Least energy solutions to the Dirichlet problem for the
equation —Au="f(x, u)

Valeria liritano? and Francesco TuloneP

aDepartment of Mathematics and Computer Science, Physical Science and Earth Science, University of
Messina, Messina, Italy;

bDepartment of Mathematics and Computer Science, University of Palermo, Palermo, Italy

ABSTRACT

Let 2 be a bounded smooth domain in RN. We prove a general existence result of least energy
solutions and least energy nodal ones for the problem

—Au=f(x,u) in Q
{u:O on a2 P

where fis a Carathéodory function. Our result includes some previous results related to special cases of f.
Finally, we propose some open questions concerning the global minima of the restriction on the Nehari

manifold of the energy functional associated with (P) when the nonlinearity is of the type f (x, u) = A|u|®
“2y— plu|™2u, with s,re (1,2)and A, & >0.
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1. Introduction

Let Q be a nonempty bounded open set in RN with smooth boundary 2. In this paper,

we establish the existence of least energy solutions and least energy nodal ones for the
following elliptic problem

—Au=f(x,u), in Q,

{ u=0, on 92 ®)

where f is a Carathéodory function with subcritical growth conditions explained below.

Our solutions will be always understood in weak sense: by definition, a weak solution of
problem (P) is a function u € Wy?(2) such that

I (w)(v) = _/Q (Vu(x)Vv(x) — f(x, u(x))v(x))dx = 0 (1)
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for all v € Wy (), where I/(u) e (Wo%(Q)) is the Gateaux-derivative at u of the
energy functional I associated to (P), which is defined as follows

u(x)
() & %/QWulzdx—/;Z( O fx t)dt) dx, ue WH(Q). )

A weak solution which changes sing in € is called nodal solution. Moreover, a weak
solution is said least energy solution (resp. least energy nodal solution) if it minimizes I on
the set S of all weak nonzero solutions (resp. on the set S+ of all nodal solutions).

When I is of class C1, the set

N = {u e Wy () \ {0} : I'(w) (1) =/ [Vul>dx —/f(x, wyudx = o},
Q Q

is the so-called Nehari manifold associated to I. We also introduce the nodal Nehari
manifold NV defined as

Ne={ueWy*(Q): up,u_eN}, (3)

where 1y (x) = max{u(x), 0}, u—(x) = max{—u(x),0}.

In what follows, we denote by 2* := 1%, if N > 3,2* = o0 if N = 1,2, the critical
exponent for the Sobolev embedding.

When f(x,t) = Alt)S72t, with A > 0 and s € (1,2), it is well known that the energy
functional I admits exactly two global minima u;, uy, with u; positive in Q and uy = —u;.
Fors € (2,2%), the functional I restricted to the Nehari manifold is coercive and, being \V,
in this case, a weakly closed set, it admits a global minimum u € N. Then, there exists a
Lagrange multiplier p € R such that I'(u)(v) + pJ'(u)(v) = 0, forall v € W(} 2 (R2), where
J(u) = I'(u)(u). Testing this equation with v = u, it is easy to infer p = 0. Therefore,
since N D S, u turns out to be a least energy solution to problem (P).

In [1] (see also [2]) , Grumiau and Parini investigated the existence of least energy nodal
solutions for problem (P) in the more general quasilinear case involving the p-Laplacian
operator (with p > 1) and again for nonlinearities of the type f(x,t) = A[t|*"2t, with
s € (p,p*), where p* is the critical exponent for the embedding Wé’z(SZ) C LP(Q). In
particular, they proved the existence of a least energy nodal solution by minimizing the
restriction of the energy functional I on the nodal Nehari manifold. With respect to the
least energy solutions case, it is a bit more delicate proving that the global minimum of
I|\r, is a critical point of I (and so a weak solution) and the proof is based, in this case, on
a deformation lemma and on the classical Miranda Fixed Point Theorem.

We want to point out that in the above arguments the Nehari manifold and the nodal
Nehari manifold could be replaced by the sets

A={ue Wy (@\0}: I'(w)(u) <0}, Ar={ueWy*(Q): up,u_cA. (@)

Indeed, a global minimum point u* € A of I; 4 must belong to N, for otherwise u* should
belong to the open set {u € Wé’z(Q)\{O} : I'(w)(u) < 0} C A: this means that u* should
be a (nonzero) local minimum of I, and so u* € S C N. In the same way, we can see that
a global minimum point u* € A4 of I 4, must belongs to NV



To the best of our knowledge, for sublinear functions near 0 of the type A|u|*~2u, with

1 < s < 2, the existence of least energy nodal solutions is not yet known. As a corollary of
our main results, we will give a positive answer to this question.

Indeed, our main results apply to even more general nonlinearities of the type f (x, u) =
Mul*~2u — plul"2uwith A > 0, u € R,and r,s € (1,2) with r < s. In particular, using
some results from [3,4], we will show that there exists ;o > 0 such that the problem

—Au = Mul*?u — pnlul"2u, in Q,
— (P)\,u.)
u=20, on 02

admits a least energy solution and a least energy nodal solution for all u € (— o0, uol.
An interesting feature of this problem is that the sets A and A introduced in (4) are not
weakly closed for u < 0 (in fact we know, by standard results, that for © < 0 problem
(P;.,) admits a sequence {u, } of (sign-changing) weak solutions strongly converging to 0 in
Wé’z (2)) but, instead, the sets .4 and A are even weakly compact for & > 0. Nevertheless,
we do not know if the global minima of I; 4 and I} 4, are weak solutions or not. A positive
answer to this question would allow to get a variational characterization for both of the
least energy solutions and the least energy nodal ones.

2. Basic definitions and notations
Throughout this paper, we consider a Carathéodory function f: 2 x R — R such that,
for some constant C > 0 and some g € (1, 2¥), it holds

fee, ) <CA+ |t|771), for almostall x € Q and forall t € R. (5)

It should be noted that, without loss of generality, we can always assume g > 2.
Moreover, for any m > 1, with m < 2* if N > 3, we denote by ¢, the best constant for
the Sobolev embedding WS’Z(Q) — L"(Q), i.e.

ll2llm
|ull

Cm =

wew2@\(0) |

1

2
where |ul| = (/ |Vu|2dx) is the standard norm in W(}’Z(SZ), and ||ull, =
Q

3=

( / Iulmdx) is the standard norm in L™ (£2). Also, we denote by A the first eigenvalue of
Q

the Laplacian in the domain 2, i.e. A; = c3. Finally, we will consider the energy functional I
defined in (2). By standard results, it is well known that, under condition (5), the functional
I is sequentially weakly lower semicontinuous and of class C! in W& 2(Q).

3. Main results

Let K C 2 be a set of positive measure. The following conditions will be considered on
the nonlinearity f:



/;?fgodt _y

u Lifendt g
_2) 3’—'2

(i) liminfg_, o+ uniformly in Q\K, and liminfg_, o+ 3

uniformly in K.
§

(ii) lim infy_, o- LS04
uniformly in K.

(iii) there exists § > 0 such that f (x,£)& — 2 fosf(x, t)dt < 0, forall & € [—§,8]\{0}, and

fora.e. x € Q.

(iv) limsup,_,, j@ < A1, uniformly in €.

¢
(V) limsupjg|, ;oo Ih fg;’t)dt < %, uniformly in €2;

§
Jo f();,t)dt — 100

> —00, uniformlyin Q\K, and lim SUPg_, o+ E

>

§
(vi) there exist ¢ > 2 and M > 0 such that 0 < c/ flx,t)dt < &f(x,€),fora.a.x € Q
and for all £ € R\(—M, M). ‘

Our main result concerning the existence of the least energy solutions for problem (P) is
as follows.

Theorem 1:  Assume that there hold
(a) condition (i) or (ii) and condition (v);
(b) condition (iii) or (iv) and condition (v) or (vi).
Then, if the set S of all nonzero weak solutions is nonempty, there exists uy € S such that

I(uo) = infyes I(u).

Proof: Assume S # Jand put F(x, &) = fosf(x, t)dt, forall (x,t) € Q x R. Let {u,},en be
a sequence in S such thatlim,_, 4 o I(14,) = infg I. We first prove that under condition (v)
or under condition (vi), the sequence {u,},en is bounded. Indeed, assume that condition
(v) holds. Then, we can fix p € R and § > 0 such that

§ )
5_2/ fx,ndt <p< 71, for almost every x € 2 and forall £ € R\] —§,4[.
0

Consequently, taking (5) into account, for some positive constant C; and for every u €
Wol’z(Q), one has

I(u) = 1||u||2—/1~“(x,u(x))c1x = 1||u||2—/ F(x, u(x))dx —/ F(x, u(x))dx
2 Q 2 lu(x)| <5 lu(x)|>8

1
Eww—/ a—/ () dx
[u(x)|<d |u(x)|>6

A%

u(x)
/ sup |f(x,s)|dt
0

s|<é

1 1
z%MV—Q—p/(wm%xzﬂMV
2 Q 2
1 1 M
—Cr—p—ulf=— (= - ull> — Cy.
) pAJ|n A1<2 p)u|| ]

Therefore,

I(u) - +o0, as |u|| — +oo. (6)



This clearly implies the boundedness of {u,},en. The same conclusion is achieved if
condition (vi) holds. Indeed, if we assume (vi), taking again (5) into account, for some
positive constant C, and for every u € S, one has
0 =TI
= flull® - fg f o u()uxdx = ul® - fl e u(x)u(x)dx

u(x)|=M

— / (o, u(x))u(x)dx
[u(x)|>M

Sl -G-c [ Fuox
lu(x)[>M
Consequently, for some positive constant Cs, one has

1w = Sjup - f Flr, u(0)dx = < ul2 - / F(x, () dx
2 Q 2 [u(x)| <M

- f F(x,u(x))dx
|lu(x)|>M

11 5
- —= -G
(2 C) [l 3

In particular, I(t) — o0 as |[u|| — o0, with u laying in S. Therefore, also under
condition (vi), the sequence {u,},en is bounded.

Thus, if (v) or (vi) holds, by the reflexivity of W(} ’Z(Q), there exists u* € W(} ’Z(SZ) such
that, up to a subsequence, u,, — u* weakly in W(} () and strongly in L™ (2), for each
m € (1,p*). To finish, we only have to show that u* € S. To this end, we first note that,
being every u, a weak solution of problem (P), then, for each fixed v € W(} 2 (2), one has

A%

/ Viu,(x)Vy(x)dx = /f(x, u, (x))v(x)dx, foreach n e N. (7)
Q Q

Passing to the limit as # — +00, one has

/Vu*(x)Vv(x)dx:/f(x,u*(x))v(x)dx.
Q Q

Therefore, u* is a weak solution of problem (P). Let us to show that u* is nonzero. We have
already observed that when condition (v) holds, then the energy functional I is coercive,
i.e. the limit (6) holds. By a routine argument, we infer that I has a global minimizer in
Wé 2(£2), which is weak solution to problem (P) as well. We now show that if condition (i)
or condition (ii) holds, then inf ) I < 0 which implies u™ # 0. Suppose that condition
(i) holds. Let 1 € C!(2) be the positive eigenfunction associated to A;, normalized with
respect to the sup-norm. From (i), there exist §, p > 0 such that

A
F(x,&) > <71 + ,o) g2, forall & € [0,8] and for almost all x € K, (8)



A
F(x,&) > (?1 — o,o) g2, forall £ € [0,8] and for almost all x € Q\K, 9)

-1
where 0 = % (fK (pl(x)zdx) (1 + fQ\K wl(x)zdx)
Now, put ¢z = & - ¢, for all £ > 0. Then, using the above inequalities, for & € [0, §],
we obtain

2
oo = Sl - f Fx, £ () dx — / Flx, Er (0)dx
K Q\K

52 Al M
< —||<ol||2 — & (— - p) / @1(x)*dx — &2 (— - op) / @1(x)%dx
2 K 2 Q\K
2
i <||<p1|| — M / wl(x)zdx> —&%p ( / P1(x)*dx — o / ¢1<x>2dx>
K Q\K

2
< —ng/ ¢1(x)%dx < 0.

Therefore, inf Wi (@) I < 0. We obtain the same conclusion when condition (ii) holds.
Indeed, from (11) we can find 8, T > 0 such that

F(x,&) > —Tg?, forall £ € [0,8] and for almost all x € Q\K.

Now, fix compact set Ky € K with positive measure and an open set €2 such that Ky C
Qo C Qo C 2 and meas(Qo\Kp) < %meas(Ko), and let ¢ € C'(Q) be a nonnegative
function such that sup, . ¢(x) = 1, ¢ = 1in Ko, ¢ = 0 in 2\Qp. Again from (ii),
choosing § smaller if necessary, we get

F(x,€) > Rg?, forall & € [0,5] and for almostall x € K,

where R = meas(Ko) ! ¢l|* + 1.

Atthis point, putting gz = £¢ forall£ > 0, and taking into account the above inequality,
we obtain, for & € [0, 8],

2
I(§p) = %HW”Z —/ F(x,étp(X))dx—/ F(x,§p(x))dx
Ko Q

\Ko
2 2 2 2 2
= S llell* — RE*meas(Ko) + Té @ (x)*dx
Q0\Ko
%-2
< ——||<o|| — &%meas(Ko) + T&*meas(20\Ko)
2 2
< 5 ||¢>|| — é—meas(Ko) <0.

2

The proof in the case of assumption (a) is complete.

Now, suppose assumption (b) holds. To conclude we again have to show that u* is
nonzero under condition (iii) or (iv). Assume, on the contrary, that 4™ = 0. One has, for
allm e N,



—Auy = f(x,u,), in Q
U, =0 on Q

which means that u, satisfies equation (7). Testing this equation with v = u,,, we get

a2 = /Q £ tn () () dx. (10)

Now, let g € (2,2%) be as in (5). Since u, — 0 strongly in L1(2), then there exists
g € L1(2) such that |u,(x)| < g(x), for almost all x € Q. Then, if we put

a,0) = L&)
L+ Jun ()]

144971

taking into account that the function t — 7

in view of (5), the estimate

is increasing in [1, +00), we can obtain,

R
lan(x)| < Cm <akx):=C <1 +

1+ g

) , for almostall x € Q.
1+ |g)]

4
Moreover, itis easily seen thata € L4-2(£2) and % > %, and thata,(x) — 0asn — +0o0,
almost everywhere in €2 (this follows from the fact that u* = 0 is a solution of problem (P)
ifand only if f (x, 0) = 0). Therefore, by the Dominated Convergence Theorem, it follows

lim J|a,|| 2« =0. (11)
n——+00 L172(Q)

Since uy, is a weak solution of the problem

—Au=a,(x)(1+ [u]) in €2,
u=20 on 0€2,

by standard regularity results (see [5], Appendix B), we have u, € CHA(Q), for some
B € (0,1). By Theorem 8.16 of [6], there exists a constant C > 0 independent of u, such
that

lunlloo < Cllanll o (1 + llunlloo)
L172(Q)
Using the limit (11), we infer
lim [luylloc = 0. (12)
n——+00

Moreover, being I sequentially weakly lower semicontinuous, we have

0 =1I1(u*) <liminf I(u,) =infI. (13)
n—+00 S



At this point, in view of (12), we can choose n € N such that ||u,||s < §. Thanks to (10),
(13) and (iii), we get

]
) = Sl ~ /Q F (e, tn(x))dx
= / (lf(x, uy)u, (x) — F(x, u,,)) dx<0=1(u*) <infl,
Q 2 S

which is in contradiction with u, € S (note that the above strict inequality follows from
being u, a non zero function). Consequently, u* is nonzero.

Finally, let us suppose that assumption (iv) holds. Let n € (0, A1) be such that

fx1)
t

lim sup
t—0F

< A1 —n, uniformly in Q.

Then, using also (5), we find a positive constant C; such that
fe, )] < —nlt + C11t]97Y, for almostall x € Q and forall t € R. (14)
Recall again that, under condition (v) or condition (vi), every minimizing sequence of I|s
is bounded. Thus, if {u,} is a sequence in S which minimizes I|s, there exists u* € W(} 2 ()
such thatu, — u* weakly in Wé’z (R2). As noted above, u* turns out to be a weak solution of

problem (P). Therefore, if we prove that u* is non zero, we get u* € Sand I(4*) = mingI.
Using u* = 0 and (14), one has

0 = I'(tn) (1) = lltnl|* — fQ F 6 U ()t (x)dx > |1 ||

- —n)/ Iunlzdx—C1/ |un|Pdx
Q Q

1
> ||un||2—<xl—n)—nunnz—cl/ |unlPdx =
Al Q
2
q
= luuuz—cl/ JunlPdx > -2 </ |un|1’dx) —61/ |up|Tdx,
A Q A Q Q
(15)

for each n € N. This implies,

q

Ui "
Pdx > : 16
[l “(xlclcg) (16

Since the functional u € W(}’Z(Q) — / |u|1dx is sequentially weakly continuous, from
Q

q

n \" .
(16) one has / |u*|1dx > < 2) . Therefore, u* is nonzero. The proof of
Q rCicg

Theorem 1 is now complete.



Remark 1: From the proof of Theorem 1, it is clear that, in the conditions (i) and
(ii), lim sups_, o+ and ‘liminfz o+ can be replaced by ‘lim sup;_, ;- and liminf; (-,
respectively.

The next result concerns the existence of the least energy nodal solutions for the problem
(P). To state it, we need to introduce the following condition:

(i)  there exists § > 0 such that f(x,t)t > 0, for almost all x € Q and for all
t € [-6,8].

Theorem 2: Assume (b) of Theorem 1 and the additional condition (i) in the case of (iii)
holds.

Then, if the set S+ of all sign-changing weak solutions is nonempty, there exists ug € S+
such that I(ug) = infes, I(u).

Proof: Assume St # ¥ and let {u,} be a sequence in S+ which minimizes Is,. By the
proof of Theorem 1, we know that {u,} is bounded in W(} 2(Q). So, {uy,} weakly converges
to some 1y € W(} ’2(9), with u, being a solution of problem (P). Our goal is to show that
U, is sign-changing. Suppose, at first, that (iii) and (i) hold. Arguing as in the proof of
Theorem 1, we infer that u, is nonzero. Assume that u, is not sign-changing. Then, for
instance, we can suppose u, nonnegative. Recall that, by standard regularity results, the
weak solutions to problem (P) are at least of class C LB in Q, for some B € (0,1). Moreover,
condition (7) allows to apply the Strong Maximum Principle of [7] and the classical Hopf
Lemma. Therefore, u, is actually strictly positive in €2, with 38”])* < 0 on 0€2, where v is the
outer unit normal to d€2. In other words, u, belongs to the interior P of the positive cone
of C1(Q). At this point, observe that u,, — u, is solution to the problem

—Au=by(x)(1+ |u]), inQ P,)
u=0, on 9 "
where
_ *
bu(x) 1= J 0o un) = f 06 7) — 0, asn — 4oo, foralmostall x € Q.

T [un(x) — w0

Since u, — u* — 0 strongly in L9(£2), there exists g € L9(£2) such that |u,(x) — u*(x)| <
g(x), for all n € N and for almost all x € . Moreover, since u* € C'T#(Q), one
has M := supg|u| < +00. Then, using condition (5) and the elementary inequality
la+ b9~ < 297 1|l + |97 1), we have

I (36, 1 () — f (6, u* ()| < [ (6, i (30)) | |f (x4 ()| < CQRA-uan () |77 ¥ ()97
< CQ 429 Mup(x) — u* )97+ 17+ D]u* )77
< C1(1 + Jup(x) — u*(0)]17")

for almost all x € , for all + € R and where we put C; := max{2C + Q11 4+

—1
1)CM1~1,2971C}. Therefore, taking in mind that the function t — “;_tzt is nonde-
creasing in [1, +00), one has

[bu(x)| < Cy

Lt lun @) — w @t} <G <1 1+g +g(x)q_l> = b(x),
1+ fuy(x) — u*(x)] 1+gx)
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a_
for all n € N and for almost all x € 2, with b € L4-2(2). Then, arguing as in the proof of
Theorem 1, we infer

lim |uy — tylloo = 0.
n——400

In particular, one has sup, .y [|4n — tx|loo < +00. Consequently, by Theorem 1 of [8], one
has

sup [[un — usll 1) < +00.
neN

for some B € (0,1). Then, by the Ascoli-Arzela Theorem, up to a subsequence, one has

Er-ir-loo llun — u*”cl(§) =0.

Since uy belongs to the interior P of the positive cone of C! (), we then get u,, € P, for large
n € N. This is a contradiction with being u,, sign-changing. The case of u, nonpositive can
be treated in an analogous way. There u, must be sign-changing.

Now, we pass to consider the case of condition (iv) holds. Let uj := max{u,, 0} and
u, := max{—uy,0}, for each n € N. Then, u;},u, € Wé’z (€2) and, up to a subsequence,
uj — u} := max{u,, 0}, u, — u, = max{—uy, 0}, a.e. in Q. Testing Equation (7) with
u," and u;; and arguing as in (15), we get the inequalities

n v n 7
_/ |y |7dx > ) / lu,, Pdx > , forall neN,
Q )»1(:16% Q MClcé

Passing to the limit as n — 400, we get

1 1

-2 -2
/ |u*+|qu > 7 , / lu, |Pdx > 7 , forall neN,
Q )\1C1C621 Q )»1C1Cé

and so u]” # 0and u; # 0. O

4. Some special cases

Our main results apply, in particular, to a nonlinearity of the type f (x, £) = Alu|*2u — u|
u|""%u, where A>0,uecRandr,se (1,2) withr <s.

Indeed, for each A > 0, this nonlinearity satisfies all the assumptions (i), (ii), (iii) and (v)
and (i) if © < 0, and all the assumptions (iii), (iv) and (v) if u > 0. It also to be noted that
from Theorem 3.13 of [3] and from Theorem 1 of [4] there exists po > 0 such that S ¢,
S+ # @ if u < po. This means that, in view of Theorems 1 and 2, the problem

—Au=Mul""2u— pulul""?u in Q,
{ |l wlul Prp)

u=20 on 92

admits both a least energy solution and a least energy nodal solution, for A > 0and p < .



As mentioned in the introduction, when u < 0, there exists a sequence of sign-
changing solutions to problem (P ,) which strongly converges to the zero function.
As a consequence, the sets A and Ay introduced in (4), where in this case I'(u)(u) =
|lul> — kIIuIISLS(Q) + M||u||£s(9), are not weakly closed. On the contrary, when p > 0 we
have the following result:

Theorem 3: Let A, 0 > 0andr,s € (1,2), with r < s. Then, the sets

A= {ue Wy @N\O} : llull® = Mullisq) + mllullisq) < 0}
AL ={ue W&’Z(Q) Dug,u_ € A}

are weakly compact.

Proof: Let {u,} be a sequence in .A. Then, for each n € N, one has
lunll® < AMunlls@) < ehllullisq)-

Therefore, being s < 2, {u,,} is bounded in W(} 2 (2). So, up to a subsequence, {u,} weakly
converges to some u* € WJ’Z(SZ). Moreover, passing to the limit as n — o0 in the
inequality

lunll® < Mlunlls) — wllunllir @ (17)
we promptly get
w1 < Mo — wlu* 1]y q)-

To finish, it remains to prove that u* # 0. Indeed, if we fix m € (2,2%), we can find a
constant M > 0 such that At°* — ut” < Mt™, for all t > 0. Consequently, using (17), we
obtain

2 2 2 2 2
lunllimqy < Gulluall” < ¢ O‘””n”ism) - M””n”ir(g)) =c M””n”TM(Q)’

1

from which ||u, | zaq) > ( ) [ Passing to the limit as # — o0 in this last inequality

1
McZ,
and taking into account the sequential weak continuity of the functional u € Wé 2(Q) —

1
||u||me(Q), we get [|u*| > (ﬁ) "~* Therefore, u* # 0.
The weakly compactness of Ay follows at once being A+ a weakly closed subset of A.

O

Corollary 1:  Let A, i1, 1,s be as in Theorem 3. Then there exist uy € N and vo € N,
where N and Ny are the Nehari manifolds associated to the functional I(u) = %Ilull2 —
Sl + Elull, u € Wy (), such that

I(uo) = inf I, T(vo) = lArgI

Proof: The sets A = {u € Wy (\{0} : [lull> — Alulls + pllulll < 0}, Ar = {u €
Wé’z () : ug,u_ € A} are clearly nonempty. So, being I sequentially weakly lower
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semicontinuous on A and A, by the Eberlein-Smulian Theorem and Theorem 1, there
exist ug € A and vy € A4, such that

I(ug) = iifl’ I(vy) = g\lifl

If || uo || > — | uol| S+ 1| 4ol < 0, then ug should be alocal minimum of I. Thus, I’ (1) (o) =
lluoll®> — Alluolls + wlluolls = 0, a contradiction. Therefore, ug € N. The same argument
shows that vy € Ni. O

An open problem Let X, 14, 7, s be as in Theorem 3 and let ug,vp be as in Corollary 1. From
Theorem 3.13 of [3] and Theorem 1 of [4], we know that S and S are nonempty when the

nonlinearity f is of the form f (x, t) = A|¢[*"2t — u|t|"~2t. In the light of Corollary 1, does
up and vy belongs to S and S, respectively?
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