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Abstract. In this paper we investigate similarity measures based on minimal absent words, intro-
duced by Chairungsee and Crochemore in [3]. They make use of a length-weighted index on a
sample set corresponding to the symmetric difference M(x)4M(y) of the minimal absent words
M(x) and M(y) of two sequences x and y, respectively. We first propose a variant of this measure
by choosing as a sample set a proper subset D(x, y) of M(x)4M(y), which appears to be more
appropriate for distinguishing x and y. From the algebraic point of view, we prove that D(x, y) is
the base of the ideal generated by M(x)4M(y).

We then remark that such measures are able to recognize whether the sequences x and y share a
common structure, but they are not able to detect the difference on the number of occurrences of
such a structure in the two sequences. In order to take into account such a multiplicity, we introduce
the notion of multifactor, and define a new measure that uses both absent words and multifactors.
Surprisingly, we prove that this similarity measure coincides with a distance on sequences introduced
by Ehrenfeucht and Haussler in [6], in the context of block-moves strategies. In this way, our result
creates a non trivial bridge between similarity measures based on absent words and those based on
the block-moves approach.
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1. Introduction

In recent years the concept of minimal absent word has been used to define similarity measures between
two sequences. An advantage of this approach is that the set of minimal absent words of a sequence
uniquely characterizes the sequence and, on the other hand, they are usually very short with respect to
the sequence. Another motivation is that the number of minimal absent words of a sequence of length
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n is linear in n, and then it is possible to compare sequences in time proportional to their lengths. In
particular, in [3] Chairungsee and Crochemore introduced a measure of similarity between two sequences
x and y making use of a length-weighted index on the symmetric difference M(x)4M(y) of the sets of
minimal absent words M(x) and M(y) of x and y respectively.

Since, in some cases, the set M(x)4M(y) appears to be too large, in the same paper the authors
propose to evaluate the length-weighted index on a sample set, i.e. the subset of M(x)4M(y) of words
of length at most l, where l is a suitable integer. Further developments and an extension of the ideas of
[3] can be found in [4]. An experimental study of different distance measures based on minimal absent
words to analyze similarity/dissimilarity of sequences has been carried out in [10]. In the same paper the
authors observe that “to the best of our knowledge there exists no attempt in the literature to identify the
best index to employ on the minimal absent words set”.

In this paper we introduce some new similarity measures between sequences based on minimal absent
words. Our proposals come out from a theoretical investigation that analyzes some limitations and flaws
of the measures proposed in [3].

The first similarity measure that we introduce is based on a choice of a sample set (subset of
M(x)4M(y)) different from the one considered in [3]. The criticism to the measure in [3] is that
in the set M(x)4M(y) there are words absent both in x and in y (although they are minimal only for
one of the two words). In our opinion, it is not appropriate to consider such words to distinguish x and
y. So our first proposal is to evaluate the length-weighted index on the sample set

D(x, y) = (F (x) ∩M(y)) ∪ (F (y) ∩M(x)),

where F (x) denotes the set of factors of x. The set D(x, y) contains words that are absent in one of the
two words (x or y), but that are factors of the other one. In our proposal only the words of D(x, y) really
contribute to separate x and y. Moreover, the set D(x, y) has some interesting algebraic properties: it is
a subset of M(x)4M(y), and, moreover, it is the base of the ideal generated by M(x)4M(y). In other
terms, the choice of D(x, y) as a sample set corresponds to eliminate those words of M(x)4M(y) that
have a proper factor in the same set. Therefore, the deletion involves the longest words in M(x)4M(y).
In this sense, our choice of the sample set is not very far from the one in [3], where the words up to a
certain length are selected and, in addition, it appears more motivated and mathematically characterized.

The similarity measures proposed in [3], and also the one here proposed by takingD(x, y) as sample
set, highlights whether two words share some similar structures. However, several examples, given in the
paper, show that such measures are not able to detect whether such structures appear in the two words
with a different multiplicity.

In particular, in the similarity measure that uses the sample set D(x, y), we take into account, for
instance, how many elements of M(y) are factors of the word x, but we do not consider how many
times a single element of M(y) occurs as factor of x. In order to take into account such a multiplicity,
we introduce the notion of multifactor. Such a notion has an independent combinatorial interest and we
introduce it in a more general context. A sequence (v1, v2, . . . , vn) of elements (not necessarily distinct)
in a language L is a L-multifactor of a word x if there exists a factorization

x = x1v1x2v2 · · ·xnvnxn+1

with xi ∈ Σ∗, for i = 1, 2, . . . n+ 1. The integer n is the dimension of the multifactor.
We introduce a new similarity measure by substituting the set F (x)∩M(y) with aM(y)-multifactor

of x of maximal dimension (and, symmetrically, F (y) ∩ M(x) with a M(x)-multifactor of y). The
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similarity measure is related to such maximal dimension. Observe that the sequence corresponding to
a M(y)-multifactor of x of maximal dimension is composed by elements of F (x) ∩ M(y), but each
element could occur several times (or never) in the sequence.

We prove that this new similarity measure, based on minimal absent words and on their multiplicity,
coincides with a distance on words introduced by Ehrenfeucht and Haussler in [6]. The idea of Ehren-
feucht and Haussler is very simple. The distance between two words corresponds to the minimal number
of letters one need to delete in one word in such a way that the factors lying between two deleted charac-
ters are factors of the other word. The spirit of the definition of Ehrenfeucht and Haussler is very close
to similarity measures based on block moves (cf. [8], [11], [12]). Indeed, the remaining factors of the
first word can be thought as the results of block moves of the type described in [13].

In order to state the connection between our approach and that of Ehrenfeucht and Haussler, we prove
that, given two words x and y, the maximal dimension of a M(y)-multifactor of x is equal to the number
of letters on need to delete in x in such a way that the remaining factors are also factors of y.

In conclusion, the paper creates a non trivial link between the similarity measures based on absent
words and those based on the block moves approach.

Let us, finally, remark that in this paper we are mainly focused on the combinatorial aspects of the
similarity measures, and that the algorithmic point of view is not explicitly taken into account. However,
the results of the paper show that all similarity measures considered in this paper are computable in linear
time.

2. Definitions and notations

In this section we recall some fundamental notions and notations useful in the paper. Let Σ be a finite
alphabet and Σ∗ the set of the words over Σ. The set Σ∗ is the free monoid generated by Σ with respect
to the word concatenation and with the empty word ε the unit element. A set I ⊆ Σ∗ is said to be a (two-
sided) ideal of Σ∗ if for each u ∈ I and v ∈ Σ∗ the two concatenations uv, vu ∈ I . This is equivalent to
the condition I = Σ∗IΣ∗. The base of the ideal I is the minimal set B (with respect to the set inclusion)
such that I = Σ∗BΣ∗.

Let v be a word of Σ∗, we say that u is a factor of v if there exist z, w ∈ Σ∗ such that v = zuw; if
z = ε (resp. w = ε) we say that u is a prefix (resp. a suffix) of v; if u 6= v we say that u is a proper factor
of v. If u is a prefix of v, i.e. v = uz, we denote u−1v = z. In what follows we denote by F (v) the set
of factors of v. We say that a word u occurs in v if it is a factor of v. A subset P (resp. Q) of Σ∗ is a
prefix set (resp. suffix set) if none of its words is a prefix (resp. suffix) of another one. Any prefix (resp.
suffix) set is a code, called prefix code (resp. suffix code). A prefix code is said to be maximal prefix code
if it is maximal with respect to the inclusion of sets. For fundamentals in theory of codes cf. [2].

A word u is an absent word of v if it does not occur in v. An absent word is a minimal absent word
if all its proper factors occur in v. We denote by M(v) the set of minimal absent words of v.

A language L ⊆ Σ∗ is called factorial if it contains all the factors of its own words, whereas it is
called antifactorial if no word in the language is a proper factor of another word in the language. In
particular, for any word v ∈ Σ∗, F (v) is a factorial language and M(v) is antifactorial.

Remark that the complement of F (v) (i.e. the set of the words that are not factors of v) is an ideal of
Σ∗ and M(v) is its base. This allows to establish a duality between the sets F (v) and M(v) given by the
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relations (cf. [5]):
F (v) = Σ∗ \ Σ∗M(v)Σ∗,

M(v) = ΣF (v) ∩ F (v)Σ ∩ (Σ∗ \ F (v)).

This last relation comes from the remark that if v ∈ Σ∗, the word u = a1a2 · · · an, with ai ∈ Σ is a
minimal absent word of v iff u /∈ F (v) and a1 · · · an−1, a2 · · · an ∈ F (v).

3. Similarity measures based on sets of absent words

The notion of absent word plays an important role in many text processing algorithms. In particular,
recently many papers dealing about string comparison use the notion of absent word in order to define
distances between words. This definition is based on the intuition that two words, x and y are more
distant if the set of the non common absent words is big and this set contains short words. In fact,
long absent words of x that are present in y implicitly correspond to long common factors of x and y.
Therefore long absent words must contribute less to the value of the distance of x and y.

This idea is formalized in a paper by Chairungsee and Crochemore [3] where the notion of length
weighted index of a set is used in order to define a similarity/dissimilarity measure of two strings. The
length weighted index is defined as the measure that associate to a set X ⊆ Σ∗ the quantity:

µ(X) =
∑
w∈X

1

|w|2
.

This measure is used in order to define a distance between two words x and y by taking the set
X = M(x)4M(y), where4 denotes the symmetric difference operator between two sets. The distance
is

dist(x, y) = µ(M(x)4M(y)) =
∑

w∈M(x)4M(y)

1

|w|2

Example 3.1. Let x = cbaabdcb and y = abcba. Then,

M(x) = {ac, ad, bb, bc, ca, cc, cd, da, db, dd, aaa, aba, bab, cbd, dcba},

M(y) = {aa, ac, bb, ca, cc, aba, bab, cbc, d},

M(x)4M(y) = {d, aa, ad, bc, cd, da, db, dd, aaa, cbd, cbc, dcba},

Therefore

(x, y) = 1 +
7

4
+

3

9
+

1

16
=

453

144
.

We remark that the distance between x and y is bigger if M(x)4M(y) contains short minimal absent
words. In fact, longer minimal absent words contribute very few to the value of dist.



author / short title 5

A different definition of distance is also given in the same paper (cf [3]). Let Ml(x) (resp. Ml(y))
denote the set of minimal absent words of x (resp. y) having length at most l. Define:

distl(x, y) = µ(Ml(x)4Ml(y)) =
∑

w∈Ml(x)4Ml(y)

1

|w|2

The choice of cutting away from the set M(x)4M(y) the words having length longer than a fixed
bound comes from the observation that the lack of these words do not substantially affect the distance
dist(x, y), since there is an inverse relationship between dist and the square of the lengths of the involved
words. This choice, from the practical point of view, has an important advantage in terms of computation
time.

Example 3.2. Let x and y be as in Example 3.1. If we consider l = 2, then M2(x)4M2(y) =
{d, aa, ad, bc, cd, da, db, dd} and

distl(x, y) = 1 +
7

4
=

11

4
.

4. A new distance based on absent words

The distance dist is computed as the measure µ of the set M(x)4M(y), whereas the distance distl
restricts the measure µ to the sample subset of the words of M(x)4M(y) having a bounded length. In
this section we define a new distance also based on the measure µ, but applied on a different sample
subset of M(x)4M(y). In particular the idea is to select in M(x)4M(y) only those words that really
contribute to make the difference between x and y, i.e. those factors of x that are minimal absent words
for y and viceversa. In other terms, we want the comparison of the two string x and y not to be influenced
by those minimal absent words of y that do not occur in x. This idea is formally described as follows.

For all x, y ∈ Σ∗, we define the set:

D(x← y) = F (x) ∩M(y)

i.e. the set of minimal absent words of y that are factors of x.
Given two words x and y we can define

D(x, y) = D(x← y) ∪D(y ← x) = (F (x) ∩M(y)) ∪ (F (y) ∩M(x)).

In the following we prove some important properties of the set D(x, y).

Lemma 4.1. For all x, y ∈ Σ∗,

1. D(x← y) = ∅ if and only if x ∈ F (y);

2. D(x, y) = ∅ if and only if x = y.

3. D(x, y) ⊆M(x)4M(y).

4. D(x, y) is antifactorial.
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Proof:

1. Let M(y) ∩ F (x) = ∅. Since x ∈ F (x) then x 6∈ M(y). Hence we have two possibilities: either
x ∈ F (y), and we are done; or x is absent in y but not minimal absent. In such a case x contains a
minimal absent word of y as a factor. Hence, there exist z, z1, z2 ∈ F (x) such that x = z1zz2 and
z ∈M(y). This means that z ∈M(y) ∩ F (x). A contradiction.

Conversely, suppose that x is a factor of y. We have that all the factors of x are factors of y too. It
follows by definition that M(y) ∩ F (x) = ∅.

2. We have that D(x, y) = (F (x) ∩M(y)) ∪ (F (x) ∩M(y)) = ∅ iff each set in the union is empty,
that is iff x is a factor of y and y is a factor of x, i.e. x = y.

3. Let z ∈ D(x, y). Then either z ∈ F (x)∩M(y) or z ∈ F (y)∩M(x). Suppose z ∈ F (x)∩M(y)
(the proof for the other case is symmetric). Then z ∈ M(y) and z 6∈ M(x), therefore z ∈
M(y)\M(x).

4. First, note that ε /∈ D(x, y) because it is never an absent factor i.e. ε /∈ M(x) and ε /∈ M(y). We
have to prove that for all z ∈ D(x, y) none of its factor is in D(x, y). By contradiction suppose
there exists a z ∈ D(x, y) and a factor z′ of z such that z′ ∈ D(x, y). Then either z ∈M(y)∩F (x)
or z ∈M(x) ∩ F (y).

Let us suppose that the first condition holds (in the other case we have an analogous proof). Then,
in turn, either z′ ∈ M(y) ∩ F (x) or z′ ∈ M(x) ∩ F (y). In the first case we would have z, z′ ∈
M(y) and z′ a factor of z, a contradiction since M(y) is antifactorial. In the other case z′ ∈M(x)
and this is a contradiction since z′ ∈ F (z) ⊆ F (x).

ut

Example 4.1. Let x = cbaabdcb and y = abcba as in Example 3.1. Then

M(x)4M(y) = {d, aa, ad, bc, cd, da, db, dd, aaa, cbd, cbc, dcba},

D(x, y) = {d, aa, bc}.

Note that as in the previous example the set D(x, y) is often much smaller than M(x)4M(y) and
that D(x, y) contains the words among the shortest of M(x)4M(y).

We remark that in Example 4.1, words like cd or aaa belonging to M(x)4M(y) should not con-
tribute to measure the distance between x and y because they occur neither in x nor in y. So our idea is to
define distance measures that do not depend on such words. In this scenarioD(x, y) plays a fundamental
role. Moreover, we prove that D(x, y) has an important algebraic property in relation to M(x)4M(y),
as stated in the next theorem.

Theorem 4.1. Let x, y ∈ Σ∗. Then D(x, y) is the base of the ideal Σ∗(M(x)4M(y))Σ∗.

Proof:
Since D(x, y) is antifactorial, in order to prove the statement it is sufficient to prove that any word
z ∈ (M(x)4M(y))\D(x, y) has a factor z′ ∈ D(x, y). Since z ∈M(x)4M(y), then
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1. either z ∈M(x) and z 6∈M(y);

2. or z ∈M(y) and z 6∈M(x);

Let us consider case 1. The proof of case 2 is analogous.
By the hypothesis z 6∈ D(x← y)∪D(y ← x) we have z 6∈M(x)∩F (y). By conditions z ∈M(x),

z /∈M(y) and z 6∈M(x)∩F (y) we deduce that z 6∈ F (y). It means that z is absent in y but not minimal,
therefore there exists a factorization z = z1z

′z2 with z′ ∈M(y). Since z ∈M(x), its proper factors are
in F (x). Therefore z′ ∈ F (x) ∩M(y) = D(x← y). ut

In other terms, Theorem 4.1 states that D(x, y) can be obtained by deleting in M(x)4M(y) those
words that have a proper factor in the same set. We are now ready to define a distance based on D(x, y):

δ(x, y) = µ(D(x, y)) =
∑

w∈D(x,y)

1

|w|2
=

∑
w∈D(x←y)

1

|w|2
+

∑
w∈D(y←x)

1

|w|2
.

We remark that as in the case of distl, the distance δ takes into consideration elements among the shortest
of M(x)4M(y) because they are elements of the base of the ideal Σ∗(M(x)4M(y))Σ∗.

Example 4.2. Let x = cbaabdcb and y = abcba. As shown in Example 4.1 D(x, y) = {d, aa, bc}.
Then:

δ(x, y) = 1 +
1

2
=

3

2

5. Similarity measure based on multiplicity of absent words

All the distances that we have seen so far are computed by applying a given measure (µ specifically,
but one can use another definition of measure) on different sets of words associated to the sequences to
compare. All these distances, highlight whether two sequences share a common ”structure”, but they are
not able to detect whether such ”structures” appear in the two sequences with a different multiplicity.

In particular all of these distances are not sensible to the repetitions in strings.
The following example shows this limitation.

Example 5.1. For all n ∈ N let us consider the words un = (ab)na. It is easy to verify that for any
n ∈ N, M(un) = {aa, bb, (ba)nb} and then

M(u1)4M(un) = {bab, (ba)nb}.

Therefore
dist(u1, un) =

1

9
+

1

(2n+ 1)2
.

We remark that, the value of dist has an inverse relation with the number of repetitions. This means that,
for instance, dist(u1, u100) < dist(u1, u2), that is, according to dist, the word (ab)2a is farther from
aba than (ab)100a where the factor ab is repeated 100 times, whereas common sense would suggest the
converse.
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On the other side we can see that

D(u1 ← un) = ∅ and D(un ← u1) = {bab}

(no minimal absent words of un occur in u1 and bab is the unique minimal absent word of u1 that occurs
in un). Therefore for any n ∈ N, D(u1, un) = {bab} and

δ(u1, un) =
1

9

i.e. δ(u1, un) depends neither from the relative lengths of the two words nor from the number of repe-
titions of the factor ab. For instance both the words (ab)2a and (ab)100a (where ab is repeated 100 times)
have the same distance from aba. This shows that δ is able to detect that for all n ∈ N, u1 and un share
a common ”structure” (a and b alternate) but is not able to detect that such an alternation occurs with
different multiplicities in the two sequences.

In this section we introduce a method of comparison between strings that captures information about
the number of repetitions of a given factor. In particular, in the computation of the distance δ we do not
take into account the multiplicity of the presence of any v ∈ M(y) as a factor of x, i.e. the number of
times that v occurs in x. In order to refine the similarity measure we can consider also these multiplicities.
In what follows we introduce a method of comparison of two strings x and y that includes multiplicities
of absent words of y as factors of x. We begin by giving the definition of multifactor of a word.

Definition 5.1. Let v = (v1, v2, . . . , vn) be a sequence of (not necessarily distinct) elements of Σ∗.
We say that v is a multifactor of a word x ∈ Σ∗ if there exist x1, x2, . . . , xn+1 ∈ Σ∗ such that x =
x1v1x2v2 · · ·xnvnxn+1.

The sequence of words x1, x2, . . . , xn, xn+1 specify a (non overlapping) occurrence of the multifac-
tor v in x, and is called a context. We say that n is the dimension of the multifactor. Multifactors of
dimension 1 are the factors of x.

Example 5.2. Let x = abbabbaaabb. Then v = (bab, aaa, b) is a multifactor of x that has two different
occurrences defined by the following contexts ab, b, ε, b, and ab, b, b, ε.

Remark 5.1. The notion of multifactor, althoug similar, is different from the one of (scattered) subword
(cf. [9, Chap. 6]). In fact a scattered subword of a word x is a (single) word obtained from x by deleting
some of its letters, whereas a multifactor is a sequence of words v = (v1, v2, . . . , vn) that can occur in the
specified order from left to right as non overlapping factors of x. The concatenation of words in v give rise
to a scattered subword of x, but the same scattered subword can be obtained from different multifactors.
For instance if x = abbabbaaabb, then (bab, aab) and (ba, baa, b) are two different multifactors of x
corresponding to the same scattered subword babaab of x.

In the special case where v = (v1, v2, . . . , vn), with v1 = v2 = · · · = vn = v, the search of the
multifactor v in a word w corresponds to the search of the distinct non overlapping occurrences of the
factor v in w (cf. [1], [7]).
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(a) (b)

Figure 1. (a) A M(y)-multifactor, (b) a maximal M(y)-multifactor; with x = aabaaabbbbb and y = abbaab.

If L ⊆ Σ∗ is a language, denote by (L)n the set of sequences (v1, v2, . . . , vn) with vi ∈ L for
i = 1, 2, . . . n. Remark that (L)n denotes a set of sequences of words in L whereas Ln denotes a set of
words, obtained by concatenating n elements of L.

If v ∈ (L)n for some n ∈ N is a multifactor of a word x ∈ Σ∗, then v is called a L-multifactor of x.
We say that v is a maximal L-multifactor if it has a maximal dimension, i.e. any other u ∈ (L)m

multifactor of x is such that m ≤ n.
Given x, y ∈ Σ∗, we are interested in M(y)-multifactors of x, i.e. multifactors of x composed by

minimal absent words of y.

Definition 5.2. For x, y ∈ Σ∗ we denote by amf(x← y) the dimension of a maximalM(y)-multifactor
of x.

Example 5.3. Let x = aabaaabbbbb and y = abbaab. Then M(y) = {aaa, aabb, aba, bab, bbb} as one
can verify. As notations, if the factorization x = x1v1x2v2.....xnvnxn+1 determines an occurrence of
the M(y)-multifactor (v1, v2, ..., vn), we place an arc over every vi in the above factorization. Figure
1(a) shows that (aaa, bbb) is a M(y)-multifactor of x and Figure 1(b) shows that (aba, aabb, bbb) is a
maximal M(y)-multifactor.

As Example 5.3 shows, a M(y)-maximal multifactor does not necessarily contain all the elements
of D(x ← y). Furthermore, a multifactor can have many occurrences. For example, let us consider
x = a12 and y = a4. One has that M(y) = {a5} and the M(y)-multifactor (a5, a5) have many contexts
such as, for instance, aa, ε, ε and a, a, ε.

(a) (b)

Figure 2. Two maximal M(y)-multifactors of x = aaabbaba where y = abbaab.

Note that a word x can have many different maximal M(y)-multifactors, as shown in Figure 2.
The following theorem holds.

Theorem 5.1. Let x, y ∈ Σ∗ and let v = (v1, v2, . . . , vn) be a maximal M(y)-multifactor of x. Then,
for any factorization x = x1v1 · · ·xnvnxn+1 one has that xi ∈ F (y), for i = 1, 2, . . . n+ 1.
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Proof:
Let v = (v1, v2, . . . , vn) be a maximal M(y)-multifactor of x and x = x1v1 · · · vi−1xivi · · ·xnvnxn+1.
If for some i, xi 6∈ F (y), then it is absent in y. Therefore, there exists z ∈ M(y) and two words u,w ∈
Σ∗ such that xi = uzw. Then x = x1v1 · · · vi−1u z w vi · · ·xnvnxn+1, i.e (v1, . . . vi−1, z, vi, . . . vn) is a
M(y)-multifactor of x with a greater dimension than the maximal one, a contradiction. ut

The converse is not true, as shown in Figure 1(a), where an occurrence of the non maximal M(y)-
multifactor (aaa, bbb) is shown. The words aab and b of its context are in F (y).

Given M(y) as input, we can find a particular M(y)-multifactor vg = (v1, v2, . . . vn) of x by using
a greedy strategy. The following greedy algorithm outputs the M(y)-multifactor vg and the context
x1, x2, . . . xn that specify the occurrence of vg.

GREEDY-MF(x← y)

1. Scan x from left to right until the leftmost factor v1 in M(y) is found or the end of x is reached.

(a) Determine the prefix x1 of F (y) (eventually empty) that occurs before v1;

(b) RETURN (x1, v1);

2. GREEDY-MF((x1v1)
−1x← y).

Theorem 5.2. The M(y)-multifactor vg of x obtained by GREEDY-MF(x← y) is maximal.

The proof of Theorem 5.2 is a consequence of the following

Lemma 5.1. Let x, y ∈ Σ∗, vg = (v1, . . . vn) and x = x1v1 · · ·xnvnxn+1 be the greedy factorization
of x. Let u = (u1, . . . , um) be another M(y)-multifactor of x with x = z1u1 · · · zmumzm+1 another
factorization. Then for all i ≥ 1, x1v1 · · ·xivi is a prefix of z1u1 · · · ziui.

Proof:
The proof is by induction on i.

• if i = 1 then x1v1 is a prefix of z1u1, since for the greedy strategy v1 is the leftmost factor of x in
M(y).

• Assume by induction that x1v1 · · ·xivi is a prefix of z1u1 · · · ziui. We first remark that no factor
in vg can be a proper factor of u and viceversa, otherwise M(y) would not be antifactorial. We
have two possibilities:

– ui starts after the end of vi (see Figure 3(a)). In such a case, because of the left-to right
greedy strategy, we have that vi+1 begins before ui or, at most, it coincides with it. It follows
that vi+1 ends before at the end of ui (or a most coincides with it). Then x1v1 · · · vi+1 is a
prefix of z1u1 · · · ziui, and the claim follows.

– vi ends after the beginning of ui and before the end of ui (see Figure 3(b)). In such a case
vi+1 ends before or the end of ui+1, or at most it coincides with it.



author / short title 11

(a) (b)

Figure 3. The two cases of proof of Lemma 5.1.

ut

We recall that the set of minimal absent words of a word can be computed in linear time [5]. Since
also GREEDY-MF runs in linear time we have:

Corollary 5.1. The value amf(x← y) can be computed in linear time.

In order to generalize the distance measures dist and δ introduced in the previous section, this time
we want to apply the measure µ to multifactors. This will stress the remark that an element of M(y)
(M(x), resp.) that appears several times as factor of x (y, resp.) needs to have a higher weight in the
computation of the distance than an element that appears only once.

Let vg = (v1, v2, . . . vk), with k = amf(x ← y), be the maximal M(y)-multifactor of x and
ug = (u1, u2, . . . uh), with h = amf(y ← x), the maximalM(x)-multifactor of y, output by GREEDY-
MF(x← y) and GREEDY-MF(y ← x), respectively. Then we define:

γ(x, y) =

amf(x←y)∑
i=1

1

|vi|2
+

amf(y←x)∑
i=1

1

|uj |2

As one can remark, the definition of the distance measure γ takes into account both the lengths and the
multiplicities of the factors in vg and in ug.

Example 5.4. Consider the words un = (ab)na as in Example 5.1. GREEDY-MF(un ← u1) returns
the multivector (bab, . . . , bab) of dimension bn2 c. Then

γ(u1, un) =

bn/2c∑
i=1

1

|bab|2
=

1

9
bn

2
c.

Remark that, differently from distances dist and δ, the distance γ strongly depends on the number of
iterations of ab.

Remark 5.2. We remark that, in order to have a well defined distance, we need to consider the greedy
maximal multifactors and not any maximal multifactors. In fact this measure takes into account not only
the dimension of the maximal multifactor, but also the lengths of the single factors in it; then a different
maximal multifactor could involve factors with different lengths, giving rise to a different value of γ.
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The choice of using the multifactor output by GREEDY-MF is mainly motivated by the fact that the
algorithm runs in linear time. However, we expect that different choices for maximal multifactors do not
affect much the value of γ; analytical comparisons can be done in a future work. Another motivation is
that the greedy strategy allows to find a connection between the similarity measure amf(x ← y) and a
similarity measure considered in the next section.

Remark 5.3. Although γ is influenced by the length of the words in the maximal multifactor and amf
considers only the number of such words, both the measures give coherent information about similar-
ity/dissimilarity. Indeed, as the dimension of the maximal multifactor vg grows, the average length of
the words vi (i = 1, . . . , amf ) get shorter, hence the value of γ grows too.

However, by Remark 5.2, γ depends on the particular choice of the maximal multifactor, whereas
amf is the same for all maximal multifactors. For such a reason it appears to be preferable to use amf
for defining a similarity measure.

6. Ehrenfeucht-Haussler distance

In a paper issued in 1988 [6] Ehrenfeucht and Haussler introduced a method to compare two strings x
and y, trying to capture non local similarities of two words. This method is quite different from the ones
that we have seen so far, but it turns out that it also implicitly depends on minimal absent factors of x that
appear as factor in y and viceversa. In this section we connect these comparison methods, apparently so
different.

Informally speaking, the comparison method introduced by Ehrenfeucht and Haussler consists in
counting the minimal number of letters one need to delete in x in such a way that the factors lying
between two deleted characters are factors of y. We first recall some definitions introduced in the paper.

Given a nonempty word x = a1a2 · · · an where ai ∈ Σ for i = 1, . . . , n, we say that x has n places,
denoted by the numbers from 1 to n. A marking S of x is a (possibly empty) subset of k places of x.
The set {ai : i ∈ S} is called the set of S-marked letters of x. For any y ∈ Σ∗, we say that S makes x
compatible with y if any factor of x that does not contain any S-marked letters is also a factor of y.

Definition 6.1. For x, y ∈ Σ∗, diff(x ← y) is the minimal number of places in any marking of x that
makes x compatible with y.

In the following example we denote a marked symbol by underlining it. The minimal marking is not
unique, as shown in the following:

Example 6.1. Let x = aabaaabbbbb and y = abbaab then a marking that makes x compatible with y is
aabaaabbbbb. Other different possible markings are aabaaabbbbb or aabaaabbbbb.

Definition 6.2. For x, y ∈ Σ∗, we denote by Sl(x ← y) (or simply Sl, if x and y are understood by
the context) the unique marking of x such that x = x1m1x2m2 · · ·xkmkxk+1, where, for 1 ≤ i ≤ k,
mi is a Sl-marked letter of x, for 1 ≤ i ≤ k + 1 xi is a factor of y, and ximi is not a factor of y.
Sr(x, y) (or simply Sr) is defined in the same way, except that we demand that mixi+1 is not a factor of
y, 1 ≤ i ≤ k. In either case, when x is a factor of y, the definition holds vacuously with k = 0. In this
case Sl = Sr = ∅.
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The marking Sl(x ← y) of x can be found in linear time by scanning x from left to right until a
character a is found such that the prefix pa is not in F (y) whereas p is in F (y). Hence we mark a and
repeat the process for the remaining suffix until the end of the string.

By scanning x from right to left, we can symmetrically define the procedure and obtain Sr(x← y).
In [6], Ehrenfeucht and Haussler prove the following

Theorem 6.1. Let x, y ∈ Σ∗. Then |Sl(x← y)| = |Sr(x← y)| = diff(x← y).

Hence, the greedy strategy described above produces the optimal solution to the problem of minimal
marking.

Moreover in the same paper Ehrenfeucht and Haussler use diff(x← y) and diff(y ← x) in order
to define a metric on the set of strings over a given alphabet, as follows

dEH(x, y) = log(diff(x← y) + 1)(diff(y ← x) + 1))

In the last part of this section we would like to show a connection between the size of the maximal
M(y)-subfactor of x and the size of the minimal marking of x compatible with y. The following theorem
establishes a bridge between the two concepts:

Theorem 6.2. Let x, y ∈ Σ∗, then

diff(x← y) = amf(x← y)

In order to prove Theorem 6.2, we introduce the following notion:

Definition 6.3. A word u is a right minimal absent word of y if it is absent in y and all its proper prefixes
occur in y.

An equivalent definition is that the word u = a1a2 · · · an is a right minimal absent word in y ∈ Σ∗,
iff u /∈ F (y) and a1a2 · · · an−1 ∈ F (y).

In a symmetric way we can define left minimal absent words.
We denote by RM(y) (resp. LM(y)) the set of all right (resp. left) minimal absent words of y.

Trivially, M(y) = RM(y) ∩ LM(y).

Proposition 6.1. Let y ∈ Σ∗. Then:

RM(y) = Σ∗M(y)\Σ∗M(y)Σ+

Proof:
We prove first the inclusion RM(y) ⊆ Σ∗M(y)\Σ∗M(y)Σ+.

Let u ∈ RM(y). We prove by induction on |u| that u ∈ Σ∗M(y).

• If |u| = 1, then u ∈M(y).

• Let |u| > 1. If u ∈ M(y) we are done. In the other case, suppose that for any u′ ∈ RM(y) with
|u′| < |u|, the statement is true. Since |u| > 1 and u ∈ RM(y), then u = bu′ with b ∈ Σ and
u′ ∈ Σ∗. Then u′ 6∈ F (y) (otherwise u would be in M(y)), then u′ ∈ RM(y) and |u′| < |u|.
Therefore by inductive hypothesis u′ = v′w′ with v′ ∈ Σ∗ and w′ ∈ M(y). Then u = bv′w′ with
bv′ ∈ Σ∗ and w′ ∈M(y).
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Now we prove that u 6∈ Σ∗M(y)Σ∗. By contradiction suppose that there exist z ∈ M(y), z1 ∈ Σ∗,
z2 ∈ Σ+ such that u = z1zz2. But by definition of RM(y) every proper prefix of u (and therefore all of
its own factors, such as z) must be in F (y). A contradiction.

Now we prove that Σ∗M(y)\Σ∗M(y)Σ+ ⊆ RM(y).
Let u = a1a2 · · · an ∈ Σ∗M(y)\Σ∗M(y)Σ+, then u /∈ F (y) and a1 · · · an−1 ∈ F (y) because

otherwise it is absent i.e. it contains an element of M(y). This is a contradiction since u /∈ Σ∗M(y)Σ+.
Then u ∈ RM(y). ut

The above proposition states, in other terms, that for all y ∈ Σ∗, RM(y) is a semaphore code (cf.
[2]). It is known that semaphore codes are maximal prefix codes, then any word x ∈ Σ∗ can be univocally
factorized as:

x = y1y2 · · · ymz

where y1, y2, . . . , ym ∈ RM(y) and z is a prefix of a word in RM(y). We call this factorization the
prefix factorization of x in RM(y).

The proof of the following lemma is straightforward

Lemma 6.1. The left-to-right marking that makes x compatible with y coincides with the marking of
the last letter of each word in the prefix factorization of x in RM(y).

Furthermore, since each yi ∈ RM(y), by Proposition 6.1, it can be written as xiui with xi ∈ Σ∗ and
ui ∈M(y), then the prefix factorization induces a factorization of x as:

x = x1u1x2u2 · · ·xkukxk+1,

where xk+1 = z. The sequence (u1, u2, . . . un) is the M(y)-multifactor of x induced by the prefix
factorization in RM(y). The following lemma is a consequence of the above remarks and Proposition
6.1.

Lemma 6.2. The M(y)-multifactor of x output by GREEDY-MF(x ← y) coincides with the M(y)-
multifactor induced by the prefix factorization in RM(y).

Proof of Theorem 6.2:
On one hand by Lemma 6.1 the prefix factorization of x in RM(y) induces the Ehrenfeucht-Haussler
marking. That is dist(x ← y) corresponds to the number of factors in RM(y) in such a factorization.
On the other hand by Lemma 6.2 the number of such factors coincides with the number of element in the
maximal multifactor vg, which is equal to amf(x← y).
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