

Proposition 2.8. Let {&,} be a Schauder basis for D[t]. Then, the following
statements hold.

(i) The sequence {(n} in (4) is complete in D*[r], where T is a topo-
logy of the conjugate dual pair (D*, D). If D[t] is reflexive, {(,} is
complete also with respect to t*.

(ii) The sequence {Cn} is a basis for D* with respect to the weak topology;
i.e., if W € D* one has

oo oo
(5) <‘I’|f>:<Z<q}|§k>gk|f>:Z<W|§k><€k‘f>a VfeD.
k=1 k=1

Proof. (i): Assume that {(,} is not complete. Then there exists f # 0,
f € D (regarded as the conjugate dual of D*[r]) such that ((,|f) = 0,
for every n € N. From (4) it follows that f = 0, a contradiction. If DI[t]
is reflexive, the statement follows from the equality of ¢ and the Mackey
topology 7(D*, D).

(ii): Assume first that ® € D* is of the form ® = >~} ¢x(;. Then it
is easily seen that Sie = @. Now, if U € D>, for every f € D and for
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every € > 0, there exists ® = >}, ¢x(; such that [ (U —®|f)| < e. On
the other hand, since S,,f — f, there exists n. € N such that for n > ne,
| (U —®|S,f — f)| <e. Thus we have

(stw—wir)| < |(siw-stelr)|+|(ste-olf)|+1@-wif)
— (U = D[ Suf) |+ (@ — T [f)]
<@ —D[Sf — )] +2/ (@ — W [f)]
< 3e.

Hence Sj¥ — W weakly, or

(WIf) = <Z<‘M§k>€kf> = (T &) (G lf)-

k=1 k=1

For f € D C D*, (5) gives in particular

[e.e]

AP =D (1) (G lf), Vf €D

k=1

so that the series on the right hand side is convergent, for every f € D.

Remark 2.9. There is a wide interest and a rich literature on bases or
frames in locally convex spaces (in particular, Banach spaces) and on their
existence, see e.g. [16, 25] and [14] and references therein.

2.3. Bessel- and Riesz-Fischer-like sequences. We assume, from now
on, that D[t] is complete and reflexive.

Definition 2.10. Let {(,} be a sequence in D*. We say that {(,} is a
Bessel-like sequence if, for every bounded subset M of D]t],

oo
(6) sup > (G In) [ = ym < 0.
neMi
Proposition 2.11. A sequence {(,} of elements of D* is Bessel-like if and
only if
o0
> 1l P <oo, WneD
k=1

and the analysis operator

F:neDlt] = {{Ckm)} € ] -]|2]

18 continuous.

Proof. Let {(¢,} be Bessel-like. From (6) it is clear that for every n € D,
>zt | (G In) P < oo
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Now we prove that

U:{an} e’ Zancn
n=1

is a well-defined continuous linear map from ¢2[|| - ||2] into D> [t*].
We begin with proving that > | an(, converges in D*[t*]. Let M be
a bounded subset of D[t]. Then, for n > m,

<Z aka*Zaka ’77> < Z aka|77>‘
k=1 k=m+1

k=1
<sup 3 i (Geln) |

sup
nem

sup
nemM

neMk:m—i—l
1 1
n 2 o0 2
<3 ) ()
k=m+1 neEM \ 21
o\
gfyfv,( Z ]ak]2> — 0, asn,m — oo.
k=m+1

Hence the partial sums >, _; a;( constitute a Cauchy sequence in D*[t*]
and, since D*[t*] being reflexive is! quasi-complete [27, Chapter IV, 5.5,
Corollary 1], the series converges in D*. Moreover, by simple modifications
of the previous inequalities it follows also that

> a (Celn)

k=1

1
sup < Yill{an}2-

nemM

Thus, U is continuous from £2[|| - ||2] into D*[t*] and therefore by the re-
flexivity of D[t], U has a continuous adjoint map UT : D[t] — £2[|| - ||2]. It is
easily checked that
Uty ={{Culn)}, VneD.
Thus UT = F and F is continuous.
Conversely, let us assume that {((x |n)} € £? and that F is continuous.

This implies that there exists a continuous seminorm p on D[t] such that
1

2

[1Fnllz = (Z | (Ck ) \2> <p(n), YneD.
k=1

Thus, if M is a bounded subset of DJt], we get

o0
sup » [ (Ck In) [> = sup [[Fnll3 < sup p(n)* < oo, Vne D,
nem =1 nem nem

1A locally convex space is said to be quasi-complete if every closed bounded subset is
complete.
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Hence {(,} is a Bessel-like sequence. O

As usual, we will call the operator F'': {a,} € £2 — >°°° | a,(, € D*, the
syntesis operator of the sequence {(,}.

From Proposition 2.11 and from the fact that (6) is not affected from a
possible reordering of the elements {(,} it follows that if {(,} is a Bessel-like
sequence and {a, } € ¢? then the series Y o7 | a,,, converges unconditionally
in D*[t*].

If {¢,} is a Bessel-like sequence, then the operator FTF (we keep for it
the name of frame operator, as usual) is a continuous linear map from D|t]
into D*[t*]; i.e., FTF € £(D,D*). Clearly,

F'Fn =" (CkIn) G

k=1

where the series on the right hand side converges in D*[t*]. The operator
FTF is positive, in the sense that <FTF77 |77> > 0, for every n € D.

Remark 2.12. A sequence {&,} of elements of D can also be considered as
a sequence in D*. Hence the notion of Bessel-like sequence can be given also
in this case, and analysis and synthesis operators act in the very same way
as before. Moreover, if both series > g | arlp and Y oy Ao (k)Eo(k) CONVETgE
in D[t], where o : N — N is a bijection, then they have the same sum, since
Y pe ary converges unconditionally in D*[t*].

Proposition 2.13. A sequence {(,} of elements of D* is Bessel-like if and
only if, for every orthonormal basis {e,} in H, there exists W € C(H,D*)
such that We,, = (,, for every n € N.

Proof. Let {(,} be Bessel-like and {e,} an orthonormal basis for H. For
FEH, f=>0(flex)er, we define Wf = >77, (f|ex) (. This series
converges in D* [t*] as seen in Proposition 2.11 and it is clear that We,, = (,,
for every n € N. We now prove that W € C(H,D*). Let us consider a
bounded subset M of D[t]; then,

<Z<f\€k>€k77>‘

k=1

sup [(Wf|n)|= sup
nem nem

= sup

Z (flex) (G Im)
pa

1

(Z | (Flex) \2> sup (Z [ (Ck ) \2>
k=1

neEM \k=1

IN

1
< Vil FIl-



10 GIORGIA BELLOMONTE AND CAMILLO TRAPANI

Conversely, assume that, given an orthonormal basis {e,, }, there exists W &
C(H,D*) such that We,, =(,. Then, if M is a bounded subset of D[¢],

o o o
2
sup S [(Gulm)?= sup S |(Wenln) = sup S |(ex| Wy )| = sup W2 <oc.
nem =1 nemM =1 nemM =1 nem

Hence {(,} is a Bessel-like sequence. O

As in the case of Hilbert spaces, Bessel-like sequences have a dual coun-
terpart.

Definition 2.14. Let {{,} be a sequence in D. We say that {&,} is a Riesz-
Fischer-like sequence, if for every orthonormal basis {e,} of H, there exists

S € C(D,H) such that S, = ey, for every n € N.

For an arbitrary sequence {,} in D, we define, a second analysis opera-
tor V as follows:

D(v):{q)epx :Z|<<1>|gk>|2<oo}

k=1
Ve = {{®[&)}, ¢ DV)

(7)

Proposition 2.15. If{{,} is a Riesz-Fischer-like sequence, then V: D(V') —
02 is surjective.

Proof. Let {a,} €¢? and {e,} an orthonormal basis of H. Put f =) 7" jaxex €
‘H. Then,

an=(flea) = ([1S6a) = (STf[€n), VnEN.
Then ® = STf € D(V) and V& = {a,}. O

Let {w,} denote the canonical basis in ¢?; i.e., w, = {6pn}, for every
n € N. Then, for every n € N, there exists (, € D* (in general, nonunique)
such that g, = (Go |k ), n, k € N.

The duality between Riesz-Fischer-like sequences and Bessel-like ones is
then stated by the following

Proposition 2.16. {{,} is a Riesz-Fischer-like sequence in D if and only
if there exists a Bessel-like sequence {(,} in D* such that {&,} and {¢,}
are biorthogonal.

Proof. Suppose that {,} has a Bessel-like biorthogonal sequence. Then,
for every orthonormal basis {e,} in H, there exists T'€ C(H,D*) such that
Te,=C(,, for every n € N. Then,

Ok = (G 66) = (Ten |&i) = (en

TT§k>, n, ke N.

This easily implies that T7&;, = e, for every k € N.
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Conversely, suppose that {{,} is a Riesz-Fischer-like sequence. Then,
for every orthonormal basis {e,,} in H, there exists S € C(D,H) such that
SE&,=ey,, for every n € N. Hence,

S = (S€n len) = <§n STek>.

Let us define ¢ = STey, k € N. Then {¢;} is Bessel-like and {¢,} and {¢,}
are biorthogonal. O

For a sequence {(,} C D*, we only get a partial result.

Proposition 2.17. Let {¢,} be a sequence in D*. If {(,} possesses a
biorthogonal sequence {&,} which is total and Riesz-Fischer-like, then {(,}
1s a Bessel-like sequence.

Proof. Since {&,} is Riesz-Fischer-like, for every orthonormal basis {e,} in
H, there exists S € C(D,H) such that S, = ey, for every n € N. Hence,

S = (SEp lex) = <§n STek>.

This implies that <£n ’STek — Ck> =0, for all k,n € N. Since {&} is total,
we conclude that, for every k € N, (, = STe;. Clearly, ST € C(H,D*);
hence, the statement follows from Proposition 2.13. O

Let us now assume that {{,} is a Schauder basis for D[t] and that the
dual basis {(,} is a Bessel-like sequence. Then, {,} is a Riesz-Fischer-like

sequence and by (5), we have, for every ® € D* and for every bounded
subset M of D[t],

@f)) < <Z|<<I> |fk>|2> sup <Z|<<k\f> ) <k, (Zwb |sk>|2> ,
JeM\ 21 k=1

sup |
fem k=1

SIS

which, by putting ® = f gives a lower estimate of (ZZOZI | {f &) |2) , sim-

ilar to that one gets in the usual formulation in Hilbert spaces.

3. RIESZ-LIKE BASES
3.1. Basic properties.

Definition 3.1. A Schauder basis {&,} for D[t] is called a Riesz-like basis
if there exists an operator T' € C(D,H) such that {T&,} is an orthonormal
basis for H.

It is clear that 7" is automatically one-to-one. It is easy to see that every
Riesz-like basis is a Riesz-Fisher-like sequence.

Since T maps DI[t] into H[||-||] continuously, 77 has a continuous extension
(which we denote by the same symbol) from H[|| - ||] into D*[t*]. The range
R(T) of T is dense in H since it contains the orthonormal basis {e} with
e := T¢&, k € N. In particular, it may happen that R(T) = H. Hence,
the operator T~ is everywhere defined and it is continuous if, and only if
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R(T') = D*. We will name {£,} a strict Riesz-like basis, in this case. As
we shall see in Theorem 3.9, this imposes severe constraints on the topology
t of D.

If {£,} is a Riesz-like basis, we can find explicitly the sequence {(,} C D*
of Proposition 2.7. The continuity of 7" and (4), in fact, imply

Tf= 2_)1 (G |F)TE = 2_)1 (Gl FYen, YfeD.

This, in turn, implies that ((,|f) = (T'f|en), for every f € D. Hence
(o = T'e,, for every n € N.
Clearly, for every n, k € N,

<Ck ‘§n> = <TTek |€n> = <ek |T§n> = <ek |en> = 5k,n7

and TTT¢, = ¢,, for every n € N.
Moreover, {(,} is a Bessel-like sequence (Proposition 2.16). Indeed, one
has, for every bounded subset M of D[t],

o oo 2 oo
sup S 1(Gu 1) 2= sup D|(TTen )] = sup S I{en IT)2= sup 7|2 <ox.
fean:l feJ\/lnzz1 fe/\/lnz:1 fem
An easy computation shows that

Thg=> "dilp if g=) dnen € H.
k=1

n=1

Finally, we have

TH(H) = {q/ €D [T &) <oo},
k=1
that is, TT(H) = D(V), where V is the operator defined in (7).
Indeed, if ¥ € TT(H), then ¥ = TTh, for some h € H. Let h = 372, cpey.
Then, using the continuity of 7',

Tth = Tt <Z ckek> = chTTek = chgk
k=1 k=1 k=1
This implies that cg = (¥ [&) and Y50, | (¥ |&) |? < o0.
Conversely, let >°70 (¥ |&) ¢ € D* with > 50 | (¥ ]&) |2 < oo. Define
h =332, (¥|&)er € H. Then

Thh=> (|&) Tler = > (¥ [&k) G-
k=1 k=1

The operator T can also be regarded as an Hilbertian operator (by assump-
tion it maps D into H). This operator is closable in H if, and only if, the
subspace

D(T*)={geH: :TlgeH}
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is dense in H. In this case, the operator T, the adjoint of T, is defined by
T*g=T'g, g € D(T*).

Remark 3.2. If {¢,} is a Riesz-like basis for D[t] and {c,} € (* with
S oreq ekl =0, then ¢, =0, for every n € N.

Theorem 3.3. Let D[t] be complete and reflexive and D* quasi-complete.

Let {&,} be a topological basis of D. The following statements are equivalent.

(i) {&n} is a Riesz-like basis.
(ii) There exists a unique sequence {(,} C D* such that
(il.a) {&n} and {¢,} are biorthogonal;

(ii.b) for every f € D, S00 1 [ {Ca | f) |? < o0;
(ii.c) the seminorm p¢ defined by

f) = (Zr«nm 2)
k=1

is continuous on DIt].
(i) There ezists S € £(D,D*), S > 0, such that {&,} and {S¢,} are
biorthogonal.

Proof. (i) = (ii): Let {&,} be a Riesz-like basis for D. Then there exists
T € C(D,H) such that {T¢,} is an orthonormal basis for H. Put e, = T¢,
and ¢, = T'e,. Then,

<Cn |§k> = <TT€n ”Skz> = <€n |T’Skz> = <€n ’€k> = 5n,ka n,k € N.

It is easily seen that, if f =""7, a,&,, then a, = ((,|f) and

Hence >°°° | (¢n|f)]? < oo. Moreover, since T € C(D,H), there exists a
continuous seminorm p on D[t] such that ||Tf| < p(f), for every f € D.
Hence,

= <Z [ {Cn |f) 2) =77l <p(f), VieD.
k=1

This implies that p¢, which is a seminorm on D, is continuous.

(ii) = (iii): First, let us define S&;, = ( and extend S by linearity to
Dy :=span{&y,;m € N}, Thus S : Dy — D*. If f = >0, (G l|f)k € Do
and g = 52, (G 7)€ € D, we get

(ZI (G 1)1 ) (ZI Cnlg)] )l—pc( Hrc(9)-

[(Sflg)=

ka’f (Cklg)
k=




14 GIORGTA BELLOMONTE AND CAMILLO TRAPANT
Hence, if M is a bounded subset of D[t], we obtain

sup [ (Sflg) | < pc(f) sup pe(g)-
geM geEM

This proves that S is continuous from Dy[t] into D*[t*]. Thus S has an
extension (denoted by the same symbol) to a continuous linear map from the
quasi-completion of Dylt], which is D, to the quasi-completion of D*, which
coincides with D*. Hence, S € £(D,D*). It is easily seen that (Sf|f) >0,
for every f € D.

(iii) = (i): Since {&,} is a topological basis, every f € D can be repre-
sented, in unique way, as f = Y o axéx. Let now S € £(D,D*) be such
that {¢,} and {S&,} are biorthogonal. Then the following equality holds

(8) (SFIfFY =D laxl if f =D  ar&y € D.
k=1 k=1

This implies that S > 0 and {a;} € ¢2. Then, if {e} is any orthonormal
basis in H the series Y-, age converges in H. Let us fix one of these bases
{en}. We define

T, : f:iakfk eD — Tnf:iakek eEH

k=1 k=1
and

T:f=Y ae €D —Tf=> ape€™M.
k=1 k=1

Using (8) it is easily seen that T,, € C(D,H). Clearly, T,,f — Tf in H.
Since D[t] is reflexive, it is barreled and then, by the Banach-Steinhaus the-
orem (see e.g. [20, Theorem 11.1.3]), it follows that T' € C(D,H). Moreover
if f=3732,ak&k € D, then [|[Tf|?> = Y22 |ax|? whence it follows immedi-
ately that 7' is injective. By the definition itself, T¢; = e. Therefore {&,}
is a Riesz-like basis. ]

Example 3.4. Suppose that {e,} is an orthonormal basis for H whose ele-
ments belong to D. If {e,} is also a basis for D[t], then it is automatically a
Schauder basis and since the identity is continuous from D[t] into H[|| - ||], it
is clear that {ey} is a Riesz-like basis for D[t]. The dual sequence in D* is
clearly {ey} itself. This is a familiar situation. Let us consider, in fact, the
triplet S(R) C L?(R) C S*(R), where S(R) is the Schwartz space of rapidly
decreasing C*°-functions on the real line and S*(R) the space of (conjugate)
tempered distributions. Then, it is well known that the set {¢n} of Hermite
functions is not only an orthonormal basis for L?>(R), but also a basis for
S(R) in its own topology (see [26, Theorem V.13]).

Example 3.5. Let H be a separable Hilbert space and {e,} an orthonormal
basis of H. Let N denote the number operator defined on the basis vectors
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by Nep = keg, k € N. Then as it is well-known N is self-adjoint on its
natural domain

D(N) = {fEH:Zk2|<fek>|2<oo}.
k=1

Let D := D®(N) = (i, D(N*) be endowed with the topology ty defined
by the seminorms pr(-) = |N* - |, k = 0,1,2,.... Then D is a Fréchet
and reflexive space. Define & = %ek, k € N. Clearly, N&, = ey, for every
k € N and N maps continuously D[ty] into H. Moreover, {{} is a basis
for D[tn]. Indeed, for every p € N we have

NP (f—Zk (flex) ék)

k=1

NPF=> "k (flex) NP

k=1

= Hpr—ka<f\ek> r
k=1

and the latter tends obviously to zero as n — oo. Since {&} is a Schauder

basis, it is a Riesz-like basis for D[tn].

Example 3.6. Let {£,} be a Schauder basis for D[t]. Assume that there
exists a continuous seminorm p on D[t] such that

(Z |Ck:’2> <p (Z Ck‘sz) ;
k=1 k=1

whenever > 72 | cp&), converges in DIt].
Let {ex} be any orthonormal basis in H. Then the operator

oo o0
T: f = chfk — Tf = chek
k=1 k=1
is one-to-one and continuous from DIt] into H[|| - ||]. Clearly T,y = ey, for
every k € N. Hence, {{,} is a Riesz-like basis for DIt].

Example 3.7. Let {&,} be a Schauder basis for D[t] and {(,} the corre-
sponding sequence in D* such that (&, |Gn) = Onm- Define S, = (u, n € N,
and assume that S extends to a positive operator (denoted by the same sym-
bol) of &(D,D*). If S = T'T, with T € C(D,H) and TT € C(H,D*), then,
as it is easily seen, the sequence {e,} with e, = T&, is orthonormal and, if

T is surjective, it is an orthonormal basis for H. Thus {&,} is a Riesz-like
basis for DIt].

Remark 3.8. [t is worth considering the case where, so to say, the rigged
Hilbert space collapses into one Hilbert space only, as it happens if the topo-
logy t of D is equivalent to the Hilbert norm. Then {&,} is Riesz-like if there
exists an invertible bounded operator T mapping {&,} into an orthonormal
basis of H. However, the inverse T~ need not be bounded. Nevertheless
the discussion made so far shows that the essential features of (usual) Riesz
bases in Hilbert space are preserved also in this more general set-up.
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In the usual definition of Riesz basis in Hilbert space H one requires that
{&n} is mapped into an orthonormal basis of H by a bounded operator with
bounded inverse. In Definition 3.1, we only required the continuity of the
operator T; i.e T € C(D,H). In fact, there is no room for the continuity
of T~ from H into D[t], unless D[t] (and, then also D*[t*]) is equivalent
(in topological sense) to a Hilbert space. We maintain the basic assumption
that DIt] is complete and reflexive.

Theorem 3.9. Let {&,} be a sequence of elements of D. The following
statements are equivalent.

(1) {&n} is a Riesz-like basis and the one-to-one operator T € C(D,H)
for which {T¢,} is an orthonormal basis of H, has a continuous
inverse; i.e., T~1 € C(H, D).

(ii) The space D can be endowed with an inner product (-|-)_; such that
the topology induced by the corresponding norm ||-||+1 is equivalent to
t, D[||-|+1] is a Hilbert space and the sequence {&,} is an orthonormal
basis for DI|| - ||+1]-

(iii) The sequence {&,} is complete in DI[t] and there exists a continu-
ous seminorm p such that for every n € N and complex numbers

{e1,...,¢n}
n n 2
Sl < (z g)
=1 =1

and for every continuous seminorm q there exists Cy > 0 such that

n 2 n
q (ZQ&') <G el
i=1

=1
for every n € N and complex numbers {cy,...,cp}.

Proof. (i) = (ii): Let T" be the continuous operator with continuous inverse
such that {T¢,} is an orthonormal basis of H and define

(€n)yq = (TE|Tn), VE&neD.

Then, (-|-),, is an inner product on D. Let || - [[41 be the corresponding
norm. Clearly, ||€]|+1 = || T¢||, for every £ € D. Since T is continuous from
DIt] to H, there exists a continuous seminorm p such that

(9) [€l+1 = T¢| < p(§), VEED.

On the other hand, T~! is continuous from H onto D[t], then for every
seminorm g on D there exists v, > 0 such that

o(T71¢) < vgllcll, V¢ e A
If € € D, then &€ = T~ for some ¢ € H, hence
(10) (&) < a(T1¢) <l TEl = glI€ll+1-
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The equivalence of the topology defined by ||-||+1 and ¢ implies that DI|| || +1]
is a Hilbert space.

Finally, the sequence {,} is a basis consisting of orthonormal vectors in
D[|| - l+1]; indeed,

(€il&j) 1 = (T&ITEs) = (eilej) = bij, 1,5 € N.

(ii) = (iii): Since || - ||+1 defines a topology equivalent to ¢, then there
exists a continuous seminorm p on D[t] such that (9) holds and for every
continuous seminorm ¢ there exists v, > 0 such that (10) holds.

Now, consider any fixed n € N and complex numbers {ci,...,c,} and
consider the orthonormal basis {{,} for D[ - [|+1]. If & = >, ¢& € D,
then ||£]|%; = >, |ci|*and the statement follows by applying (9) and (10)
to £. Of course the linear span of {&,} is dense in D[|| - ||+1], since {&,} is
an orthonormal basis for DI|| - ||+1]; hence the sequence {&,} is complete in
D||| - ||+1] and then, by the equivalence of ¢ and of the topology generated
by || - ||+1, {&n} is complete in DIt].

(iii) = (i): Let {e,} be any orthonormal basis for 1 and define two linear
operators T' : D — H and S : H — D as follows: for any fixed n € N
T(Z?:l ngz) = Z?:l c;e; and S(Z?:l ciei) = Z?:l & with ¢ € C; T
and S are continuous; moreover, T¢, = e, and Se,, = &,, for every n € N.
Certainly T'S = I and, since {,} is complete in D]||-||+1], ST = I;p. Hence,
T is a continuous invertible linear operator with continuous inverse and {&, }
is a strict Riesz-like basis for D[¢]. O

The condition given in (iii) is clearly the natural substitute for the in-
equalities in (1) in this setting.

Let us call, for short, strict Riesz-like basis a basis for which (i) of Theo-
rem 3.9 holds.

Proposition 3.10. If the rigged Hilbert space D[t] C H C D*[t*], with DIt]
complete and reflexive, has a strict Riesz-like basis {&,} then it is (equivalent
to) a triplet of Hilbert spaces Hy1 C H C H_1. Moreover, {&,} is an

orthonormal basis for Hi1 and the dual sequence {(,} is an orthonormal
basis for H_1.

In fact, from the previous discussion, it follows also that H,; = D with
norm ||€||+1 = || T¢||, € € D, where T' € C(D,H) is an operator such that
{T¢,} is an orthonormal basis for H. This operator T, regarded as an
operator in # is, in general, an unbounded operator with domain D(T") = D
and bounded inverse.

Strict Riesz-like bases have an interest in their own since Riesz bases
in triplets of Hilbert spaces are useful for some applications [21]. A more
detailed analysis will be given in [12].

Example 3.11. Let A be a closed operator in a separable Hilbert space H,
with domain D(A). Then D(A) can be made into a Banach space, denoted
by Ba, if a new norm is defined by ||plla := ||¢|l + [[A¢]l-
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Let B} be the conjugate dual of Ba w.r.t. ||-||a. The operator (I—I—A*A)%
is continuous from B4 into H and its continuous extension to H, denoted by
the same symbol, is continuous from H into B and has continuous inverse.
If {en} is an orthonormal basis for H, then the sequence {&,} defined by
&ni= (I + A*A)_%en s a strict Riesz-like basis for Ba.

A concrete example can be constructed as follows. Consider the triplet of
Sobolev spaces W12(R) C L?(R) ¢ W—L23(R). As it is well-known, W12(R)
is a Banach space under the norm || fll12 = ||f|l2 + [|Df]l2, D denoting the
weak derivative.

Let {&,} be the family of functions of W12(R) defined by

_ ()" [ dnly)e™
Vam Jr (1442)

n() dy,

1‘2
where ¢n(x) = Hyp(x)e™ = denotes the n-th Hermite function. The family
{€,} is a strict Riesz-like basis of WY2(R)[|| - [l12]). In fact it is not difficult

to show by standard techniques of Fourier transform that (I — D2)%§n = ¢p.

Moreover the operator (I — Dz)% is continuous from WH2(R) into L*>(R) and
has continuous inverse. The result of (ii) of Theorem 3.9 is not surprising
at all. Indeed, as it is well know, the space WH2(R) can be made into a
Hilbert space with inner product

1 1
(ploio = (T =D | -DY3v), oveWH(®R)
which endows Wl’Z(R) with a topology equivalent to that defined by || f||1 2-

3.2. An application. As mentioned in the Introduction, an important
problem of Pseudo-Hermitian Quantum Mechanics is the following: given a
nonself-adjoint Hamiltonian H, with real spectrum, one tries to find a well-
behaved (bounded and with bounded inverse) intertwining operator 7' which
transforms H is a self-adjoint operator Hg,. When this happens one can get
of course a large amount of information on H making use of the spectral the-
ory of self-adjoint operators. The situation becomes more involved in cases
(like the cubic oscillator) where a so regular operator does not exist and
one has to deal with unbounded intertwining operators. Even the notion of
similarity must be relaxed, with a certain loss in the preservation of spectra
(see e.g. [4, 6, 7]). In this section, we will show how the approach in rigged
Hilbert space can be helpful in these cases.

Let H be a closed operator in Hilbert space. As already mentioned in
Example 2.1, its domain D(H) can be made into a Hilbert space Hy with
the graph norm || - [|4. Let H}} be its conjugate dual and consider the triplet
of Hilbert spaces Hy C H C H[;. Assume that Hy, is a self-adjoint operator
in ‘H with discrete spectrum and, for simplicity, that every eigenvalue \;, € R
has multiplicity 1. Let ¢; be an eigenvector corresponding to Ag. Then {t}
is an orthonormal basis for . Assume that there exists T € C(Hn,H),
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invertible and with continuous inverse T~ ! : H — Hy such that
(1) (HE|TM ) = (T¢ Hun) . V€ € M, 1 € D(Hya) st Thy € A,

Let us define & = T~ 14y, k € N. Then, the set {&.} is complete and it is a
Schauder basis of Hy[|| - ||n](Remark 2.3(d)). Hence it is a strict Riesz-like
basis. From (11), for every n € D(Hs,), we get (H&, }TTU> = (T, Hsan) =
(¥n [Hsan) = (Hsa¥n [7) = An (¥n|n) = M (Tén|n) = A <§n ‘TT77>- Thus,
if TTD(Hs) NH is dense in H, we get HE, = A\,&,, for every n € N.

Conversely, assume that a sequence {&,} is a strict Riesz-like basis for Hy
and that HE, = \,&n, An € R, for every n € N. Since there exists an operator
T € C(Hu, M), invertible and with continuous inverse 7! : H — Hy, such
that the vectors v,, = T, constitute an orthonormal basis for H, we can
construct a self-adjoint operator Hg,, in standard way; i.e.,

D(H; {fe’H ZAI&I% <OO}

Hsa§ = ZAk <§ ‘wk> wky é € D(Hsa)'

k=1
If £ € Hu, then & =77, (€|Ck) & w.r.t. || - [|n. This, in particular, implies
that HE = Y021 Ak (€1Ck) &, in the norm of H. Then, taking into account
that & € Hp, for every k € N and that 77 € C(H, H,}), we have, for every
17 € D(Hgqg) s.t. Tty e X,

N 0o
(He|Tin) = <ngan& (€1Gk) & TT;<an>wT>
N 00
<Z (€1Ck) € TTZ<an>wT>

kf

N
<Z (€ 1Ck) Tén Z (n |y ) >
k=1 r=1
=<ZAk<f|<k Z (n |y ) b >
Z (€ 1Ck) ().

On the other hand,

(T€ Hsan) = <Z (€ 1Ck) vn
k=1

Z/\ (nlvr) ¢r> Z/\k (€16k) (nlr.)-

Hence the weak similarity cond1t10n (11) is fulfilled. It is clear that in what
we have done a crucial role is played by the continuity of both H and T as
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linear maps from Hy into H, even though they are in general unbounded
operators when regarded in H. It is worth pointing out that the assumption
T € C(Huy,H) does not imply that T is a closable operator in H. But,
requiring that {n € D(Hy,) s.t. Tt € H} is dense in H, implies that T has
a densely defined hilbertian adjoint T™ and so it is automatically closable.
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