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Abstract

An innovative procedure is introduced for the analysis of arbitrarily shaped thin plates with
various boundary conditions and under generic transverse loading conditions. Framed into Line
Element-less Method, a truly meshfree method, this novel approach yields the solution in terms of
the deflection function in a straightforward manner, without resorting to any discretization, neither
in the domain nor on the boundary. Specifically, expressing the deflection function through a series
expansion in terms of harmonic polynomials, it is shown that the proposed method requires only the
evaluation of line integrals along the boundary parametric equation. Further, minimization of
appropriately introduced novel functionals directly leads to simple systems of linear algebraic
equations for the unknown expansion coefficients. Notably, the proposed procedure yields exact
solutions, when available, for different plate geometries. Additionally, several numerical
applications are presented to show the reliability and simplicity of the approach, and comparisons
with pertinent Finite Element method data demonstrate the efficiency and accuracy of the proposed

procedure.



1 Introduction

Many structural problems in engineering mechanics are governed by partial differential
equations (PDEs) whose exact solutions is known for few restricted cases of practical interest. In
this regard, the evaluation of the structural response of plates under generic loading conditions,
commonly described via a biharmonic PDE in Kirchoff's theory, is a well-established problem in
applied mechanics due to the constant use of these structural elements in most engineering fields.

Clearly, since exact plate solutions are available only for certain shapes, boundary and loading
conditions [1], several numerical procedures have been proposed and their development still attracts
the attentions of many researchers in the field [2-4]. In this context, the Finite Element Method
(FEM) [5] and Boundary Element Method (BEM) [6] unquestionably represent the most commonly
employed and powerful numerical techniques for general structural analysis.

As well-known the use of mesh, be it in the domain or in the boundary, is a common
characteristic of these traditional approaches. Specifically, while conventional FEM approach
basically requires a discretization over the entire domain through finite elements mesh, in the BEM
an integral equation is obtained and a boundary mesh is required to numerically approximate the
boundary integrals involved. It is worth underscoring that, in this latter approach the governing
differential equation is satisfied exactly inside the domain and high accuracy is generally achieved
with a relatively small number of boundary elements. Notably, the extensive research efforts
devoted in the last few decades to the development of these approaches have allowed to circumvent
most numerical problems associated to the domain or boundary discretization, thus making FEM
and BEM the dominant approaches for most problems in computational mechanics.

Nevertheless, the possibility of obtaining numerical solutions for PDEs without resorting to any
discretization, that is the so-called meshless approach, has rather recently gained the attention of
scientists and engineers working in this field. As defined in [7] a meshless method, also referred to
as meshfree method, is a method used to establish system equations for the whole problem domain
without the use of a predefined mesh for the domain discretization. This approach has, therefore,
become an alternative to classical FEM and BEM due to some beneficial features such as its
flexibility, wide applicability and the possibility of avoiding problems related to meshing and
remeshing in the domain or boundary [7, 8].

In this regard, framed in the meshless approach, different procedures have been proposed to
solve a variety of engineering problems [9], such as the element free Galerkin Method [10, 11],
Petrov—Galerkin approach [12], h-p clouds method [13], and the reproducing kernel element
method [14] among the others. Further, specifically referring to the plate analysis, the works in [15-

22] and references therein can be mentioned. Finally, note that other classes of methods, which are



inherently meshless, exist for the plate bending problem, including the Trefftz method [23], the pb-
2 Rayleigh-Ritz method [24, 25], and the Galerkin method [26].

Additionally, a novel truly meshless procedure, namely the Line Element-less Method (LEM),
has been introduced for the analysis of De Saint Venant pure torsion and flexure-torsion problem
for both isotropic and orthotropic material [27-31]. Notably, this method does not require any
discretization neither in the domain nor on the boundary, and all the involved integrals are simple
line integrals. Further, based on the analogy between plates bending under edge moments and
beams in torsion [32-34], recently the aforementioned LEM has been employed for the bending
problem of simply supported plates subject to uniformly distributed edge moments [35].

In this context, aim of this paper is to extend the LEM for the analysis of arbitrarily shaped
plates, without any holes, assuming various boundary conditions (BCs) and subject to transverse
loads. Specifically, the original biharmonic PDE, which rules the plate deflection, is decomposed in
two Poisson's equations, whose solution is expressed as the superposition of pertinent particular
solution and harmonic polynomials with unknown expansion coefficients. These coefficients are
then determined satisfying the prescribed BCs on the contour.

Note that, in the proposed procedure the BCs are satisfied in a least square sense on the plate
contour, and only line integrals along the boundary parametric equation are required, leading to
systems of linear algebraic equations for the unknown expansion coefficients.

Remarkably, as it will be shown in the following, this procedure yields exact closed-form
solutions when available, for different plates geometries, while in the other cases approximate
accurate analytical solutions are achieved generally employing few terms in the series expansion.
This may be clearly considered an attractive feature of the proposed method, especially with respect
to other meshfree procedure which are inherently exclusively numerical in nature.

Interestingly, unlike the Trefftz method [23], where the BCs are enforced in a number of
boundary points to determine pertinent expansion coefficients, or classical meshfree approaches,
where several nodes are generally considered in the domain, this proposed procedure is entirely
element-free. Further, with respect to the classical Rayleigh-Ritz approach [24, 25] more general
plate shapes and BCs can be handled, and cumbersome integration over domains are not involved.
These aspects may clearly represent an advantage of the proposed procedure.

Several numerical applications will be shown, demonstrating the elegance and simplicity of the
proposed procedure, and corresponding data vis-a-vis classical FEM results will be reported,

assessing the accuracy and reliability of the procedure.



2 Problem definition

Consider a homogeneous isotropic thin plate, of arbitrary shape with contour I" and domain Q,

uniform thickness h and modulus of elasticity E, generally referred to as Kirchhoff plate (see Fig.
1). The governing differential equation in terms of transverse deflection W(x, y) is the well-known

biharmonic equation [1, 36]
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where q(x,y) is the transverse distributed load, D= Eh3/12(1—v2) is the flexural rigidity of

the plate and v is the Poisson ratio.
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Fig. 1 Plate with arbitrary shape

The bending moments M, (x,y) and M, (x,y), and the twisting moment M (x,y) are given

as
M, (X, y):—DLzZT\QVwZ;—VZV) (2.2)
M, (X, y):—D[g;—\ivwng\évJ (2.b)
M, (X y)=—D(1—v)§):évy (2.0)
while the shearing forces V, (x,y) and V, (x,y) are given by
V, (X, y):—Di[ngvz”g;—vzv] (3.2)

o(d*w d*w
v, (x, y)_—D@[erWJ (3.b)



Further, introducing the so-called moment sum M (x, y) as

M, +M
M(xy)=—- 4
(x¥)=— @)

Eq. (1) can be recast into two equivalent Poisson's equations as [37]
VEM (X, y)=-q(x,Y) (5.2)
and

M (X,

VAw(x,y)=- ([); y) (5.b)

2 . 2 .
where Vz(-)=a—(z)+% is the well-known Laplace operator.
X

Thus, the solution of the plate problem Eqg. (1) reduces to the integration of the two Eqgs. (5 a, b)
in succession, which is sometimes preferred depending upon the method of solution employed.

As far as the boundary conditions (BCs) are concerned, denote as n and t the outward unit
normal and tangent vector at a point A of a generic curvilinear edge of the contour I", and let o be
the angle between the normal n and the x axis (see Fig. 1). Thus, for the most common cases, the
boundary conditions for the curvilinear edge can be specified as [38-40]

I.  Simply-supported edge

w(x,y)=0 (6.2)

M, (xy)=0 (6.b)
where M, (x, y) denotes the normal bending moment applied at the edge, and is given as

M, (X y)=niM,+n’M +2nn M (7)
where n, and n, are the components of the unitary vector n along the x and y axes, respectively.

Note that, considering Egs. (2) and (7), Eq. (6.b) becomes

2 2 2

(nf+vnj)27\£v+2(l—v)nxny ;;W +(n§+vnf)gy—\gv:0 (8)
ii. Clamped edge

w(x,y)=0 (9.2)

w(xy)_, ow aw_g (9.b)

on “ox Yoy
iii. Free edge

M, (x.y)=0 (10.2)



V =V +—=0 (10.b)

where V. (x, y) is the so-called effective shear force, while Mm(x, y) and V, (x, y) represent the
twisting moment and the shearing force on the edge of the plate, and are given as
M, (%, y)=(nf+nj)Mxy+nX ny(My—Mx) (11)
and
V,(xy)=nV,+n,V, (12)
Clearly, taking into account Egs. (2, 3) and Egs. (11, 12), the condition in Eq. (10.b) can be
expressed in terms of the transverse deflection W(x, y) .

Notably, the above reported BCs considerably simplify in case of straight edges [36]. For

instance, for an edge parallel to the y axis Eq. (10.b) can be directly given as

-0 (13)

3 Line Element-Less Method for plate analysis

In this section LEM approach is introduced for the analysis of arbitrary shaped plates, without

holes, with general BCs and under a transverse load q(x, y). Specifically, based on the classical
applications of the LEM [27-31] and taking into account Egs. (5), M (x,y) and w(x,y) can be

expressed in terms of the so-called harmonic polynomials P, and Q, , generally defined as

P, (x.y)=Re(x+iy) (14.)

Q, (x,y) = Im(x+iy)’ (14.b)
or, recursively as

P.(%Y)=P x-Q.y (15.a)

Q (% ¥)=Qcx-PRy (15.b)

which are valid for k >0, and with P, =1 and Q, =0.

Further, the derivatives of the harmonic polynomials are
P, oP,

6_): =kR; Ek =-kQ,4 (16.2)
0 0
R _ kQ,; R _ kP, (16.b)

OX oy



V?R, =0; V’Q, =0 Vk (16.c)
Based on the above relations, it can be argued that a solution of Eq. (5.a) can be obtained

expressing the moment sum function as the sum of harmonic polynomials, which satisfy the

Laplace equation as in Eq. (16.c), and a particular solution of the Poisson equation Eq. (5.a), namely

M, (x,y); thatis

M (X, y)=iakPk(x, y)+zn_:kak(x,y)+Mp(x,y) (17)

where a, and b, are (2n+1) unknown coefficients to be determined, and n is an integer

number which denotes the truncation limit of the series expansion.

Further, introducing the vectors

Ro(xY) Q%) 3 b,
p.(xy)=| L oaxy)=| i | as| i b=|: (18)
Pn (X’ y) Qn (X’ y) an bn
Eq. (17) can conveniently be rewritten in compact form as
M (x,y)=rn+M, (xy) (19)
where
T T a
r=lp; ar; n=M (20)

are the vector containing the harmonic polynomials and the unknown coefficients, respectively.

Note that, as far as the particular solution Mp(x, y) of Eq. (5.a) is concerned, this can be

obtained in closed-form using the approach in [41] (see Appendix A) when the load function

q(x, y) is represented by a homogeneous polynomial of degree N; i.e.

a(x, y)=ZNlAk X"y (21)
where A are known coefficients which depend on the form of the assigned load. For
completeness sake, expressions of Mp(x, y) are reported in Tab. 1 for some common cases of
transverse distributed load q(x,y). Further, as suggested in [42], if the function q(x,y) is not

directly given in the form of Eq. (21), it can be initially approximated by a truncated series of
Chebyshev polynomials which can be recast in the form of Eq. (21). Clearly, this yields a quite
versatile tool for expressing various shapes of load distributions, and even concentrated loads, as it

will be shown in the following section.



As far as the unknown coefficients in Eq. (17) or (19) are concerned, the (2n +1) values of a,

and b, in the vector n can be determined appropriately imposing the specified BCs of the plate. In

this context, it is convenient to firstly consider the simplified case of polygonal plate with simply-
supported edges, which will be then further generalized to arbitrary shaped plates with any

boundary conditions.

Tab. 1. Particular solution of Eq. (5.a) for different distributed loads

Type of load Load function Particular solution
Uniform
q q
S S S S o S a(x.y) = My (xy)==-2(x*+y?)
Triangular
q
; ! | 1 x B X2 3
,,,,, X, Y)=0p| =+— M =2 =
Parabolic
q 2 2 3 4
! Qo 2 Oo [ X X X
. : X, Y)=—| X“+ax+— M (xy)=—| —+—+—
= . aly) 2( j p (%) 2[4 3 6azj

3.1  Simply-supported polygonal plate

Let the plate be of polygonal shape and with all the edges simply-supported. Since in this case
the moment sum function must be zero along the entire contour of the polygonal plate [32, 35], the

following relation holds
M,(x,y)=M(x,y)=0, inT (22)
Taking into account Eq. (22), it is feasible to evaluate these unknown coefficients 1 in Eq. (19)

applying a minimization procedure on the closed contour path integral of the squared moment sum

function
w(n)=§[M (xy)]dr 23)

Thus, introducing Eqg. (19) into Eq. (23), the functional can be recast as



¥ (n)= [ (r,n)"+ M; (x.y)+2r,0M  (x,y) | dy (24)

Further, performing variations of the above functional with respect to n, yields

oY
M) _g yer=0 (25)
on

which is a linear algebraic system in the unknowns n, where

Q,=2¢r7r, dy (26.2)

r
t=2¢r M, (x,y) dy (26.b)
r

In this manner the vector n can be directly evaluated as

n=-Q,' (27)
and, taking into account Eq. (19), the moment sum function can be expressed as

M(x,y)=-1,Q;'t+M (x,y) (28)

Once M (x,y) is determined, the deflection function w(x, y) can be obtained solving Eg. (5.b).
Specifically, as similarly done for the moment sum function, a solution of Eg. (5.b) can be sought

assuming W(x, y) as the sum of harmonic polynomials, and a particular solution of the Poisson

equation Eq. (5.b), namely w, (x,y); that is

W(x,y):ickPk(x,y)+idek(x,y)+wp(x,y) (29)

where ¢, and d, are (2m+1) unknown coefficients to be determined, and m is an integer
number which denotes the truncation limit of the series expansion.
Again, note that the particular solution Wp(x,y) can be evaluated applying the procedure in

Appendix A considering the obtained moment sum function M (x,y) in Eq. (28).

As far as the unknown coefficients in Eq. (29) are concerned, the (2m +1) values of ¢, and d,

are determined appropriately imposing the BCs. In this regard, Eq. (29) can conveniently be

rewritten in compact form as
w(X, y)=r,&+w, (XY) (30)

where &' =[¢" d" ] is the vector containing the unknown coefficients, and



R (xY) Q.(xy) Co d,
n=[ph anli pa(xy)=| P oan(xy)=| P oc=| i) d
P. (%) Q, (%) C, d,

Therefore, considering that for a simply-supported plate Eq. (6.a) holds, the vector & can be

(31)

found minimising the closed contour path integral of the squared deflection function; that is

0(&)=P[w(xy)]dr (32)

r

Introducing Eg. (30) into Eq. (32), and performing variation with respect to the unknown

coefficients leads to an algebraic linear system in terms of the unknowns &, as

0(8) _ _

6—§—ng+;\4—0 (33)
where

Qu=2¢rr, dy (34.2)

x:2<.f>r; w,(x,y)dy (34.b)

Finally, obtaining the vector & from Eq. (33) as

£=-Q, k (35)
and substituting in Eq. (30), yields the sought deflection function of the plate W(x, y) as

W(X,y) =1, Qu A+W,(xy) (36)
Note that if the number of terms in Eq. (29) corresponds to the one in Eq. (17), that is if n=m,

then r, =r, and Q, =Q,; thus in this case it is only necessary to compute Q, via Eq. (27.a) once

beforehand.

3.2  General plate analysis

As previously mentioned, the above discussed procedure is strictly valid for polygonal plates

with all edges simply-supported. In this case, in fact, both the moment sum and the deflection

functions must be null on the contour, that is M (x,y)=0 and w(x,y)=0 in I". Notably, these

properties allow the functionals ¥ (n) and ©(&) to be expressed as in Egs. (23) and (32),
respectively.

Clearly, in the generic case of arbitrarily shaped plates with any BCs, neither M (x,y) nor
W(x, y) equal zero on the entire contour, and hence Egs. (27, 35) cannot be directly used to find the

unknown coefficients. This is, for instance, the case of a plate with curved



boundaries(M(x, y);tOin F), in which at least one edge can undergo vertical deflections

(W(x, y) #01in F). Therefore, the possibility of the moment sum or the deflection functions not to

vanish in T" should be appropriately accounted for in the evaluation of the unknown coefficients.
In this regard, assuming that the plate boundary conditions are the same on the entire contour T",

the functional in Eq. (23) can be properly modified as

F(m)=§[M (x.y)-M (xy)]dy @37

Tr
where M (x,y) is given in Eq. (17) and M(x,y) is an additional function, conveniently

introduced to take into account the generic plate boundary conditions. As apparent form Eq. (37),

this function represents the pertinent moment sum function evaluated on the boundary. For

consistency, M (x, y) can be expressed in terms of harmonic polynomials as

M (x, y)=iékpk(x,y)+i5ka(x,y) (38)

in which & and b, are unknown coefficients to be determined, while fi is an integer number

denoting the truncation limit of the series expansion, with i <n and generally small.

Denoting as
Po(X’Y) Ql(X’Y) 4, i 61
pa(xy)=| ¢ | ai(xy)=| ¢ [ a=| 1| b=|: (39)
P (xY) Qi (xy) a, b,
Eqg. (38) can conveniently be rewritten in compact form as
M (% y)=s,7 (40)
where
. |a
s,=[p7 an ; n:M (41)

Clearly, as shown in Fig. 2 if the plate BCs vary on the contour I", it is feasible to appropriately

N

subdivide I" inthe N, edges I'; on which the BCs remain constant, that is T =U1“i :

i=1



Free edge, I,

/

Simply-supported edge, I,

Simply-supported edge, T,

7 TITTT77 77

Clamped edge, I,

Fig. 2 Arbitrary shaped plate with mixed BCsand N, =4.

Therefore, the functional in Eq. (37) becomes

i] (xy)] dy (42)

i=l

where the symbol _[(-)dy denotes the classical line integration and, similarly to Eq. (40), the
T

function |\7Ii (x, y) , representing the moment sum function on the corresponding edge, is given by
M, (x.y)=s;@;; i=1...,N, (44)
where the subscript i refers to the i-th edge I,. It is worth stressing that, as previously
mentioned, M, (x, y) equals zero only for simply-supported straight edges.

Taking into account Egs. (19) and (44) and substituting in Eq. (42), yields

ZI[Y n+M ( Y)—Sﬁf]i}zdif (45)

i=1 T
Analogously, to allow for the possibility of vertical deflections on the contour, the functional in

Eq. (32) can be properly modified as
6(2)= Y. [[wey)-w(xy)] d7 (46)

where w(x,y) is given in Eg. (29) and W (x,y) is an additional function, conveniently
introduced to take into account the possibility of boundary deflections. Similarly to M (x, y) in Eq.
(37), w, (x, y) represents the pertinent deflection function evaluated on the boundary. Expressing

W, (X, y) in terms of harmonic polynomials, yields



W (x,Y) :iék‘i P (, y)+idk,i Q(xy); i=L..,N, (47)

in which ¢ ; and dk,i are unknown coefficients to be determined, while m is the chosen

truncation limit of the series expansion, with M <m and generally small.
Denoting as
R (X: Y) Q (X, Y) Co, dl,i
Pa(xy)=| | au(xy)=| ¢ [ &= i di=] (48)
Pa (x.Y) Qn(x.Y) Cai S

Eq. (47) can conveniently be rewritten in compact form as

W (X y)=s,8; i=1...,N (49)
where
- [g
=[P i & {a} (50)
Further, taking into account Egs. (30) and (49) and substituting in Eq. (46), yields the functional
in the form
N, 2
Z [ E+W, (X, y)-s g]d;/ (51)
i=l

Note that, the additional function W, (x, y) in Eqg. (46) must be taken into account only for the
plate edges I'; which can undergo vertical deflections (such as for a free edge). Therefore, unless at
least one edge is allowed to move vertically, W (x,y)=0 Vi, that is & =0, and the functional in

EQ. (46) reverts to the more simple one in Eq. (32).
As far as the solution procedure is concerned, a three steps scheme, similar to the one described
in Section 3.1, can be followed.

The first step is associated with the solution of Eq. (5.a), which leads to the moment sum

function M (x, y). In this regard, minimising the functional in Eq. (45), that is performing the

variation of the functional with respect to the unknown coefficients n, yields

oy
P e 3.0, 1,0 2)
on
which is an algebraic linear system of equations, where
Qnyi=2J‘rnTSﬁ d}/, i:].,...,Ny (53)
T,

Equation (52) can equivalently be rewritten as



N, .
n= _QHlT + ZQH1 Q.M (54)
i=1
S0 as to express the sought coefficients n in terms of the vectors 7, .

Note that, as previously stated, if the plate BCs do not vary on the contour I'", the functional in

Eqg. (37) should be used instead of the one in Eq. (45); thus, in this case, N, =1 and the line integral

in Eq. (53) simply reverts to a contour integral in T".

In this manner, considering Eq. (19) the moment sum function M(x, y) can be directly

expressed as

M(%Y)=-rQ t+ Yt Q' Q,, it +M, (x,Y) (55)

=)
and a particular solution of Eq. (5.b) Wp(X, y), which is required for the definition of the
functional in Eq. (51), can be evaluated as reported in the Appendix A. It is worth stressing that,
since M (x,y) depends on #; as shown in Eq. (55), also w,(x,y) will be a function of the
unknown 1y, . To directly express this dependence, hereinafter the particular solution will be denoted
as w, (x,y,7;).
The second step is associated with the solution of Eq. (5.b), which yields the deflection function

W(x, y). In this regard, the variation of the functional in Eq. (51), with respect to the unknown

coefficients &, can be performed as

aq;ég) Que+i- sz.a ~0 (56)
where
mi_ZJ‘ m d}/, i= ,...,N}/ (57)

whose solution leads to the coefficients & in terms of the unknowns Ei , that is

N, 5 5
&= _Q;nl A+ Z‘,Q;w1 Qm,i & (58)
i=1
Once these coefficients are found, the deflection function W(x, y) can be evaluated substituting

Eq. (58) into Eq. (30), as

W(X’y):_er#;“-l-_Zyrm Q;lQm,igi-I-Wp(X’ y’ﬁi) (59)



Finally, the unknown terms %, and %i can be obtained appropriately imposing the specified BCs

on the edges T'; for which the additional functions M, (x,y) and W (X,y) have been introduced.

Specifically, for the most common cases, taking into account Egs. (6, 9, 10) the following

functionals can be defined for each edge I'; of the whole plate contour T":

I.  Simply-supported curved edge
Ei(ﬁi):I[Mn(X’y)Td]/ (60)

iy

ii. Clamped edge

= (i) j{MTW 6D

P on
iii. Free edge
= (i) = [[Mo (x )] o7 (62.2)
A (&)= [V, (xy)] dr (62.h)

T
Note that, taking advantage of the properties of the harmonic polynomials, and considering the
general expression of the deflection function in Eq. (59), all the aforementioned BCs in Egs. (60)-
(62) can be appropriately represented in compact matrix form. In this regard, for simplicity sake, the
resulting expressions are reported in Appendix B.
In this context, observe that even more complex BCs, such as guided-end conditions, elastically
restrained edges or imposed deflections, can be taken into account in a similar manner. Further,

variations of the BCs on the same edge I'; can be considered as well, appropriately subdividing the
pertinent edge I, in the corresponding part on which the BCs remain constant.
Clearly, minimising the above defined functionals, that is performing the variation with respect

to the unknown coefficients #, and &, as

i(ﬁi) =0 (63.2)
on,
6AL(%‘) =0 (63.b)

08,



yields an algebraic linear system of equations in terms of 1, and Ei , Which can be easily solved
for the sought coefficients. Further substitution in Eq. (59) leads to the complete definition of
deflection function w(Xx,y).

To further elucidate the mechanics of the technique, Fig. 3 provides a step-by-step flowchart for

the method, where reference to the aforementioned steps is reported as well.

Choose an appropriate number of coefficients
mand 7 1n Eq. (35) and m and M in Eq. (59)

l

Find the particular solution M (x, v) in Eq. (55)

as Tab. 1 or Appendix A

l Step 1

Evaluate the moment sum function M (x, y) in Eq. (55), taking into account

Egs. (26), (41) and (53). 1n terms of the coefticient vectors 7,

l

Find the particular solution w, (v, v} in Eq. (59)

based on Appendix A

l Step 2

Evaluate the deflection function w(x,v) in Eq. (59), taking into account

Eqs. (34). (50) and (57). 1n terms of the coethicient vectors 1), and %

}

Find the unknown terms in ), and &, solving the linear algebraic system

of equations in Eq. (63). taking into account the appropriate BCs based

on Egs. (60)-(62) and Appendix B. Step 3

}

Find w(x,y) substituting ¥, and i:.‘ in Eq. (59)

Fig. 3 Flowchart of the method

It is worth noting that the entire procedure only requires the definition of simple line integrals,
and the solution of algebraic linear system of equations which can be performed in a
straightforward manner in any symbolic computation programs, such as Wolfram Mathematica.

On this base, a peculiar characteristic of the proposed approach for plate analysis is the
possibility of recovering the exact closed-form solution of the problem when it exists, as it will be
shown in the following section, while in the other cases the method yields an approximate analytical
solution, and this may be regarded as an attractive feature of the proposed procedure with respect to
classical FEM and meshless approaches, which can provide only numerical results.

Notably, the method does not require the definition of any mesh, and few terms in the series

expansions are generally needed, thus keeping at minimum the computational effort. Finally, since



neither the domain nor the boundary must be discretized (as in the classical FEM or BEM), the
same procedure and expressions can be applied for different plate geometries, once the contour of

the plate has been appropriately parameterized.

4  Applications

In this section, the proposed LEM approach is applied to several plate configurations,
considering various shapes, boundary conditions and both distributed and concentrated loads.
Firstly, as benchmark cases, the proposed method is employed for three different well-known
examples, namely triangular simply-supported plate, circular clamped plate and elliptical clamped
plate, demonstrating the ability of the method to directly yield the exact solutions. Further, as
approximate analytical solutions, a rectangular shaped plate with mixed boundary conditions, a
triangular simply-supported plate under a concentrated load and a plate with complex shape are
investigated to show the potentiality of the method. Finally, to assess the accuracy of the procedure,
the LEM based deflection functions are compared with the results of classical Finite Element
analyses for all the above mentioned configurations, providing also relative errors data are also.

As far as the selection of the number of terms in Egs. (17), (29), (38) and (47) is concerned for
these numerical applications, it is noted that these values strongly depend on the specific problem
under consideration. In this regard, in general, greater values might be required for determining the
deflection of plates with complex shapes or BCs, and in case of complex load functions. Further, an
higher number of terms is generally necessary if stress distributions on the boundaries are sought.
Obviously, higher number of terms leads to enhanced accuracy, at the expense, however, of higher
computational cost. Readers may refer to the following numerical examples for potential candidate
values of the parameters. Further, as a rule of thumb for choosing an appropriate number of terms,
the procedure in Fig. 3 can be performed for few different values of n and m, since the approach
generally requires few seconds in terms of computational cost. For increasing values of these
parameters, a good indication that the specific value is a reasonable one is when no considerable
difference is noted anymore in the form of the plate deflection, and the BCs are appropriately

satisfied, as shown in the following section.

4.1  Numerical applications: exact solutions

Consider the case of a triangular shaped plate (see Tab. 2) under a uniformly distributed load

q(x, y) =(, and with all the edges simply-supported. Applying the previously described procedure



yields the non-null series coefficients for the deflection function Eq. (30) of the vector &, as
reported in Tab. 2.

Tab. 2: Plate geometries and corresponding coefficients of the deflection function.

Plate Shape and BCs Non-null coefficients of w(x, y)
' ’ o o 12 q
| s Co=o— Cp=-2—; C=—C
! 12D 12D 64D
|
a2 d3 _qL. d. = qO

48D ° 192ID’

Simply-supported

Cgort(5+v).  qor’(3+v), g
0= 2T o T~
; 64D (1+v) 32D(1+v) 64D
Simply-supported
y1
b ,// \ o =% a'h’ _ Y% a’h’® _ % a*
| f ) " 8pD ' ? 4pD ' * 8pD
A B= (Sa4 +2a’h? +3b4)
" Clamped

a

Substituting in Eg. (30) leads to

w(xy) =[1ggﬁj[—y3 +3x%y - 31(X* + y2)+4l3}(l2 Xt yz) (64)
which is the exact solution of the considered problem [1]. In this regard, the contours of the
above obtained deflection function are shown in Fig. 4(a) for | = \/5/6 m.
Consider next the case of a circular plate (see Tab. 2) of radius r under a uniformly distributed
load q, and simply-supported along the entire contour (Ny :1). The plate boundary I is defined

by the curve in parametric form

X=rcosd 0<9<? -
y=rsing’ " (65)



Since the boundary is curvilinear, the additional moment sum function I\7I1(x, y) should be taken

into account, while v~vl(x, y) is equal to zero, that is %1 =0, because of the chosen BCs. Applying
the previously defined procedure, coefficients n and & are found via Eq. (54) and (58),

respectively, in terms of the unknowns 7, . Finally, considering Eq. (59), the remaining coefficients

o r*(v-1)

a, and Bk in 1, are found using Eq. (60). In this regard, a value of &, =— 8(1 )
+v

is obtained,

while all the other terms are equal to zero. Therefore, substituting in Eq. (59) yields the well-known
exact solution of the deflection function as

qo(r2 —x* = yz)[—(x2 + y2)(1+v)+ r2(5+v)}

66
64D (L+v) (%0)

w(xy)=

In this regard, the contours of the function in Eq. (66) are shown in Fig. 4(b) for r =1m.
Finally, consider the case of a clamped elliptical plate of axes a and b (see Tab. 2), under a
uniformly distributed load q,. The plate boundary T" is defined by the curve in parametric form

X=4a cosd
{ <0<2r (67)

y=bsing’
As in the previous case, taking into account the BCs and the plate shape, N, =1, I\7I1(x, y) =0

and Wl(x, y):O. Following the previously described procedure, all the pertinent coefficients are

found minimizing the functional in Eq. (60) considering Egs. (54) and (58), leading to the deflection

function

K [bzx2 +a’ (b’ + yZ)J2
w(xy)= 8(3a* +2a%h” +3b*)D

(68)

which is the exact solution of the problem [1]. In this regard, the contours of Eq. (68) are shown
in Fig. 4(c) for a=1.5m and b=1m.
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Fig. 4 Deflection functions W(x, y) for g, =500 N/m2 yh=5mm; E =210GPa;v =0.3: (a) Triangular simply-
supported plate; (b) Circular simply-supported plate; (c) Elliptical clamped plate.



As far as the convergence rates of the proposed approach is concerned, analyses can be
performed in terms of the L, displacement and energy norm, which can be defined respectively as

[18]

1

<] (x| )

Q

and

le] = %UVZW(X, y) dQ}2 (70)

In Tab. 3 the relative error between the L, displacement and energy norm of the exact solution

and the proposed approach, for different values of the number of coefficients m in Eq. (29) is
reported. As it can be seen, relative error is exactly equals to zero for the highest number of terms in

the series expansion since, as previously mentioned, the proposed method leads to the analytical

solutions.
Tab. 3. Relative errors in terms of L, displacement and energy norm
Plate Shape and BCs Number of coefficients m Reg?;;;g;?;ﬂ?;g?; L2 Relati:ﬁ;;?;;?ghe L2
m=5 0 0
Triangular simply-supported plate m=4 3.42.1072 3.33-107*
m=3 1.27-107" 7.11-10"
m=4 0 0
Circular simply-supported plate m=3 4.93-107 5.37-10°°
m=2 4.9310°° 5.37.107°
m=4 0 0
Elliptical clamped plate m=3 1.89 1.13
m=2 1.89 1.13

Further details on the convergence of the method can be obtained graphically, plotting for
instance the deflection functions of the plate boundaries which, for the considered cases, must be
null. In this regard, in Fig. 5 deflection functions on the boundaries are shown for the same number
of coefficients m used in Tab. 3. Specifically, in Fig. 5(a) the plate deflection on the horizontal edge
of the triangular plate is shown, while in Figs. 5(b) and (c) the circumferential deflections of the

circular and elliptical plate boundaries are reported.
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Fig. 5 Convergence in terms of deflection function on the boundary: (a) deflection on the horizontal edge of the
triangular plate; (b) circumferential deflection of the circular plate; (c) circumferential deflection of the elliptical plate.

Note that, deflections exactly equal to zero for the highest number of terms continuously on the
whole contour, since the analytical solutions are reached. Further, as shown in Fig. 5(b) and (c),
deflections obtained with m =3 exactly match those obtained using m=2 since, as reported in

Tab. 2, coefficients ¢, and d, are equal to zero.

Note that, classically to obtain the above reported exact solutions in Egs. (64), (66) and (68)
different approaches are required for each plate shape [1]. For instance, solution of circular and
elliptical plates is generally obtained considering polar and elliptical coordinates. On the other hand,
as shown, the proposed method yields the exact solutions, if available, regardless the chosen plate
geometry.

In the following section, LEM will be applied to different plate configurations, aiming at
highlighting the ability of the proposed approach to treat more demanding cases, such as generic
load conditions, mixed BCs and plate of complex shape.

4.2  Numerical application: concentrated load

As a first example, in order to show how the proposed procedure can also be applied for plate
under generic load conditions, consider the case of a simply-supported triangular plate under a

concentrated load Q applied at the origin.
Since in this case Q cannot be directly expressed as in Eq. (21), the concentrated load can be
assumed as a distributed load q(x, y) shaped as a Dirac's delta 5(x, y) of amplitude equals to Q,

which can be conveniently approximated in terms of Chebyshev polynomials as
2 N

R AT YA AN AEIAAT) )

T s T 51
where N is the truncation limit of the series expansion, while T, () is the Chebyshev polynomial

of order s, defined by the recurrence relation [43]

To. (X)=2xT, (x) =T, (X) (72)

in which T;(x)=1and T,(x)=x.



Once the concentrated load has been expressed as in Eq. (71), the particular solution M | (x, y)

of Eqg. (5.a) can be obtained in closed-form using the approach in Appendix A.
In this manner, the above defined procedure can be easily applied. Specifically, taking into

account the chosen plate shape and BCs, the procedure in section 3.1 can be followed. Thus, firstly

the moment sum function M (x, y) is directly determined via Eg. (28) and secondly the deflection
function w(x,y) is immediately retrieved using Eq. (36).

In this regard, Fig. 6(a) shows the contour plot of the aforementioned function, assuming
| = \E/6m. Note that in this case 22 terms have been used in the vector & in Eq.(35), considering
only even coefficients c,, and odd coefficients d,, ., (thus also m=22 in Eq. 29). Further, in Fig.

6(b) LEM results of the deflection profile at x =0 are compared with pertinent FEM data obtained

employing the commercial code Ansys.
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Fig. 6 Deflection functions W(x, y) for Q =100N;h =1mm; E = 210GPa;v =0.3: (a) Contours plot with LEM;
(b) Deflection profile.

0.06+

As it can be observed, classical FEM data are in very good agreement with the results of the
proposed LEM approach, assessing the accuracy of the considered procedure.

To further assess the reliability of the procedure, the average relative discrepancy index &,
between proposed method results and FEM data has been computed. Specifically, &, can be defined
as

1 2

= M.mo (73)

r 2
N p WFEM



where w,,, and w,,, are the values of the deflection obtained using the LEM and FEM
approach respectively, while N is the considered number of points of the deflection functions.

In this regard, taking into account the points in Fig. 6(b), & =1.75%, thus showing the accuracy

of the propose approach.

4.3  Numerical application: mixed BCs

Aiming at demonstrating the capability of the proposed procedure to treat plates with mixed

BCs., consider the case of a rectangular plate under a uniformly distributed load ¢,, assuming two

opposite plate edges simply-supported, one edge clamped and one free, as shown in Fig. 7(a).
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Fig. 7 Plate geometries: (a) Rectangular plate with mixed BCs; (b) Clamped plate of complex shape.

Applying the procedure in Section 3.2, the plate boundary I" can be conveniently subdivided in

four edges I';, that is N, =4. Note that, since the two edges I', and T, are simply-supported, as
previously mentioned the corresponding function M, (x,y) and M,(x,y) in Eq. (42) can be
assumed equal to zero and only the remaining functions M, (x,y) and M, (x,y) must be taken into
account. Further, since just the boundary I', can undergo vertical deflections, v~v3(x, y);tO while
W (x,y)=0,i=12,3 in Eq. (46).

In this manner, the vector n in Eq. (54) can be specified as

1=-Q 1+Q Q.M +Q; Qs (74)
and the moment sum function M (x, y) can be obtained via Eqg. (20).

Further, the vector & in Eq. (58) becomes
§=-Q, 4+Q, Q,&; (75)

and the deflection function can be evaluated substituting in Eq. (30) as



W(%,y)==1,Qu h+1,Q Q& + W, (XY, iy, i) (76)
Finally, the unknown terms 1,, 1, and 53 can be obtained appropriately imposing the specified
BCs on the edges T, and T, for which the additional functions M, (x,y) and W (X,y) have been
introduced.
Specifically, minimizing the functional in Eq. (62) specified for I'y, namely Z,(f,) and
A3(E3), as in Eqg. (63), the vectors R, and %3 can be obtained in terms of %,. Finally,

minimization of the functional in Eq. (61) for I',, that is El(ﬁl), yields the vector n,. Clearly,

further substitution in Eq. (76) leads to the complete definition of deflection function w(x,y).

In this regard in Fig. 8(a) the contour plot of the deflection function is shown, assuming a =1m
and b=0.5m. Note that in this case 12 coefficients ¢, and 10 coefficients d, have been used in
the vector &. Further, proposed method results vis-a-vis FEM data are shown in Fig. 8(b) for the

deflection profile at x=0.
As it can be seen, an excellent agreement is achieved between classical FEM data and proposed

LEM approach, assessing the accuracy of the considered procedure.
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Fig. 8 Deflection functions w(x,y) for g, =500 N/m?;h =1mm;E = 210GPa;v = 0.3: (a) Contours plot with LEM;
(b) Deflection profile.

To further show the reliability of the approach, the average relative discrepancy index in Eq. (73)

has been computed, considering the points in Fig. 8(b), leading to the very low value of &, =0.28%



4.4  Numerical application: arbitrarily shaped plate

As a final example, to demonstrate the capability of the method to treat plates with arbitrary

geometries, a clamped plate with complex shape (see Fig. 7(b)) under uniformly distributed load g,

has been analyzed. The boundary T" of the plate is defined by the curve in parametric form

X = r(|sin ¢9|3 +|cos 0|3)COS<9
X \ , 0<0<2x (77)
y= r(|sin 6| +|cos )| )sin 0

Applying the proposed procedure, considering the specified BCs, the moment sum function can

be expressed as
M(xy)=-1Q,' t+r,Q,'Q M, + M, (xy) (78)
where 1, is a vector of unknowns due to the additional function I\7I1(x, y) which takes into

account the clamped BCs, while M | (x, y) is given in Tab. 1 for the uniform load distribution.

Further, since no deflection occurs on T, Ei =0 and the deflection function in Eqg. (59) can be
simplified as
w(x,y)=-r,Qy h+w, (x, Y, ﬁl) (79)
where the particular solution w, (x, y,ﬁl) can be obtained as in Appendix A.
Finally, the unknown term 1, can be evaluated appropriately imposing the specified BCs on T .
Specifically, performing variation of the functional in Eq. (61) with respect to 1, yields a linear
system of algebraic equation, whose solution leads to the unknowns coefficients 1,.

In this regard, the contours of the deflected surface for r =1m is depicted in Fig. 9(a), while in
Fig. 9(b) the deflection profile at x =0 is reported vis-a-vis pertinent FEM data. Note that, in this

case just 9 terms of the even coefficients c, are required in the vector & in Eq. (58) (that is

m =16), being zero all the coefficients c,,, and d,.
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As it can be observed, also in this case an excellent agreement is achieved between proposed and
FEM data, further assessing the reliability of the proposed procedure. Moreover, the average
relative discrepancy index in Eqg. (73) has been computed, considering the points in Fig.9(b),

leading to the satisfactorily low value & =1.83%

Concluding Remarks

In this paper, an innovative procedure has been developed for evaluating the deflection function
of arbitrarily shaped plates subject to generic transverse loading conditions. This approach, which
can be framed into the Line Element-less Method (LEM), allows to evaluate the plate deflection
function through a simple series expansion in terms of harmonic polynomials. Appropriately
defining novel functionals and performing variations, linear systems of algebraic equations have
been obtained for the series expansion coefficients. Further, considered boundary conditions have
been satisfied via an element-free procedure in a least square sense on the plate contour. Notably,
only simple line integrals are involved in the whole procedure, and any discretization, be it in the
domain or on the boundary, has been avoided. Additionally, it has been shown that the method
leads to exact solutions, when available, for different plates geometries and boundary conditions,
while for all the other cases highly accurate approximate analytical results have been achieved using
few terms in the series expansions. Analyses have been carried out for several plate shapes,
boundary and loading conditions, showing the elegance and simplicity of the proposed procedure,

which allows the computational cost to be kept at minimum. Further, for all these cases,



comparisons of LEM based deflection functions vis-a-vis pertinent Finite Element method data

have been reported, assessing the accuracy and reliability of the considered approach.

Ackowledgement

Alberto Di Matteo and Antonina Pirrotta would like to acknowledge the PRIN 2015 funding
program from the Italian Ministry of University and Research (MIUR), Project N. 2015JW9NJT.

Appendix A: Particular solution for Poisson's equation

In this appendix, the procedure described in [41] to obtain a closed form expression of a
particular solution of a Poisson's equation is briefly reported.

In this regard, consider a Poisson's equation of the form
ViE(xy)=a(xy) (A.1)
where q(x, y) is a generic homogeneous polynomial of degree N given as
N
a(xy)=> Ax"y" (A2)
k=0
Then, a closed form particular solution of Eq. (A.1) is

N ~
f(xy)= ;a X"y (A3)

that is a polynomial of degree N , where the coefficients P, are

2

(N2 (1) (K +2m)! (N —k — 2m)!
VI ey (N ke Ad)
& kE(N—k+2)!

Note that, in Eq. (A.4) the term | (N —k)/2 | denotes the integer part of (N —k)/2.
It is worth mentioning that, when q(x, y) is not directly given as in Eqg. (A.2), the particular

solution in Eq. (A.3) can still be used if q(x, y) is firstly appropriately approximated by a truncated

series of Chebyshev polynomials [42, 43].



Appendix B: Expression of the Boundary Conditions in terms of

Harmonic Polynomials

In this appendix, the compact form expressions of the BCs used in Egs. (60)-(62) are reported.
Specifically, taking into account Eq. (59) and the properties of the harmonic polynomials in Egs.
(15) and (16), it is possible to directly give explicit expressions of the BCs in terms of the

previously introduced functions. In this regard, let the deflection function in Eq. (59) be rewritten as
W(x,y):rmp+wp(x,y,ﬁi) (B.1)
where r, is a row vector containing the harmonic polynomials, as given in Eq. (31), while p is a

column vector of coefficients, given as
Ny 5 5
n=-Quh+ 20, Qy (8.2
i=1

In this manner, omitting henceforth variable dependence, derivatives of the deflection function

can be expressed as

ow _ar, ow,

W _ B.3

oX  OX a OX (B:3)
and

ow _or, ow,

- —_mu.|__ B4

oy oy oy (B.4)

Recalling the properties of the harmonic polynomials as in Eq. (16), Egs. (B.3) and (B.4) can be
directly expressed in compact form as

ow ow

o rmly)xle)p + _6xp (B.5)
and

oW ow

Sz (B.6)

where Z" and Z(yl) are diagonal matrices of coefficients given respectively as

X

z¢=[01.--m12---m| and Z) =[0 1.--(-m)12.--m|, while r{ and r.’, are vectors containing

m,

the corresponding derivatives of r,, given as

Ile,>< :[P—l'“mel QO"'mel] (B?)
and
rr$11)y = [Q—l'“Qm—l PO'“Pm—l] (B.8)

On this base, second order derivatives can be directly obtained as



W _ ()0, OW
— =r¥97ZY72¥ 4+ —L B.9
6X2 mx“x “x n axz ( )
2 o*w
. ©1
oy oy
o*w 2) 5(1)>(2 2w

—rd) 70070y 4 S0 (B.11)
oxey oxoy

while
rm2,>)< = [P—Z'”Pm—z Q—l“'Qm—Z] (812)
rr$12,>)<y = [Q-z . 'Qm—z P—l o Pm—z] (813)

Finally, third order derivatives can be rewritten as

o*w

_ 950525 p

e SV A AR Al R 1 B.14

8X3 mx“<x “x X n axg ( )
3 o*w

TW _ 0 Z701703, , O W (B.15)
o*w o°w

-~ s =1 z0z270 = 2 (B.16)
3 o*w

aawz :rnfgxz<y1>z<j>z(f>lu+—axp2 (B.17)

yod ™ oy

where Z¥ =[-2 -1.-(m-2) -1 0-(m-2)|and 2’ =[2 1...—~(m-2) -1 0---(m-2).

Further
rﬂ = [Pfs P Qs '”Qm—3] (B.18)
I’rﬂ =[Qs+*Qua Py Pro] (B.19)

while 1) =r® and ) =r

In this manner, taking into account Egs. (2) and (3) and manipulating yields the bending and

twisting moments as

oow,  ow, )|
_ )7 07(2) , |, 25 0)
M, =-D|(r9z¥Z® +vr? 202! )u+[ St ayzp] (B.20)
o @00\, [TW W, _
M, =-D (rm,yzy 79 1yrzz7! )u+ YR (B.21)




2

o'w
M, =-0f1-) 22 O 22

while the shearing forces are given as

0505050 , 0 05 @50), [ OW W,
V, =-D| (9292228 + 1, 2077 )+ v (B.23)
I ow, o'w
V,=-D (rrf)yzgl)zgz)zf) + rf)yxz(y”z“)z“)) B+ { ay;’ + —ayaxpz ﬂ (B.24)
Further, normal stresses o, and o, given as
Ez (0w o*w
o, == +v B.25
1_ V2 [aXZ ayZ j ( )
and
Ez (0°'w  d&*w
O-yz_l_VZ(ayZ +Vax2] (826)
can be directly expressed as
Ez o'w,  o'w
o, =- =y [(rmﬂz@z(f) +v rmZ&Z(yl)Z(yz))u + ( 8X2p +v 8y2p j] (B.27)
and
Ez o'w,  o'w
o, =~ =y [(r,ﬁfiz(;)zgz) +v rrfiz:)z(f))p + [ 6y2p +v 6X2p j] (B.28)

Similarly, shear stresses

E [ o*w
__E ; B.29
‘ 1+v[6x6y j (8:29)
can be given as
E o*w
Tz_m{r;%gyz@zgﬂwax_a;] (8.30)

Note that Egs. (B.3), (B.4), (B.20)-(B.24) are then useful to directly express the BCs in Egs. (6)-
(12) in terms of harmonic polynomials. These expressions can be then used in the functionals in
Egs. (60)-(62).
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