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Abstract
The transfer of excitations between different locations of a quantummany-body system is of primary
importance inmany research areas, from transport properties in spintronics and atomtronics to
quantum state transfer in quantum information processing.We address the transfer of n>1 bosonic
and fermionic excitations between the edges of a one-dimensional chainmodelled by a quadratic
hoppingHamiltonian, where the block edges, embodying the sender and the receiver sites, areweakly
coupled to the quantumwire.Wefind that perturbative high-quality transfer is attainable in theweak-
coupling limit, for both bosons and fermions, only for certainmodular arithmetic equivalence classes
of thewire’s length. Finally we apply our findings to the transport of spins and the charging of amany-
body quantumbattery.

1. Introduction

Quantummany-body dynamics lies at the core ofmost of theoretical and experimental physics [1]. Applications
of quantummany-body dynamics are found in countless technologies, ranging from electronics to spintronics
where characterising transport properties is of paramount importance [2, 3]. However, quantummany-body
systems are notoriously difficult to solve. Alreadyfinding the ground state of a one-dimensional two-body local
Hamiltonian is aQMA-complete problem [4]—let alone its dynamics—andmany strategies have been
proposed to tackle themany-body problem, fromDMRG toQuantumMonteCarlo, just to name a few
algorithms, as well as quantum simulators [5]. A notable exception is constituted by the class of integrable
models [6], where analyticalmethods are available for determining the full spectrumof theHamiltonian. Still, a
complete characterisation of the dynamical behaviour of, say, an observable is a formidable task. The class of
quadraticHamiltonians in creation and destruction bosonic and fermionic operators embody a small, but
significant, subset of integrablemodels. Their computationallymanageable dynamics rests on the fact that they
can bemapped onto non-interactingmodels.

Recently, significant steps forward have been achieved experimentally in simulatingmany-body systems, e.g.
with cold atoms [7]. Likewise, the capacity ofmanipulating single- or few-body subsets of amany-body system
[8] is becoming key formany quantumdevices, spanning fromquantum information to quantum
thermodynamics applications. In these experiments, significant attention has been devoted to the transport of
excitations along one-dimensional quantum systems [9–12].

The transfer of excitations between edges of a spin chain, some instances of which can bemapped to a
quadraticHamiltonian, has been addressed in several works, with particular emphasis given to the quantum
state transfer of a single qubit in quantum information processing. Fully engineeredwires are able to achieve
such a goal with unitfidelity in a ballistic time [13–16]. Nevertheless, a precise control over each coupling
constant is experimentally demanding, especially in solid state systems. Alternativemethods have been proposed
where only a few couplings are required to be addressed, generally being that between the sender (receiver) site
and the quantum channel [17–22]. The case of a higher number of excitations, or the transfer of an arbitrary
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two-qubit state, has received less attention [23–25], whereas the transfer of a state ofmore than two qubits has
not been addressed yet in a settingwhere the quantum channel ismade up of a chainwith uniform couplings.

In this paperwe address the problemof the transfer of n>1 excitations between the edges of a system
described by a 1Dquadraticmany-bodyHamiltonian. Due to theHamiltonian’s non-interacting nature, we are
able to express themany-body dynamics in terms of one-body transition amplitudes. Exploiting this property,
we identify the equivalence classes for the length of the 1D system forwhich the transfer for up to four excitations
occurs, regardless of their bosonic or fermionic nature. The transfer happens, for specific lengths of the chain,
via Rabi-like dynamics in theweak-coupling regime, whichwe consequently dub as perturbative excitation
transfer.

The paper is organised as follows. In section 2 the nearest-neighbour hoppingHamiltonian, the setup for n
excitation transfer and its transition amplitudematrix are introduced.Moreover, the definition of perturbative
transfer and the single-particle eigenenergies resonance conditions between the sender (receiver) block and the
wire energy spectrum are defined. In section 3 themany-body dynamics for up to four excitations in the sender
block is analysed for each of the equivalence classes of thewire defined by the resonance conditions. In section 4,
the n excitations dynamics is applied tomagnetisation and energy transport. Finally, in section 5we draw our
conclusions.

2. Themodel

Weconsider a hoppingHamiltonianwith nearest-neighbour interaction Ji and an on-site potential hi on a 1D
lattice

å= + +
=

+ +H
J

c c c c h c c
2

, 1
i

N
i

i i i i i i i
1

1 1ˆ (ˆ ˆ ˆ ) ˆ ˆ ( )† † †

where the ĉ ʼs represent either fermions or bosons, and open boundary conditions are assumed,
= =+ +c c 0N N1 1ˆ ˆ† . In the subsequent sections, wewill assume that the couplings Ji are all uniform but for the

couplings Ji=J0 between the sender (receiver) block and thewire (see figure 1).Wewill also set the coupling
within the sender (receiver) block andwithin thewire as our time and energy unit Ji=J=1. In the present
section, these assumptions are unnecessary for the diagonalisation of themodel we are going to outline.

As a consequence of theU(1) symmetry of themodel, the number operator, = å = c ci
N

i i1
ˆ ˆ ˆ† , commutes

with theHamiltonian in equation (1), implying conservation of the total number of excitations. This allows the
dynamics to be addressed in excitation-number invariant subspaces.Moreover, due to the non-interacting, i.e.
quadratic, nature of theHamiltonian, single-particle eigenstates are sufficient to investigate the fullmany-body
dynamics.

The hoppingHamiltonian in equation (1) in the single-particle sector is diagonalized as

å åw f f w= ñá º
= =

H c c , 2
k

N

k k k
k

N

k k k
1 1

ˆ ∣ ∣ ˆ ˆ ( )†

where w f ñ º ñc, 0k k k{ ∣ ˆ ∣ }† are the eigenvalues and the eigenvectors of the tridiagonalmatrix,

d d dº á ñ = + ++ -A i H j hJ
i j i j i i j2 , 1 , 1 ,

i∣ ˆ ∣ ( ) , describing the single-particle dynamics in the direct space basis,

ñ º ñi c 0i∣ ˆ ∣ . Here, and in the following, ñ º ñi 00 ... 1 ... 00i∣ ∣ represents a state with one excitation sitting on site i.

The symbolA has been used to stress the equivalence between H
1ˆ ( )
and the adjacencymatrix used in

graph theory [13].
From equation (2) one obtains that the eigenenergies (eigenvectors) in the n-particle subspace are given by

the sum (tensor product) of the single-particle eigenenergies (eigenvectors). The fermionic or bosonic statistics

of the particles determines the size of theHilbert space, reading the binomial factor
N

n
⎜ ⎟⎛
⎝

⎞
⎠ for n fermions on a

Figure 1. Setup of the excitation transfer protocol. Sender and receiver block, with the excitations residing in the former, areweakly
coupled by J0 at both edges of a wire. Each part ismade up by a 1D lattice described by theHamiltonian in equation (1)with Ji=J=1,
but for J0=1, and hi=h.
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lattice withN sites and
+ -

-
N n

N

1

1
⎜ ⎟
⎛
⎝

⎞
⎠ for bosons. In the next sectionwewill write themany-body dynamics in

terms of single-particle transition amplitudes.

2.1.Many-body dynamics
Having sketched in the previous subsection the spectral decomposition of theHamiltonian operator, one is able
to express the dynamics of an arbitrary number of excitations in the initial state in the chain in terms of single-
particle dynamics [23, 25, 26].Wewill however restrict in the following to initial states featuring only one
excitation residing on each of the sender sites, while thewire and the receiver sites are empty.Whereas the
restriction of atmost one excitation per site is a necessary conditions if equation (1)models spinless fermions,
for bosonsmultiple excitation-occupancy per site would be allowed initial states.Wewill not consider the latter
initial state conditions also in view of comparing the role of the particle statistics in the investigated dynamics.
Clearly for bosonic excitations, the dynamics brings alongmultiple excitation-occupancy per site.

The transition amplitude for the transfer of ns excitations, residing on the sender sites = ¼n s s s, , ,s n1 2 s
{ } { },

to the receiver sites r, residing on the receiver sites = ¼n r r r, , ,r n1 2 r
{ } { }, can be expressed in terms of the

submatrix F tn
n
s

r ( ){ }
{ } of the transition amplitudematrix F(t), where only the rows (columns) corresponding to the

sites in the block {ns} ({nr}) are taken into account. The transitionmatrix F(t) itself is built from single-particle
transition amplitudes
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where Ĥ is theHamiltonian in equation (2) andfk its eigenvectors. Being F unitary,

å å= " = "
= =

f t i f t j1, and 1, , 5
j

N

i
j

i

N

i
j

1

2

1

2∣ ( )∣ ∣ ( )∣ ( )

embody the normalisation condition for the single-particle transition probability from afixed site index i, or to a
fixed site index j, as expected by excitation number conservation.

As depicted infigure 1, in the presence of themirror symmetricHamiltonian in equation (1), the
eigenvectors of the tridiagonalmatrixA are known to be either symmetric or antisymmetric [27]:
f f= - +

+ -1kn
k

k N n
1

, 1( ) , with Ji>0 and eigenvaluesωk listed in decreasing order. This yields =f t f t
i
j

j
i( ) ( ) and

= + -
+ -f t f t

i
j

N i
N j

1
1( ) ( ), resulting in both a persymmetric and centrosymmetric transitionmatrix F. Clearly, once

sender and receiver blocks (of the same size) are chosen at each edge of the chain, the resulting submatrix will
retain only its persymmetry. Furthermore, the effect of a uniformpotential h on the eigenvaluesωk in
equation (2) equals only to a uniform shift of their values at zero potential. As a result of themirror-symmetry,
the eigenvalues are symmetric around theirmiddle value. Thus, one has w w= -+ + -i i1N N

2 2
, where

= ¼i 1, 2, , N

2
for evenN and w w= -+ -+ +i iN N1

2
1

2
, where = ¼ -i 0, 1, 2, , N 1

2
for ‘oddN’. All these conditions

translate in having f t
i
j ( ) purely real (imaginary) for even (odd) i+j.

In view of the previous results, we now explicitly construct the submatrix F tn
n
s

r ( ){ }
{ } for an arbitrary number of

excitations ns=nr. For ¹n ns r , the transition amplitude is identically null because of the excitation number
conserving nature of theHamiltonian.

Let us assume, without loss of generality, that each of the ns excitations resides on each site of the lattice at
both edges, i.e. {ns}=1, 2,K, ns and {nr}=N+1− nr,N+2−nr,K,N, seefigure 1.Dropping henceforth
the time-dependence, the relevant submatrix, F n

n
s

r
{ }
{ } of F, is obtained by selecting the first ns rows and the last nr

column,

=

+ - + -

+ -

+ -

F

f t f t f t
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Finally, the transition probability for ns excitations initially on the sender block to be retrieved on the receiver
block is obtained from the squaremodulus of the determinant and the permanent of F n

n
s

r
{ }
{ } for fermions and

bosons, respectively [1]. In the determinant (permanent) expansion, each term represents an allowedmany-
body transition amplitude channel—in the formof a product of one-body transition amplitudes from a sender
to a receiver site. Hence, the squaremodulus accounts for interference among all these channels.

It is interesting to stress that, although in general ¹F Fdet permn
n

n
n2 2

s

r

s

r∣ ( )∣ ∣ ( )∣{ }
{ }

{ }
{ } , equality is retrieved

whenever all non-vanishing terms in the determinant have the same signature. This results, as wewill show in
the following, that at specific times—includingwhen Fmaxt n

n
s

r[ ]{ }
{ } is achieved—the transition probability of ns

excitations between the edges of the chain is independent of its fermionic or bosonic nature.
In order to relax a bit the notation, hereafter wewill label the nr receiver sites starting from the edge, nr=1,

2,K, ns. This allows to highlight the persymmetry of the submatrix F n
n
s

r
{ }
{ }

=

-

F

f t f t f t

f t f t

f t f t
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which now translates in =f t f t
i
j

j
i( ) ( ). As a consequence, there are only +n n 1

2
s s( ) distinct transition amplitudes

in the submatrix in equation (7). Still,finding the conditions bywhich the transition probability approaches one
is a formidable task. A determinant (permanent) of a ns-dimensional squarematrix ismade up of a sumof ns!

terms, each given by a product of ns transition amplitudes, of which, atmost, n

2
s⎡⎢ ⎤⎥ terms are equal because of

persymmetry, with •⌈ ⌉being the ceiling function. Therefore, at least n

2
s⎡⎢ ⎤⎥ transition amplitudes have to reach one

at the same time.Notice also that both Fdet n
n
s

r( ){ }
{ } and Fperm n

n
s

r( ){ }
{ } are purely real (imaginary) for odd (even)

lengths of the chain. Because F n
n
s

r
{ }
{ } is a corner submatrix of equation (4), it is not unitary, but F F 1n

n
n
n

ijs

r
s
r∣ ∣{ }

{ } †

and

å å" Î " Î
Î Î

 f t i n f t j n1, and 1, , 8
j n

i
j

s
i n

i
j

r
2 2

r s

∣ ( )∣ { } ∣ ( )∣ { } ( )
{ } { }

hold as a consequence of the particle-number conservation.
In this work, we derive the conditions forwhich the transition probability, both for fermions and bosons,

approaches one byweakly coupling the sender and receiver block to thewire.We dub this dynamical regime
perturbative transfer. Notice that the transfer becomes perfect, i.e. F Fdet perm 1n

n
n
n

s

r

s

r( ) [ ( )]{ }
{ }

{ }
{ } in the limit

J 00 , which, however, implies also infinite transfer time. In the followingwe set J0=0.01, althoughwe
checked that perturbative transfer does not depend on the specific value of J0 insofar theweak-coupling
condition J0=J=1 is satisfied.

2.2. Perturbative transfer
Perturbative couplings have been used in several settings, fromquantum-state transfer to entanglement
generation.However, previous works focusedmainly on one-excitation transfer [28–30], with some exceptions
dealingwith two-excitation transfer [24, 25, 31]. The case of >n 2 excitation transfer has not yet been addressed
in the perturbative regime. Let usfirst recap a few results for the one- and two-excitation perturbative transfer
whichwill be useful to describe the relevant dynamical features taking place also for ns>2.

For one-excitation transfer, the bosonic or fermionic nature of the particle does not play any role, as there is
no statistics involved and the transfer amplitude, is given by equation (3). Because of the perturbative coupling,
only the two (three) eigenvectors, lying in themiddle of the single-particle spectrum, have non-negligible
overlapwith the initial and final state, see figure 2. This reduces the transition probability to

f f f w

f f f w
=

å = -

å =

w

w

=
+ -

= -
+ -

-+

+
+

f t
t N

t N
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2
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2
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2
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2

2
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2 1

2

*

*
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( )
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where, for evenN, w = ~
-+

Je

E E

2 0
2

N N
2

1
2 and f ,1

1

2
N
2
 , and, for oddN, w = ~

-+ + -
Je

E E

2 0

N N1
2

1
2

1
, and

f -+ 1,1
1

2
N 1

2
∣ ∣  only forN?1. The approximate values for these coefficients can be obtained by a simple

procedure, whichwe illustrate below for evenN.When J0=0, the sender and the receiver each have one
eigenenergy state in the single-excitation sectorwith energyE=h, that ñ1∣ and ñN∣ , respectively. In the presence
of a perturbative coupling, J0=1, the degeneracy between the sender and the receiver eigenstate is broken and,
in the single-particle sector, the eigenstates are Y ñ ñ  ñ N11

2
∣ (∣ ∣ ) , because ofmirror-symmetry. From

equation (9), we see that excitation transfer can be achievedwith a probability perturbatively close to one. A
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similar procedure yields perturbative transfer of one excitation also for oddN. Themain difference between the
two cases lies in the fact that, for evenN, there are no resonances between the sender (receiver) and thewire
single-particle energy states, whereas, for oddN such a resonance occurs, see figure 2. Consequently, in the
former case the energy splitting is a second-order perturbative effect, whereas, in the latter, it is afirst-order one.
This translates in shorter transfer times for the odd-lengthwire.

The characteristic feature of 1-excitation transfer in equations (9) is the presence of a single frequency, which
gives rise to Rabi-like oscillations of the excitation between the pair of two-level systems embodied by the sender
and the receiver qubit. For n=1 excitation transfer, this is a direct consequence of theweak-couplingwhich
couples perturbatively only two (three) single-particle levels. On the other hand, for n>1, therewill bemore
levels entering the dynamics (the precise numberwill be given in the next subsection) and, therefore,more
frequencies enter the sumof the transition amplitude in equation (3). As a consequence, Rabi-like oscillations
aremuch harder to achieve. Nevertheless, if one of the frequencies ismuch smaller than every other, then it will
dominate the dynamics, i.e. it will form the envelop of the transition amplitude in equation (3) and, therefore,
unit probability is achievable in a Rabi-like dynamical scenario. Such a scenario is here defined as perturbative
transfer. Let us also specify that herewe are referring to perturbative transfer of excitations, that is, having the
determinant (permanent) of equation (7) equal to one. Although every physical quantity in quadraticmodels
can be expressed in terms of single-particle amplitude, perturbative transfer of excitations does not necessarily
imply perturbative transfer of, say, an arbitrary quantum state. Nevertheless, as wewill see in section 4,
perturbative transfer of excitations implies perturbative transfer of energy andmagnetisation, for instance.

2.3. Resonances in sender-wire-receiver system
In order to determine the number of eigenstates giving a non-negligible contribution to the transition amplitude
in equation (3), it is necessary to identify which states of the sender (receiver) block exhibit resonances with the
wire’s eigenstates. In theweak-coupling regime, this identifies different lengths of thewire giving rise to
resonances between its eigenenergies and those of the sender (receiver) block.

Asmentioned in the previous subsection, for an excitation sitting initially on the first site, ñ1∣ , only two or
three terms are relevant in thewave packet in equation (3), dependingwhetherN is even or odd, respectively
[28]. In the former case there are only two eigenvectors f ñk∣ of the systemhaving a non-negligible overlapwith
sites 1 andN, whilst in the latter they amount to three. This can be deduced by considering the number of
resonant energy levels of the uncoupled system, sender, receiver, andwire. For J0=0, there is only one single-
particle energy eigenstate for the sender and the receiver, respectively, with energy E=h. The energy spectrum
of thewire is given by = + p

+
E h cosk

k

n 1w
[32]. Therefore, in order to have degeneracy between the sender

(receiver) and thewire,Nhas to be odd as the condition =p
+

cos 0k

n 1w
has to hold.When J0 is switched on in the

weak-coupling limit, J0=1, the degeneracy is lifted by δ. For evenN, it becomes a second-order perturbation
effect, and the energy splitting is JO 0

2( ), whereas, for oddN, the effect is offirst order yielding an energy splitting
JO 0( ). Being the transfer time τ∝δ−1, perturbative transfer in odd-length chains is faster than in even-

length ones.
Nowwe consider the case of = >n n 1s r . In order to have resonant energy levels with thewire,made of nw

sites, the following condition has to hold

Figure 2. Single-particle energy spectrumof the chain, composed by one sender, one receiver, and awire of even and odd length nw,
respectively, left and right panel. In both cases, the energy levels, before and after the coupling is switched on, are shown.Notice that,
for an even length of thewire (left panel)no resonances occur between the sender (receiver) eigenenergy and the ones of thewire, at
variance with the case of an odd length of thewire (right panel). As a consequence, for nw even, two quasi-degenerate eigenenergies,
whose eigenstates are localised on the sender and receiver site, enter in equation (3). For nw odd, instead, a wire energy eigenstate is
resonant with the sender (receiver) energy and three quasi-degenerate eigenstates enter the dynamics depicted by equation (3). This
yields, in the latter case, a non-zero probability for the excitation to be found in thewire. The green line highlights the quasi-degenerate
states.
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which, when put in the following form

=
+
+

q
n

n
k

1

1
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shows that whenever two length of wire, nw andmw are congruentmodulo ns+1, i.e.
º +n m nmod 1w w s( ( )), the twowires share the same number of resonantmodes with the sender. As a

consequence, different lengths of wire nw, but belonging to the same equivalence class, will exhibit similar
dynamical behaviour, in particular, with respect to perturbative excitation transfer. Tofind the number of
resonantmodes nres, one has to solve equation (11) for each integer p in the least residue system +nmod 1s( ),
i.e. p=0, 1,K, ns. It turns out that themode q of thewire is resonant with themode k of the sender for

=
+ + +

+
= +

+
+

q
m n p

n
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n
k

1 1

1

1

1
, 12s
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wherem is an integer and the length of thewire is = + +n m n p1w s( ) .
A few instances, relevant in the following, will be analysed. For p=0, hence awire of length
= +n m n 1w s( ), equation (12) reads

= +
+

q mk
n

k
1

1
. 13

s

( )

This equation never holds as < +k n 1s and therefore no resonances are present between thewire and the
sender for arbitrary ns. For p=1 and = + +n m n 1 1w s( ) , one gets

= +
+

q mk
n

k
2

1
, 14

s

( )

which is satisfied only for ns odd and brings about resonance between themode = +k n 1

2
s and = +-q 1n 1

2
w of

the sender block and thewire, respectively. Furthermore, because of the reflection symmetry of the energy
spectrumof both systems, this is the only resonance present. Finally, we consider the case p=ns, corresponding
to = + +n m n n1w s s( ) . Equation (12) becomes = +q m k1( ) , meaning that each sender energy eigenstate is
resonant with one eigenstate of thewire. This is themaximumnumber of resonances in the system as the energy
levels of the uncoupled blocks infigure 1 are non-degenerate.

Following such a procedure for each pwe build the table infigure 3 for an arbitrary number of senders ns.

3.Many-body dynamics

Now, before dealingwith the case ns>2, we first discuss some of the results obtained in [24] for the case of two-
excitation transfer. Our previous discussion about the perturbation order of the sender-wire resonances
immediately explains the reasonwires of length nw=3l+2 performperturbative quantum-state transfer in a
faster time thanwires of length ¹ +n l3 2w . Indeed, the former case exhibitsfirst-order perturbation
correction to the three-fold quasi-degenerate energy eigenstates relevant to equation (3), whereas, in the latter
case, thefirst correction to the two-fold quasi-degenerate eigenstates is of second-order. For the details about the
transfer time and the perturbative expansions we refer the reader to [24], and for the generation of entangled
states between the sender and receiver block to [31].

Here we highlight the fact that the bosonic or fermionic nature of the excitations plays a key role in the
dynamics because of the different dimensions of theHilbert space of theHamiltonian in equation (1) due to
their different statistics. Indeed, as for fermions the receiver’s Fock space ismade up of a single state in the two-
particle sector, namely ñ11∣ , for bosons, in addition to the latter, also the states ñ02∣ and ñ20∣ build up the Fock
space. Consequently, the transition probability between the states ñ12∣ and - ñN N1∣ for fermions and bosons
are not equivalent at all times. Nevertheless, the fermionic transition amplitude envelops the bosonic one, with
the two bosons exploring the receiver’sHilbert space on a time scale J, see figure 4. It is worthwhile to anticipate

Figure 3.Table showing the number of resonances between the sender and thewire nres for ns senders up to 4 and awire of length nw,
with l=0, 1, 2,K.
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that such a difference of their respective transition probabilities does not have consequences on several
observables, such as the average excitation number on each site, as wewill show in section 4.

3.1. Equivalence between bosonic and fermionic perturbative excitations transfer
As can be seen from figure 4, the two-fermion transition probability is the envelop for the bosonic one. As a
consequence, perturbative transfer is achieved at the same time for both classes of particles. This is a general
feature of themodel and can be explained bymeans of perturbation theory.

In theweak-coupling limit, and in the absence of resonances with thewire, we can approximate the
perturbed eigenstates having non-zero overlapwith the sender and the receiver sites as the symmetric and
antisymmetric linear combination of the degenerate single-particle eigenstates of the sender and the receiver
block

å åp p
Y ñ =

+ +
ñ 

+ +
+ - ñ

= =n

k l

n
l

n

k l

n
N l

1

2

2

1
sin

1

2

1
sin

1
1 . 15k sr

s l

n

s s l

n

s1 1

s s⎡
⎣⎢

⎤
⎦⎥∣ ∣ ∣ ( )

It turns out that the transition amplitude in equation (3) is bounded by

å å åf f f f
p p

= =
+ + +

w

=

-

= Î

f t
n

k j

n

k i

n
max max e

2

1
sin

1
sin

1
. 16

t
i
j

t k

N
t

jk ki
k

N

jk ki
s k n s s1

i

1

k

s

* *∣ ( )∣ ∣ ∣ ( )
{ }

The last termon the rhs of equation (16) is equal to one only for i+j=ns+1 and i=j. This translates in a
submatrix F n

n
s

r
{ }
{ } (equation (7))which can, atmost, have unit single-particle amplitudes either on themain

diagonal or on the skew-diagonal, respectively. Although, the determinant (permanent) of F n
n
s

r
{ }
{ }may become

one also due the contribution ofmany terms in their respective expansion, it is highly improbable that such a
fully constructive interference betweenwavepackets f t

i
j ( ), for arbitrary i and j, will take place, especially in the

presence ofmany frequencies entering the dynamics. As a result, also in view of the normalisation condition in
equation (5), perturbative transfer ismost likely to occurwhen all the terms either on themain, or on the skew-
diagonal, will reach unit single-particle transition amplitude. It is now immediate to realise that perturbative
transfer for an arbitrary number of excitations is independent from their bosonic or fermionic nature as the
signature of the determinant of equation (7) does not play any role.

3.2.Heuristic approach to PP transfer
The result in equation (16) and the resonance conditions derived in section 2.3 allowus also to give a rule of
thumb as towhether perturbative excitation transfer is achievable for an arbitrary number of excitations ns in a
wire of given length nw bymeans of the protocol offigure 1. Building on the argument for one-particle transfer in
section 2.2, the single-particle transition amplitudes entering the submatrix in equation (6) are given by
equation (3), where only resonantmodes have to be kept.

Let us consider the case where j=N+1−i, i.e. mirror-symmetric sites in the sender and receiver block,
respectively, corresponding to the elements on the diagonal of thematrix in equation (7). In the absence of
resonantmodeswith thewire, equation (3) reads

Figure 4.The transition probability of two excitations from sender sites {ns}=1, 2 to receiver sites {nr}=N−1,N for fermions
and bosons, respectively. Excitations bounce back and forth between the sender and the receiver block via a Rabi-like dynamics, where
the green curve is for fermions and constitutes the envelop of the blue curve for bosons. The inset shows the dynamics in a interval of
around unit transfer probability for fermions, highlighting the boson dynamics on a time scale of order of J. The length of the chain is
N=45.
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where in the last line, without loss of generality, we have considered an instance of even i+j andmirror-
symmetry of the energy spectrumhas been exploited. The transition amplitude is hence given by awavepacket of
ns travellingwaves, each given by a product of harmonic functions, being sines or cosines depending on nw, ns,
and k. The specific formof the harmonic function of wk not being relevant, we notice that the frequencies
entering the functions satisfy δk=ωk, as the energy shift of the kth energy level is negligible with respect to its
unperturbed value. As a consequence, d tsin k shapes up the envelop of kthwave of f t

i
j ( ). Therefore it is

straightforward to conclude that, in order to have =f t 1
i
j ( ) at some specific time t=τ, the δkʼs should be all

commensurate, which is a hard condition to fulfil, or only one dk* should bemuch smaller than all the others.
The latter condition defines the rule of thumb for perturbative excitation transfer:

d d$ , 18k q! ( )

where the δʼs are the energy shifts of the corresponding energy levels entering equation (17). Equation (18) states
that if in thewavepacket of equation (17) there is only one energy being corrected at a higher order in
perturbation theory, perturbative excitation transfer is attainable. Indeed, being n-excitation transfer achievable
by the product of the single-particle transfer on the (skew) diagonal, each evolvingwith the same eigenenergies
as in equation (17), the transfer time is given by t p

d2 k*
 .

An identical argument applies in the presence of resonances with thewire where the single-particle
transition amplitude reads

å f f= w

=

+
-f t e 19

i
j

k

n n
t

jk ki
1

2
i

s w

k *( ) ( )

and the energy shifts δk are evaluated taking into account the triple quasi-degenerate nature of the energy level(s).

3.3. 3- and 4-excitation perturbative transfer
Let us now address the case of ns>2. For three fermionic excitations, in order to have perturbative transfer

=

- -

- - -

- - -

F

f f f

f f f

f f f

1, 20s
r

N N N

N N N

N N N

2

1
2

1
1

1

2
2

2
1

1
1

3
2

2
2

1
2

2

∣ ∣ ( )

where, without ambiguity, we have labelled by s and r the sender and receiver sites, respectively. According to the
arguments in the previous sections, we analyse the contribution ofmain diagonal to the determinant, with
similar arguments holding for the skew diagonal contribution,

= - -F f f . 21s
r N N2

1
2 2

2
1 2∣ ∣ ∣( ) ∣ ( )

For the case of nw=4n+1, the single-particle transition amplitude in equation (3)now reads

å f f= w

=

-f t e . 22
i
j

k

t
jk ki

1

7
i k *( ) ( )

Fromfigure 3we notice that two double quasi-degenerate and one triple quasi-degenerate eigenstates have non-
negligible overlapwith the sender and receiver sites. As the former degeneracy is resolved at second-order in
perturbation theory, and the latter at first-order, this implies that, for J 00 , wemay expect the rule of thumb
in equation (18) to hold as 2nd-order energy shifts are JO 0

2( )wheareas 1st-order shifts are JO 0( ).
Indeed, we see that perturbative transfer is ruled by the following term

w-F t tsin , 23s
r 2

76
2∣ ( )∣ ∣ ∣ ( )

where w =- -E E
76 2

7 6 is the 2nd-order perturbation energy shift of the double quasi-degenerate energy eigenstate.
The positions ofE6 andE7 of equation (2) in the single-particle energy spectrumof the chain, ordered in

increasing values, are given by = -+ -k cos 1N 1

2
1 1

2

⎢⎣ ⎥⎦ and -+ -cos 2N 1

2
1 1

2

⎢⎣ ⎥⎦ , respectively.

Concerning the other lengths of wire nw infigure 3, for ns=3, we notice that they all have exclusively 1st- or
2nd-order perturbation energy corrections. By the rule of thumb in equation (18), we do not expect perturbative
transfer, being all the energy shifts of the same order ofmagnitude for a given nw. In addition, we show that also
non-perturbative transfer does not occur, being the energy shifts incommensurate.

Let usfirst analyse the non-resonant cases infigure 3 nw=4l, 4l+2. As only six eigenstates take part in the
dynamics, the single particle transition amplitude between a sender and a receiver site reduces to
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From the perturbative expansion of equation (15), the envelop of the transition amplitude in equation (24) can
bewritten as

= +
- -
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, 25s
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where E4 is given by the energy level labelled by = +k 1N

2
, E6 andE5 by = + -k cosN 1

2
1 1

2

⎢⎣ ⎥⎦ and
++ -cos 1N 1

2
1 1

2

⎢⎣ ⎥⎦ , respectively. From equation (25), it is evident that, in order to achieve transfer of 3
excitations, E4 and -E E6 5 have to be commensurate. This implies that
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have to holdwith n andm integers, in order to have the oscillatory functions in equation (25) be 1 or−1 at the
same time.Hence, one of the two following conditions has to be fulfilled

-
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The impossibility of the transfer arises because, for J 00 , we find numerically that the energy ratio
-E E

E2

1

2
6 5

4
. Therefore, equations (27) can not be fulfilled by any integer pair n andm, as can be readily seen from

the fact that they can be cast into

= - = -m n m n8 4 1 and 8 4 3, 28( )
respectively. The same argument about incommensurability of the eigenfrequencies entering equation (24)
applies for wires of length nw=4n+3.Notice that, in the latter case, according tofigure 3 there are 3 sets of
triple quasi-degenerate eigenstates, all coming from1st-order perturbation expansion.Nevertheless the same
argument applies as the ratio of the energy shifts is found numerically to be 1

2
for J 00 .

Notice that, as we are reporting a limiting procedure, theremay be instances of J0 where the ratio becomes
quasi-commensurate, and after a very large amount of time a transfer probability close to onemay be achieved.
Such fortuitous cases, however, are not the topic of our investigation, as we are considering the conditions to be
fulfilled in order to achieve perturbative transfer in the generic limit of weak coupling instead of some specific
values of J0, whichmay eventually be a set of zeromeasure and hence extremely sensible to disorder.

To summarise, we have found that for ns=3 excitations, placed at one edge of awire of length nw and in the
weak-coupling limit J 00 , perturbative transfer is achievable only for nw=4l+1where the unique 2nd-
order perturbation eigenenergy correction determines the transfer time.Other equivalence classes of thewire’s
length do not achieve unit transfer of three excitations because all the energy shifts belong to the same
perturbation order and commensurability between frequencies is not achieved. Infigure 5we depict the results
only for the case of successful perturbative transfer.

Let us now address the case of ns=4. Fromfigure 3we see that all energy shifts, for a given nw, are of the
same order in perturbation theory, either 1st-order for nw=5l+4 or 2nd-order in all the other case.
Therefore, at variance with the case ns=3, the condition for perturbative excitation transfer given by
equation (18) is not satisfied.Nevertheless, there are lengths of thewire nw exhibiting successful ns=4
excitation transfer, whereas other lengths do not. The reason, as wewill show, can be traced back to the fact that
for some length of wires nw, the energy splitting at 2nd-order in perturbation theory is almost one order of
magnitude lower for some energy levels than it is for others. Let us analysefirst the successful case.

For nw=5l+2, the perturbated eigenstates are located at position = -
p
+ - +k cos 1N 1 1 5 1

4

⎢⎣ ⎥⎦ and

=
p
+ - +k cosN 1 1 5 1

4

⎢⎣ ⎥⎦ for the higher energy state, and =
p
+ - -k cosN 1 1 5 1

4

⎢
⎣⎢

⎥
⎦⎥( ) and

= +
p
+ - -k cos 1N 1 1 5 1

4

⎢
⎣⎢

⎥
⎦⎥( ) for the lower one. By numerical evaluation, we obtain that the ratio w-

78 to w
-
56

goes to 0.14, for J0=1 and irrespective of l. The same situation occurs for nw=5l+1. In these cases ns=4
excitation transfer occurs, although it is not ruled by a single frequency and hence, according to our definition, is
is not perturbative excitation transfer. Indeed, in order to determine the transfer time, one has tofind the
maximumof two-single particle transition amplitudes entering the 4 excitation transition probability between
the edges of the chain,
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The fact that one energy shift is almost one order ofmagnitude lower than the other entering the dynamics
allows one to determine the order ofmagnitude of the transfer time as given by t = p

w-2 78
. Infigure 6 a

comparison of the latter with the exact numerical result for excitation transfer is shown in panel d. On the other
hand, for nw=5l, 5l+3, 5l+4, one has w w- -

56 78 , with the ratio going to 0.38. perturbative transfer does not
occur and also non-perturbative transfer has not been found for several instances within time intervals related to
the inverse of the energy splits. Clearly, this does notmean that the excitationsmay not be transferred at a certain
time, being only two frequencies involved and occasional instances of commensurabilitymay occur between the
energy shifts, but this would hardly be robust against the length of wire and perturbations of J0.

Finally, we present an unified scenario for the shortest transfer time achievable via perturbative transfer for
ns=1, 2, 3 excitations in the sender block in figure 6.We have also added the case ns=4 to highlight its
qualitatively similar behaviour to perturbative transfer. Herewe assume that the sender and receiver are
connected by awire able to transfer fromone to four excitations byweakly coupling the respective blocks to the
end to thewire. In order to have awire able to perform such a task, its length nwhas to fall in all the equivalence
classes allowing perturbative transfer for ns=1, 2, 3 and quasi-perturbative transfer for ns=4.Whereas nw can
be arbitrary for ns=1, 2, for ns=3, 4, the length of thewire has to be nw=4l+1 and nw=5l+1 or
nw=5l+2, respectively. This yields towires length of nw=20l+1 and nw=20l+17, respectively. In
figure 6, we report the transfer times for the former case, noticing its linear increase with thewire’s length for
ns=2, 3, 4. On the other hand, for ns=1, the increase is nw as the frequency involved in the perturbative

Figure 5.Transition probability for the transfer of three excitations from sites 1, 2, 3 to sitesN−2,N−1,N for a chain length of
N=47 in a time interval of Ît J0, 160000[ ]. The blue (green) line shows the exact dynamics for bosons (fermions), whilst the red
dotted line is the envelop of the three-particle transition as calculated in equation (23). In the inset, a zoom around the time of
perturbative transfer is shown.

Figure 6.Transfer times τ for ns=1, 2, 3, 4 excitations inwires of different length nw fulfilling the (quasi) perturbative condition for
all considered ns. Notice that, whilst for ns=1 the transfer time increases as nw because the relevant frequency is obtained by first-
order perturbation theory, in all other cases the slowest frequency is given by second-order perturbation theory, yielding thus a linear
increase with nw. In the lower right panel, for ns=4, the blue curve is the exact numeric transfer time, whereas the red one reports
t = p

w-78
. Both follow a linear increase, althoughwith different slope.
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transfer is derived from resolving the degeneracy via first-order perturbation theory, as shown for oddN in
section 2.2.

4. Applications ofmany-body perturbative transfer

In the previous sections, we have shown that perturbative transfer of n excitations is possible between the edges
of a quantumwire. Nowwe analyse some cases where perturbative transfer is applied to the transport of relevant
physical quantities, such asmagnetisation and energy, highlighting first the invariancewith respect to the
fermionic or bosonic nature of the excitations.

4.1. Equivalence of fermionic and bosonic observable’s dynamics
An arbitrary one-body observable in second quantisation is given by

å= +O a c c h.c ., 30
nm

nm n m
ˆ ˆ ˆ ( )†

where the ĉ ʼs are bosonic or fermionic operators acting on site n andm. Expressing average of the observable’s
dynamics inHeisenberg representation, where Ĥ is given by equation (1) yields

å å f fá ñ = á ñ-O t a c ce . 31
nm

nm
kq

kn qm
E E t

k q
i k q*ˆ ( ) ˆ ˆ ( )( ) †

As the single-particle spectrumof theHamiltonian in equation (1) is identical both for fermions and bosons, the
only difference between the dynamics of an observable on a fermionic or bosonicmany-body system that can
possibly arise has to come from the average on the initial state of the operators on the RHS of equation (31).

In our setting the initial state is given by one or zero excitations per site

Y ñ = ñ
=

c0 0 , 32
i n

i
s

∣ ( ) ˆ ∣ ( )
{ }

†

which is also the only initial state that fermions and bosons can have in common. Evaluating the average on the
rhs of equation (31) on this initial state reads

á ñc c c c c c c c0 ... ... 0 . 33n k q n1 2 2 1s s
∣ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ∣ ( )† † † †

Expressing all operators in the position basis reads

å f f á ñc c c c c c c c0 ... ... 0 . 34
ij

ki qj n i j n1 2 2 1s s
* ∣ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ∣ ( )† † † †

By usingWick’s theorem,we notice that the non-zero fully-contracted terms are those having an even number
of permutations. As a consequence, the dynamics of an arbitrary one-body observable, such as in equation (31),
is independent of the bosonic or fermionic nature of the excitations. For instance, the average number of
particles on a lattice site, á ñ = á ñn t c t c tn nˆ ( ) ˆ ( ) ˆ ( )† is the samewhether theHamiltonian in equation (1) refers to
bosons or fermions, notwithstanding Pauli’s exclusion principle holds for fermionswhereas bosons allow for
multiple occupation.

It is easy to show that the same holds for n-body observables of the form

å a= +O c c c c c c ... h.c ., 35
nmijrs

nm n m i j r s
...

...
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ( )† † †

when the average is evaluated on an initial state of the formof equation (32) and the dynamics is ruled by a
quadraticHamiltonian such as in equation (1). A relevant example of a 2-body observable of the formof
equation (35) independent from the statistics of the excitations is the density-density fluctuations á ñn t n ti jˆ ( ) ˆ ( ) .

4.2.Magnetisation transport
As it is well known, theHamiltonian in equation (1)models also a 1D spin- 1

2
chainwith isotropic interactions on

theXYplane, i.e.,

å= + ++ +H J S S S S h S 36
i

N

i i
x

i
x

i
y

i
y

i i
z

1 1
ˆ ( ˆ ˆ ˆ ˆ ) ˆ ( )

when the standard Jordan–Wigner transformation is carried out [33]. Because of the Jordan–Wignermapping,
the (fermionic)Hamiltonian in equation (1) canmodel anXX spin- 1

2
open chain, where the average total

magnetisation (along the z-direction) of a set of spins residing on sites {i} is given by

á ñ = å á ñ = å
á ñ -

S S
z

i i
z

i
c c2 1

2
i iˆ ˆ

{ } { }
ˆ ˆ†

. As a consequence, themagnetisation of the receiver block evolves as
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, 37r
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r
r r
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{ }

†

where the average is evaluated over the initial state having all the spins in the sender block flipped. In the
Heisenberg picture and usingWick’s theorem, it is possible to express the receiver’s blockmagnetisation as a
function of single-particle transition amplitudes f t

i
j ( ):

å åá ñ = - º -
= =

S t f
n

F t
n

2 2
, 38r

z

i s j r
i
j r

s
r

F
r2 2ˆ ( ) ∣ ∣ ∣∣ ( )∣∣ ( ){ }

{ } { }

where • F∣∣ ∣∣ is the Frobeniusmatrix norm and F ts
r ( ) is the submatrix defined in equation (7). The result for

ns=3 is shown infigure 7. Notice that, although the transition probability oscillates, for bosons, between 0 and
1 on a timescale of J in the the corresponding scenario infigure 5, the average number of bosons on the receiver
block varies only between 2 and 3. Therefore, on a large time interval, with respect to J, around the transfer time
τ at least two excitations out of three are located on the receiver block irrespective of their bosonic of fermionic
nature. Indeed, the dynamics of the occupation number á ñn tiˆ ( ) of site i entering equation (37) is identical for
bosons and fermions, as by the argument of section 4.1. As an example, let us consider the case ns=2. Although
the dynamics of the transition probability differs, as reported infigure 4, the subspace spanned by the two
photons in the receiver block is composed by ñ ñ  ñ11 , 02 201

2
{∣ (∣ ∣ )}, which are all states having the

same á ñn tiˆ ( ) .

4.3. Energy transport
The transfer of energy fromone spatial location to another has always been a central topic in physics. Recently, a
lot of attention has been devoted to the so-called quantumbatteries, i.e. quantumdevices able to store energy
and release it upon demand at specific times [34–37]. Devising a protocol to extract themaximumamount of
energy from a charged battery, establishing a bound on its amount, and stabilising the battery’s charge has been
addressed in several works [38–42]. Another line of research is embodied by the investigation of the charging
protocol of a quantumbattery [43–45], and, apart from a few instances [46], mainly non-interacting systems
embodying the quantumbattery have been considered.

Ourwork can be immediately rephrased in terms of a charging protocol of amany-body quantumbattery.
Dubbing the sender block as charger, the receiver block as battery and thewire as a quantum cable connecting
the charger to the battery, a quite natural set-up for charging a quantumbattery is represented by figure 1.

Nevertheless, in order to reinterpret the excitations dynamics in section 2 as a charging protocol, a few
precautions are in place. As shown in [45], the charging protocol should involve a time-dependentHamiltonian

l= +H t H t H , 390 1ˆ ( ) ˆ ( ) ˆ ( )

where = + +H H H HC w B0
ˆ ˆ ˆ ˆ , are the time-independentHamiltonians of the charger, thewire, and the battery,

respectively. H1
ˆ is theHamiltonian connecting the charger (battery) to thewire andλ(t) is the coupling constant

responsible for switching on and off the interaction between the charger (battery) and thewirewhen the charging
protocol starts and ends. Generally, it is assumed thatλ(t) is given by a step-function having a value of 1 for

tÎt 0,[ ]and 0 otherwise. Because of that time dependence, energymay not be conserved and there could be
some switching energy δEsw injected or extracted from the systemduring the protocol. This can be evaluated [45]
by

Figure 7.Averagemagnetisation of the receiver block, equation (38), for ns=3 in a chain ofN=47.Notice that the occupation
number entering equation (37) oscillates between two and three on a timescalemuch larger than the transition probability reported in
figure 5.
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d t r r t= -HE tr 0 , 40sw 1( ) [ ˆ ( ( ) ( )] ( )

where ρ is the densitymatrix of the full system. By definition of the switching energy in equation (40), for
=H H, 00 1[ ˆ ˆ ] , one has d t =E 0sw( ) . However, this is not the case for ourmodel, since the commutator does not

vanish.Nevertheless, evaluating equation (40), we obtain a zero switching energy due to themirror-symmetry of
ourmodel. The two terms entering equation (40) are equivalent to

r = áY + + Y ñH c c c ctr 0 0 h.c. 0 , 41n w n1 1C w B1[ ˆ ( )] ( )∣ ˆ ˆ ˆ ˆ ∣ ( ) ( )† †

r t t t t t= áY + + Y ñH c c c ctr 0 h.c. 0 , 42n w n1 1C w B1[ ˆ ( )] ( )∣ ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ∣ ( ) ( )† †

where the last equation is written in theHeisenberg representation. Equation (41) is identically null because of
the choice of the initial state of our system,whereas, expressing equation (42) in terms of single-particle
transition amplitudes, results in

år t = + +
Î

H f f f ftr c.c. , 43
n n

n
n

n n
n

n1
1 1

C

C w w B* *[ ˆ ( )] (( ) ( ) ) ( )
{ }

with c.c. denoting complex conjugation. The above expression is identically null as each +f f
n
i

n
i 1*( ) results to be

purely imaginary according to the conditions outlined in section 2.1 formirror-symmetricmatrices.
As a consequence, thefigures ofmerit for the charging protocol of a quantummany-body system via a

quantumwire, are those reported in [45]. Themean energy stored in the battery and themean storing power are,
respectively,

t r t t
t
t

= = PE tr ,
E

. 44B B B s
B( ) [ ( )] ( ) ( ) ( )

Other useful quantities are themaximum energy stored and themaximumpower,

t t t t tº º º
t t

P PE max E E , max 45s s s s¯ ( ) [ ( )] (¯ ) ˜ ( ) [ ( )] ( )

and their corresponding optimal charging times,

t t t tº º
t t t t= =
min , min . 46

P PE Es s

¯ [ ] ˜ [ ] ( )
(¯ ) ¯ ( ) (˜ ) ˜ ( )

Lastly, the charging power obtained atmaximumenergy is defined as,

t
t
t

ºP
E

, 47s
s¯ ( )

¯ ( ) ( )

which is generally different from themaximumpower because the times at whichmaximum energy and
maximumpower are achieved, t̄ and t̃ respectively,may not coincide.

In this subsectionwe choose h>1, so that the charger state with all spin aligned in the positive z-direction is
the highest energy eigenstate of HB

ˆ , with energy n h

2
B . Applying the samemagnetic field h to the rest of the system,

wire and battery, allows us to use the formalism of section 2 to evaluate the abovefigures ofmerit, as a uniform
magnetic field in equation (1) implies only an uniform shift by h of all single-particle eigenenergies, with the
eigenvectors remaining unchanged. Such a uniform shift brings along only an irrelevant overall phase factor in
the dynamics as it amounts to adding a constant to theHamiltonian in equation (1).

Interestingly, only the one-body terms in HB
ˆ contribute to themean energy tEB( ) in equation (44). This can

be immediately seen as, at time τ, the densitymatrix of the battery ρB(τ) represents the state with all the spins
flipped as perturbative transfer has occurred. In addition, it results also that the energy due to the inter-spin
interaction term is vanishing at all times, as a result of the following equation

å åº á + ñ = +
Î

+
Î
Î

+c c f fE
1

2
h.c. c.c. , 48I

i n
i i

i n
n n

n
i

n
i

1
1

B B

C

*ˆ ˆ (( ) ) ( )
{ }

†

{ }
{ }

again because of the conditions on f t
i
j ( ) formirror-symmetricmatrices, as already derived for the switching

energy δEsw.
This allows us immediately to use our results to confirm that all the charger’s energy is transferred to the

battery and, remarkably, no energy is stored in two-body correlations at any time. This has several advantages:
on the one hand, only single-qubit operation are necessary to extract the energy from themany-body battery
and, on the other hand, the nB spins embodying the battery can be split in independent, non-interacting
partitionswithout any loss of the initially stored energy. An instance of the charging process of a quantummany-
body battery is shown infigure 8 for the case of ns=4.Notice that the power atmaximumenergy as by
equation (47) is obtained at a considerably larger time than themaximumpower, equation (45).
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5. Conclusion

Wehave investigated themany-body transfer of bosonic and fermionic excitations in a one-dimensional open
chainmodelled by a nearest-neighbour hoppingHamiltonian. The set-up consisted of a block of sender sites,
each hosting one excitation, weakly coupled to a quantumwire at one edgewith the block of receiver sites weakly
coupled at the opposite edge.We have found that up to three excitations can be transferred between the edges of
the chain in a regime dubbed perturbative transfer via Rabi-like dynamics.We have identified the lengths of the
wire that allowperturbative transfer analysing the occurrence offirst- and second-order perturbative
corrections to the energy degeneracies among the single-particle energy levels of the sender (receiver) block and
thewire. This has yield us to identifymodular arithmetic equivalence classes of thewire’s lengths supporting
perturbative transfer. Consequently, we have found that, for a number of excitations greater than two, not all
length of thewire exhibits perturbative transfer, at variancewith the case of one and two excitations.

The results obtained have then been applied to the investigation of the dynamics of two physically relevant
quantities:magnetisation and energy transport. In the former case, we obtained that the receiver spins get fully
magnetised at the perturbative transfer time and,moreover, partialmagnetisation is retained for a long time.
The energy transfer protocol has been investigated in the framework of quantumbattery charging, one of the few
instances where the quantumbattery consists of amany-body system, andwe obtained a complete charging of
the batterywith energy stored only in the on-site interactionHamiltonian term. This has the advantage that an
energy extraction protocol needs to consists only of local operations on each site.We also showed that relevant
physical quantities, such as the average number of excitations in the sender block, is the same both for a
fermionic and a bosonic chain.

Due to the quadratic nature of theHamiltonian, wewere able to investigate the excitations dynamics for
arbitrary lengths of wire, reducing every quantity under scrutiny to functions of single-particle transition
amplitude. It would be interesting to investigate whether perturbative transfer occurs also in interactingmodels,
and, if so, if there are the conditions on thewire’s length. Another interesting application of our results could be
in quantum information processing. In [31, 47] it has been shown that, at half the transfer time, the sender and
receiver block aremaximally entangled for one- and two-particles in the sender block. Similarly, for a higher
number of excitations in the sender block, a similar scenario occurs. Also investigating the quantum state
transfer of an arbitrary state of n qubits would have several applications in quantum information processing.
Whereas weak-couplings has been shown to be successful for one- and two-qubits quantum state transfer
[24, 28, 48, 49], the case of a higher number of qubits has not been yet addressed andwill be our subject of further
investigation, with partial results for specific tripartite entangled states already been obtained in [50]. Other
possible applications of the proposed perturbative transfer protocol include source-to-drain transfer in
atomtronics [51] andmany-particle quantumwalks [52].

Figure 8.Energy and charging power for a batterymade out of 4 qubits nB=4, left and right panel, respectively. The dotted line in the
left panel corresponds to the transfer of the four excitations from the sender to the receiver. The orange line is the contribution of the
one-body term in HB

ˆ , whereas the green line that of the two-body term. In the right panel, the black dotted line is the time at which the
maximumpower is achieved, whereas the blue dotted line is the time at which themaximumenergy is stored in the battery,
equation (47). The corresponding energy stored in the battery is reported in the left figure by the same lines. The colour of the curve
Ps(τ) indicates the amount of energy stored in the battery at that time. The length of thewire is 32, for a total length of the chain of 40.
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